Third Edition 


Elementary & Intermediate 


# Algebra 


George Woodbury 


Elementary and 
Intermediate Algebra 


Third Edition 


George Woodbury 


College of the Sequoias 


Addison-Wesley 
Boston Columbus Indianapolis New York San Francisco Upper Saddle River 
Amsterdam CapeTown Dubai London Madrid Milan Munich Paris Montreal Toronto 
Delhi Mexico City Sao Paulo Sydney HongKong Seoul Singapore Taipei Tokyo 


Editorial Director: Christine Hoag 
Editor in Chief: Maureen O’Connor 
Acquisitions Editor: Dawn Giovaniello 
Executive Project Manager: Kari Heen 
Senior Content Editor: Lauren Morse 
Editorial Assistant: Chelsea Pingree 
Media Producer: Carl Cottrell 


Software Development: Mary Durnwald, Tanya Farber, and Eileen Moore 


Production Project Manager: Beth Houston 
Senior Design Supervisor: Andrea Nix 

Cover Designer: Christina Gleason 

Text Designer: Tamara Newnam 

Production Services: PreMedia Global 
Executive Marketing Manager: Michelle Renda 
Associate Marketing Manager: Tracy Rabinowitz 
Marketing Coordinator: Alicia Frankel 

Prepress Services Buyer: Caroline Fell 
Manufacturing Buyer: Linda Cox 


Library of Congress Cataloging-in-Publication Data 


Woodbury, George, 1967- 
Elementary and intermediate algebra / George Woodbury. -- 3rd ed 
p.cm. 
Includes index. 
ISBN-13: 978-0-321-66548-5 (student ed.) 
ISBN-10: 0-321-66548-1 (student ed.) 
ISBN-13: 978-0-321-66584-3 (instructor ed.) 
ISBN-10: 0-321-66584-8 (instructor ed.) 
1. Algebra--Textbooks. I. Title. 
QA152.3.W66 2012 
512.9--de22 2010002670 


Copyright © 2012 Pearson Education, Inc., publishing as Addison-Wesley, 75 Arlington Street, 
Boston, MA 02116. All rights reserved. Manufactured in the United States of America. This pub- 
lication is protected by copyright and permission should be obtained from the publisher prior to 


any prohibited reproduction, storage in a retrieval system, or transm 
means, electronic, mechanical, photocopying, recording, or likewise 


ission in any form or by any 
. To obtain permission(s) to 


use material from this work, please submit a written request in Pearson Education, Inc., Permis- 


sions Department, 501 Boylston Street, 9th floor, Boston, MA 02116. 


Many of the designations used by manufacturers and sellers to distinguish their products are 


claimed as trademarks. Where those designations appear in this b 
aware of a trademark claim, the designations have been printed in in 


Addison-Wesley 
is an imprint of 


PEARSON 
www.pearsonhighered.com 


ook, and the publisher was 
itial caps or all caps. 


ISBN-10: 0-321-66548-1 
ISBN-13: 978-0-321-66548-5 


To Tina, Dylan, and Alycia 
You make everything meaningful and worthwhile— 
yesterday, today, and tomorrow. 


Preface viii 


a Review of Real Numbers 1 


1.1 Integers, Opposites, and Absolute Values 1 
1.2 Operations with Integers 6 

1.3 Fractions 15 

1.4 Operations with Fractions 20 

1.5 Decimals and Percents 27 

1.6 Basic Statistics 32 

1.7. Exponents and Order of Operations 43 
1.8 Introduction to Algebra 47 

Chapter 1 Summary 55 

Chapter 1 Review 60 

Chapter 1 Test 62 

Mathematicians in History 62 


@ Linear Equations 63 


2.1 Introduction to Linear Equations 63 

2.2 Solving Linear Equations: A General Strategy 70 

2.3 Problem Solving; Applications of Linear Equations 79 

2.4 Applications Involving Percentages; Ratio and Proportion 90 
2.5 Linear Inequalities 101 

Chapter 2 Summary 111 

Chapter 2 Review 115 

Chapter 2 Test 116 

Mathematicians in History 117 


3] Graphing Linear Equations 118 


3.1 The Rectangular Coordinate System; Equations in Two Variables 118 
3.2 Graphing Linear Equations and Their Intercepts 128 
3.3 Slope ofaLine 140 

3.4 Linear Functions 153 

3.5 Parallel and Perpendicular Lines 162 

3.6 Equations of Lines 168 

3.7 Linear Inequalities 176 

Chapter 3 Summary 187 

Chapter 3 Review 193 

Chapter 3 Test 196 

Mathematicians in History 197 


4] Systems of Equations 198 


4.1 Systems of Linear Equations; Solving Systems by Graphing 198 

4.2 Solving Systems of Equations by Using the Substitution Method 207 
4.3 Solving Systems of Equations by Using the Addition Method 214 
4.4 Applications of Systems of Equations 224 

4.5 Systems of Linear Inequalities 234 


Contents 


Chapter 4 Summary 241 
Chapter 4 Review 245 
Chapter 4 Test 247 
Mathematicians in History 248 


Chapters 1-4 Cumulative Review 249 


@ Exponents and Polynomials 251 


5.1 Exponents 251 

5.2 Negative Exponents; Scientific Notation 260 

5.3. Polynomials; Addition and Subtraction of Polynomials 268 
5.4 Multiplying Polynomials 275 

5.5 Dividing of Polynomials 281 

Chapter 5 Summary 289 

Chapter 5 Review 292 

Chapter 5 Test 293 

Mathematicians in History 294 


© Factoring and Quadratic Equations 295 


6.1 An Introduction to Factoring; The Greatest Common Factor; 
Factoring by Grouping 295 

6.2. Factoring Trinomials of the Form x* + bx + c 302 

6.3 Factoring Trinomials of the Form ax? + bx + c, wherea #1 308 

6.4. Factoring Special Binomials 313 

6.5 Factoring Polynomials: A General Strategy 319 

6.6 Solving Quadratic Equations by Factoring 324 

6.7 Quadratic Functions 332 

6.8 Applications of Quadratic Equations and Quadratic Functions 338 

Chapter 6 Summary 347 

Chapter 6 Review 351 

Chapter 6 Test 352 

Mathematicians in History 353 


‘A Rational Expressions and Equations 354 


7.1 Rational Expressions and Functions 354 

7.2 Multiplication and Division of Rational Expressions 363 

7.3 Addition and Subtraction of Rational Expressions That 
Have the Same Denominator 369 

7.4 Addition and Subtraction of Rational Expressions That 
Have Different Denominators 375 

7.5 Complex Fractions 375 

7.6 Rational Equations 388 

7.7 Applications of Rational Equations 395 

Chapter 7 Summary 407 

Chapter 7 Review 413 

Chapter 7 Test 415 

Mathematicians in History 416 


Chapters 5-7 Cumulative Review 417 


VI Contents 


3) A Transition 419 


Linear Equations and Absolute Value Equations 419 

Linear Inequalities and Absolute Value Inequalities 426 
Graphing Linear Equations and Functions; 

Graphing Absolute Value Functions 436 

Review of Factoring; Quadratic Equations and Rational Equations 
Systems of Equations (Two Equations in Two Unknowns, 

Three Equations in Three Unknowns) 458 


Chapter 8 Summary 472 
Chapter 8 Review 477 
Chapter 8 Test 479 
Mathematicians in History 480 


© Radical Expressions and Equations 481 


Square Roots; Radical Notation 481 

Rational Exponents 490 

Simplifying, Adding, and Subtracting Radical Expressions 495 
Multiplying and Dividing Radical Expressions 500 

Radical Equations and Applications of Radical Equations 509 
The Complex Numbers 518 


Chapter 9 Summary 528 
Chapter 9 Review 533 
Chapter 9 Test 534 
Mathematicians in History 535 


@ Quadratic Equations 536 


10.1 Solving Quadratic Equations by Extracting Square Roots; 


Completing the Square 536 


10.2 The Quadratic Formula 547 

10.3 Equations That Are Quadratic in Form 557 
10.4 Graphing Quadratic Equations 565 

10.5 Applications Using Quadratic Equations 575 
10.6 Quadratic and Rational Inequalities 582 
Chapter 10 Summary 594 

Chapter 10 Review 600 

Chapter 10 Test 602 

Mathematicians in History 603 


@ Functions 604 


11.1 Review of Functions 604 

11.2 Linear Functions 614 

11.3 Quadratic Functions 622 

11.4 Other Functions and Their Graphs 634 
11.5 The Algebra of Functions 648 

11.6 Inverse Functions 657 

Chapter 11 Summary 668 

Chapter 11 Review 675 

Chapter 11 Test 680 

Mathematicians in History 681 


Chapters 8-11 Cumulative Review 682 


450 


Contents VII 


@ Logarithmic and Exponential Functions 68s 


12.1 Exponential Functions 685 

12.2 Logarithmic Functions 695 

12.3 Properties of Logarithms 706 

12.4 Exponential and Logarithmic Equations 715 

12.5 Applications of Exponential and Logarithmic Functions 725 
12.6 Graphing Exponential and Logarithmic Functions 736 
Chapter 12 Summary 748 

Chapter 12 Review 754 

Chapter 12 Test 755 

Mathematicians in History 756 


@ Conic Sections 757 


13.1 Parabolas 757 

13.2 Circles 771 

13.3 Ellipses 784 

13.4 Hyperbolas 797 

13.5 Nonlinear Systems of Equations 813 
Chapter 13 Summary 823 

Chapter 13 Review 829 

Chapter 13 Test 833 

Mathematicians in History 835 


@ Sequences, Series, and the Binomial Theorem 836 


14.1 Sequences and Series 836 

14.2 Arithmetic Sequences and Series 843 
14.3 Geometric Sequences and Series 849 
14.4 The Binomial Theorem 857 


Chapter 14 Summary 863 
Chapter 14 Review 866 
Chapter 14 Test 867 
Mathematicians in History 868 


Chapters 12-14 Cumulative Review 869 


Appendixes a-1 


A-1 Synthetic Division A-1 
A-2 Using Matrices to Solve Systems of Equations A-4 


Answers to Selected Exercises An-1 
Index of Applications 1-1 
Index 1-4 


Photo Credits pc-1 


viii 


Dear Instructors, 


Developmental mathematics is our students’ gateway to academic success and a 
better life. | wrote this textbook with my own students and their success in mind. 
| hope you find that this textbook provides you with the necessary tools to help 
your students learn and increase their understanding of math. 

| wrote this textbook as a combined algebra textbook from the ground up, 
rather than piecing together two separate elementary algebra and intermediate 
algebra textbooks. My goal was to create one book that would take students 
through elementary and intermediate algebra in a seamless fashion, eliminating 
much of the overlap between the two courses. The centerpiece of this strategy 
is Chapter 8: A Transition. This chapter reviews essential elementary algebra 
topics while quickly extending them to new intermediate algebra topics. 

My approach to functions is “Early and Often.” By introducing functions in 
Chapter 3, and including them in nearly every subsequent chapter, | give 
elementary algebra students plenty of time to get accustomed to function 
notation, evaluating functions, and graphing functions before the difficult 
topics of composition of functions and inverse functions. 

| have been using MyMathLab® in my classes for over ten years, and | have 
personally witnessed the power of MyMathLab® to help students learn and 
understand mathematics. In fact, when | first decided to pursue writing this 
textbook, | chose Pearson as my publisher because | was such a strong 
advocate of incorporating MyMathLab® into developmental math classes. 

As | have traveled throughout the country and have had the chance to 
speak with instructors, it has become clear to me that while it is quite easy for 
instructors to get started with MyMathLab®, many instructors needed to 
develop a strategy to effectively incorporate MyMathLab® into their classes to 
promote learning and understanding. Common questions include the 
following: 


¢ How long should a homework assignment be? 
¢ Is homework sufficient, or should | incorporate quizzes? 
¢ What portion of the overall grade should come from MyMathLab®? 


* How do | incorporate MyMathLab® into a traditional course? Into an online 
course? 


To answer those and other questions, | have created a manual for instructors that 
focuses on strategies for successfully incorporating MyMathLab® into a course. 

In addition, | address many practical how-to questions. The manual is intended 
to help new instructors get started with MyMathLab® while at the same time 
helping those instructors who are experienced with MyMathLab® to use it in a 
more effective manner. 

If you have questions or want to explore MyMathLab® further, feel free to 
visit my website: www.georgewoodbury.com. There you will find many helpful 
articles. You also can access my blog and e-mail me through the contact page 
or get in touch with me via Twitter or Facebook. 


Best of luck this semester! 
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NEW TO THIS EDITION 


Responses from instructors and students have led to adjustments in the coverage 
and distribution of certain topics and encouraged expansion of the book’s examples, 
exercises, and updated applications. 


Content and Organization 


e A new section covers basic statistics (Section 1.6). 


e Dimensional analysis is introduced in Section 2.4 (Applications Involving 
Percentages; Ratio and Proportion), and additional coverage can be found online. 


e The presentation of topics and objectives in Section 7.1 (Rational Expressions 
and Functions) has been reorganized. 

e A general strategy for solving quadratic equations was added to Chapter 10 
(Section 10.2, The Quadratic Formula). 

e The presentation of topics in Section 10.4 (Graphing Quadratic Equations) was 
revised to clarify graphing quadratic equations in standard form. 


e Starting in Section 11.3 (Quadratic Functions), a new approach to graphing that 
focuses on shifts and transitions instead of a point-plotting method is used 
throughout Chapters 11-13. 


e Sections 12.1 (Exponential Functions) and 12.2 (Logarithmic Functions) focus on 
the basic graphs of f(x) = b* and f(x) = log, x. The graphs of f(x) = b* "+k 
and f(x) = log,(x — h) + k are then covered completely in Section 12.6 
(Graphing Exponential and Logarithmic Functions). 

e The Chapter Summaries have been expanded to a two-column procedure/example 
format. 


Examples, Exercises, and Applications 
e Additional Mixed Practice problems have been added throughout the text. 


¢ Section 3.1 (The Rectangular Coordinate System; Equations in Two Variables) 
now has an additional example and exercises that use real-world data for plotting 
ordered pairs. 

e The factoring exercises in Section 6.5 (Factoring Polynomials: A General Strategy) 
have been restructured. 

e The coverage of factoring polynomials in Section 8.4 (Review of Factoring; 
Quadratic Equations and Rational Equations) has been expanded with additional 
examples and a General Factoring Strategy. 

e An example that uses systems of two linear equations in two unknowns to solve 
real-world problems was added to Section 8.5 (Systems of Equations, Two 
Equations in Two Unknowns, Three Equations in Three Unknowns). 

e New application problems on Body Surface Area (BSA) and distance to the 
horizon were added to Section 9.5 (Radical Equations and Applications of Radical 
Equations). 


Resources for the Student and Instructor 


¢ George Woodbury’s Guide to MyMathLab® provides instructors with helpful ways 
to make the most out of their MyMathLab® experience. New and experienced 
users alike will benefit from George Woodbury’s tips for implementing the many 
useful features available through MyMathLab®. 

e The new Guide to Skills and Concepts, specifically designed for the Woodbury 
series, includes additional exercises and resources for every section of the text to 
help students make the transition from acquiring skills to learning concepts. 
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George Woodbury’s Approach 


The Transition from Elementary to Intermediate Algebra 


This text was written as a combined book from the outset; it is not a merging of 
separate elementary and intermediate algebra texts. Chapter 8 (page 419) is repre- 
sentative of the author’s direct approach to teaching elementary and intermediate 
algebra with purpose and consistency. Serving as the transition between the two 
courses, this chapter is designed to begin the intermediate algebra course by review- 
ing and extending essential elementary algebra concepts in order to introduce new 
intermediate algebra topics. Each section in Chapter 8 includes a review of one of 
the key topics in elementary algebra coupled with the introduction to an extension 
of that topic at the intermediate algebra level. 


Early-and-Often Approach to Graphing and Functions 


Woodbury introduces the primary algebraic concepts of graphing and functions 
early in the text (Chapter 3) and then consistently incorporates them throughout 
the text, providing optimal opportunity for their use and review. By introducing 
functions and graphing early, the text helps students become comfortable with 
reading and interpreting graphs and function notation. Working with these topics 
throughout the text establishes a basis for understanding that better prepares stu- 
dents for future math courses. 


Practice Makes Perfect! 


Examples Based on his experiences in the classroom, George Woodbury has included 
an abundance of clearly and completely worked-out examples. 


Quick Checks The opportunity for practice shouldn’t be designated only for the 
exercise sets. Every example in this text is immediately followed by a Quick Check 
exercise, allowing students to practice what they have learned and to assess their 
understanding of newly learned concepts. Answers to the Quick Check exercises 
are provided in the back of the book. 


Exercises Woodbury’s text provides more exercises than most other algebra texts, 
allowing students ample opportunity to develop their skills and increase their 
understanding. The exercise sets are filled with traditional skill-and drill exercises as 
well as unique exercise types that require thoughtful and creative responses. 


Types of Exercises 


Vocabulary Exercises: Each exercise set starts out with a series of exercises 
that check students’ understanding of the basic vocabulary covered in the 
preceding section (page 77). 


Mixed Practice Exercises: Mixed Practice exercises (the number of which has 
been increased in this edition) are provided as appropriate throughout the book 
to give students an opportunity to practice multiple types of problems in one 
setting. In these exercises, students are to determine the correct method used 
to solve a problem, thereby reducing their tendency to simply memorize steps 
to solve the problems for each objective (page 151). 


Writing in Mathematics Exercises: Asking students to explain their answer in 
written form is an important skill that often leads to a higher level of understanding 
as acknowledged by the AMATYC Standards. At relevant points in each chapter, 
students also may be invited to write Solutions Manual Exercises or Newsletter 
Exercises. Solutions Manual exercises require students to solve a problem 
completely with step-by-step explanations as if they were writing their own 
solutions manual. Newsletter Exercises can be used to encourage students to be 
creative in their mathematical writing. Students are asked to explain a 
mathematical topic, and their explanation should be in the form of a short, visually 
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appealing article that could be published in a newsletter that is read by people 
who are interested in learning mathematics (pages 79 and 110). 


Quick Review Exercises: Appearing once per chapter, Quick Review Exercises 
are a short selection of review exercises aimed at helping students maintain 
the skills they learned previously and preparing them for upcoming concepts 
(page 101). 


Applying Skills and Solving Problems Problem solving is a skill that is required 
daily in the real world and in mathematics. Based on George Polya’s text How to 
Solve It, George Woodbury presents a six-step problem-solving strategy in Chapter 
2 that lays the foundation for solving applied problems. He then expands on this 
problem-solving strategy throughout the text by incorporating hundreds of applied 
problems on topics such as motion, geometry, and mixture. Interesting themes in the 
applied problems include investing and saving money, understanding sports statis- 
tics, landscaping, owning a home, and using a cell phone. 


Building Your Study Strategies Woodbury introduces a Study Strategy in each 
chapter opener. The strategy is revisited and expanded upon prior to each section’s 
exercise set in Building Your Study Strategy boxes and then again at the end of the 
chapter. These helpful Study Strategies outline good study habits and ask students 
to apply these skills as they progress through the textbook. Study Strategy topics 
include Study Groups, Using Your Textbook, Test Taking, and Overcoming Math 
Anxiety (pages 118, 125, and 192). 


Mathematicians in History These activities provide a structured opportunity for 
students to learn about the rich and diverse history of mathematics. These short 
research projects, which ask students to investigate the life of a prominent mathe- 
matician, can be assigned as independent work or used as a collaborative learning 
activity (page 117). 


Classroom Examples Having in-class practice problems at your fingertips is extremely 
helpful whether you are a new or experienced instructor. These instructor examples, 
called Classroom Examples, are included in the margins of the Annotated Instructor’s 
Edition (page 64). 


The optional Using Your Calculator feature is presented throughout the text, giving 
students guided calculator instruction (with screen shots as appropriate) to comple- 
ment the material being covered (page 74). 


A Word of Caution This feature, located throughout the text, help students avoid 
misconceptions by pointing out errors that students often make (page 93). 


End-of-Chapter Content Each chapter concludes with a newly expanded Chapter 
Summary, a summary of the chapter’s Study Strategies, Chapter Review Exercises, 
and a Chapter Test. Together these are an excellent resource for extra practice and 
test preparation. Full solutions to highlighted Chapter Review exercises are 
provided at the back of the text as yet another way for students to assess their 
understanding and check their work. A set of Cumulative Review exercises can be 
found after Chapters 4, 7,11, and 14. These exercises are strategically placed to help 
students review for midterm and final exams. 


Overview of Supplements 


The supplements available to students and instructors are designed to provide the 
extra support needed to help students be successful. As you can see from the 
following list of supplements, all areas of support are covered—from tutoring help 
(Pearson Tutor Center) to guided solutions (video lectures and solutions manu- 
als) to help in being a better math student. These additional supplements will help 
students master the skills, gain confidence in their mathematical abilities, and 
move on to the next course. 
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Student Supplements 


Student’s Solutions Manual 


e Worked-out solutions for the odd-numbered section- 
level exercises 


e Solutions to all problems in the Chapter Review, 
Chapter Test, and Cumulative Review exercises 


ISBNs: 0-321-71562-4, 978-0-321-71562-3 
Guide to Skills and Concepts 


Includes the following resources for each section of the 
text to help students make the transition from acquiring 
skills to learning concepts: 


e Learning objectives 

e Vocabulary terms with fill-in-the-blank exercises 
e Reading Ahead writing exercises 

e Warm-up exercises 

¢ Guided examples 

e Extra practice exercises 

ISBNs: 0-321-71563-2, 978-0-321-71563-0 


Video Resources on DVD featuring Chapter Test 
Prep Videos 


e Short lectures for each section of the text presented by 
author George Woodbury and Mark Tom 


¢ Complete set of digitized videos on DVD-ROMs for 
student to use at home or on campus 


e Ideal for distance learning or supplemental instruction 
e Video lectures that include optional English captions 


e Students can watch instructors work through step-by- 
step solutions to all the Chapter Test exercises from the 
textbook. Chapter Test Prep Videos are also available 
on YouTube™ (search using WoodburyElemIntAlg). 

¢ Also available via MyMathLab® 


ISBNs: 0-321-74542-6, 978-0-321-74542-2 


Instructor Supplements 


Annotated Instructor's Edition 

e Answers to all exercises in the textbook 
e Teaching Tips and Classroom Examples 
ISBNs: 0-321-66584-8, 978-0-321-66584-3 


NEW! George Woodbury’s Guide to MyMathLab® 


¢ Helpful tips for getting the most out of MyMathLab®, 
including quick-start guides and general how-to in- 
structions, strategies for successfully incorporating 
MyMathLab® into a course, and more 


ISBNs: 0-321-65353-X, 978-0-321-65353-6 


Instructor’s Resource Manual with Tests 


e Two free-response tests per chapter and two multiple- 
choice tests per chapter 


e Two free-response and two multiple-choice final exams 


e Resources to help both new and adjunct faculty with 
course preparation and classroom management by of- 
fering helpful teaching tips correlated to the sections of 
the text 


e Short quizzes for every section that can be used in 
class, for individual practice or for group work 


e Full answers to Guide to Skills and Concepts 


¢ Available in MyMathLab® and on the Instructor’s Re- 
source Center 


Instructor’s Solutions Manual 
e Worked-out solutions to all section-level exercises 


e Solutions to all Quick Check, Chapter Review, Chapter 
Test, and Cumulative Review exercises 


e Available in MyMathLab® and on the Instructor’s Re- 
source Center 


TestGen® 


TestGen® (www.pearsoned.com/testgen) enables instruc- 
tors to build, edit, print, and administer tests using a 
computerized bank of questions developed to cover all 
of the objectives of the text. TestGen® is algorithmically 
based, allowing instructors to create multiple but equiva- 
lent versions of the same question or test with the click 
of a button. Instructors also can modify test bank ques- 
tions or add new questions. The software and test bank 
are available for download from Pearson Education’s 
online catalog. 


PowerPoint® Slides 
e Key concepts and definitions from the text 


¢ Available in MyMathLab® and on the Instructor’s Re- 
source Center 
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MyMathLab® Online Course (access code required) 


MyMathLab® is a text-specific, easily customizable online course that integrates 
interactive multimedia instruction with textbook content. MyMathLab® provides 
the tools you need to deliver all or a portion of your course online, whether your 
students are working in a lab setting or from home. 


e Interactive homework exercises, correlated to your textbook at the objective level, 
are algorithmically generated for unlimited practice and mastery. Most exercises 
are free-response and provide guided solutions, sample problems, and tutorial 
learning aids for extra help. 

¢ Personalized homework assignments can be designed to meet the needs of your 
class. MyMathLab® tailors the assignment for each student based on his or her 
test or quiz scores. Each student receives a homework assignment that contains 
only the problems he or she still needs to master. 


¢ Personalized Study Plan, generated when students complete a test, a quiz, or 
homework, indicates which topics have been mastered and links to tutorial 
exercises for topics students have not mastered. You can customize the Study Plan 
so that the topics available match your course content. 

¢ Multimedia learning aids, (for example, video lectures and podcasts, animations, 
and a complete multimedia textbook) help students independently improve their 
understanding and performance. You can assign these multimedia learning aids 
as homework to help your students grasp the concepts. 

¢ Homework and Test Manager lets you assign homework, quizzes, and tests that 
are automatically graded. Select just the right mix of questions from the 
MyMathLab® exercise bank, instructor-created custom exercises, and/or TestGen® 
test items. 


¢ Gradebook, designed specifically for mathematics and statistics, automatically 
tracks students’ results, lets you stay on top of student performance, and gives 
you control over how to calculate final grades. You also can add off-line (paper- 
and-pencil) grades to the gradebook. 

¢ MathXL® Exercise Builder allows you to create static and algorithmic exercises 
for your online assignments. You can use the library of sample exercises as an 
easy starting point, or you can edit any course-related exercise. 

¢ Pearson Tutor Center (www.pearsontutorservices.com) access is automatically 
included with MyMathLab®. The Tutor Center is staffed by qualified math 
instructors who provide textbook-specific tutoring for students via toll-free 
phone, fax, e-mail, and interactive Web sessions. 


MathXL® Online Course (access code required) 


MathXL® is a powerful online homework, tutorial, and assessment system that 
accompanies Pearson Education’s textbooks in mathematics and statistics. With 
MathXL®, instructors can: 


¢ Create, edit, and assign online homework and tests using algorithmically generated 
exercises correlated at the objective level to the textbook. 

* Create and assign their own online exercises and import TestGen® tests for added 
flexibility. 

e Maintain records of all student work tracked in MathXL’s online gradebook. 

With MathXL®, students can: 


¢ Take chapter tests in MathXL® and receive personalized study plans and/or 
personalized homework assignments based on their test results. 
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e Use the study plan and/or the homework to link directly to tutorial exercises for 


the objectives they need to study. 


e Access supplemental animations and video clips directly from selected exercises. 


MathXL® is available to qualified adopters. For more information, visit the website 
at www.mathxl.com or contact your Pearson representative. 
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Review of Real 
Numbers 


Integers, Opposites, 
and Absolute Value 


Operations with Integers 


This chapter reviews properties of real numbers and arithmetic that are 


necessary for success in algebra. The chapter also introduces several algebraic 


Fractions properties. 
Operations with 
Fractions 
Decimals and Percents 
aie STUDY STRATEGY 
Basic Statistics 
Exponents and Order Study Groups Throughout this book, study strategies will help you learn and 
of Operations be successful in this course. This chapter will focus on getting involved in a 
Introduction to Algebra study group. 


Working with a study group is an excellent way to learn mathematics, 
improve your confidence and level of interest, and improve your performance 
on quizzes and tests. When working with a group, you will be able to work 


Chapter 1 Summary 


through questions about the material you are studying. Also, by being able to 
explain how to solve a particular problem to another person in your group, 
you will increase your ability to retain this knowledge. 

~~... We will revisit this study strategy throughout this chapter so you can incor- 


porate it into your study habits. See the end of Section 1.1 for tips on how to 
get a study group started. 


OBJECTIVES 


(1. Graph whole numbers on a number line. 

(2. Determine which is the greater of two whole numbers. 
3. Graph integers on a number line. 

‘4 Find the opposite of an integer. 

5S Determine which is the greater of two integers. 

‘6 Find the absolute value of an integer. 


A set is a collection of objects, such as the set consisting of the numbers 1, 4,9, and 
16. This set can be written as {1, 4,9, 16}. The braces, { }, are used to denote a set, 
and the values listed inside are said to be elements, or members, of the set. A set 
with no elements is called the empty set or null set. A subset of a set is a collection 
of some or all of the elements of the set. For example, {1, 9} is a subset of the set 
{1, 4, 9, 16}. A subset also can be an empty set. 
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Quick Check 1 


Graph the number 4 on a num- 
ber line. 


Whole Numbers 


Objective 1 Graph whole numbers on a number line. For the most part, 
this text deals with the set of real numbers. The set of real numbers is made up of 
the set of rational numbers and the set of irrational numbers. 


Rational Numbers 


F ; . 3 
A rational number is a number that can be expressed as a fraction, such as ri 


2 . ; , 
and —. Decimal numbers that terminate, such as 2.57, and decimal numbers that 


repeat, such as 0.444..., are also rational numbers. 


Irrational Numbers 


An irrational number is a number that cannot be expressed as a fraction, but 
instead is a decimal number that does not terminate or repeat. The number 77 is 
an example of an irrational number: 7 = 3.14159.... 


One subset of the set of real numbers is the set of natural numbers. 


Natural Numbers 
| The set of natural numbers is the set {1, 2, 3,...}. | 


If we include the number 0 with the set of natural numbers, we have the set of 
whole numbers. 


Whole Numbers 


The set of whole numbers is the set {0, 1, 2,3,...}. This set can be displayed on 
a number line as follows: 


o—¢—e—_ ¢_4_6_4__6_¢_@> 
0 12 3 4 5 6 7 8 9 10 


The arrow on the right-hand side of the number line indicates that the values con- 
tinue to increase in this direction. There is no largest whole number, but we say that 
the values approach infinity (co). 

To graph any particular number on a number line, we place a point, or dot, at 
that location on the number line. 


Graph the number 6 on a number line. 


SOLUTION To graph any number on a number line, place a point at that number’s 
location. 


K++ ++ +++ +++ +> 
0 123 4 5 6 7 8 9 10 
Inequalities 


Objective 2 Determine which is the greater of two whole numbers. 
When comparing two whole numbers a and 5, we say that a is greater than b, 
denoted a > b, if the number a is to the right of the number b on the number line. 
The number a is less than b, denoted a < Db, if ais to the left of b on the number 
line. The statements a > banda < bare called inequalities. 
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Write the appropriate symbol, < or >, between the following: 


6 + 


SOLUTION Let’s take a look at the two values graphed on a number line. 


Because the number 6 is to the right of the number 4 on the number line, 6 is 
greater than 4.S06 > 4. 


Write the appropriate symbol, < or >, between the following: 
2 5 


SOLUTION Because 2 is to the left of 5 on the number line, 2 < 5. 


; t-—+-—4—_ + 4 }—_ + —_ + _ +> 
Quick Check 2 0 12 3 4 5 67 8 9 10 
Write the appropriate symbol, 
< or >, between the following: I 

ntegers 
a)8 a 2) 
b) 19 28 


Objective 3 Graph integers on a number line. Another important subset 
of the real numbers is the set of integers. 


Integers 


The set of integers is the set { ..., —3, —2, -1, 0, 1,2, 3,...}. We can display the 
set of integers on a number line as follows: 


<¢_@_¢_4_@_¢_@_¢_¢_¢ 
10-9 -8 -7 -6 -5 -4 -3 -2 


The arrow on the left side indicates that the values continue to decrease in this di- 
rection, and they are said to approach negative infinity (— ©). 


Opposites 


Objective 4 Find the opposite of an integer. The set of integers is the set of 
whole numbers together with the opposites of the natural numbers. The opposite of 
a number is a number on the other side of 0 on the number line and the same dis- 
tance from 0 as that number. We denote the opposite of a real number a as —a. For 
example, —5 and 5 are opposites because both are 5 units away from 0 and one is to 
the left of 0 while the other is to the right of 0. 


5 units 5 units 
<< ht oh ae i 
10-9 -8 -7 - -5 4 32-1012 3 4 5 67 8 9 10 


Numbers to the left of 0 on the number line are called negative numbers. Nega- 
tive numbers represent a quantity less than 0. For example, if you have written 
checks that the balance in your checking account cannot cover, your balance will be 
a negative number. A temperature that is below 0° F,a golf score that is below par, 
and an elevation that is below sea level are other examples of quantities that can be 
represented by negative numbers. 


Quick Check 3 


Find the opposite of the given 
integer. 


a) -13 b)8 


Quick Check 4 
Write the appropriate symbol, 


< or >, between the following: 


a) —14 =ilil 
b)6 —20 
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What is the opposite of 7? 


SOLUTION The opposite of 7 is —7 because —7 also is 7 units away from 0 but is 
on the opposite side of 0. 


7 units 7 units 
<—_1+—_1+—_>__—_+_ ++ +—__ ++ +_+_+1_ ++ +++ >—_ +_ +> 
10-9 -8 -7 -6 -5 -4 -3 2-1 0 1 2 3 4 5 6 7 8 9 10 

What is the opposite of —6? 
SOLUTION The opposite of —6 is 6. 
6 units 6 units 
a nn SS A a 
7-6-5 4-3 2-1 01 2 3 4 5 67 8 9 10 


The opposite of 0 is 0 itself. Zero is the only number that is its own opposite. 


Inequalities with Integers 


Objective 5 Determine which is the greater of two integers. Inequalities 
for integers follow the same guidelines as they do for whole numbers. If we are 
given two integers a and b, the number that is greater is the number that is to the 
right on the number line. 


Write the appropriate symbol, < or >, between the following: 


Absolute Values 


Objective 6 Find the absolute value of an integer. 


Absolute Value 


The absolute value of a number a, denoted |a|, is the distance between a and 0 


on the number line. 


Distance cannot be negative, so the absolute value of a number a is always 0 or 
higher. 


11 Exercises 5 


Find the absolute value of 6. 


SOLUTION The number 6 is 6 units away from 0 on the number line, so |6| = 6. 


Quick Check 5 
Find the absolute value of —9. 


BUILDING YOUR STUDY STRATEGY 


Study Groups, 1 With Whom to Work? To form a study group, you must be- 
gin with this question: With whom do I want to work? Look for students who 
are serious about learning, who are prepared for each class, and who ask intelli- 
gent questions during class. 

Look for students with whom you believe you can get along. You are about 


to spend a great deal of time working with this group, sometimes under stress- 
ful conditions. 

If you take advantage of tutorial services provided by your college, keep an 
eye out for classmates who do the same. There is a strong chance that class- 
mates who use the tutoring center are serious about learning mathematics and 
earning good grades. 


Sebamed  Mathaxp> (= == Ge 
uvctiay > A A | 
Vocabulary 9. 2 

1. A set with no elements is called the _____. 10. 13 
2. A number mis _____ than another number n if 

it is located to the left of n on a number line. 
3. The arrow on the right side of a number line Write the appropriate symbol, < or >, between the 

indicates that the values approach ___. following whole numbers. 
4.c > difcislocatedtothe sd of dona 11.3 13 122.7. 9 

number line. B.8 6 14.125 

15.45 42 16. 33___ 37 


Graph the following whole numbers on a number line. 
Graph the following integers on a number line. 


5. 7 

17. —4 
6. 3 

18. —7 
7. 6 

19. 5 


8. 9 
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20. —9 
21. —12 
22. 4 


Find the opposite of the following integers. 


23. —7 24. 5 
25. 22 26. —13 
27. 0 28. —39 


Write the appropriate symbol, < or >, between the fol- 
lowing integers. 


29, =7 = 9 30. —5__ 2 
31. —-13_ 11 32. —8__ —14 
33. —16___0 34.5_ 3 
35.9_ —14 36. —10__ 6 


Find the following absolute values. 


37. |-15| 38. |9| 
39. |0| 40. |-6| 
41. |—7| 42, |-12| 
43, —|7| 44, —|12| 
45. —|—29| 46. —|—8| 


Write the appropriate symbol, < or >, between the 
following integers. 


47. |-7|__4 48. |-17| ___ |13} 

49.-16___|—-16| 50. |8|____ |-19| 

51. —|—24|__ |—-47| 52. |-8|___ —|8| 
OBJECTIVES 


(1. Add integers. 


4 Divide integers. 


(2. Subtract integers. 
a Multiply integers. 


Identify whether the given number is a member of the fol- 
lowing sets of numbers: A. natural numbers, B. whole 
numbers, C. integers, D. real numbers. 


53. 8 54. —6 
55. 0 56. 3.14 
57. =9 58. 20 


Find the missing number if possible. There may be more 
than one number that works, so find as many as possible. 
There may be no number that works. 
59, |?| 
60. |?| 
61. |?| = —7 
62. |?| 
63. |?| 
64. 4-|? 


a= Writing in Mathematics 
Answer in complete sentences. 


65. A fellow student tells you that to find the absolute 
value of any number, make the number positive. Is 
this always true? Explain in your own words. 


66. True or false: The opposite of the opposite of a num- 
ber is the number itself. 


67. If the opposite of a nonzero integer is equal to the ab- 
solute value of that integer, is the integer positive or 
negative? Explain your reasoning. 


68. If an integer is less than its opposite, is the integer pos- 
itive or negative? Explain your reasoning. 


Addition and Subtraction of Integers 


Objective 1 Add integers. Using the number line can help us learn how to add 
and subtract integers. Suppose we are trying to add the integers 3 and —7, which 
could be written as 3 + (—7). On a number line, we will start at 0 and move 3 units 


1.2 Operations with Integers 7 


in the positive, or right, direction. Adding —7 tells us to move 7 units in the nega- 
tive, or left, direction. 


7 units 


3 units 


Ending up at —4 tells us that 3 + (—7) = —4. 
We can use a similar approach to verify an important property of opposites: the 
sum of two opposites is equal to 0. 


Sum of Two Opposites 


| For any real number a,a + (—a) = 0. | 


Suppose that we want to add the opposites 4 and —4. Using the number line, we be- 
gin at 0 and move 4 units to the right. We then move 4 units to the left, ending at 0. 
So4 + (-4) = 0. 


4 units 


4 units 


SS eS ee 
10-9 -8 -7 -6 5 4-3 2-1 0 12 3 4 5 6 7 8 9 10 


We also can see that 3 + (—7) = —4 through the use of manipulatives, which are 
hands-on tools used to demonstrate mathematical properties. Suppose we had a bag 
of green and red candies. Let each piece of green candy represent a positive 1 and 
each piece of red candy represent a negative 1.To add 3 + (—7), we begin by com- 
bining 3 green candies (positive 3) with 7 red candies (negative 7). Combining 1 red 
candy with 1 green candy has a net result of 0, as the sum of two opposites is equal 
to 0. So each time we make a pair of a green candy and a red candy, these two can- 
dies cancel each other’s effect and can be discarded. After doing this, we are left 
with 4 red candies. The answer is —4. 


wre o(\Se--| 1. 
im 


Now we will examine another technique for finding the sum of a positive num- 
ber and a negative number. In the sum 3 + (—7), the number 3 contributes to the 
sum in a positive fashion while the number —7 contributes to the sum in a negative 
fashion. The two numbers contribute to the sum in an opposite manner. We can 
think of the sum as the difference between these two contributions. 


Adding a Positive Number and a Negative Number 


1. Take the absolute value of each number and find the difference between 
these two absolute values. This is the difference between the two numbers’ 
contributions to the sum. 


2. Note that the sign of the result is the same as the sign of the number that has 
the largest absolute value. 
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Quick Check 1 
Find the sum 14 + (—6). 


Quick Check 2 
Find the sum 4 + (—17). 


Quick Check 3 


Find the sum —2 + (—9). 


For the sum 3 + (—7), we begin by taking the absolute value of each number: 
|3| = 3, |-7| = 7. The difference between the absolute values is 4. The sign of the 
sum is the same as the sign of the number that has the larger absolute value. In this 
case, —7 has the larger absolute value, so the result is negative. Therefore, 
3+ (-7) = -4. 


Find the sum 12 + (—8). 


SOLUTION 


12) = 12: |8| = 8 Find the absolute value of each number. 
12-8=4 The difference between the absolute values is 4. 
12 + (-8) =4 Because the number with the larger absolute value 


is positive, the result is positive. 


Notice in the previous example that 12 + (—8) is equivalent to 12 — 8, which also 
equals 4. What the two expressions have in common is that there is one number (12) 
contributes to the total in a positive fashion and a second number (8) that con- 
tributes to the total in a negative fashion. 


Find the sum 3 + (—11). 


SOLUTION Again, one number (3) contributes to the total in a positive way and a 
second number (11) contributes in a negative way. The difference between their 
contributions is 8 and because the number making the larger contribution is nega- 
tive, the result is —8. 


3+ (-11) =-8 


Note that —11 + 3 also equals —8. The rules for adding a positive integer and a 
negative integer still apply when the first number is negative and the second num- 
ber is positive. 


Adding Two (or More) Negative Numbers 
1. Total the negative contributions of each number. 
2. Note that the sign of the result is negative. 


Find the sum —3 + (—7). 


SOLUTION Both values contribute to the total in a negative fashion. Totaling the 
negative contributions of 3 and 7 results in 10, and the result is negative because 
both numbers are negative. 


-3 + (-7) = -10 


Objective 2 Subtract integers. To subtract a negative integer from another 
integer, we use the following property: 


Subtraction of Real Numbers 
| For any real numbers a and b,a — b =a + (—b). | 


Quick Check 4 


Subtract 11 — (—7). 
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This property says that adding the opposite of b to ais the same as subtracting b from 
a. Suppose we are subtracting a negative integer, as in the example —8 — (—19). The 
property for subtraction of real numbers says that subtracting —19 is the same as 
adding its opposite (19); so we convert this subtraction to —8 + 19. Remember that 
subtracting a negative number is equivalent to adding a positive number. 


Subtract 6 — (—27). 


SOLUTION 


6 — (-27) = 6+ 27 Subtracting —27 is the same as adding 27. 
= 33 Add. 


General Strategy for Adding/Subtracting Integers 

e Rewrite “double signs.” Adding a negative number, 4 + (—5), can be rewrit- 
ten as subtracting a positive number, 4 — 5. Subtracting a negative number, 
—2 — (-7), can be rewritten as adding a positive number, —2 + 7. 


e Look at each integer and determine whether it is contributing positively or 
negatively to the total. 


e Add any integers contributing positively to the total, resulting in a single 
positive integer. In a similar fashion, add all integers that are contributing to 
the total negatively, resulting in a single negative integer. Finish by finding 
the sum of these two integers. 


Rather than saying to add or subtract, the directions for a problem may state to 
“simplify” a numerical expression. To simplify an expression means to perform all 
arithmetic operations. 


Simplify 17 — (-11) — 6 + (13) — (-21) + 3. 


SOLUTION Begin by working on the double signs. This produces the following: 


17 — (-11) — 6 + (-13) — (—21) +3 
=17+ 11-6-13+4+21+3 Rewrite double signs. 
= 52 — 19 The four integers that con- 
tribute in a positive fashion 
(17, 11, 21, and 3) total 52. The 
two integers that contribute in 
a negative fashion total —19. 


= 33 Subtract. 


Quick Check 5 
Simplify 14 — 9 — (—22) — 6 + (—30) + 5. 
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Quick Check 6 
Multiply 10(—6). 


Using Your Calculator When using your calculator, you must be able to distin- 
guish between the subtraction key and the key for a negative number. On the TI-84, the 
subtraction key (-) is listed above the addition key on the right side of the calculator, 
while the negative key {-] is located to the left of the key at the bottom of the 
calculator. Here are two ways to simplify the expression from the previous example 
using the TI-84. 


174+11-6-134+271+3 


In either case, pressing the key produces the result 33. 


Multiplication and Division of Integers 


Objective 3 Multiply integers. The result obtained when multiplying two 
numbers is called the product of the two numbers. The numbers that are multiplied 
are called factors. When we multiply two positive integers, their product also is a 
positive integer. For example, the product of the two positive integers 4 and 7 is the 
positive integer 28. This can be written as 4-7 = 28. The product 4-7 also can be 
written as 4(7) or (4)(7). 

The product 4 - 7 is another way to represent the repeated addition of 7 four 
times. 


4-7 =74+74+74+7 
= 28 


This concept can be used to show that the product of a positive integer and a nega- 
tive integer is a negative integer. Suppose we want to multiply 4 by —7. We can 
rewrite this as —7 being added four times, or (—7) + (—7) + (-7) + (-7). From 
our work earlier in this section, we know that this total is —28; so 4(—7) = —28. 
Anytime we multiply a positive integer and by a negative integer, the result is nega- 
tive. So (—7)(4) also is equal to —28. 


Products of Integers 
(Positive) - (Negative) = Negative 
(Negative) + (Positive) = Negative 


Multiply 5(—8). 


SOLUTION We begin by multiplying 5 and 8, which equals 40. The next step is to 
determine the sign of the result. Whenever we multiply a positive integer by a neg- 
ative integer, the result is negative. 


A WORD OF CAUTION Note the difference between 5 — 8 (a subtraction) and 5(—8) 
(a multiplication). A set of parentheses without a sign in front of them is used to 
imply multiplication. 


Product Result 
(3)(-5) —15 
(2)(—5) —10 
(1)(-5) —5 
(0)(—5) 0 
(Ue) ? 
(—2)(—5) ? 


Quick Check 7 
Multiply (—7)(—9). 


Quick Check 8 
Multiply —4(—10)(5)(—2). 
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The product of two negative integers is a positive integer. Let’s try to understand 
why this is true by considering the example (—2)(—5). Examine the table to the 
left, which shows the products of some integers and —5. 

Notice the pattern in the table. Each time the integer multiplied by —5 de- 
creases by 1, the product increases by 5. As we go from 0(—5) to (—1)(—5), the 
product should increase by 5. So (—1)(—5) =5 and, by the same reasoning, 
(—2)(-5) = 10. 


Product of Two Negative Integers 
| (Negative) - (Negative) = Positive | 


Multiply (—9)(—8). 


SOLUTION We begin by multiplying 9 and 8, which equals 72. The next step is to 
determine the sign of the result. Whenever we multiply a negative integer by a neg- 
ative integer, the result is positive. 


Products of Integers 


e Ifa product contains an odd number of negative factors, the result is negative. 


e Ifa product contains an even number of negative factors, the result is positive. 


The main idea behind this principle is that every two negative factors multiply to 
be positive. If there are three negative factors, the product of the first two is a posi- 
tive number. Multiplying this positive product by the third negative factor pro- 
duces a negative product. 


Multiply 7(—2)(—5)(—3). 
SOLUTION Because there are three negative factors, the product will be negative. 
7(-2)(-5)(-3) = —210 


Using Your Calculator Here is how the screen looks when you are using the 
TI-84 to multiply the expression in the previous example: 


Fs Ss Sal Sa 


218 


Notice that parentheses can be used to indicate multiplication without using the 
[x] key. 


Before continuing on to division, let’s consider multiplication by 0. Any real 
number multiplied by 0 is 0; this is the multiplication property of 0. 
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Quick Check 9 


Divide 72 + (—8). 


Multiplication Property of 0 


For any real number x, 


Objective 4 Divide integers. When dividing one number called the dividend 
by another number called the divisor, the result obtained is called the quotient of 
the two numbers: 


623 =2 quotient 
3 he 
ff + %*% 2 
dividend divisor quotient divisor ——>» 3)6 =«— dividend 


The statement “6 divided by 3 is equal to 2” is true because the product of the quo- 
tient and the divisor, 2 - 3, is equal to the dividend 6. 


6+3=2<—2:3=6 
When we divide two integers that have the same sign (both positive or both nega- 
tive), the quotient is positive. When we divide two integers that have different signs 


(one negative, one positive), the quotient is negative. Note that this is consistent 
with the rules for multiplication. 


Quotients of Integers 


(Positive) + (Positive) = Positive (Positive) + (Negative) = Negative 


(Negative) + (Negative) = Positive (Negative) + (Positive) = Negative 


Divide (—54) + (—6). 


SOLUTION When we divide a negative number by another negative number, the 
result is positive. 


(—54) + (-6) =9 Note that —6-9 = —54. 


Divide (—33) + 11. 


SOLUTION When we divide a negative number by a positive number, the result is 
negative. 


(-33) +11 = -3 


Whenever 0 is divided by any integer (except 0), the quotient is 0. For example, 
0 + 16 = 0. We can check that this quotient is correct by multiplying the quotient 
by the divisor. Because 0-16 = 0, the quotient is correct. 


Division by Zero 
| Whenever an integer is divided by 0, the quotient is said to be undefined. | 


Use the word undefined to state that an operation cannot be performed or is mean- 
ingless. For example, 41 + 0 is undefined. Suppose there was a real number a for 
which 41 + 0 = a. In that case, the product a: 0 would be equal to 41. Because the 
product of 0 and any real number is equal to 0, such a number a does not exist. 
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BUILDING YOUR STUDY SKILLS 


Study Groups, 2 When to Meet Once you have formed a study group, deter- 
mine where and when to meet. It is a good idea to meet at least twice a week 
for at least an hour per session. Consider a location where quiet discussion is 


allowed, such as the library or tutorial center. 

Some groups like to meet the hour before class, using the study group as a 
way to prepare for class. Other groups prefer to meet the hour after class, al- 
lowing them to go over material while it is fresh in their minds. Another sugges- 
tion is to meet at a time when your instructor is holding office hours. 


Vocabulary 


1. When finding the sum of a positive integer and a nega- 
tive integer, the sign of the result is determined by the 


sign of the integer with the _____ absolute value. 

2. The sum of two negative integers is a(n) 
integer. 

3. Subtracting a negative integer can be rewritten as 
adding a(n) __________ integer. 

4. The product of a positive integer and a negative inte- 
ger is a(n)_________ integer. 

5. The product of a negative integer and a negative 
integer is a(n) _______ integer. 

6. If a product contains a(n) _________ number of 


negative integers, the product is negative. 


7. In a division problem, the number you divide by is 
called the 


8. Division by 0 results in a quotient that is 


Add. 

9. 8 + (-13) 10. 16 + (—11) 
11. 6 + (-33) 12. 52 + (—87) 
13. (-4) + 5 14.-9 +2 
15. —14 + 22 16. (—35) + 50 
17. —5 + (-6) 18. —9 + (—9) 

Subtract. 

19.8 — 6 20. 13 — 9 
21.5- 11 22.4 — 12 
23. (—5) — 3 24, (—9) — 6 


296-9 13 26. —47 — 16 


Mynizthiab\y «a Hi G&G =| &@ 


PRACTICE 


WATCH DOWNLOAD READ REVIEW 


27, 36 — (—25) 28. 64 — (—19) 
29, —42 — (—33) 30. -27 — (—60) 
Simplify. 

31.8 — 13 - 6 

32. —6 + 12 — 20 

33.-9+7-4 

M..=5 = 8 4 23 

35.6 — (—16) +3 

36. 18 — 21 — (—62) 

a7, 4-15) 19 = 5) 

a8. 19 (42) (1) — 20 

39. A mother with $30 in her purse paid $22 for her fam- 


41. 


42. 


43. 


ily to go to a movie. How much money did she have 
remaining? 


. A student had $60 in his checking account prior to 


writing an $85 check to the bookstore for books and 
supplies. What is his account’s new balance? 


The temperature at 6 A.M. in Fargo, North Dakota, 
was —8°C. By 3 pM., the temperature had risen by 
12° C. What was the temperature at 3 P.M.? 


If a golfer completes a round at 3 strokes under par, 
her score is denoted —3. A professional golfer had 
rounds of —4, —2,3, and —6 in a recent tournament. 
What was her total score for this tournament? 


Dylan drove from a town located 400 feet below sea 
level to another town located 1750 feet above sea 
level. What was the change in elevation traveling from 
one town to another? 


. After withdrawing $80 from her bank using an ATM 


card, Alycia had $374 remaining in her savings account. 
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How much money did Alycia have in her account prior 
to withdrawing the money? 


Multiply. 

45. 7(—6) 46. —4(9) 

47. —8-5 48. —6(—8) 

49, —15(—12) 50. —11-17 

51. 82(—1) 52. —1-19 

53. —6:-0 54. 0(—240) 

55. —6(—3)(5) 56. —2(—4)(-8) 
57. 5+3(—2)(—6) 58. —7-2(-7)(-2) 
Divide if possible. 

59. 45 + (—5) 60. 56 + (—7) 
61. —36 + 6 62. —91 + 13 
63. —32 + (-8) 64. —75 + (5) 
65. 126 + (—9) 66. —420 + 14 
67. 0 + (—13) 68. 0 = 11 

69. 29 = 0 70. —15 + 0 


Mixed Practice, 71-82 


Simplify. 

71. —11(—12) 

72. 126 + (-6) 
73.5 — 13 

74. 5(—13) 

75. 17 — (—11) — 49 
76. 8(—7)(—6) 

77, —432 + 3 

78. —5-17 

79. 9(—24) 

80. 9 + (—24) 

81. 5-3(—17)(—29)(0) 


82. 


—16 + (-11) — 42 - (-58) 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


A group of 4 friends went out to dinner. If each per- 
son paid $23, what was the total bill? 


Three friends decided to start investing in stocks to- 
gether. In the first year, they lost a total of $13,500. 
How much did each person lose? 


Tina owns 400 shares of a stock that dropped in value 
by $3 per share last month. She also owns 500 shares 
of a stock that went up by $2 per share last month. 
What is Tina’s net income on these two stocks for last 
month? 


Mario took over as the CEO for a company that lost 
$20 million dollars in 2007. The company lost three 
times as much in 2008. The company went on to lose 
$13 million more in 2009 than it had lost in 2008. 
How much money did Mario’s company lose in 
2009? 

When a certain integer is added to —34, the result is 
—15. What is that integer? 

Thirty-five less than a certain integer is —13. What is 
that integer? 

When a certain integer is divided by —8, the result is 
16. What is that integer? 


When a certain integer is multiplied by —4 and that 
product is added to 22, the result is —110. What is that 
integer? 


True or False (If false, give an example that shows why 
the statement is false.) 


91. 
92. 


93. 


94. 


The sum of two integers is always an integer. 
The difference of two integers is always an integer. 


The sum of two whole numbers is always a whole 
number. 


The difference of two whole numbers is always a 
whole number. 


v===- Writing in Mathematics 
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96. Explain why a positive integer times a negative inte- 
ger produces a negative integer. 


Explain each of the following in your own words. 


95. Explain why subtracting a negative integer from an- 


97. Explain why a negative integer times another negative 
integer produces a positive integer. 


other integer is the same as adding the opposite of 
that integer to it. Use the example 11 — (—5) in your 


explanation. 


Quick Check 1 
Write the factor set for 36. 


98. Explain why 7 ~+ 0 is undefined. 


OBJECTIVES 


‘1 ‘Find the factor set of a natural number. 

@ Determine whether a natural number is prime. 
3. Find the prime factorization of a natural number. 
4 Simplify a fraction to lowest terms. 

5 Change an improper fraction to a mixed number. 
6 Change a mixed number to an improper fraction. 


Factors 


Objective 1 Find the factor set of a natural number. To factor a natural 
number, express it as the product of two natural numbers. For example, one way to 
factor 12 is to rewrite it as 3-4. In this example, 3 and 4 are said to be factors of 12. 
The collection of all factors of a natural number is called its factor set. The factor 
set of 12 can be written as {1, 2,3, 4,6, 12} because 1-12 = 12,2-6 = 12, and 
3-4 = 12. 


Write the factor set for 18. 


SOLUTION Because 18 can be factored as 1-18,2-+9, and 3-6, its factor set is 
{1, 2, 3, 6, 9, 18}. 


Prime Numbers 


Objective 2 Determine whether a natural number is prime. 


Prime Numbers 
A natural number is prime if it is greater than 1 and its only two factors are 1 


and itself. 


For instance, the number 13 is prime because its only two factors are 1 and 13. The 
first 10 prime numbers are 2,3, 5,7, 11, 13,17, 19, 23, and 29. The number 8 is not 
prime because it has factors other than 1 and 8, namely, 2 and 4. A natural number 
greater than 1 that is not prime is called a composite number. The number 1 is con- 
sidered to be neither prime nor composite. 
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Quick Check 2 

Determine whether the follow- 
ing numbers are prime or com- 
posite. 


a) 57 
b) 47 
c) 48 


Quick Check 3 


Find the prime factorization 
of 63. 


Determine whether the following numbers are prime or composite: 


b) 37 


a) 26 


SOLUTION 


a) The factor set for 26 is {1, 2, 13, 26}. Because 26 has factors other than 1 and 
itself, it is a composite number. 

b) Because the number 37 has no factors other than 1 and itself, it is a prime 
number. 


Prime Factorization 


Objective 3 Find the prime factorization of a natural number. When 
we rewrite a natural number as a product of prime factors, we obtain the prime 
factorization of the number. The prime factorization of 12 is 2-2-3 because 2 and 3 
are prime numbers and 2-2-3 = 12. A factor tree is a useful tool for finding the 
prime factorization of a number. Here is an example of a factor tree for 72. 


72 
LoS 
@ 36 72 = 2+ 36; 2 is prime. 
ZN 
2 18 36 = 2-18; 2 is prime. 
ws 
Q@ 9 18 = 2-9; 2 is prime. 


“‘, 
@ @ 9 = 3:3; both factors are prime. 


The prime factorization of 72 is 2-2-+2+3+3. We could have begun by rewriting 72 
as 8-9 and then factored those two numbers. The process for creating a factor tree 
for a natural number is not unique, although the prime factorization for the number 
is unique. 


Find the prime factorization of 60. 


SOLUTION 


The prime factorization is 2+2°3°5. 


Fractions 


Objective 4 Simplify a fraction to lowest terms. Recall from Section 1.1 
that a rational number is a real number that can be written as the quotient (or ra- 
tio) of two integers, the second of which is not zero. An irrational number is a real 
number that cannot be written this way, such as the number 7. 

Rational numbers are often expressed using fraction notation such as 3. Whole 
numbers such as 7 can be written as a fraction whose denominator is 1:7. The num- 
ber on the top of the fraction is called the numerator, and the number on the bot- 
tom of the fraction is called the denominator. 


numerator 
denominator 


Quick Check 4 


Simplify to lowest terms: 


45 
a) 710 


24 
b) 333 
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If the numerator and denominator do not have any common factors other than 1, 
the fraction is said to be in lowest terms. 

To simplify a fraction to lowest terms, begin by finding the prime factorization 
of both the numerator and denominator. Then divide the numerator and the de- 
nominator by their common factors. 


Simplify EH to lowest terms. 


SOLUTION 


= 
oe) 
N 
es) 
eS) 


Find the prime factorization of the numerator and 
denominator. 18 = 2-3-3,30 = 2°3-5. 


S| 
i) 


Divide out common factors. 


BOQ] QR Ww 
i} Go Nn 


M/W BRINN 


Simplify. 


Simplify 5; to lowest terms. 


SOLUTION 


#2 Find the prime factorization of the numerator and 
2:2+3 denominator. 


Divide out common factors. 
Simplify. 


A WORD OF CAUTION It is customary to leave off the denominator of a fraction if it is 
equal to 1. For example, rather than writing ae we usually write 19. However, we cannot 
omit a numerator that is equal to 1. In the previous example, it would have been a mis- 
take if we had written 6 instead of ¢. 


Mixed Numbers and Improper Fractions 


Objective 5 Change an improper fraction to a mixed number. An improper 
fraction is a fraction whose numerator is greater than or equal to its denominator, 
such as a ae é, and 3 (In contrast, a proper fraction’s numerator is smaller than its 
denominator.) An improper fraction is often converted to a mixed number, which is 
the sum of a whole number and a proper fraction. For example, the improper frac- 
tion + can be represented by the mixed number Az, which is equivalent to 4 + 2, 
To convert an improper fraction to a mixed number, begin by dividing the de- 
nominator into the numerator. The quotient is the whole number portion of the 
mixed number. The remainder becomes the numerator of the fractional part, while 
the denominator of the fractional part is the same as the denominator of the im- 
proper function. 
Whole-number portion 


’ of mixed number 
Denominator of ——» 3)14 
fractional ti —12 
vk ae ei —= Numerator of fractional 
of mixed number 2 


portion of mixed number 
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Convert the improper fraction a to a mixed number. 


SOLUTION Begin by dividing 9 into 71, which divides in 7 times with a remainder 
of 8. 


Quick Check 5 The mixed number for G is 73. 


Convert the improper fraction 
121 : ° ° 5 ° ° 
73 to a mixed number. Objective 6 Change a mixed number to an improper fraction. Often we 


have to convert a mixed number such as 2% into an improper fraction before pro- 
ceeding with arithmetic operations. 


Rewriting a Mixed Number as an Improper Fraction 


e Multiply the whole number part of the mixed number by the denominator 
of the fractional part of the mixed number. 


e Add this product to the numerator of the fractional part of the mixed number. 


e The sum is the numerator of the improper fraction. The denominator stays 
the same. 


Add product to 


2— numerator 2-> ==> 
15 15 15 


Multiply 


Convert the mixed number 53 to an improper fraction. 


SOLUTION Begin by multiplying 5-7 = 35. Add this product to 4 to produce a 
numerator of 39. 


Quick Check 6 
Convert the mixed number 82 


ORL HES On, BUILDING YOUR STUDY STRATEGY 
Study Groups, 3 Where to Meet 


e Some study groups prefer to meet off campus in the evening. One good place 
to meet is at a coffee shop with tables large enough to accommodate every- 
one, provided that the surrounding noise is not too distracting. 


e Some groups take advantage of study rooms at public libraries. 


e Other groups like to meet at members’ homes. This typically provides a com- 
fortable, relaxing atmosphere in which to work. 


1.3 Exercises 1 9 
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PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary Write the prime factorization of the following numbers. 


; : (If the number is prime, state this.) 
1. The collection of all factors of a natural number is 


calledits ____. 29, 18 30. 20 
2. A natural number greater than 1 is ____ if its 31. 42 32. 36 
only factors are | and itself. 33. 39 34. 50 
3. A natural number greater than 1 that is not prime is 35. 27 36. 32 
called a(n) —____________ number. 37. 125 38. 49 
4. Define the prime factorization of a natural number. 39. 29 40. 76 
41. 99 42. 90 
an ee ee etre b a 43. 31 44. 209 
. The numerator of a fraction is the number written 
on the _______ of the fraction. a. 20 46. 109 
6. The denominator of a fraction is the number written 
on the of the fraction. Simplify the following fractions to lowest terms. 
7. A fraction is in lowest terms if its numerator and de- a7 10 48 a3 
nominator contain no other than 1. "16 al) 
8. A fraction whose numerator is less than its denomi- 9 38 
nator is called a(n) _______ fraction. 49. 45 50. ey. 
9. A fraction whose numerator is greater than or equal 168 60 
2 its denominator is called a(n) ——___ 51. 378 52. 84 
raction. 07 66 
10. An improper fraction can be rewritten as a whole 53. 64 54, 154 
number or as a(n) ice se 
, 55. 176 56. 5 
11. Is 7 a factor of 2477 49 77 
12. Is 13 a factor of 273? 57. 91 58. eT 
13 


. Is 6a factor of 4836? 


14. Is 9 a factor of 32,057? Convert the following mixed numbers to improper 
15. Is 15 a factor of 2835? fractions. 


16. Is 103 a factor of 1754? 


4 2 
59. 35 60. ™% 
Write the factor set for the following numbers. 
61 i 62 6 
17. 48 ay “14 
18. 60 8 16 
. 13— 4. 17 
19. 27 ve 11 133 
20. 15 
21. 20 Convert the following improper fractions to whole num- 
bers or mixed numbers. 
22. 16 
23. 
—— 65. = 66. = 
24. 64 5 8 
101 12 
mans 67. — 68. — 
26. 103 7 
141 10 
zis?! 69, — 70. — 


28. 143 19 8 
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71. List four fractions that are equivalent to 3 e===- Writing in Mathematics 


: : : Answer in complete sentences. 
72. List four fractions that are equivalent to 1%. P 


75. Describe a real-world situation involving fractions. 
Describe a real-world situation involving mixed num- 


73. List four whole numbers that have at least three dif- hoe 


ferent prime factors. 


76. Describe a situation in which you should convert an 


74. List four whole numbers greater than 100 that are : : : 
improper fraction to a mixed number. 


prime. 


OBJECTIVES 


1 Multiply fractions and mixed numbers. 

2. Divide fractions and mixed numbers. 

3) Add and subtract fractions and mixed numbers with the same 
denominator. 

4 Find the least common multiple (LCM) of two natural numbers. 

‘5 Add and subtract fractions and mixed numbers with different 
denominators. 


Multiplying Fractions 


Objective 1 Multiply fractions and mixed numbers. To multiply fractions, 
we multiply the numerators together and multiply the denominators together. 
When multiplying fractions, we may simplify any individual fraction, as well as di- 
vide out a common factor from a numerator and a different denominator. Dividing 
out a common factor in this fashion is often referred to as cross-canceling. 


Multiply 4-2. 


SOLUTION The first numerator (4) and the second denominator (6) have a com- 
mon factor of 2 that we can eliminate through division. 


4 4 
rT 2 = 1 4 Divide out the common factor 2. 
a ae : 
aa a Simplify. 
= ia Multiply the two numerators and the two denominators 
Quick Check 1 33 PY 


Multiply 3°35. 
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Multiply 35 : R. 


SOLUTION When multiplying a mixed number by another number, convert the 
mixed number to an improper fraction before proceeding. 


ee Convert is the improper peen 
755° 7 55 7 ee - 
wi 
=F 58 Divide out the common factors 11 and 7. 
1 5 
a Multipl 
Quick Check 2 5 iad 
Multiply 25- 82. 
Dividing Fractions 
Objective 2 Divide fractions and mixed numbers. 
Reciprocal 
When we invert a fraction such as 2 to 3, the resulting fraction is called the 
reciprocal of the original fraction. 
Consider the fraction 5, where a and b are nonzero real numbers. The reciprocal of 
this fraction is 2 Notice that if we multiply a fraction by its reciprocal, such as ; - 7 
the result is 1. This property will be important in Chapter 2. 
Reciprocal Property 
| For any nonzero real numbers a and b, a8 =1. | 
To divide a number by a fraction, invert the divisor and then multiply. 
Divide 32 + 2. 
SOLUTION 
16. 22 «16 1 
95° 15. 25°99 Invert the divisor and multiply. 
16 15 
= 35 Divide out the common factors 2 and 5. 
5. “il 
24 
== Multiply. 
Quick Check 3 55 me 


Divide 2 + 3. 
A WORD OF CAUTION When dividing a number by a fraction, we must invert the divi- 
sor (not the dividend) before dividing out a common factor from a numerator and a 


denominator. 


When performing a division involving a mixed number, begin by rewriting the 
mixed number as an improper fraction. 
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er ene ae 
Divide 25 + 375. 


SOLUTION Begin by rewriting each mixed number as an improper fraction. 


5 3 33 
2 8 : 10 : 10 Rewrite each mixed number as an improper fraction. 
10 Sic ; 
arr Invert the divisor and multiply. 
5 
10 


: B Divide out common factors. 


£/Y s00/RMs oo|N oo|N 


Quick Check 4 Multiply. 


Divide 4 + 23. 
Adding and Subtracting Fractions 


Objective 3 Add and subtract fractions and mixed numbers with the 
same denominator. To add or subtract fractions that have the same denomina- 
tor, we add or subtract the numerators, placing the result over the common denom- 
inator. Make sure you simplify the result to lowest terms. 


39 
Subtract ¢ — ¢. 


SOLUTION The two denominators are the same (8), so we subtract the numera- 
tors. When we subtract 3 — 9, the result is —6. Although we may leave the nega- 
tive sign in the numerator, it often appears in front of the fraction itself. 


6 
— — — = —— Subtract the numerators. 


cae wer 
Quick Check 5 =~] Simplify to lowest terms. 


Subtract 54 = x. When performing an addition involving a mixed number, begin by rewriting the 


mixed number as an improper fraction. 


Add 33 + 2}. 


SOLUTION Begin by rewriting each mixed number as an improper fraction. 


a cian Rewrit = ee i fracti 
D oe 6 ewrite D an D as improper fractions. 

76 

= D Add the numerators. 
19 P ; 

aig? Simplify to lowest terms. 

1 : : 
= 63 Rewrite as a mixed number. 


It is not necessary to rewrite the result as a mixed number, but this is often done 


Quick Check 6 when you perform arithmetic operations on mixed numbers. 


Add 63 + 53. 
Objective 4 Find the least common multiple (LCM) of two natural 
numbers. Two fractions are said to be equivalent fractions if they have the same 
numerical value and both can be simplified to the same fraction when simplified to 
lowest terms. To add or subtract two fractions with different denominators, we must 


Quick Check 7 


Find the least common multiple 
of 18 and 42. 
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first convert them to equivalent fractions with the same denominator. To do this, we 
find the least common multiple (LCM) of the two denominators. This is the small- 
est number that is a multiple of both denominators. For example, the LCM of 4 and 
6 is 12 because 12 is the smallest multiple of both 4 and 6. 

To find the LCM for two numbers, begin by factoring them into their prime fac- 
torizations. 


Finding the LCM of Two or More Numbers 


e Find the prime factorization of each number. 


e Find the common factors of the numbers. 
e Multiply the common factors by the remaining factors of the numbers. 


Find the LCM of 24 and 30. 


SOLUTION Begin with the prime factorizations of 24 and 30. 


24 = 2+2-2-3 
30 = 2-3-5 
24 =Q-2-2-3) 
30 =2-B) 5 


The common factors are 2 and 3. Additional factors are a pair of 2’s as well as a 5. 
So to find the LCM, multiply the common factors (2 and 3) by the additional fac- 
tors (2,2, and 5). 


2°3+2+2°5 = 120 
The least common multiple of 24 and 30 is 120. 


Another technique for finding the LCM for two numbers is to start listing the mul- 
tiples of the larger number until we find a multiple that also is a multiple of the 
smaller number. For example, the first few multiples of 6 are 


6: 6, 12, 18, 24, 30,... 
The first multiple listed that also is a multiple of 4 is 12,s0 the LCM of 4 and 6 is 12. 


Objective 5 Add and subtract fractions and mixed numbers with differ- 
ent denominators. When adding or subtracting two fractions that do not have 
the same denominator, we first find a common denominator by finding the LCM of 
the two denominators. Then convert each fraction to an equivalent fraction whose 
denominator is that common denominator. Once we rewrite the two fractions so 
they have the same denominator, we can add (or subtract) as done previously in this 
section. 


Adding or Subtracting Fractions with Different Denominators 
e Find the LCM of the denominators. 


e Rewrite each fraction as an equivalent fraction whose denominator is the 
LCM of the original denominators. 


e Add or subtract the numerators, placing the result over the common 
denominator. 


Simplify to lowest terms if possible. 
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Add3 + % 


SOLUTION The prime factorization of 12 is 2-2-3, and the prime factorization of 
14 is 2:7. The two denominators have a common factor of 2. If we multiply this 
common factor by the other factors of these two numbers, 2, 3, and 7, we see that 
the LCM of these two denominators is 84. Begin by rewriting each fraction as an 
equivalent fraction whose denominator is 84. Multiply the first fraction by u and 
the second fraction by °. Because / and ® are both equal to 1, we do not change the 
value of either fraction. 


Multiply the first fraction’s numerator and 
+ —-+— denominator by 7. Multiply the second frac- 
tion’s numerator and denominator by 6. 


35. 54 ‘ 
=—+_— 
mo at Multiply. 
89 
=— Add. 
84 “ 


Quick Check 8 


Add 3 + %. When performing an addition or a subtraction involving a mixed number, we 
can begin by rewriting the mixed number as an improper fraction. 


This fraction is already in lowest terms. 


Subtract 44 —i. 


SOLUTION Begin by rewriting 45 as an improper fraction. 


4 a ae a Rewrite 45 as an improper fraction. 

_ 13 4 3 3 The LCM of the denominators is 12. Multiply the 

~ 3 °4 4 3 first fraction by ¢. Multiply the second fraction by 3. 
52. 9 

=o = Multiply. 
2 12 ra a 
43 

= 4 Subtract. 

= a Rewrite as a mixed number 

Quick Check 9 12 : 


Subtract 5¢ = 32. 


BUILDING YOUR STUDY STRATEGY 


Study Groups, 4 Going Over Homework A study group can go over home- 
work assignments together. It is important that each group member work on 
the assignment before arriving at the study session. If you struggled with a 
problem or could not do it at all, ask for help or suggestions from your group 


members. 


If there was a problem that you seem to understand better than the mem- 
bers of your group do, share your knowledge; explaining how to do a certain 
problem increases your chances of retaining that knowledge until the exam 
and beyond. 

At the end of each session, quickly review what the group accomplished. 


mywiathiab)) 


Vocabulary 


1. Before multiplying by a mixed number, convert it to 
a(n) 


2. When a fraction is inverted, the result is called its 


Oe 


. Explain how to divide by a fraction. 


4. When fractions are added or subtracted, they must 
have the same 


. The smallest number that is a multiple of two numbers 
is called their 


nm 


. A board is cut into two pieces that measure 42 feet 
and 33 feet, respectively. Which operation 
will give the length of the original board? 


i 


1 3 1 3 
g2R ae ae 
Ge a org 8 
1 3 ees 


Multiply. Your answer should be in lowest terms. 


3.4 5 £.25 

8 27 35 29 

20 TT 9 28 
9 97 (-Z) 0. 3042 

2 14 5 1 
11. 47 25 12 “a5 "5 
13. 5-6 14, 8-5 

2,8 12 14 
15. 3°9 16. 35 (-2) 


6 8 15 9 

17. 95 aS 18. aT 
22 33 24 9 

19. 56 = 147 20. “OL = (-3) 

17 1 i 
21. “ ae 22. = + (2) 
2, — +32 24, 3= +6 
25, 24 = 6% 26.74 = 132 


1.4 Exercises 


25 


; =a Goa 
«q» BF G&G = 2S 
PRACTICE WATCH DOWNLOAD READ REVIEW 
Add or subtract. 
7 4 1 5 
wae ta Los 
- 1515 as 8 8 
5 4 3 9 
.o te Wo t+ 
oe 9 9 shi 10 10 
2 4 17 5 
| Bes 2. = = 
: 5 5 ‘ 18 §=18 
9 3 13-29 
33. 16 46 34, i 
Find the LCM of the given numbers. 
35. 10,15 36. 8, 12 
37. 12, 42 38. 9,30 
39. 16, 80 40. 16,27 
41. 8,10, 14 42. 20, 35, 50 


Simplify. Your answer should be in lowest terms. 


4 3 
B.= +5 
45. 
47. 6 
dp. 6-453 
51. 
53. 
{. 4 
5.73, 
57.12 = 9 
Ce 
| ee 
6 8 
«.$-(-3) 


«4 +(-3) 
“15 18 


44. 
46. 
48. 3 + 82 

50. 11 + 5— 
52. 
54. 
56. 12— — 62 
58. 6 — 4> 

60. —— - — 


62. -— + = 


26 


wot 68. 
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+ 
16 20 12 21 18 = 15 


Simplify. 

8 3 3... od 
69. 9°5 70. 4 + Ti 

12 14 

71. = + = 72. as oF 
73. 7 = - 74, “; - = 

1 11 1 
75 x 18 76 3o4e 

1 3 2 7 

TAY a aay 
79.37 +6=—8 80. 125+ 72-5; 

15 16 7 23 
a5 (ar) 2.5 - (5) 
83. = - 84. = - = 
Find the missing number. 

11 1 > 1 1 
gt sa 5 Me 3G 

10 ? 4 11? 9 
2175 45 8. a9 * 40 ~ 0 
89. Bruce is fixing a special dinner for his girlfriend. The 


90. 


three recipes he is preparing call for 5 cup, 3 cup, and 
; cup of flour, respectively. In total, how much flour does 
Bruce need to make these three recipes? 


Sue gave birth to twins. One of the babies weighed 4i 


pounds at birth, and the other baby weighed 55 
pounds. Find the total weight of the twins at 
birth. 


91. A chemist has + fluid ounce of a solution. If she 


92. 


93. 


94. 


95. 


96. 


97. 


needs ¢ fluid ounce of the solution for an experiment, 
how much of the solution will remain? 


N 


A popular weed spray concentrate recommends using 
14 tablespoons of concentrate for each quart of water. 
How much concentrate needs to be mixed with 6 
quarts of water? 


A board that is 4% feet long needs to be cut into 
6 pieces of equal length. How long will each piece 
be? 

Ross makes a batch of hot sauce that will be poured 
into bottles that hold 5 3 fluid ounces. If Ross has 115 
fluid ounces of hot sauce, how many bottles can he 
fill? 

A craftsperson is making a rectangular picture frame. 
Each of two sides will be 2 of a foot long, while each 
of the other two sides will be 5 of a foot long. If the 
craftsperson has one board that is 23 feet long, is this 
enough to make the picture frame? Explain. 


A pancake recipe calls for 14 cups of whole wheat 
flour to make 12 pancakes. How much flour is needed 
to make 48 pancakes? 


A pancake recipe calls for 13 cups of whole wheat 
flour to make 12 pancakes. How much flour is needed 
to make 6 pancakes? 
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===- Writing in Mathematics 99, Explain why you cannot divide a common factor of 2 


Answer in complete sentences. 


from the numbers 4 and 6 in the expression -{. 


98. Explain, using your own words, the difference be- 


tween dividing a number in half and dividing a num- 


ber by one-half. 


100. Explain why it would be a bad idea to rewrite frac- 
tions with a common denominator before multiplying 
them. 


OBJECTIVES 


1 Perform arithmetic operations with decimals. 
‘2 Rewrite a fraction as a decimal number. 

3) Rewrite a decimal number as a fraction. 

‘4 Rewrite a fraction as a percent. 

‘5 Rewrite a decimal as a percent. 

‘6 Rewrite a percent as a fraction. 

‘7 Rewrite a percent as a decimal. 


Decimals 


Rational numbers also can be represented using decimal notation. The decimal 0.23 
is equivalent to the fraction a or twenty-three hundredths. The digit 2 is in the 
tenths place, and the digit 3 is in the hundredths place. The following chart shows 
several place values for decimals: 


0.123456... 
Tenths | | | | Millionths 
Hundredths Hundred Thousandths 
Thousandths Ten Thousandths 


Objective 1 Perform arithmetic operations with decimals. Here is a brief 
summary of arithmetic operations using decimals. 


e To add or subtract two decimal numbers, align the decimal points and add or sub- 
tract as you would with integers. 


3.96 + 12.072 


3.96 
+ 12.072 
16.032 


¢ To multiply two decimal numbers, multiply them as you would integers. The total 
number of decimal places in the two factors shows how many decimal places are 
in the product. 


—2.09°3.1 


In this example, the two factors have a total of three decimal places, so the prod- 
uct must have three decimal places. Multiply these two numbers as if they were 
209 and 31 and then insert the decimal point in the appropriate place, leaving 
three digits to the right of the decimal point. 


—209 —2.09 
xX 31 xX 3.1 
—6479 6.479 


3 places 


28 


Quick Check 1 
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e To divide two decimal numbers, move the decimal point in the divisor to the right 
so that it becomes an integer. Then move the decimal point in the other number 
(dividend) to the right by the same number of spaces. The decimal point in the an- 
swer will be aligned with this new location of the decimal point in the dividend. 


8.24 + 0.4 
0.4)8.24 Begin by moving each decimal point one place to the right. 


0,4)8,24 


20.6 _ 
4)82.4 Then perform the division. 


Rewriting Fractions as Decimals 
and Decimals as Fractions 
Objective 2 Rewrite a fraction as a decimal number. To rewrite any frac- 


tion as a decimal, we divide its numerator by its denominator. The fraction line is 
simply another way to write “+”. 


Rewrite the fraction 3 as a decimal. 


SOLUTION _ To rewrite this fraction as a decimal, divide 5 by 8. 


Now begin the division, adding a decimal point after the 5 and 0’s to the end of the 
dividend until there is no remainder. 


0.625 


8)5.000 
-48 
20 
-16 
40 


5 
— = 0.625 
8 


Rewrite the fraction : asa 


decimal. 


Rewrite the fraction ¥ as a decimal. 


SOLUTION. When we divide 23 by 30, the result is a decimal that does not termi- 
nate (0.76666. . .). The pattern continues repeating the digit 6 forever. This is an 
example of a repeating decimal. We may place a bar over the repeating digit(s) to 
denote a repeating decimal. 


23 


— = 0.76 
Quick Check 2 30 
Rewrite the fraction 2 asa es 
decimal. Objective 3 Rewrite a decimal number as a fraction. Suppose we want to 


rewrite a decimal number such as 0.48 as a fraction. This decimal is read as “forty- 
eight hundredths” and is equivalent to the fraction a. Simplifying this fraction 
shows that 0.48 = 52. 


Quick Check 3 


Rewrite the decimal 0.425 asa 
fraction in lowest terms. 


Quick Check 4 
a) Rewrite a as a percent. 
b) Rewrite 44 as a percent. 
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Rewrite the decimal 0.164 as a fraction in lowest terms. 


SOLUTION This decimal ends in the thousandths place, so start with a fraction of ah. 


164 


71000 Rewrite as a fraction whose denominator is 1000. 


0.164 = 


41 
= 550 Simplify to lowest terms. 


Using Your Calculator To rewrite a decimal as a fraction using the TI-84, key the 
decimal, press the key, and select option 1. The following screens show how to 
rewrite the decimal 0.164 as a fraction using the TI-84, as in Example 3. 


Key the decimal. Press the key. Result 
Eee 


8.164 
17258 


Percents 


Objective 4 Rewrite a fraction as a percent. Percents (%) are used to rep- 
resent numbers as parts of 100. One percent, which can be written as 1%, is equiva- 
lent to 1 part of 100, or in or 0.01. The fraction a is equivalent to 27%. Percents, 
decimals, and fractions are all ways to write a rational number. We will learn to con- 
vert back and forth between percents and fractions as well as between percents and 


decimals. 


Rewriting Fractions and Decimals as Percents 


To rewrite a fraction or a decimal as a percent, we multiply it by 100%. Because 
100% is equal to 1 this will not change the value of the fraction or decimal number. 


Rewrite as a percent: a) z, b) 2. 


SOLUTION 
a) Begin by multiplying by 100% and simplifying. 

2 20 
—+ 100% = 40% 


b) Again, multiply by 100%. Occasionally, as in this example, we will end up with 
an improper fraction, which can be changed to a mixed number. 


33s 75 1 
3° 100% = > which can be rewritten as 37 3” 
2 
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Quick Check 5 
Rewrite 0.42 as a percent. 


Objective 5 Rewrite a decimal as a percent. 


Rewrite 0.3 as a percent. 


SOLUTION When we multiply a decimal by 100, the result is the same as moving 
the decimal point two places to the right. 


0,30, 
we 
0.3-100% = 30% 


Rewriting Percents as Fractions and Decimals 


Objective 6 Rewrite a percent as a fraction. To rewrite a percent as a frac- 
tion or a decimal, we can divide it by 100 and omit the percent sign. When rewriting 
a percent as a fraction, we may choose to multiply by iw rather than dividing by 100. 


Rewrite as a fraction: a) 44%, b) 163%. 


SOLUTION 
a) Begin by multiplying by in and omitting the percent sign. 
nod 11 


10025 


25 


b) Rewrite the mixed number 16% as an improper fraction @), multiply by i 
and simplify. 


ae 
100 «6 
2 


Quick Check 6 


a) Rewrite 35% as a fraction. 
b) Rewrite 113% as a fraction. 


Objective 7 Rewrite a percent as a decimal. In the next example, we will 
rewrite percents as decimals rather than as fractions. 


Rewrite as a decimal: a) 56%, b) 143%. 


SOLUTION 


a) Begin by dropping the percent sign and dividing by 100. Keep in mind that di- 
viding a decimal number by 100 is the same as moving the decimal point two 
places to the left. 


06, 
Low) 
56 + 100 = 0.56 


b) When a percent is greater than 100%, its equivalent decimal must be greater 
than 1. 


143 + 100 = 1.43 


Quick Check 7 


a) Rewrite 8% as a decimal. b) Rewrite 240% as a decimal. 
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BUILDING YOUR STUDY STRATEGY 


Study Groups, 5 Three Questions Another way to structure a group study 
session is to have each member bring a list of three questions to the meeting. 
The questions can be about specific homework problems or about topics or 


procedures that have been covered in class. Once the members have asked 
their questions, the group should attempt to come up with answers that each 
member understands. If the group cannot answer a question, see your instruc- 
tor at the beginning of the next class or during office hours, asking him or her 
for an explanation. 


«mp EF G&G =| & 


PRACTICE WATCH DOWNLOAD READ REVIEW 
2 
Vocabulary 35. -3 36 > 
1. The first place to the right of a decimal point is the 
ee place: 27. B 28. a 
2. The third place to the right of a decimal point is the 25 16 
place. 29 a 
3. To rewrite a fraction as a decimal divide the 29. 24 30. T3 
by the ; 
4. To Tewale a fraction as a percent ________ it Rewrite the following decimal numbers as fractions in 
by 100%. ; ; lowest terms. 
5. To rewrite a percent as a fraction ________it 
by 100 and omit the percent sign. 31. 0.2 32. 0.5 
6. Percents are used to represent numbers as parts of * 
33. 0.85 34. 0.36 
Simplify the following decimal expressions. 
35. —0.74 36. —0.56 
7. 4.23 + 3.62 8. 13.89 — 2.54 
9. —7(5.2) 10. 69.54 + 6 37. 0.375 38. 0.204 
11. 8.4 — 3.7 
12. -7.9 + (—4.5) 39. ie ead eon occas a ay i 98.6° F. 
. elody has a temperature that is 2. above nor- 
Poe Oe mal, what is her temperature? 
Pes) 40. Paul spent the following amounts on gifts for his wife’s 
15. —2.2 +3.65 birthday: $32.95, $16.99, $47.50, $12.37, and $285. How 
16. 6.2 — 15.9 much did Paul spend on gifts for his wife? 


17. 13.47 — (—21.562) 

18. 5.283 = 0.25 

19. —6.3(3.9)(—2.25) 

20. —4.84 + (—0.016) 

21. 37.278 + 56.722 

22. 109.309 — 27.46 — 52.3716 


Rewrite the following fractions as decimal numbers. 


23, 2 24, 2 
* 10 “5 
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41. 


42. 


43. 


The balance of Carie’s checking account is $427.36. If 
she writes checks for $19.95, $34.40, and $148.68, what 
will her new balance be? 


At the close of the stock market on Tuesday, the price 
for one share of Google was $426.17. Over the next 
three days, the stock went down by $9.63, up by 
$14.08, and down by $7.84. What was the price of the 
stock at the end of Friday’s session? 


An office manager bought 12 cases of paper. If each 
case cost $21.47, what was the total cost for the 
12 cases? 


. Jean gives Chris a $20 bill and tells him to go to the 


grocery store and buy as many hot dogs as he can. If 
each package of hot dogs costs $2.65, how many pack- 
ages can Chris buy? How much change will Chris 
have? 


Rewrite as percents. 


3 3 

45. — 46. = 
5 4 6 5 

4 5 
47. — 48. — 

5. : 8 

7 11 
49. 8 50. D 

27 12 
51. — 52. — 

4 5 
53. 0.4 54. 0.6 
55. 0.15 56. 0.87 
57. 0.09 58. 0.03 
59. 3.2 60. 2.75 
Rewrite as fractions. 
61. 84% 62. 80% 
63. 7% 64. 2% 

im 2, 

65. 115 % 66. 185 % 
67. 520% 68. 275% 


OBJECTIVES 


Rewrite as decimals. 


69. 
71. 
73. 
75. 
77. 
79. 


80. 


54% 70. 71% 

16% 72. 29% 

7% 74. 9% 

0.3% 76. 61.3% 

400% 78. 320% 

Find three fractions that are equivalent to 0.375. 


Find three fractions that are equivalent to 0.4. 


Complete the following table. 


Fraction Decimal Percent 

81. 0.2 
82. a 

40 
83. 32% 
84. 45% 
85. = 

8 

86. 0.64 


a==- Writing in Mathematics 


Answer in complete sentences. 


87. 


Stock prices at the New York Stock Exchange used to 


be reported as fractions. Now prices are reported as 


decimals. Do you think this was a good idea? Explain. 


88. Describe a real-world application involving decimals. 


‘1 Calculate basic statistics for a set of data. 
(2 Construct a histogram for a set of data. 


In today’s data-driven society, we often see graphs presenting data or information 


on television news as well as in newspapers, magazines, and online. This section 
focuses on the calculation of statistics used to describe a set of data as well as the 
creation of a histogram to represent a set of data. 


Quick Check 1 


Five families were asked how 
much they spend on groceries 
each month. Here are the 
results: $850, $1020, $970, $635, 
$795. Calculate the mean for 
this set of data. 
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Objective 1 Calculate basic statistics for a set of data. There are two basic 
types of statistics—those that describe the typical value for a set of data and those 
that describe how varied the values are. Statistics that describe the typical value for 
a set of data are often called measures of center, while statistics that describe how 
varied a set of data is are often called measures of spread. 


Mean 
The mean of a set of data is one measure of center for a set of data. To calculate 
the mean for a set of data, we simply add all of the values and divide by how 
many values there are. The mean is the arithmetic average of the set of data. 
Sum of All Values 
Number of Values 


Mean 


Eight students were asked how far they drive to school each day. 
Here are the results, in miles: 17, 8, 30, 1, 2,5, 15, 10. Calculate the mean for this set 
of data. 


SOLUTION _ The total of these eight values is 88. 


88 
Mean = @ = 11 


The mean mileage for these students is 11 miles. 


Median 


The median of a set of data is another measure of center for a set of data, of- 
ten used for types of data that have unusually high or low values, such as home 
prices and family income. To find the median for a set of data, we begin by 
writing the values in ascending order. If a set of data has an odd number of val- 
ues, the single value in the middle of the set of data is the median. If a set of 
data has an even number of values, the median is the average of the two center 
values. 


Find the median of the given set of values. 
a) 37, 16,59, 18, 30, 4, 75, 46, 62 

b) 65, 72,74, 81, 71, 83, 89, 82, 53, 48, 77, 65 

SOLUTION 


a) Begin by rewriting the values in ascending order: 4, 16, 18, 30, 37, 46, 59, 62, 75. 
Because there is an odd number of values (9), the median is the single value in 
the center of the list. 


4 16 18 30 37 46 59 62 75 


Median 
The median is 37. 
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Quick Check 2 


Find the median of the given 
set of values. 


a) 54, 21, 39, 16,7, 75 


b) 51, 3, 29, 60, 62, 25, 43, 
102,14 


b) Here are the values in ascending order: 48, 53, 65, 65, 71, 72, 74, 77, 81, 82, 83, 
89. Because there is an even number of values (12), the median is the average 
of the two values in the center of the list. 


48 53 65 65 71 @2 74) 77 81 82 83 89 


72+ 74 — 146 
2 2 


Median = = 73 


The median is 73. 
Mode and Midrange 


The mode and midrange are two other measures of center for a set of data. The 
mode is the value that is repeated most often. 


e If there are no repeated values, the set of data has no mode. The set 1, 2, 3, 4, 
5 has no mode because no value is repeated. 


e A set of data can have more than one mode if two or more values are re- 
peated the same number of times. The set 5,5,7,8, 8 has two modes—S and 8. 


The midrange is the average of the set’s minimum value and maximum value. 


Minimum Value + Maximum Value 
2 


Midrange = 


During a medical trial, the LDL cholesterol levels of 16 adult males 
were measured. Here are the results. 


104 122 115 90 116 88 167 105 154 129 81 157 143 122 106 87 


Find the mode and the midrange for this data. 


SOLUTION Only one value, 122, has been repeated; so the mode is 122. To find the 
midrange, identify the maximum and minimum values for this set of data. The 
smallest value in this set is 81, and the largest value is 167. 


81+ 167 248 
2 2 


Midrange = = 124 


The midrange is 124. 


Quick Check 3 
Here are the heights, in inches, of 10 adult females. 


56 65 66 66 65 66 65 60 61 65 


Find the mode and the midrange for this data. 


Range 


The range is a measure of spread for a set of data, showing how varied the val- 
ues are. To find the range of a set of values, we subtract the minimum value in 
the set from the maximum value in the set. 


Range = Maximum Value — Minimum Value 
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Here are the test scores of 9 math students. 


2 % Yl % wl GW G2 Gil 


Find the range of these test scores. 


SOLUTION _ To find the range, identify the maximum and minimum values for this 
set of data. The maximum value in this set is 96, and the minimum value is 61. 


Range = 96 — 61 = 35 


The range is 35 points. 


Quick Check 4 
Here are the heights, in centimeters, of 8 adult males. 


165 168 174 179 182 159 171 = 180 


Find the range for this data. 


Histogram 
Objective 2 Construct a histogram for a set of data. 


A histogram is a graph that can be used to show how a set of data is distributed, giv- 
ing an idea of where the data values are centered as well as how they are dispersed. 
To construct a histogram, we begin with a frequency distribution, which divides the 
data into groups, called classes, and lists how many times each class is represented 
in the set of data. Here is a frequency distribution showing the ages of U.S. Presi- 
dents at inauguration. 


Age Frequency 
40 to 44 2 
45 to 49 7 
50 to 54 13 
55 to 59 1 
60 to 64 7 
65 to 69 3 


This frequency distribution shows that two presidents were between 40 and 44 years 
old when they were inaugurated, seven presidents were between the ages of 45 and 
49, and so on. 

To construct a histogram, we begin by drawing two axes as shown. Mark the 
beginning of each class at the bottom of the graph on the horizontal axis, including 
the value that would be the lower limit of the next class. In the example, that will 
be the numbers 40, 45, 50, 55, 60, 65, and 70. On the vertical axis, mark the frequen- 
cies. Make sure your axis goes at least to the highest frequency in the frequency 
distribution. 
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USS. Presidents — Age at Inauguration 


14 


Frequency 


40 45 50 55 60 65 70 
Age 


A bar is drawn above each class, and the height of the bar is determined by the fre- 
quency of that class. The first bar, from 40 to 45, should have a height of 2; the sec- 
ond bar should have a height of 7; and so on. Here is the histogram. 


U.S. Presidents — Age at Inauguration 


Frequency 


40 45 50 55 60 65 70 
Age 


From this histogram, we can see that the bulk of the values are between 50 and 60, 
which is the center of the values. 


Here is a frequency distribution showing the ages of 30 students en- 
rolled in an online algebra class. 


Age Frequency 
ccc |e 
21 to 24 6 
25 to 28 2 
29 to 32 1 
33 to 36 3) 
37 to 40 1 


Draw a histogram for the frequency distribution. 
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SOLUTION On the horizontal axis, we begin the labels at 17 and increase by 4 
until we reach 41. On the vertical axis, we must have labels that reach at least 17, 
which is the largest frequency. 


Online Algebra Students 


Frequency 
—_ 
i—) 
| 


un 


—) 


17 21 25 29 33 37 41 
Age 


Quick Check 5 
Here is a frequency distribution showing the ages of 86 passengers on a cruise. 


Ages Frequency 
25 to 34 3 
35 to 44 7 
45 to 54 6 
55 to 64 15 
65 to 74 25) 
75 to 84 20 


Draw a histogram for the frequency distribution. 
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BUILDING YOUR STUDY STRATEGY 


Study Groups, 6 Keeping in Touch It is important for group members to 
share phone numbers and e-mail addresses. This will allow you to contact other 
group members if you misplace the homework assignment for that day. You can 
also contact others in your group if you have to miss class. This allows you to 
find out what was covered in class and which problems were assigned for home- 


work. The person you contact can also give you advice on certain problems. 

Some members of study groups agree to call each other if they are having 
trouble with homework problems. Calling a group member for this purpose 
should be a last resort. Be sure that you have used all available resources (ex- 
amples in the text, notes, etc.) and have given the problem your fullest effort. 
Otherwise, you may end up calling for help on all of the problems. 


PRACTICE WATCH DOWNLOAD READ REVIEW 


" NiathLabl «az lf G | == B 


Vocabulary 15. 68, 47, 32, 90, 85, 40, 83, 39, 50, 77 
1. Statistics that describe the typical value for a set of 16. 123, 304, 290, 175, 260, 209, 321, 275 
data are often called measures of 
2. Statistics that describe how varied a set of data is Find the mode, if it exists, for the given values. 
are often called measures of 17. 70,56, 63, 35,56, 63, 36, 56, 19 
3. The of a set of data is the sum of all of the 18. 80,50, 70, 80, 50, 70, 80, 40, 60 


values divided by the number of values. 
19. 7, 41, 32, 56, 41, 19, 8,32, 25 


4. The _____ of a set of data is the value in the 
center of the data once the values are arranged in 20. 61,47, 47,17, 29, 16, 25, 92, 16 
ascending order. 21. 5, 35, 89, 106, 42, 17,59, 21 

5. The ______ of a set of data is the value that is re- 22. 88, 45, 6, 99, 32,75, 16, 100, 42 


peated most often. 
6. The ________ of a set of data is the average of For the given values, find the midrange and the range. 
its minimum and maximum values. 23. 70, 140, 87, 62, 196, 125, 155 


7. The ——. of a set of data is the difference 24. 93,47, 28, 80,94, 60, 93 
between its maximum and minimum values. 
25. 406, 354, 509, 427, 516,379 


8. A(n) is a graph that can be used to 26. 165,82, 97, 155, 79, 203, 121,99 


show how a set of data is distributed. 


For Exercises 27-34, find the a) mean, b) median, 


Find the mean for the given values. c) mode, d) midrange, and e) range. 
9. 63, 98, 21, 42,71 27. 22, 13, 16, 30, 32, 19, 24, 30, 21 
10. 84, 37, 29, 46, 15,65 
11. 5,17, 21,35, 42, 59, 89, 106 28. 59, 41, 46, 62, 41, 50, 65 


12. 30,70, 74, 82, 95, 113, 128, 140 
29. 48, 45, 63, 36, 50, 38, 73, 63 


Find the median for the given values. 


13. 97,76, 22, 103, 80, 45, 66 
14. 87,3, 20, 62, 55,73, 101, 49, 75 


30. 98, 84, 44, 40, 50, 82, 43, 84, 46, 70 


31. 


32. 


33. 


34. 


63, 86, 76, 85, 59, 71, 34, 44, 30, 67, 44, 77, 50, 83, 76 


48, 91, 38, 101, 93, 66, 31, 57, 84, 47, 73, 41, 86, 90, 96, 
86, 62 

196, 295, 213, 69, 371, 77, 253, 210, 298, 210, 426, 327, 
270, 323, 262, 70, 459, 481, 278, 192 


257, 50, 23, 223, 125, 249, 197, 191, 99, 194, 239, 227, 
192, 96, 50, 147, 259, 296 


Find the mean for the given set of data. 


35 


36. 


37. 


38. 


39. 


- IQ of 12 college students 

95 82 104 119 118 126 82 
Red Sox home runs (2001-2008) 
2001 2002 2003 2004 2005 2006 2007 2008 
198 177 238 222 199 192 166 173 
Systolic blood pressure of seven 60-year-old men 

133 «112, 142)—s «154 102s «139s 149 
Systolic blood pressure of nine 60-year-old women 

119 160 121 92 109 95 114 112 122 

Weight (in ounces) of 10 newborn baby girls 

101 110 125 120 106 113 102 108 132 135 

. Starting salary for 5 bachelor’s degrees 


Chemical Computer Mathematics Political English 
Engineering Science Science 
$61,800 $54,200 $39,400 $36,700 


(Source: PayScale.com) 


96 116 85 90 90 


$43,500 


Find the median for the given set of data. 


41. 


42. 


43. 


44, 


45. 


Number of Facebook friends for 6 college math 
instructors 

243 18 21 152 93 125 
Serum glucose level (mg/dL) of 8 people 

90 91 94 122 113 142 59 92 

Math test scores of 9 members of a study group 

80 96 100 89 74 96 95 98 87 


Pregnancy duration (days) for 11 women 


267 255 263 261 265 273 264 267 268 275 273 


Number of hours spent studying last week by 10 col- 
lege students 
25 12 17 3 20 20 16 34 1 9 


. Number of hours spent working last week by 10 col- 
lege students 


8 4 20 0 12 32 8 40 20 16 


39 


1.6 Exercises 


For exercises 47-52, find the a) mean, b) median, c) mode, 
d) midrange, and e) range. 


47. Room rate at 10 Las Vegas hotels (Valentine’s Day, 


48. 


49. 


50. 


51. 


52. 


54. 


55. 


56. 


2010) 
$219 $259 $127 $199 $259 $169 
$219 $229 $299 = $199 


Touchdown passes thrown by Joe Montana by year 
(16 seasons) 


1 15 19 17 26 28 27 8 31 18 26 26 0 2 13 16 


Time (in seconds) of the 8 songs on Bruce Spring- 
steen’s “Born to Run” 


289 191 180 390 271 270 198 574 


Number of calories in 16 different brands of beer 


188 166 163 165 149 209 135 150 96 145 170 
124 158 110 314 94 


Cell phone minutes used by 14 families last month 


636 754 662 884 1346 659 1006 1357 
1129 904 1747 1336 1234 388 


Systolic blood pressure of thirteen 65-year-old smok- 
ers (mmHg) 


110 
102 


118 
136 


137 
150 


127 
130 


134 
113 


163 129 102 


Find the missing value x that satisfies the given condition 
for the set of values. 


53. 


Mean: 75 

80 86 100 81 30 57 90 x 
Mean: 82.5 

43 96 90 x 81 104 111 72 66 89 
Median: 101.5 

112 98 121 72 x 65 
Median: 93 

97 x 81 100 104 88 121 79 
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57. Range: 84; midrange: 52 61. High school graduation rates for the 50 states (2005) 
66 25 94 37 x 85 42 Graduation Rate | Frequency 
58. Range: 47; midrange: 35.5 45.0% to 49.9% 


1 
30 29 58 12 #16 #45 «x 50 50.0% to 54.9% 2 
55.0% to 59.9% 2 

60.0% to 64.9% 4 
7 


65.0% to 69.9% 


Construct a histogram for the given frequency distribution. 


59. Average 2007 SAT math score for the 50 states and 


Washington, D.C. 70.0% to 74.9% 16 
(Source: The College Board) 75.0% to 79.9% 13 
80.0% to 84.9% 5 
Average Score | Frequency 
460 to 479 2 
480 to 499 6 
500 to 519 14 
520 to 539 6 
540 to 559 6 
560 to 579 8 
580 to 599 5 
600 to 619 4 
62. Daily caloric intake of 60 participants in a health 
study 
Calories Frequency 
1400 to 1599 1 
1600 to 1799 6 
1800 to 1999 15 
2000 to 2199 21 
2200 to 2399 9 
60. Scores of 40 students on an algebra exam 2400 to 2599 8 
Score | Frequency 
40 to 49 1 
50 to 59 3 
60 to 69 4 
70 to 79 7 
80 to 89 14 


90 to 99 11 


Complete the frequency distribution for the given data 
and use it to construct a histogram. 


63. Number of heads in 1000 coin flips, repeated by 60 
students 


471 505 515 503 506 507 471 522 548 478 514 490 
511 463 515 514 490 485 467 531 487 482 500 506 
504 492 522 497 508 499 515 499 516 495 499 496 
510 520 509 500 488 512 501 506 488 497 498 503 
496 488 522 505 517 497 500 502 472 525 477 506 


Number of Heads 
450 to 469 
470 to 489 
490 to 509 
510 to 529 
530 to 549 


Frequency 


64. Starting salaries of 50 Certified Public Accountants 
(CPAs) 


$52,500 $57,700 $55,100 $60,400 $61,900 
$57,700 $52,600 $57,200 $52,700 $59,200 
$58,300 $58,800 $61,400 $56,600 $56,900 
$60,300 $57,700 $55,400 $56,200 $59,300 
$59,000 $58,300 $52,300 $56,000 $59,400 
$60,100 $53,400 $54,700 $55,600 $62,800 
$62,300 $55,000 $56,300 $57,200 $59,600 
$56,200 $62,300 $55,900 $50,100 $64,500 
$55,900 $56,600 $57,200 $59,600 $60,300 
$55,900 $63,400 $62,100 $55,800 $63,100 
Salary Frequency 

$50,000 to $52,499 

$52,500 to $54,999 

$55,000 to $57,499 

$57,500 to $59,999 

$60,000 to $62,499 

$62,500 to $64,999 
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65. IQs of 36 college students 


104 114 88 96 105 120 92 107 134 110 95 133 
132 119 115 116 129 114 100 95 105 140 110 131 
97 113 104 120 95 128 128 106 96 114 127 133 


IQ Frequency 

85 to 94 
95 to 104 
105 to 114 
115 to 124 
125 to 134 
135 to 144 


66. Blood glucose level (mg/dL) of 40 women participat- 
ing in a clinical study 


63 141 84 108 93 64 94 80 95 100 
90 115 96 89 68 114 130 111 86 = 7 
85 93 116 102 72 87 95 105 109 74 
115 120 119 101 92 100 84 148 97 100 


Blood Glucose Level 
60 to 74 
75 to 89 
90 to 104 
105 to 119 
120 to 134 
135 to 149 


Frequency 
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Use the given histogram to create a frequency distribution. 69. Height of Female College Students 
a. Algebra Test Scores 10 — 
8 =| 
Pe 
g 72) 
ic?) 
3 5 
om 5) 
oe fo 44 
3 cy 
i 
2 = 
50 60 70 80 90 ~~ 100 ae 
Test Score 150 155 160 165 170 175 180 
Height (cm) 
a Hours Worked/Week by 
College Students 
5 ae IQ (College Students) 
he 14 
6 12 
5 55 10 
ic) >) 
B44 5 8 
2 5 
ze 35 oD 6 
S 
2 4 
1 2 
0 
0 5 10 15 20 25 30 35 40 : 90 100 110 120 130 140 


Hours IQ 


Quick Check 1 
Simplify 4°. 


Quick Check 2 
Simplify (5)*. 
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OBJECTIVES 


@ Simplify exponents. 
(2. Use the order of operations to simplify arithmetic expressions. 


Exponents 


Objective 1 Simplify exponents. The same number used repeatedly as a fac- 
tor can be represented using exponential notation. For example, 3-3+3+3+3 can be 
written as 3°. 


Base, Exponent 
For the expression 3°, the number being multiplied (3) is called the base. The 


exponent (5) tells how many times the base is used as a factor. 


We read 3° as three raised to the fifth power or simply three to the fifth power. When 
raising a base to the second power, we usually say that the base is being squared. 
When raising a base to the third power, we usually say that the base is being cubed. 
Exponents of 4 or higher do not have a special name. 


Simplify 2’. 
SOLUTION In this example, 2 is a factor seven times. 


27 =2-2-2+2-2-2-2 Write 2 asa factor seven times. 
= 128 Multiply. 


Using Your Calculator Many calculators have a key that can be used to simplify 
expressions with exponents. When using the TI-84, use the [‘] key. Other calculators 
may have a key that is labeled (y*Jor (x). Here is the screen you should see when us- 
ing the TI-84 to simplify the expression in Example 1. 


2a 
128 


Simplify (3)°. 


SOLUTION When the base is a fraction, the same rules apply. Use 5 as a factor 
three times. 


2 2 ae 
(=) =e Write as a product. 
== Multiply. 


Consider the expression (—3)*. The base is —3; so we multiply (—3) -(—3), and 
the result is positive 9. However, in the expression —2*, the negative sign is not in- 
cluded in a set of parentheses with the 2. So the base of this expression is 2, not 
—2. We will use 2 as a factor 4 times and then take the opposite of the result: 
—24 = -(2+2+2+2) = -16. 
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Quick Check 3 
Simplify -2-7 + 11 — 3%. 


Quick Check 4 


Simplify 9 — 4(—2)(—10). 


Order of Operations 


Objective 2 Use the order of operations to simplify arithmetic expres- 
sions. Suppose we were asked to simplify the expression 2 + 4-3. We could ob- 
tain two different results depending on whether we performed the addition or the 
multiplication first. Performing the addition first would give us 6:3 = 18, while 
performing the multiplication first would give us 2 + 12 = 14. Only one result is 
correct. The order of operations agreement is a standard order in which arithmetic 
operations are performed, ensuring a single correct answer. 


Order of Operations 

1. Remove grouping symbols. Begin by simplifying all expressions within paren- 
theses, brackets, and absolute value bars. Also perform any operations in the 
numerator or denominator of a fraction. This is done by following Steps 24, 
presented next. 


2. Perform any operations involving exponents. After all grouping symbols have 
been removed from the expression, simplify any exponential expressions. 

3. Multiply and divide. These two operations have equal priority. Perform mul- 
tiplications or divisions in the order they appear from left to right. 

4. Add and subtract. At this point, the only remaining operations should be ad- 

ditions and subtractions. Again, these operations are of equal priority, and 

we perform them in the order they appear from left to right. We also can use 

the strategy for totaling integers from Section 1.2. 


Considering this information, when we simplify 2 + 4-3, the correct result is 14 
because multiplication takes precedence over the addition. 


2+4+3=2+12 Multiply 4-3. 
= 14 Add. 


Simplify 4 + 3-5 — 2°. 


SOLUTION In this example, the operation with the highest priority is 2°, because 
simplifying exponents takes precedence over addition or multiplication. Note that 
the base is 2, not —2, because the negative sign is not grouped with 2 inside a set of 
parentheses. 


44+3-5-2°=4+43-5 —64 Raise 2 to the 6th power. 
=4+15-64 Multiply3-5. 
= -45 Simplify. 


SOLUTION Begin by squaring negative 5, which equals 25. 
(—5)* — 4(-—2)(6) = 25 — 4(-2)(6) Square —S. 
= 25 — (—48) Multiply 4(—2)(6). 


= 25 + 48 Write as a sum, eliminating the 
double signs. 


= 73 


A WORD OF CAUTION When we square a negative number such as (—5)* in the previous 
example, the result is a positive number. 


(=a) soe) = 28 
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Simplify 8 + 2 + 3(7 — 4-5). 


SOLUTION The first step is to simplify the expression inside the set of parenthe- 
ses. Here the multiplication takes precedence over the subtraction. Once we have 
simplified the expression inside the parentheses, we proceed to multiply and di- 
vide. We finish by subtracting. 


8+2+4+3(7 — 4:5) =8 +24 3(7 — 20) Multiply 4-5. 
=8+2 + 3(-13) Subtract 7 — 20. 


= 4 + 3(-13) Divide 8 = 2. 
= 4-39 Multiply 3(—13). 
Quick Check 5 = —35 Subtract. 


Simplify 20 + 5-10(3-6 — 9). 
Using Your Calculator When using your calculatorto [g-s+3¢7—-4#53 
simplify an expression using the order of operations, you 
may want to perform one operation at a time. However, if 
you are careful to enter all of the parentheses, you can enter 
the entire expression at one time. Here is how to simplify 
the expression in Example 5 using the TI-84. 


Occasionally, an expression will have one set of grouping symbols inside another 
set, such as the expression 3[7 — 4(9 — 3)] + 5-4. This is called nesting grouping 
symbols. We begin by simplifying the innermost set of grouping symbols and work 
our way out from there. 


Simplify 3[7 — 4(9 — 3)] + 5°4. 


SOLUTION We begin by simplifying the expression inside the set of parentheses. 
Once we do that, we simplify the expression inside the square brackets. 


3[7 — 4(9 — 3)] + 5:4 Subtract 9 — 3 to simplify the expression inside 
= 3[7 — 4-6] + 5-4 the parentheses. Then turn our attention to simpli- 
fying the expression inside the square brackets. 


= 3[7 — 24] + 5-4 Multiply 4-6. 


= 3[-17] + 5-4 Subtract 7 — 24. 
= —51 + 20 Multiply 3[—17] and 5-4. 
Quick Check 6 = —31 Simplify. 


Simplify 4[3? + 5(2 — 8)]. 
BUILDING YOUR STUDY STRATEGY 


Study Groups, 7 Productive Group Members For any group or team to be ef- 
fective, it must be made up of members who are committed to giving their full 
effort to success. Here are some pointers for being a productive study group 
member: 


e Arrive at each session fully prepared. Make sure you have completed all 
required homework assignments. Bring a list of any questions you have. 


e Stay focused during study sessions. Do not spend your time socializing. 


¢ Be open-minded. During study sessions, you may be told that you are wrong. 
Keep in mind that the goal is to learn mathematics, not always to be correct 
initially. 

e Consider the feelings of others. When a person has made a mistake, be sup- 
portive and encouraging. 

¢ Know when to speak and when to listen. A study group works best when it is 
a collaborative body. 
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—a Pp 
«am BB, &G| = 2S 
PRACTICE WATCH DOWNLOAD READ REVIEW 
Vocabulary 42, (3.2 + 2.8) -— 6.3 
1. In exponential notation, the factor being multiplied 43. 17.1 — 8.58 = 3.9 
repeatedly is called the ____. 44, 4.7-13.9 — 3.67 
2. In exponential notation, the exponent tells us how 45, (—3)? — 4(-5)(-4) 
many times the is repeated as a(n) ___. 46. (—6)? — 4(2)(7) 
3. When a base is , it is raised to the second 47, 32 + 42 
mises 48. (3 + 4)? 
4. When a base is ____, it is raised to the third M9, d= 57 36) 


cake 50. 3 — 6(5? — 4 + 2°7 
5. Symbols such as ( ) and [ ] are called ° ( ) 


symbols. 51. Fa Le 
6. When simplifying arithmetic expressions, once all a: a 
grouping symbols have been removed, we perform 52. 3.24 15 21 
any operations involving 53 7 20 
Rewrite the given expression using exponential notation. e ~~ 
7.2+2+2 8.9+9+9+9+9 s4.4-3 - (7) 
9. (—2)(—2)(—2)(—2) 1/19 1 
10. (—6)(—6)(—6)(—6)(-6) ae & i) 
11. —3-3°3-+3+3 56 8. (< -2+2).2 
12. —8+8-8-8 "25 \iS. 3 3/7 18 
13. five to the third power 7 27-9 
14. seven squared “33-7 
58 34+5-7-—4-2 
Simplify the given expression. 1+ 2-17 
15. 34 16. 4° a. a 
17. 7° 18, 2° fee? 
19. 10° 20. 10° 60. Ss 
mn. 723 22, 02364 Pe 2 
3\3 13 61. 3 — [4(5 — 6-7)] 
23, (3) 24, (2) 62. 18 + [9 — (4 — 5-8)] + 3? 
25. 0.25 26. 0.54 63. —4-9 — |-7(3 + 5)| - 23 
27. (-3)4 28. —34 64, —6? + 2|(7 — 49) + (2-3)| 
29, —27 30. (—2)? 65.9 =: |3° + 2° = 10>9| 
31, 23-52 32, 92-44 66. |—4° + 19] — |(—7)* + 5(10)| 
33, —6«(-2)? 34, —3?+ (8)? 67. —21(|4 — 3-9] + |8(13 — 4)l) 


Simplify the given expression. 


. (6°5 + 40 + 20)(|8? — 2-17] — |10? — 2-51]) 


Construct an “order-of-operations problem” of your own 


35.9 + 3°4 36. 8 — 2:7 that involves at least four numbers and produces the 
37. 20 + 5-2? 38. 80 — 16 + 2° given result. Answers will vary. Examples are shown. 

39. 8:5 — 9-7 40. 8(5 — 9-7) 69. 41 70. 0 

41. 3.2 + 2.8(-6.3) 1. -13 72. -19 


ber of bytes that it can store. The following table lists the 
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The size of a computer’s memory is measured by the num- ‘i € ) 81 
2) ~~ 4096 


number of bytes in commonly used storage units. >\? 64 
a) ifs 
1 kilobyte (KB) 2!° bytes 5 15,625 
1 megabyte (MB 20 
; Se zy Insert the arithmetic operation signs +, —, *, and + 
1 gigabyte (GB) 2*° bytes between the values to produce the desired results. (You 
1 terabyte (TB) 2” bytes may use parentheses as well.) 
83.3 5 9 8= 14 
Calculate the number of bytes in each of the following. 84.4 7 2 6=14 
73. 1 kilobyte 85.3 7 9 2= 33 
74. 1 megabyte 8.8 2 3 14 4 7=2 
75. 1 gigabyte 
76. 1 terabyte a=<=- Writing in Mathematics 
Answer in complete sentences. 
Find the missing number. 
, 87. Explain the difference between (—2)° and —2°. 
77. 5° = 125 
78. 6' = 7776 88. Newsletter Write a newsletter explaining how to use 
79, 23 = 729 the order of operations to simplify an expression. 
80. ?* = 2401 
OBJECTIVES 


@ Build variable expressions. 

(2. Evaluate algebraic expressions. 

B Use the commutative, associative, and distributive properties 
of real numbers. 

4 Identify terms and their coefficients. 

5S Simplify variable expressions. 


Variables 


The number of students absent from a particular English class changes from day to 
day, as does the closing price for a share of Microsoft stock and the daily high tem- 
perature in Providence, Rhode Island. Quantities that change, or vary, are often rep- 
resented by variables. A variable is a letter or symbol that is used to represent a 
quantity that changes or that has an unknown value. 


Variable Expressions 


Objective 1 Build variable expressions. Suppose a buffet restaurant charges 
$7 per person to eat. To determine the bill for a family to eat in the restaurant, we 
multiply the number of people by $7. The number of people can change from fam- 
ily to family, so we can represent this quantity by a variable such as x. The bill for a 
family with x people can be written as 7 + x, or simply 7x. This expression for the bill, 
7x, is known as a variable expression. A variable expression is a combination of one 
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Quick Check 1 


Write an algebraic expression 
for 9 more than a number. 


Quick Check 2 


Write an algebraic expression 
for a number decreased by 25. 


Quick Check 3 


Write an algebraic expression 
for twice a number. 


Quick Check 4 


Write an algebraic expression 
for the quotient of a number 
and 20. 


or more variables with numbers or arithmetic operations. When the operation 
is multiplication such as 7+ x, we often omit the multiplication dot. Here are other 
examples of variable expressions. 


*< 
+ 
Nn 


3a +5 x? + 3x — 10 


=< 
| 
ww 


Write an algebraic expression for the sum of a number and 17. 


SOLUTION Choose a variable to represent the unknown number. Let x represent 
the number. The expression is x + 17. 

Other terms to look for that suggest addition are plus, increased by, more than, 
and total. 


Write an algebraic expression for five less than a number. 


SOLUTION Let x represent the number. The expression is x — 5. 

Be careful with the order of subtraction when the expression Jess than is used. 
Five less than a number says that we need to subtract 5 from that number. A com- 
mon error is to write the subtraction in the opposite order. 

Other terms that suggest subtraction are difference, minus, and decreased by. 


A WORD OF CAUTION Five less than a number is written as x — 5, not 5 — x. 


Write an algebraic expression for the product of 3 and two different 
numbers. 


SOLUTION Because we are building an expression involving two different un- 
known numbers, we need to introduce two variables. Let x and y represent the two 
numbers. The expression is 3xy. 

Other terms that suggest multiplication are times, multiplied by, of, and twice. 


Four friends decide to rent a fishing boat for the day. Assuming that 
all 4 friends decide to split the cost of renting the boat evenly, write a variable ex- 
pression for the amount each friend will pay. 


SOLUTION Let c represent the cost of the boat. The expression is c + 4 or §. 
Other terms that suggest division are quotient, divided by, and ratio. 


Here are some phrases that translate to x + 5, x — 10, 8x, and = 


x+5 x-—10 


10 less than a number 

The difference of a number and 10 
A number minus 10 

A number decreased by 10 


The sum of a number and 5 
A number plus 5 

A number increased by 5 

5 more than a number 

The total of a number and 5 


x 
8 os 
Z 6 
The product of 8 and a number The quotient of a number and 6 
8 times a number A number divided by 6 


8 multiplied by a number The ratio of a number and 6 


Quick Check 5 
Evaluate 5x + 2forx = 11. 


Quick Check 6 
Evaluate x? — 13x — 40 for 
x = —8. 


Quick Check 7 


Evaluate b? — 4ac for a = —1, 
bes eancdice—wltos 


1.8 Introduction to Algebra 49 


Evaluating Variable Expressions 


Objective 2 Evaluate algebraic expressions. We often will have to evaluate 
variable expressions for particular values of variables. To do this, we substitute the 
appropriate numerical value for each variable and then simplify the resulting 


expression using the order of operations. 


Evaluate 2x — 7 for x = 6. 


SOLUTION The first step in evaluating a variable expression is to rewrite the ex- 
pression, replacing each variable with a set of parentheses. For example, rewrite 
2x — 7 as 2() — 7. Then we can substitute the appropriate value for each variable 


and simplify. 
2x 7] 
2(6) — 7 Substitute 6 for x. 
=12-—7 Multiply. 
=5 Subtract. 


The expression 2x — 7 is equal to 5 for x = 6. 


Evaluate x* — 5x + 6 for x = —5. 


SOLUTION 


x7 - 5x +6 
(—5)? — 5(-5) + 6 Substitute —5 for x. 
= 25 — 5(-5) + 6 Square —S. 
= 25 + 25+ 6 Multiply. 
= 20 Add. 


Evaluate b” — 4ac for a = 3, b = —2,andc = —10. 


SOLUTION 


b* — 4ac 
(—2)* — 4(3)(-10) Substitute 3 for a, —2 for b, and —10 for c. 
= 4 — 4(3)(-10) Square negative 2. 
= 4 — (-120) Multiply. 
= 4+ 120 Rewrite without double signs. 
= 124 Add. 


Properties of Real Numbers 


Objective 3 Use the commutative, associative, and distributive proper- 
ties of real numbers. Now we examine three properties of real numbers. The first 
is the commutative property, which is used for addition and multiplication. 


Commutative Property 
For all real numbers a and b, 


at+b=b+t+a 
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Quick Check 8 
Simplify 7(5x — 4) using the 
distributive property. 


Quick Check 9 
Simplify 12(x — 2y + 3z) using 
the distributive property. 


This property states that changing the order of the numbers a sum or a product 
does not change the result. For example,3 + 9 = 9 + 3 and7-8 = 8:7. Note that 
this property does not work for subtraction or division. Changing the order of the 
numbers in subtraction or division generally changes the result. 

The second property is the associative property, which also holds for addition 
and multiplication. 


Associative Property 


For all real numbers a, b, and c, 


(a+ b)+c=a+t+(b+t+c) and (ab)c = a(bc). 


This property states that changing the grouping of the numbers in a sum or a prod- 
uct does not change the result. Notice that (2 + 7) + 3is equal to2 + (7 + 3). 


(2+ 7) +3 2 #(7 +3) 
=9+4+3 =2+ 10 
= 12 = 12 


Also notice that 5(12x) can be rewritten using the associative property as (5-12)x, 
which is equal to 60x. 
The third property of real numbers is the distributive property. 


Distributive Property 


For all real numbers a, b, and c, 


a(b + c) = ab + ac. 


This property says that we can distribute the factor outside the parentheses to each 
number being added in the parentheses, perform the multiplications, and then add. 
(This property also holds true when the operation inside the parentheses is subtrac- 
tion.) Consider the expression 3(5 + 4). The order of operations says that this is 
equal to 3-9, or 27. Here is how to simplify the expression using the distributive 


property. 


3(5 + 4) = 3:5 + 3:4 Apply the distributive property. 
15 + 12 Multiply 3-5 and 3-4. 
= 27 Add. 


Either way we get the same result. 


Simplify 2(4 + 3x) using the distributive property. 


SOLUTION 


2(4 + 3x) =2:44+2+3x Distribute the 2. 


=8+ 6x Multiply. Recall from the associative property 
that 2+ 3x equals 6x. 


A WORD OF CAUTION The expression 8 + 6x is not equal to 14x. 


Simplify 7(2 + 3a — 4b) using the distributive property. 


SOLUTION When more than two terms are inside the parentheses, distribute the 
factor to each term. Also, it is a good idea to distribute the factor and multiply 
mentally. 


7(2 + 3a — 4b) = 14 + 21a — 28b 


Quick Check 10 
Simplify —6(4x + 11) using the 
distributive property. 


Quick Check 12 
Simplify 3x + 7y + y — 5x by 
combining like terms. 
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Simplify —4(2x — 5) using the distributive property. 


SOLUTION When the factor outside the parentheses is negative, the negative 
number must be distributed to each term inside the parentheses. This will change 
the sign of each term inside the parentheses. 


4(2x — 5) = (—4)-2x — (-4)-5 Distribute the —4. 
= —8x — (—20) Multiply. 
—8x + 20 Rewrite without double signs. 


Simplifying Variable Expressions 


Objective 4 Identify terms and their coefficients. In an algebraic expres- 
sion, a term is a number, a variable, or a product of a number and variables. Terms 
in an algebraic expression are separated by addition. The expression 7x — Sy + 3, 
has three terms: 7x, —Sy, and 3. The numerical factor of a term is its coefficient. The 
coefficients of these terms are 7, —5, and 3. 


For the expression —5x + y + 3xy — 19, determine the number 
of terms, list them, and state the coefficient for each term. 


SOLUTION This expression has four terms: —5x, y, 3xy, and —19. 

What is the coefficient for the second term? Although y does not appear to 
have a coefficient, its coefficient is 1. This is because y is the same as 1° y. So the 
four coefficients are —5, 1,3,and —19. 


Quick Check 11 
For the expression x* — x? + 23x — 59, determine the number of terms, list 
them, and state the coefficient for each term. 


Objective 5 Simplify variable expressions. Two terms that have the same 
variable factors with the same exponents, or that are both constants, are called like 
terms. Consider the expression 9x + 8y + 6x — 3y + 8z — 5. There are two sets 
of like terms in this expression: 9x and 6x as well as 8y and —3y. There are no like 
terms for 8z because no other term has z as its sole variable factor. Similarly, there 
are no like terms for the constant term —S. 


Combining Like Terms 
When simplifying variable expressions, we can combine like terms into a single 
term with the same variable part by adding or subtracting the coefficients of the 
like terms. 


Simplify 4x + 11x by combining like terms. 


SOLUTION These two terms are like terms because they both have the same vari- 
able factors. We can simply add the two coefficients to produce the expression 15x. 


4x + 11x = 15x 


A general strategy for simplifying algebraic expressions is to begin by applying 
the distributive property. We can then combine any like terms. 
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Simplify 8(3x — 5) — 4x + 7. 


SOLUTION The first step is to use the distributive property by distributing the 
8 to each term inside the parentheses. Then we will be able to combine like 
terms. 

8(3x — 5) — 4x + 7 = 24x — 40 - 4x + 7 Distribute the 8. 


= 20x — 33 Combine like terms. 


Quick Check 13 
Simplify 5(2x + 3) + 9x — 8. 


Simplify 5(9 — 7x) — 10(3x + 4). 


SOLUTION We must make sure that we distribute the negative 10 into the second 
set of parentheses. 


5(9 — 7x) — 10(3x + 4) = 45 — 35x — 30x — 40 Distribute the 5 to each 
term in the first set of 
parentheses and distri- 
bute the —10 to each 
term in the second set 
of parentheses. 


= -65x + 5 Combine like terms. 


Usually we write the simplified result with variable terms preceding constant 
terms, but it also is correct to write 5 — 65x because of the commutative 


property. 


Quick Check 14 
Simplify 3(2x — 7) — 8(x — 9). 


A WORD OF CAUTION Ifa factor in front of a set of parentheses is negative or has 
a subtraction sign in front of it, we must distribute the negative sign along with the 
factor. 


BUILDING YOUR STUDY STRATEGY 


Study Groups, 8 Dealing with Unproductive Group Members Occasionally, 
a group will have a member who is not productive or is even disruptive. You 
should not allow one person to prevent your group from being successful. If 
you have a group member who is not contributing to the group in a positive 
way, talk to that person one-on-one discreetly. 


Try to find solutions that will be acceptable to the group and the group mem- 
ber in question. Seek advice from your instructor. Undoubtedly, your instructor 
has seen a similar situation and may have valuable advice for you. 

Try to be professional about the situation rather than adversarial. Remem- 
ber, you will continue to see this person in class each day and you want to stay 
on good terms. 


MyMathLab)) 


Vocabulary 


1. 


10. 


5 Ko) 


. A(n) 


. A(n) 


. Two terms that have the same variable factors, or 


A(n) is a letter or symbol used to 
represent a quantity that changes or has an 
unknown value. 


.- A combination of one or more variables with numbers 


and/or arithmetic operations is a(n) 
expression. 


________ a variable expression, substitute 
the appropriate numerical value for each variable 
and then simplify the resulting expression using the 
order of operations. 


. For any real numbers a and b, the 


property states thata + b= b+ aanda:b = b-a. 


. For any real numbers a, b, and c, the 


property states that(a + b) +c=a+(b+c) 
and (a-b)+c = a:(b°c). 


. For any real numbers a, b, and c, the 


property states that a(b + c) = ab + ac. 


is anumber, a variable, or a 
product of numbers and variables. 


is the numerical factor of a term. 


that are constant terms, are called 


To combine two like terms, add their 


Build a variable expression for the following phrases. 


24. 


. A number increased by 15 

. A number decreased by 33 

. Twenty-four less than a number 

. Forty-one more than a number 

. Three times a number 

. A number divided by 8 

. Nineteen more than twice a number 

. Seven less than 4 times a number 

. The sum of two different numbers 

. One number divided by another 

. Seven times the difference of two numbers 
. Half the sum of a number and 25 

. A college charges $325 per credit for tuition. Letting 


c represent the number of credits that a student is 
taking, build a variable expression for the student’s 
tuition. 


The admission charge for a particular amusement 
park is $54.95 per person. Letting p represent the 


<zp| 
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J 
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25. 


26. 


E WATCH DOWNLOAD REVIEW 


number of people that attended the amusement park 
yesterday, build a variable expression for the total ad- 
mission charges the park collected yesterday. 


A professional baseball player is appearing at a base- 
ball card convention. The promoter agreed to pay the 
player a flat fee of $25,000 plus $22 per autograph 
signed. Letting a represent the number of autographs 
signed, build a variable expression for the amount of 
money the player will be paid. 


Jim Rockford, a private investigator from the 1970’s 
TV show The Rockford Files, charged $200 per day 
plus expenses to take a case. Letting d represent the 
number of days Rockford worked on a case and as- 
suming that he had $425 in expenses, build a variable 
expression for the amount of money he would charge 
for the case. 


Write the given expression using words. 
21,.X%— 9 

28. x + 16 

29. 7x 

30. 6x + 5 

31. 8x — 10 

32. 2x — 7 


Evaluate the following algebraic expressions under the 
given conditions. 


33. 
34. 


8x + 31 forx = 6 

27 — 4x forx = 9 

. 7a — 13b for a = 8and b = 11 

. 9n + 10n for m = 15andn = —5 
. 2(3x + 8) forx =5 

. 6x + 16forx = 5 

. x? + 9x + 18 forx = 5 

. @ — Ta — 30 fora = 3 

.y’? + 4y — 17 for y = -3 
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42. x? — 5x — 9forx = —4 

43. m? — 9 form = 3 

44.5 — x’ forx = —2 

45. b* — 4ac for a = 2,b = 5,andc = —3 


54. 


. b* — 4ac for a = 
. b* — 4ac for a 
. b* — 4ac for a = 
. 5(x + h) — 17 for x = —3 andh = 0.01 

. —3(x + h) + 4for x = —6andh = 0.001 
.(x + hy — 5(x + h) - 14 for x = 


—5,b=7,andc = —4 
—1,b = —2,andc = 10 
15,b = —6,andc = 9 


—3 andh=0.1 


~(x +h)? + 4(x + h) -— 28 forx = 6andh =1 


. The commutative property works for addition but 


does not work in general for subtraction. 

a) Give an example of two numbers a and b such that 
a-b#b-a. 

b) Can you find two numbers a and Db such that 
a-b=b-a? 

The commutative property works for multiplication 

but does not work in general for division. 

a) Give an example of two numbers a and b such that 
a x a 
b a 


b) Can you find two numbers a and b such that 5 = bo 


Simplify where possible. 


55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 
65. 
66. 
67. 
68. 
69. 
70. 
71. 
72. 


3(x — 9) 

4(2x + 5) 

5(3 — 7x) 

12(5x — 7) 

—2(5x + 7) 

—3(8x + 3) 

—6(9x — 5) 
—4(-10x + 1) 

Tx + 9x 

14x + 3x 

3x — 8x 

22a — 15a 

3x —-7+ 4x + 11 
15x + 32 — 19x — 57 
5x — 3y — 7x — 19y 
15m — 11n — 6m + 22n 
3(2x — 5) + 4x + 7 
8 — 19k + 6(3k — 5) 


73. 
74. 
75. 
76. 
77. 
78. 
79. 
80. 


2(4x — 9) — 11 
3(2a + 11b) — 13a 
6y — 5(3y — 17) 
& = 0(9 = 4x) 
3(4z — 7) + 9(2z + 3) 
6(Sx — 9) — 7(13 — 12x) 
—2(5a + 4b — 13c) + 3b 
—7(-2x + 3y — 17z) — 5(3x 


11) 


For the following expressions: 

a) Determine the number of terms. 

b) Write down each term. 

c) Write down the coefficient for each term. 


Make sure you simplify each expression before answering. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


5x3 + 3x7 — 7x -— 15 


—3a* — Ja — 10 
3x — 17 
9x* — 10x? + 13x* — 17x + 329 


5(3x? — 7x + 11) — 6x 


4(3a — 5b — 7c — 11) — 2(6b — 5c) 


5(—7a — 3b + 5c) — 3(6b — 9c — 23) 


2(—4x + Ty) — (3x + 9y) 


o===- Writing in Mathematics 


Answer in complete sentences. 


89. 


90. 


91. 


Give an example of a real-world situation that can be 
described by the variable expression 60x. Explain 
why the expression fits your situation. 


Give an example of a real-world situation that can be 
described by the variable expression 20x + 35. Ex- 
plain why the expression fits your situation. 


Solutions Manual Write a solutions manual page for 
the following problem. 


Simplify 4(2x — 5) — 3(3x — 8) 


7X. 


Chapter 1 Summary 55 


CHAPTER 1 SUMMARY 


Section 1.1 Integers, Opposites, and Absolute Value 


Inequalities, pp. 2-4 

The number a is greater than b (a > b) if ais to the right 
of the number b on the number line. 

The number a is less than b (a < b) if ais to the left of b 
on the number line. 


Opposites, pp. 3-4 


Two numbers are opposites if they are on different sides of 
0 on the number line and are the same distance from 0. 


Absolute Values, pp. 4-5 


The absolute value of a number a, denoted |al, is the 
distance between a and 0 on the number line. 


Section 1.2 Operations with Integers 


Place the correct sign, < or >, between the 
two integers: 7 3 

7 > 3 because 7 is to the right of 3 on the number 
line. 


The opposite of 4: —4, The opposite of —12: 12 


|-15] = 15,|9| = 9 


Adding a Positive Integer and a Negative Integer, pp. 6-8 

Find the difference between the absolute values of the 
two integers. 

The sign of the result is the same as the sign of the 
number that has the largest absolute value. 


Adding Two Integers with the Same Sign, p. 8 

Add the absolute values of the two integers. 

The sign of the result is the same as the sign of the 
two integers. 


General Strategy for Adding/Subtracting Integers, p. 9 

e Simplify double signs. 

e Determine whether each integer is contributing 
positively or negatively to the total. 

e Add all integers that are contributing positively to 
the total. Add all integers that are contributing 
negatively to the total. 

e Finish by finding the sum of these two totals. 


Section 1.3 Fractions 


Factor Set, p. 15 


The collection of all factors of a natural number is called 
its factor set. 


Prime Numbers, pp. 15-16 


A natural number is prime if it is greater than 1 and its 
only two factors are 1 and itself. 


Prime Factorization, p. 16 


To find the prime factorization of a natural number, 
rewrite the number as a product of prime factors. 


Add: -13 + 8 
|-13| = 13,|8| = 8 
13-8=5 
-13+8=-5 


Add: —25 + (—18) 


|—25| = 25,|—18] = 18 
25 +18 = 43 


25 + (-18) = —43 


Simplify: 9 + 


Find the factor set of 12. 
12 = 1:12, 2-6, 3-4 
Factor set: {1, 2,3, 4, 6, 12} 


Is 39 prime? 
No, because 3:13 = 39. 


Find the prime factorization of 120. 


120 = 2-2:+2-3-5 
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Lowest Terms, pp. 16-17 

A fraction is in lowest terms if its numerator and ae 122 
denominator do not have any common factors other Write in lowest terms: 42 
than 1. i 

12. 2:2-3 2 

42. 2+3-7 2° 


Rewriting an Improper Fraction as a Mixed Number, pp. 17-18 
To rewrite an improper fraction as a mixed number, 
divide the numerator by the denominator. 
The quotient is the whole number part of the mixed 6 
number, and the remainder is the numerator of the 
8)53 
fraction part. ZAR 


5 
53 5 
= 6 
8 8 


53 
Express as a mixed number: rs 


Rewriting a Mixed Number as an Improper Fraction, p. 18 

To change a mixed number to an improper fraction, 
multiply the whole number part of the mixed number 
by the denominator of the fraction part. 7:9 = 63 

Add the numerator to this product to find the numerator 63 +2 = 65 
of the improper fraction. 2 65 


2 
Express as an improper fraction: 15 


Section 1.4 Operations with Fractions 


Multiplying Fractions, pp. 20-21 

To multiply two fractions, divide out any factors that are 
common to a numerator and a denominator. 

Multiply the two numerators and multiply the two 
denominators. 


= 


Multiply: 10° 


\o| CO 


ey |e 


Dividing Fractions, pp. 21-22 


To divide a fraction by another fraction, invert the divisor ivide: 35. 21 
and multiply the resulting fractions. Cee a” 90 


Adding and Subtracting Fractions with the Same Denominator, p. 22 

To add or subtract fractions that have the same 
denominator, add or subtract the numerators, placing 
the result over the common denominator. 


Add: iu + 
8 


Co| Nn 


Least Common Multiple, pp. 22-23 
The least common multiple (LCM) of two natural Find the LCM of 36 and 54. 
numbers is the smallest number that both numbers 36 = 2:2: 
divide into evenly. 54 =-2°3 
To find the LCM of two numbers: LCM: 2°2°3°3+3 = 108 
e Find the prime factorization of each number. 
e Find the common factors of the two numbers. 
e Multiply the common factors by the remaining 
factors of the two numbers. 
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Adding and Subtracting Fractions with Different Denominators, pp. 23-24 


e Find the LCM of the denominators. 
e Rewrite each fraction as an equivalent fraction 


3 7 
Add: — + — 
Ae 12 
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whose denominator is the LCM of the original LCM: 24 
denominators. 3 4 33. 7-9 
e Add or subtract the numerators, placing the result 8 2 83 D2 
over the common denominator. 9 14 
24" 24 
_23 
24 
Section 1.5 Decimals and Percents 
Addition/Subtraction with Decimals, p. 27 
Align the decimal points and add or subtract as you Add: 9.62 + 4.583 
would with integers. 11 
9.620 
+ 4.583 
14.203 
Multiplication with Decimals, p. 27 
Multiply two decimal numbers as you would integers. Multiply: 3.47+5.2 
The number of decimal places in the product is the 347 
total number of decimal places in the two factors. x 52 
694 
17350 
18044 


Division with Decimals, p. 28 

Move the decimal point in the divisor to the right so 
that it becomes an integer. Move the decimal point 
in the dividend to the right by the same number of 
spaces. The decimal point in the answer will be 
aligned with this new location of the decimal point 
in the dividend. 


Rewriting Fractions as Decimals, p. 28 


To rewrite any fraction as a decimal, divide its numerator 
by its denominator. 


Rewriting Decimals as Fractions, pp. 28-29 


Write the decimal as a whole number in the numerator. 
The denominator of the fraction can be found by 
determining the place value of the last decimal place. 


Section 1.6 Basic Statistics 


3.47+5.2 = 18.044 


Divide: 9.568 + 2.3 
9.568 + 2.3 > 95.68 + 23 
4.16 


23)95.68 
-92 
36 
=23 
138 


8 
Rewrit decimal: — 
ewnte asa decimal: — 


Rewrite as a fraction: 0.74 


0.74 


Mean, p. 33 


The mean of a set of data is the arithmetic average 
of the values. 


Find the mean of 7, 12, 16, 25, 40. 


Mean pete meese > 20 
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Median, pp. 33-34 


To find the median for a set of data, begin by writing the 7,12, 16, 25, 40 
values in ascending order. Median = 16 
If there is an odd number of values, the single value in 13. 18. 20. 33. 40 
the middle of the set of data is the median. met, a i. a 53 
If there is an even number of values, the median is the Median = = 26.5 
average of the two center values. ° 2 
Mode, p. 34 
The mode of a set of data is the value that is repeated 12,7, 19,3, 7,11, 16, 12,7, 15 
most often. Mode = 7 
Midrange, p. 34 
The midrange of a set of data is the average of the set’s 13, 18, 20, 33, 40, 59 
minimum value and maximum value. : 13+ 59 72 
Midrange 36 
2 2 
Range, pp. 34-35 
To find the range of a set of values, subtract the minimum 13, 18, 20, 33, 40, 59 
value in the set from the maximum value in the set. Range = 59 — 13 = 46 
Histogram, pp. 35-37 
A histogram is a graph that can be used to show how a 
set of data is distributed, giving an idea of where the Age Frequency 
values are centered as well as how they are 18 to 21 4 
ispersed. 
22 to 25 7 
26 to 29 4 
30 to 33 2 
34 to 37 1 
2S 
20 = 
> 
2 15- 
o 
=] 
ao 
£ 10- 
ey 
54 
0 = 
18 22 26 30 34 = 38 
Age 
Section 1.7 Exponents and Order of Operations 
Exponents, p. 43 
Using the number x repeatedly as a factor y times Simplify: 43 
can be represented using exponential notation 48= 4-4-4 
as x’. The base is x, and the exponent is y. = 64 
Order of Operations, pp. 44-45 
The order of operations is a standard order in Simplify: 8 + (3:5 — 19) - 7 
which arithmetic operations are performed, 8+ (3:5-19)-7=8+ (15 — 19) -7 
ensuring a single correct answer. =8+(-4)-7 
1. Remove grouping symbols. = 8 + (-4) - 49 
2. Perform any operations involving exponents. = —2 — 49 
3. Perform any multiplication or division from left to = —5] 


right. 
4. Perform any addition or subtraction from left to 
right. 


Section 1.8 Introduction to Algebra 
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Evaluating Variable Expressions, p. 49 

To evaluate a variable expression for a particular value 
of a variable, substitute the value for the variable and 
simplify the resulting expression using the order 
of operations. 


Evaluate x” — 5x — 32 for x = —8. 
(-8)? — 5(-8) — 32 
= 64 — 5(—8) — 32 
= 64 + 40 -— 32 


= 72 


Distributive Property, pp. 50-51 


For all real numbers a, b, and c, 
a(b + c) = ab + ac. 


Simplify: 7(3x — 2) 
7(3x — 2) =7+3x — 7-2 
= 21x — 14 


Combining Like Terms, pp. 51-52 

When simplifying variable expressions, we can combine Simplify: 5x — 9 — 2x — 18 
like terms into a single term by adding or subtracting 5x — 9 — 2x — 18 = 3x — 27 
the coefficients of the like terms. 


SUMMARY OF CHAPTER 1 STUDY STRATEGIES 


Creating a study group is one of the best ways to help you learn mathematics and improve 
your performance on quizzes and exams. 
e When you explain a certain topic to a fellow student or 


show a student how to solve a particular problem, you 
increase your chances of retaining this knowledge. 


e Sometimes a concept will be easier for you to under- 


stand if one of your peers explains it to you. One of 
your group members may have some insight into a 
particular topic, and that person’s explanation may be 
just the trick to turn on the “lightbulb” in your head. 


e You also will find it helpful to have a support group— 
students who can support one another when times are 
difficult. 


CHAPTER 1 REVIEW 


Write the appropriate symbol, < or >, between the 
following integers. [1.1] 


1.—-10___-7 2.3___ —12 


Find the following absolute values. [1.1] 
3. |8| 4, |—13| 


Find the opposite of the following integers. [1.1] 


5. —6 6. 12 

Add or subtract. [1.2] 
7.9 + (-16) 8-10 +7 
9, —22 — 19 10. 4 — (—23) 


Simplify. [1.2] 


11.3 — 16 — 24 @ 3 - (-19) -7 


Multiply or divide. [1.2] 


13. 9(-6) 14. -144 + (-9) 


Write the factor set for the following numbers. [1.3] 


15. 42 
16. 108 


Write the prime factorization of the following numbers. 
(If prime, state this.) [1.3] 


17. 32 18. 60 


Simplify the following fractions to lowest terms. [1.3] 


24 9 
19. 2 20. 77 
40 98 
21. 34 22. a 


Rewrite the following mixed numbers as improper 
fractions. [1.3] 
7 


24, 12-— 


2 
23. 33 75 


Rewrite the following improper fractions as mixed 
numbers. [1.3] 


38 55 
25. 10 26. 6 


Worked-out solutions to Review Exercises marked with 


60 


Multiply or divide. [1.4] 


9 28 1 14 
rar 28. 55°33 
29 cae 30 eee 
“15° 21 ““5 2 


ae 135 
LS+ a 
O3* nD Ao a6). 6 
4 7 13 
. = 4,— — — 
B Tg 9 436 42 


30 35 74 
B55 ae a |, 
9 39 7 
oT ae aE 


Simplify the following decimal expressions. [1.5] 


39. 8.7 + 3.92 

40. 24.308 — 15.49 
41. 8.4-3.6 

42. 40.92 + 4.65 


Rewrite the following fractions as decimal numbers. [1.5] 


8 15 
a — 44, — 
D 55 16 


Rewrite the following decimal numbers as fractions in 
lowest terms. [1.5] 


45. 0.75 46. 0.28 


Rewrite as a percent. [1.5] 


2 7 
47. 5 48. 5 
49. 0.9 50. 0.45 


Rewrite as a fraction. [1.5] 


51. 30% 52. 55% 


Rewrite as a decimal. [1.5] 


53. 90% 54. 4% 


can be found on page AN-3. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


Jeff bought a book at a yard sale for $23. If he had $40 
prior to buying the book, how much money did Jeff 
have after buying the book? [1.2] 


Gray had $78 in his checking account prior to writing 
a $125 check to the bookstore for books and supplies. 
What is the new balance of his account? [1.2] 


Three investors plan to start a new company. If start- 
up costs are $37,800, how much will each person have 
to invest? [1.2] 

If one recipe calls for 14 cups of flour and a second 
recipe calls for 2% cups of flour, how much flour is 
needed to make both recipes? [1.4] 

Find the mean. Height (inches) of basketball players: 
77,71, 83, 80, 73, 74, 73, 81 [1.6] 

Find the median. Pulse of 40-year-old men during ex- 
ercise: 113, 127, 133, 128, 108, 126, 117, 129, 128, 121 
[1.6] 

Find the mode, midrange, and range. Exam scores of 
study group members: 96, 88, 95, 79, 88, 99 [1.6] 


Construct a histogram for the given frequency distri- 
bution. [1.6] 


25-Year-Old 
Females Systolic 
Blood Pressure 


(mmHg) Frequency 
80 to 89 2 

90 to 99 8 

100 to 109 12 

110 to 119 19 

120 to 129 6 

130 to 139 3 


Simplify the given expression. [1.7] 


63. 


65. 


2. 3 
4° 64. (2 

5 
—28 66. 3°+5? 
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Simplify the given expression. [1.7] 


67.5 + 8-4 


69 


GP 54 — 27 + 3? 


Bu 


68. 25 — 15 +5 
70. (3 + 13)+5 — 20 
3 112 


pe ees 
4° 4 25 


» 3 +135 — 20 


ild a variable expression for the following phrases. 


[1.8] 


73. 
74. 
75. 
76. 
77. 


78. 


The sum of a number and 14 

A number decreased by 20 

Eight less than twice a number 

Nine more than 6 times a number 

A coffeehouse charges $3.55 for a cup of coffee. Letting 
c represent the number of cups of coffee a coffeehouse 


sells on a particular day, build a variable expression for 
the revenue from coffee sales. [1.8] 


A rental company rents moving vans for $20 plus $0.15 
per mile. Letting m represent the number of miles, 
build a variable expression for the cost to rent a mov- 
ing van from this rental company. [1.8] 


Evaluate the following algebraic expressions under the 


giv 


en conditions. [1.8] 


. 3x + 17 forx =9 

. 9 — 8x for x = —2 

. 10a — 4b fora = 2andb = —9 
. (8x — 9)(2x — 11) for x = 4 

) x? — 7x — 30forx = -3 


. b* — 4ac for a = —1,b = —8,andc = 5 


Simplify. [1.8] 


85. 
86. 
87. 
88. 
89. 
90. 


5(x + 7) 

6x + 21x 

8x — 25 — 3x +17 

8y — 6(4y — 21) 

15 — 23k + 7(4k — 9) 
—8(2x + 25) — (103 — 19x) 


For the following expressions: 

a) Determine the number of terms. 

b) Write down each term. 

c) Write down the coefficient for each term. [1.8] 


91. x° — 4x? — 10x + 41 


92. 


—x? + 5x — 30 


62 CHAPTER 1 Review of Real Numbers 


For Extra Help 


CHAPTER 1 TEST A ieck Prep 
Write the appropriate symbol, < or >, between the fol- 
lowing integers. 


1. -15__— 18 


Find the following absolute value. 
2. |-17| 


Simplify. 
3. 7 + (-13) 4. —7(—9) 
5. Write the factor set for 45. 


6. Write the prime factorization of 108. (If the number is 
prime, state this.) 


60 
7. Simplify 84 to lowest terms. 


67 
8. Rewrite 18 as a mixed number. 


Simplify. 
11 15 
acer 0.07 21 
3. il 5 4 
oo ee 
” 5 12 24 9 


13. Simplify 8.05(2.27). 
14. Rewrite 0.36 as a fraction. Your answer should be in 
lowest terms. 


15. Eleanor bought 13 computers for $499 each. What 
was the total cost for the 13 computers? 


Mathematicians in History see 
Suinivasa ‘Ramanujan was a self-taught Indian mathe-mati- 


cian, viewed by many to be one of the greatest mathematical geniuses in history. As a 
student, he became so totally immersed in his work with mathematics that he ignored 
his other subjects and failed his college exams. Ramanujan’s life is chronicled in the bi- 
ography The Man Who Knew Infinity: A Life of the Genius Ramanujan by Robert KanigeL. 
Write a one-page summary (or make a poster) of the life of Srinivasa Ramanujan 


and his accomplishments. 


Interesting issues: 
e Where and when was Srinivasa Ramanujan born? 


as a mathematician. What was the name of the book? 


What jobs did Ramanujan hold in India? 


What is the significance of the taxicab number 1729? 


At age 16, Ramanujan borrowed a mathematics book that strongly influenced his life 


Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 
on DVD, in MyMathLab |} _ and on Youff) (search “WoodburyElemIntAlg” and click on “Channels"). 


16. After Lindsay made a deposit of $407.83 in her check- 
ing account, the balance was $1203.34. What was the 
balance before the deposit? 


17. Rewrite 72% as a fraction. 

18. Rewrite 6% as a decimal. 

19. Find the mean and median for the given set of values. 
43 46 71 95 85 27 37 8 44 26 34 85 91 79 89 20 


Simplify the given expression. 
20. 16 — 8:5 

ees 
"344-13 


23. Build a variable expression for the expression seven 
less than four times a number. 


21. -—9 + 4-13 — 6:3 22 


24. A landscaper charges $50 plus $20 per hour for yard 
maintenance. Letting represent the number of hours 
spent working on a particular yard, build a variable ex- 
pression for the landscaper’s charge. 


Evaluate the following algebraic expressions under the 
given conditions. 


25. 16 — 5x for x = —9 
26. x7 + 6x — 17 for x = —8 


Simplify. 
27. 5(2x — 13) 
28. 7y — 8(2y — 30) 


Ramanujan got married on July 14, 1909. The marriage was arranged by his mother. How old was his bride at the time? 


Which renowned mathematician invited Ramanujan to England in 1914? 
Ramanujan’s health in England was poor. What was the cause of his poor health? 


What were the circumstances that led to Ramanujan’s death? How old was Ramanujan when he died? 


Introduction to Linear 

Equations 

2.2 Solving Linear Equations: 
A General Strategy 

2.3. Problem Solving; 
Applications of Linear 
Equations 

2.4 Applications Involving 
Percents; Ratio and 
Proportion 

2.5 Linear Inequalities 

Chapter 2 Summary 


Linear Equations 


In this chapter, we will learn to solve linear equations and investigate ap- 
plications of this type of equation. The chapter also discusses applications in- 
volving percents and proportions. The chapter concludes with a section on linear 


inequalities. 


STUDY STRATEGY 


Using Your Textbook In this chapter, we will focus on how to get the most 
out of your textbook. Students who treat their books solely as a source of 
homework exercises are turning their backs on one of their best resources. 

Throughout this chapter, we will revisit this study strategy and help you in- 
corporate it into your study habits. 


OBJECTIVES 


@® Identify linear equations. 

@ Determine whether a value is a solution of an equation. 

3 Solve linear equations using the multiplication property of equality. 
4 Solve linear equations using the addition property of equality. 


‘5 Solve applied problems using the multiplication property of equality or 
the addition property of equality. 


Linear Equations 


Objective 1 Identify linear equations. An equation is a mathematical state- 
ment of equality between two expressions. It is a statement that asserts that the 
value of the expression on the left side of the equation is equal to the value of the 
expression on the right side. Here are a few examples of equations. 


2x=8 xt17=20 3x-8=2x+6 5(2x—9) +3 =7(3x + 16) 
63 
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Quick Check 1 


Is x = —7 a solution of 
4x + 23 = —5? 


All of these are examples of linear equations. A linear equation in one variable has 
a single variable, and the exponent for that variable is 1. For example, if the variable 
in a linear equation is x, the equation cannot have terms containing x* or x°. The 
variable in a linear equation cannot appear in a denominator either. Here are some 
examples of equations that are not linear equations. 


x? - 5x -6=0 Variable is squared. 
m — m+7m=7~ Variable has exponents greater than 1. 
Se 3 


5 —9 Variable is in denominator. 
os 


Solutions of Equations 
Objective 2 Determine whether a value is a solution of an equation. A 


solution of an equation is a value that when substituted for the variable in the equa- 
tion, produces a true statement, such as 5 = 5. 


Is x = 3 asolution of 9x — 7 = 20? 


SOLUTION To check whether a particular value is a solution of an equation, we 
substitute that value for the variable in the equation. If after simplifying both sides 
of the equation we have a true mathematical statement, the value is a solution. 


9x — 7 = 20 
9(3) — 7 = 20 Substitute 3 for x. 
27 —7=20 Multiply. 
20 = 20 Subtract. 


Because 20 is equal to 20, we know that x = 3 is a solution. 


Is x = —2 a solution of 3 — 4x = —5? 


SOLUTION Again, substitute for x and simplify both sides of the equation. 


3 —4x =—-5 
3 — 4(-2) = —5 Substitute —2 for x. 
3+8=-5 Multiply. 
11 =—-5 Add. 
This statement, 11 = —5, is not true because 11 is not equal to —5. Therefore, 
x = —2 is nota solution of the equation. 


The set of all solutions of an equation is called its solution set. The process of finding 
an equation’s solution set is called solving the equation. When we find all of the 
solutions to an equation, we write those values using set notation inside braces { }. 

When solving a linear equation, our goal is to convert it to an equivalent 
equation that has the variable isolated on one side with a number on the other 
side (for example, x = 3). The value on the opposite side of the equation from the 
variable after it has been isolated is the solution of the equation. 


Multiplication Property of Equality 


Objective 3 Solve linear equations using the multiplication property of 
equality. The first tool for solving linear equations is the multiplication property 
of equality. It says that for any equation, if we multiply both sides of the equation 
by the same nonzero number, both sides remain equal to each other. 


Quick Check 2 


Solve ; = —2 using the multi- 
plication property of equality. 
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Multiplication Property of Equality 


For any algebraic expressions A and B and any nonzero number n, 


if A = B,thenn: A =n°B. 


Think of a scale that holds two weights in balance. If we double the amount of 
weight on each side of the scale, will the scale still be balanced? Of course it will. 


Think of an equation as a scale and the expressions on each side as the weights that 
are balanced. Multiplying both sides by the same nonzero number leaves both sides 
still balanced and equal to each other. 

Why is it important to multiply both sides of an equation by a nonzero number? 
Multiplying both sides of an equation by 0 can take an equation that is false and 
make it true. For example, we know that 5 = 3 is false. If we multiply both sides of 
that equation by 0, the resulting equation is 0 = 0, which is true. 


Solve ; = 4 using the multiplication property of equality. 


SOLUTION The goal when solving this linear equation is to isolate the variable x 
on one side of the equation. We begin by multiplying both sides of the equation by 3. 
The expression 3 is equivalent to ; x; so when we multiply by 3, we are multiplying 
by the reciprocal of ;. The product of reciprocals is equal to 1, so the resulting 
expression on the left side of the equation is 1x, or x. 

Another way to think of 3 is as x + 3. Division and multiplication are inverse 
operations, and we solve the equation by multiplying both sides of the equation by 3. 
This will “undo” dividing by 3. 


*=4 
3 

3° = = 3+4 Multiply both sides by 3. 

Tee. 6 

3° 3 = 3-4 Divide out common factors. 
1 


x=12 Multiply. 


The solution that we found is x = 12. Before moving on, we must check this value 
to ensure that we made no mistakes and that it is a solution. 


Check 
x 
—~=4 
3 
® = 4 Substitute 12 for x. 
4=4 Divide. 


This is a true statement; so x = 12 is a solution, and the solution set is {12}. 
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Quick Check 3 


Solve 4a = 56 using the multi- 
plication property of equality. 


Quick Check 4 

Solve —9a = 144 using the 
multiplication property of 
equality. 


The multiplication property of equality also allows us to divide both sides of an equa- 
tion by the same nonzero number without affecting the equality of the two sides. This 
is because dividing both sides of an equation by a nonzero number, n, is equivalent to 
multiplying both sides of the equation by the reciprocal of the number, 1 


Solve 5y = 40 using the multiplication property of equality. 


SOLUTION Begin by dividing both sides of the equation by 5, which will isolate 
the variable y. 


Sy = 40 

5 40 

2 = Divide both sides by 5. 

1 

3y 40 a : 

5 = 5 Divide out common factors on the left side. 
1 
y= Simplify. 


Again, check the solution before writing it in solution set notation. 


Check 


Sy = 40 
5(8) = 40 Substitute 8 for y. 
40 = 40 Multiply. 


y = 8 is indeed a solution, and the solution set is {8}. 


If the coefficient of the variable term is negative, we must divide both sides of the 
equation by that negative number. 


Solve —7n = —56 using the multiplication property of equality. 


SOLUTION In this example, the coefficient of the variable term is —7. To solve 
this equation, we need to divide both sides by —7. 


—Tn = —56 


- —56 
a => Divide both sides by —7. 


n=8 Simplify. 


The check of this solution is left to the reader. The solution set is {8}. 


A WORD OF CAUTION When dividing both sides of an equation by a negative number, 
keep in mind that this will change the sign of the number on the other side of the 
equation. 


Consider the equation —x = 16. The coefficient of the variable term is —1. To 
solve this equation, we can multiply both sides of the equation by —1 or divide both 
sides by —1. Either way, the solution is x = —16. We also could have solved the 
equation by inspection by reading the equation —x = 16 as the opposite of x is 16. 
If the opposite of x is 16, we know that x must be equal to —16. 

We will now learn how to solve an equation in which the coefficient of the vari- 
able term is a fraction. 


Quick Check 5 
Solve xx = 4 using the multi- 
plication property of equality. 


Quick Check 6 


Solve a + 22 = —8 using the 
addition property of equality. 
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Solve 3 a= = using the multiplication property of equality. 


SOLUTION _ In this example, we have a variable multiplied by a fraction. In such a 
case, we can multiply both sides of the equation by the reciprocal of the fraction. 
When we multiply a fraction by its reciprocal, the result is 1. This will leave the 
variable isolated. 


- 8 
B72 
11 4 . ; eee. 
8 2 8 5\ Multiply by the reciprocal of the fraction 3 
33° 3 (-3) and divide out common factors. 
11 1 
a= = Simplify. 


The check of this solution is left to the reader. The solution set is { —P}, 


Addition Property of Equality 


Objective 4 Solve linear equations using the addition property of equality. 
The addition property of equality says that we can add the same number to both 
sides of an equation or subtract the same number from both sides of an equation 
without affecting the equality of the two sides. 


Addition Property of Equality 
For any algebraic expressions A and B and any number n, 

if A=B, thn At+n=B+n 
and A-n=B-n. 


This property helps us solve equations in which a number is added to or subtracted 
from a variable on one side of an equation. 


Solve x + 4 = 11 using the addition property of equality. 


SOLUTION In this example, the number 4 is being added to the variable x. To iso- 
late the variable, use the addition property of equality to subtract 4 from both sides 
of the equation. 
x+4=11 
x+4—-—4=11-4 Subtract 4 from both sides. 
x=7 Simplify. 


To check this solution, substitute 7 for x in the original equation. 


Check 


x+4=11 
7+4=11 Substitute 7 for x. 
11 =11 Add. 


The statement is true, so the solution set is {7}. 
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Quick Check 7 
Solve —13 = x — 28 using the 
addition property of equality. 


Solve 13 = y — 9 using the addition property of equality. 


SOLUTION When a value is subtracted from a variable, isolate the variable by 
adding the value to both sides of the equation. In this example, add 9 to both sides. 


13=y-9 
13+9=y-—9+9 Add 9 to both sides. 
22=y Add. 
Check 
13=y-9 
13 = 22 —9 Substitute 22 for y. 
13 = 13 Subtract. 


This is a true statement, so the solution set is {22}. 


In the next section, we will learn how to solve equations requiring us to use both the 
multiplication and addition properties of equality. 


Applications 


Objective 5 Solve applied problems using the multiplication property of 
equality or the addition property of equality. This section concludes with an 
example of an applied problem that can be solved with a linear equation. 


Admission to the county fair is $8 per person; so the admission 
price for a group of x people can be represented by 8x. If a Cub Scout group paid a 
total of $208 for admission to the county fair, how many people were in the group? 


SOLUTION We can express this relationship in an equation using the idea that the 
total cost of admission is equal to $208. Because the total cost for x people can be 
represented by 8x, the equation is 8x = 208. 


8x = 208 
8 208 
. = ra Divide both sides by 8. 


x =26 Divide. 


We can verify that this value checks as a solution. Whenever we work on an ap- 
plied problem, we should write the solution as a complete sentence. There were 26 
people in the Cub Scout group at the county fair. 

Quick Check 8 


Josh spent a total of $26.50 to take his date to a movie. This left him with only $38.50 
in his pocket. How much money did he have with him before going to the movie? 


BUILDING YOUR STUDY STRATEGY 


Using Your Textbook, 1 Reading Ahead One effective way to use your 
textbook is to read a section in the text before it is covered in class. This will 
give you an idea about the main concepts covered in the section, and your in- 


structor can clarify these concepts in class. 

When reading ahead, you should scan the section. Look for definitions that 
are introduced; as well as procedures that are developed. Pay close attention 
to the examples. If you find a step in the examples that you do not understand, 
ask your instructor about it in class. 


Vocabulary 


1. 


Is the given equation a linear equation? If not, explain. 


A(n) is amathematical statement of 
equality between two expressions. 


. A(n) of an equation is a value that when 
substituted for the variable in the equation, produ- 
ces a true statement. 


. The of an equation is the set of all 
solutions to that equation. 


. State the multiplication property of equality. 


. State the addition property of equality. 


. Freebird’s Pizza charges $12 for a pizza. If the bill 
for an office pizza party is $168, which equation can 
be used to determine the number of pizzas that 
were ordered? 
a) x + 12 = 168 
c) 12x = 168 


b) x — 12 = 168 
x 
see 
da, 18 


7.5x° — 7x =3x+8 
8. 4x —9 = 17 
9. 3x — 5(2x +3) =8-—x 
ie Re ao 
Be x 
IL y= 
12.x4-1= 
ce ica 
11 4 7 
14.x-4-1= 
3 
15.x+—+18=0 
x 


Check to determine whether the given value is a solution 


» 3(4x — 9) + 7(2x + 5) = 15 


of the equation. 


17 
18 
19 


~x = 7, 5x —9 = 26 
~ x = 3, 2x -l1l=x+2 
. a= 8, 3 —2a=a+t+2a-— 11 


«zp 


Z 
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P 


JI 
PRACTICE WATCH DOWNLOAD READ REVIEW 
20.m=4, 15 —-8m=3m-— 29 
1 2 11 
21. z= +—=2 
z 4 > 3 z é 
22. t 2 Eg se 
ae i °° 3. 8 


23. m = 3.4, 3m—2=2m+ 04 
24. a = —2.5, 


4a -6=9+4 10a 


Solve using the multiplication property of equality. 


25. 7x = —91 
27. 6y = 84 
29. 8b = 22 
31. 5a = 0 
33. —St = 35 
35. —2x = —28 
37. —t = 45 
x 
i 
3 3 fi 
t 
41. —~=12 
8 
7 14 
43. 1D = 3” 
2 
45. “Be =4 


47. 3.2x = 6.944 


26. 9a = 72 
28. 11x = —1331 
30. 20z = —35 
32. 0 = 12x 
34. -11x = —44 
36. —9h = 54 
38. —y = -31 
x 
40. — = 
0 4 3 
§ 
42, ---= - 
13 " 
3 9 
44, a” = -) 
46. 2 = 15 
48. —4.7x = 15.04 


Solve using the addition property of equality. 


4..a+9=16 50. b + 4 = 28 
51.x + 11 =3 52,.x + 5= —-18 
53. n — 13 = 30 54.n —9 = —23 
55. a + 3.2 = 5.7 

56. x — 4.9 = -11.2 

57.12 =x+3 

58.4 = m+ 10 59.b —7 = 13 
60. a—-9 = 99 61.1 —7= —-4 
62.n — 3 = —-18 63. -4+ x = 19 
64.-15 +x =-7 65.x +9=0 

66.b —17=0 67.9 +a=5 

68. 7 + b = —22 

69.a+5+6=7 


.xt4-9=-3 
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Mixed Practice, 71-88 


Solve the equation. 


71. 60 = 5a 72. —m = —15 
3 5 
73. x —27 = -11 4. * 5 
75 ee 76. b + 39 = 30 
e 10 le — 
x 
77,x+24 = -17 7. 5 = 13 
n 
DW = 80. 47 = y + 35 
81.0 = x + 56 82. x — 38 = —57 
t 
. t= 18 4.——-=- 
83 8 15 7 
4 14 
xX = -—— a tate 
85 9% 15 86. x 9 
87. 0 = 45m 88. 40 = -—6m 


Provide an equation that has the given solution. 


89. x = 7 
90. x = -13 
5 
Ln=> 
91.1 > 
3 
92. m = ——~ 
mm 10 


Set up a linear equation and solve it for the following 
problems. 


93. Zoe has only nickels in her pocket. If she has $1.35 in 
her pocket, how many nickels does she have? 


94, Fruit smoothies were sold at a campus fund-raiser for 
$3.25. If total sales were $217.75, how many smooth- 
ies were sold? 


95. A local garage band, the Grease Monkeys, held a rent 
party. They charged $3 per person for admission, with 


OBJECTIVES 


the proceeds used to pay the rent. If the rent is $425 
and they ended up with an extra $52 after paying 
the rent, how many people came to see them play? 


96. Ross organized a tour of a local winery. Attendees 
paid Ross $12 to go on the tour, plus another $5 for 
lunch. If Ross collected $493, how many people came 
on the tour? 


97. An insurance company hired 8 new employees. This 
brought the total to 174 employees. How many em- 
ployees did the company have before these 8 people 
were hired? 


98. Geena scored 17 points lower than Jared on the last 
math exam. If Geena’s score was 65, find Jared’s 
score. 

99. As a cold front was moving in, the temperature in 
Visalia dropped by 19°F in a two-hour period. If the 
temperature dropped to 37°F, what was the tempera- 
ture before the cold front moved in? 


100. A company was forced to lay off 37 workers due to 
an economic downturn. If the company now has 144 
employees, how many workers were employed be- 
fore the layoffs? 


a==- Writing in Mathematics 
Answer in complete sentences. 


101. Explain why the equation 0x = 15 cannot be solved. 


102. Find a value for x such that the expression x + 21 is 
less than —39. 


‘1 Solve linear equations using both the multiplication property of equality 
and the addition property of equality. 


2 Solve linear equations containing fractions. 

3 Solve linear equations using the five-step general strategy. 
‘4 \dentify linear equations with no solution. 

® Identify linear equations with infinitely many solutions. 


6 Solve literal equations for a specified variable. 


Quick Check 1 


Solve the equation 
5x — 2 = 33. 
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In the previous section, we solved equations that required only one operation to 
isolate the variable. In this section, we will learn how to solve equations requiring 
the use of both the multiplication and addition properties of equality. 


Solving Linear Equations 


Objective 1 Solve linear equations using both the multiplication prop- 
erty of equality and the addition property of equality. Suppose we needed 
to solve the equation 4x — 7 = 17. Should we divide both sides by 4 first? Should we 
add 7 to both sides first? We refer to the order of operations. This says that in the ex- 
pression 4x — 7, we multiply 4 by x and then subtract 7 from the result. To isolate the 
variable x, we undo these operations in the opposite order. We first add 7 to both sides 
to undo the subtraction and then divide both sides by 4 to undo the multiplication. 


Solution Check 
4x —7=17 4(6) -7 =17 
4x -—-7+7=17+7 24-7=17 
4x = 24 17 =17 
4x 24 
4. 4 
x=6 


Because the solution x = 6 checks, the solution set is {6}. 


Solve the equation 3x + 41 = 8. 


SOLUTION To solve this equation, begin by subtracting 41 from both sides. This 
will isolate the term 3x. Then divide both sides of the equation by 3 to isolate the 
variable x. 
3x + 41 = 8 
3x + 41 — 41 = 8 — 41 Subtract 41 from both sides to isolate 3x. 
3x = —33 Subtract. 
3x 33 
300 3 
x=-11 Simplify. 


Divide both sides by 3 to isolate x. 


Now check the solution. 


3x + 41 =8 
3(-11) + 41 = 8 Substitute —11 for x. 
—33 +41 =8 Multiply. 
8 = 8 Simplify. 


Because x = —11 produced a true statement, the solution set is {—11}. 


Solve the equation —8x — 19 = 13. 


SOLUTION 
—8x — 19 = 13 
—8x — 19+19=13+19 Add 19 to both sides to isolate —8x. 
—8x = 32 Add. 
—-8 32 
=e —— Divide by —§8 to isolate x. 


x=-4 Simplify. 
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Now check the solution. 
—8x — 19 = 13 
—8(—4) — 19 = 13 Substitute —4 for x. 
32 —19 = 13 Multiply. 
13 = 13 Simplify. 
Quick Check 2 The solution set is {—4}. 


Solve the equation 
6 — 4x = 38. 


Solving Linear Equations Containing Fractions 
Objective 2 Solve linear equations containing fractions. If an equation 
contains fractions, we may find it helpful to convert it to an equivalent equation that 


does not contain fractions before we solve it. This can be done by multiplying both 
sides of the equation by the LCM of the denominators. 


Solve the equation 2 = ; = 5. 


SOLUTION This equation contains three fractions, and the denominators are 3, 6, 
and 2. The LCM of these denominators is 6, so begin by multiplying both sides of 
the equation by 6. 


2 5_1 
6 
2 5 1 : ; 
6 ge 6 5 Multiply both sides by the LCM 6. 
2 2 15 3 1 
6° x 6: 6 = 6: 7 Distribute and divide out common factors. 
1 4 1 
4x —5 =3 Multiply. 
4x —-5+5=3+5 Add5to both sides to isolate 4x. 
4x =8 Add. 
4 8 
“= Divide by 4 to isolate x. 
4 4 
x=2 Simplify. 
Now check the solution. 
2 5_1 
ane ae 
Dey, Piast Substitute 2 f 
3 a ubstitute 2 for x. 
4 5 1 
—-——=-— Simplify. 
A 6G Simplify. 
8 5 1 . 4 8 
6 _ ra Rewrite 5 as 6° 
3 1 
6 = > Subtract. 
Quick Check 3 ; 
Solve the equation 3x + 5 = *. 5 5 Simplify. 


The solution set is {2}. 


Quick Check 4 


Solve the equation 
(Gye ar I = She = & 
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A WORD OF CAUTION When multiplying both sides of an equation by the LCM of the de- 
nominators, make sure you multiply each term by the LCM, including any terms that do 
not contain fractions. 


A General Strategy for Solving Linear Equations 


Objective 3 Solve linear equations using the five-step general strategy. 
Now we will examine a process that can be used to solve any linear equation. 
This process works not only for types of equations we have already learned to 
solve, but also for more complicated equations such as 7x + 4 = 3x — 20 and 
5(2x — 9) + 3x = 7(3 — 8x). 


Solving Linear Equations 


1. Simplify each side of the equation completely. 
e Use the distributive property to clear any parentheses. 
e If there are fractions in the equation, multiply both sides of the equation 
by the LCM of the denominators to clear the fractions from the equation. 
e¢ Combine any like terms that are on the same side of the equation. After 
you have completed this step, the equation should contain, at most, one 
variable term and one constant term on each side. 


2. Collect all variable terms on one side of the equation. If there is a variable 
term on each side of the equation, use the addition property of equality to 
place both variable terms on the same side of the equation. 

3. Collect all constant terms on the other side of the equation. If there is a con- 
stant term on each side of the equation, use the addition property of equal- 
ity to isolate the variable term. 

4. Divide both sides of the equation by the coefficient of the variable term. At 
this point the equation should be of the form ax = b. Use the multiplication 
property of equality to find the solution. 


5. Check your solution. Check that the value creates a true equation when sub- 
stituted for the variable in the original equation. 


In the next example, we will solve equations that have variable terms and constant 
terms on both sides of the equation. 


Solve the equation 3x + 8 = 7x — 6. 


SOLUTION In this equation, there are no parentheses or fractions to clear and 
there are no like terms to be combined. Begin by gathering the variable terms on 
one side of the equation. 


3x +8 =7x -6 
3x + 8 — 3x = 7x — 6 -— 3x Subtract 3x from both sides to gather 


the variable terms on the right side 
of the equation. 


8 = 4x — 6 Subtract. 
8+6=4x-6+6 Add 6to both sides to isolate 4x. 
14 = 4x Add. 
14. 4 
a= 7 Divide both sides by 4 to isolate x. 
: =x Simplify. 


The check of this solution is left to the reader. The solution set is {3}. 
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Using Your Calculator You can use a calculator to [ar7eo348 
check the solutions to an equation. Substitute the value for 
the variable and simplify the expressions on each side of the 
equation. Here is how the check of the solution x = u 
would look on the TI-84. 

Because each expression is equal to 18.5 when x = q 
this solution checks. 


Tere2I-6 


In the next example, we will solve an equation containing like terms on the same 
side of the equation. 


Solve the equation 13x — 43 — 9x = 6x + 37 + 5x — 66. 


SOLUTION _ This equation has like terms on each side of the equation, so begin by 
combining these like terms. 


13x — 43 — 9x = 6x + 37 + 5x — 66 


4x — 43 = 11x — 29 Combine like terms on each side. 
4x — 43 — 4x = 11x — 29 — 4x Subtract 4x from both sides to gather 
variable terms on the right side of the 
equation. 
—43 = 7x — 29 Simplify. 
—43 + 29 = 7x — 29 + 29 Add 29 to both sides to isolate 7x. 
—14 = 7x Simplify. 
14. #7 
4 = a Divide both sides by 7 to isolate x. 
—2=x Divide. 


Quick Check 5 


Solve the equation 
Oe = Oar diy = Be ap 113) — &, 


The check of this solution is left to the reader. The solution set is {—2}. 


Solve the equation 6(3x — 8) + 14=x-3(x—5) +1. 


SOLUTION Begin by distributing the 6 on the left side of the equation and the —3 
on the right side of the equation. Then combine like terms before solving. 
6(3x — 8) + 14=x-3(x—-5)+1 
18x — 48 + 14 =x-3x+15+1 Distribute 6 and —3. 
18x — 34 = —2x + 16 Combine like terms. 


18x — 34 + 2x = —2x + 16 + 2x Add 2x to both sides to gather variable 
terms on the left side of the equation. 


20x — 34 = 16 Simplify. 
20x — 34 + 34 = 16 + 34 Add 34 to both sides to isolate 20x. 
20x = 50 Simplify. 
ae = = Divide by 20 to isolate x. 
5 seve 
x= Simplify. 


Quick Check 6 
Solve the equation 
eae = 7) ar 2 = 
Age = 9) = ile. 


The check of this solution is left to the reader. The solution set is {3h 


In the next example, we will clear the equation of fractions before solving. 
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Solve the equation 2x = 5 = 2x.+ 2 


SOLUTION Begin by finding the LCM of the three denominators (5, 3, and 6), 
which is 30. Then multiply both sides of the equation by 30 to clear the equation of 
fractions. 


3 2 
5% a 2x + 
3 2 5 ; ; 
30 ra? i 30| 2x + 6 Multiply both sides by LCM (30). 
6 3 10 2 5 5 
30° 5X — 30° x = 30°2x + 30° 6 Distribute and divide out common factors. 
1 1 1 
18x — 20 = 60x + 25 Multiply. 


18x — 20 — 18x = 60x + 25 — 18x Subtract 18x from both sides to gather vari- 
able terms on the right side of the equation. 


—20 = 42x + 25 Simplify. 
—20 — 25 = 42x + 25 —25 Subtract 25 from both sides to isolate 42x. 
—45 = 42x Simplify. 
45 42x a3 . : 
“5 ae Divide both sides by 42 to isolate x. 
15 ae 
ey ais Simplify. 


Quick Check 7 
Solve the equation 
1 il 7 


The check of this solution is left to the reader. The solution set is {-3 : 


10* ~— 5 ~ 20% ~ 10: 


Contradictions and Identities 


Objective 4 Identify linear equations with no solution. Each equation we 
have solved to this point has had exactly one solution. This will not always be the 
case. Now we consider two special types of equations: contradictions and identities. 

A contradiction is an equation that is always false regardless of the value sub- 
stituted for the variable. A contradiction has no solution, so its solution set is the 
empty set { }. The empty set also is known as the null set and is denoted by the 
symbol ©. 


Solve the equation 3(x + 1) + 2(x + 4) =5x + 6. 


SOLUTION Begin solving this equation by distributing on the left side of the 
equation. 


3(x + 1) + 2(x + 4) =5x + 6 


3x +3+2x+8=5x+6 Distribute. 
5x +11 =5x+6 Combine like terms. 
5x +11 -—5x =5x+6-— 5x Subtract 5x from both sides. 
11 =6 Simplify. 


We are left with an equation that is a false statement because 11 is never equal to 6. 


Quick Check 8 This equation is a contradiction and has no solutions. Its solution set is ©. 


Solve the equation 

BY ee es) Objective 5 Identify linear equations with infinitely many solutions. An 
identity is an equation that is always true. If we substitute any real number for the 
variable in an identity, it will produce a true statement. The solution set for an 
identity is the set of all real numbers. We denote the set of all real numbers as R. 
An identity has infinitely many solutions rather than a single solution. 
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Quick Check 9 


Solve the equation 
Sa+4=4+ Sa. 


Quick Check 10 


Solve the literal equation 
Ke 2iy — otny: 


Solve the equation 9x — 5 = 2(4x — 1) + x — 3. 


SOLUTION Begin to solve this equation by distributing on the right side of the 
equation. 

9x —-5=2(4x -1)+x-3 

9x —5 =8x-2+x-3 Distribute. 


9x —-5=9x -—5 Combine like terms. 
9x —5 —-9x =9x —-5- 9x Subtract 9x from both sides. 
—5 = —-5 Simplify. 


Because —5 is always equal to —5 regardless of the value of x, this equation is an 
identity. Its solution set is the set of all real numbers R. 


Literal Equations 


Objective 6 Solve literal equations for a specified variable. A literal equa- 
tion is an equation that contains two or more variables. Literal equations are often 
used in real-world applications involving many unknowns, such as geometry problems. 


Perimeter of a Rectangle 


The perimeter of a rectangle is a measure of the P=2L+2W 
distance around the rectangle. The formula for the 
perimeter (P) of a rectangle with length L and 
width Wis P = 2L + 2W. 


The equation P = 2L + 2W isa literal equation with three variables. We may be 
asked to solve literal equations for one variable in terms of the other variables in 
the equation. The equation P = 2L + 2W is solved for the variable P. If we solved 
for the width W in terms of the length L and the perimeter P, we would have a for- 
mula for the width of a rectangle if we knew its length and perimeter. 

We solve literal equations by isolating the specified variable. We use the same 
general strategy that we used to solve linear equations. We treat the other variables 
in the equation as if they were constants. 


Solve the literal equation P = 2L + 2W (perimeter of a rectan- 
gle) for W. 


SOLUTION Gather all terms containing the variable W on one side of the equa- 
tion and gather all other terms on the other side. This can be done by subtracting 
2L from both sides. 


P=2L+2W 
P-2L=2L+2W —-2L Subtract 2L to isolate 2W. 
P—-2L=2W Simplify. 
P-2L 2 
5 = ae Divide by 2 to isolate W. 
P-2L 


We usually rewrite the equation so that the variable we solved for appears on the 
left side: W = 254. 
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Solve the literal equation A = Sbh (area of a triangle) for h. 


SOLUTION Because this equation has a fraction, begin by multiplying both sides by 2. 


A =-=bh 
2 
1 
2-A=2: 2 bh Multiply both sides by 2 to clear fractions. 
1 
2°A=2-—bh Divide out common factors. 
2A = bh Multiply. 
2A _ bh 
7 Divide both sides by b to isolate h. 
2A 
| 24 op na 2A 
Quick Check 11 b b 
Soe the literal equation Some geometry formulas contain the symbol 7, such as C = 27r and A = mr’. The 
5xy = Z for x. symbol 77 is the Greek letter pi. It is used to represent an irrational number that is 


approximately equal to 3.14. When solving literal equations containing 7, do not 
replace it with its approximate value. 


BUILDING YOUR STUDY STRATEGY 
Using Your Textbook, 2 Quick Check Exercises The Quick Check exercises 


following most examples in this text are similar to the examples in the book. 
After reading through and possibly reworking an example, try the corresponding 
Quick Check exercise. You can then decide whether you need more practice. 


PRACTICE WATCH DOWNLOAD READ REVIEW 
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Vocabulary 
1. To clear fractions from an equation, multiply both sides a) divide both sides of the equation by 2 
of the equation by the of the denominators. b) add 9 to both sides of the equation 
2. An equation that is never true is a(n) —________. c) subtract 7 from both sides of the equation 
3. The solution set to a contradiction can be denoted ©, 6. To solve the equation 3(4x + 5) = 11, the best 
which represents —____. first step is to 
4. An equation that is always true is a(n) —____. a) distribute 3 on the left side of the equation 
5. To solve the equation 2x — 9 = 7, the best first step b) divide both sides of the equation by 4 
is to c) subtract 5 from both sides of the equation 
Solve. 12. —29 = 6b —- 17 
7. 5x + 31 = 16 13. 9x + 24 = 24 
8. 2x + 9 = 31 14. —4x + 30 = —34 
9,23 —4x =9 15. 16.2x — 43.8 = 48.54 
10. 33 — 6x = —24 16. —9.5x — 72.35 = 130 


11. 6 = 2a + 20 17. 7a + 11 =5a-—9 
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18. 3m —-11 =9m +5 54, Write a linear equation that is an identity. 
19. 16 — 4x = 2x + 61 
0. 6n + 14 = 27 + 6n 55. Write an equation that has infinitely many solutions. 
on es 56. Write an equation that has no solutions. 
22. x —7= 11 - 3x 
23. 16 — 5x = 2x — 5 57. Write an equation whose single solution is negative. 
24. —31 + 11n = 4n + 60 
25. 3.2x + 8.3 = 1.3x + 19.7 58. Write an equation whose single solution is a fraction. 
26. 4x — 29.2 = 7.5x — 6.8 
27.3x+8+x=2x—-9+4+ 13 
8 3y 4 14 + Se — 06 = 4e + 11 4+ x + 377 Solve the following literal equations for the specified 
29. x + (x +1) + (x +2) =378 Vana 
30. x + (x + 2) + (x + 4) = 447 59. 5x + y = —2fory 
31. 2L + 2(L — 5) = 94 60. —6x + y = 9fory 
32. 2(w + 7) + 2w = 74 61. 7x + 2y = 4fory 
33. 2(2w — 3) + 2w = 102 62. 9x + 4y = 20 for y 
34. 2L + 2(3L — 50) = 68 63. —4x + 3y = 10 for y 
35. 4(2x — 3) — 5x = 3(x + 4) 64. —8x + Sy = —6 for y 
36. 2(5x — 3) + 4(x — 8) = 11 65.P =a+b+cforb 
37. 13(3x + 4) — 7(2x — 5) = 5x — 13 66. P=a+b+ 2c forc 
38. 3(2x — 8) — 5(15 — 6x) = 9(4x — 11) 67. d= r-tfort 
39. 0.06x + 0.03(4000 — x) = 156 68. d = r-tforr 
40. 0.11x + 0.05(7500 — x) = 675 69. C = 2ar for r 
41. 0.17x — 0.4(x + 1700) = —2566 70. S = 2arh for r 
42. 0.09x — 0.02(x — 2100) = 322 
43. 0.48x + 0.72(120 — x) = 0.66(120) To convert a Celsius temperature (C) to a Fahrenheit 
a - | = a temperature (F), use the formula F = =C + 32. 
45. a 3° 12 71. If the temperature outside is 68°F, find the Celsius 
3 2 temperature. 
46. 1” oe oy =8 
es 
12 6 4 
2, 2S 11 
Ge AG 
#9. 5x -3= 5-38 
$0, > — 2 = 2x +5 
2 3 =) 
at 9” : i. 6 3 72. If the normal body temperature for a person is 
4 3 5 98.6°F, find the Celsius equivalent. 
7 


52. 


53. 


ae a ae 73. A number is tripled and then added to 64. If the result 
is 325, find the number. 


74. If two-thirds of a number is added to 48, the result is 
74. Find the number. 


Write a linear equation that is a contradiction. 
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75. It costs $200 to rent a booth at a craft fair. Tina wants Mixed Practice, 81-92 
to sell homemade kites at the fair. It costs Tina $4 in 


material to male each kite: Solve. (If the equation is a literal equation, solve for x.) 


a) If she has $520 available to buy material and pay 81. 14x = —105 
expenses, how many kites can she make to sell at 


the craft fair after paying the $200 rental charge? 82 1 3_5 


xt i= 
6 4. =«~9 
b) If she is able to sell all of the kites, how much will 83. 27x — 16 — 6x = 14 + 21x — 30 


she need to charge for each kite in order to break 84. 2x — 3y + 4z =0 

ai 85. —5n + 11 — 4n +9 =n — 45 
c) How much should she charge for each kite in order 8.0 + 43 = 16 

to make a profit of $500? . 


76. A churro is a Mexican dessert pastry. Dan is able to 
buy churros for 75 cents each, which he plans to sell at 


87. llx — 8y = 34 
88. 2(3w + 7) + 2w = 86 


a high school baseball game. Dan must donate $50 to gg a oe Baas 7 
the high school team to be allowed to sell the churros "s 8 10 
at the game. 90. 5¢ + 72 + 8t = 17t — 28 + Lt 


a) If Dan has $110 to invest in this venture, how many 91. 0.16x + 0.07(3000 — x) = 372 
churros will he be able to buy after paying $50 to _ _ ao 
‘heteana? 92. 9n — 17 — 5n — 32 = 23 + 4n +5 


b) If Dan charges $2 for each churro, how many must 
he sell to break even? —- Writing in Mathematics 


c) If Dan charges $2 for each churro and he is able 


to sell all of his churros, what will his profit 4”swerin complete sentences. 


be? 93. Solve the linear equation 14 = 2x — 9, showing all of 
q & 
77. Find the missing value such that x = 3 is a solution of the steps. Next to this, show all of the steps necessary to 
5x —? =11. solve the literal equation y = 2x — 9 for x. Write a 
78. Find the missing value such that x = —2 is a solution paragraph explaining how these two processes are simi- 
of 3(2x — 5) +? = 5(3 — x). lar and how they are different. 
79. Find the missing value such that x = —} is a solution 
of2x +9 = 6x + ?. 94. Write a word problem whose solution can be found 


80. Find the missing value such that x = 2is a solution of POHEDE eeu SHOR NI AE eed 2 


4(2x + 7) = 7(3x + ?). 
) \ ) 95. Newsletter Write a newsletter explaining the steps for 
solving linear equations. 


OBJECTIVES 


1. _ Understand the six steps for solving applied problems. 
2 Solve problems involving an unknown number. 

3 Solve problems involving geometric formulas. 

4 Solve problems involving consecutive integers. 

& Solve problems involving motion. 

6 Solve other applied problems. 


Introduction to Problem Solving 


Although the ability to perform mathematical computations and abstract algebraic 
manipulations is valuable, one of the most important skills developed in math 
classes is the skill of problem solving. Every day we are faced with making impor- 
tant decisions and predictions, and the thought process required in decision making 
is similar to the process of solving mathematical problems. 
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When faced with a problem to solve in the real world, we first take inventory 
of the facts that we know. We also determine exactly what it is we are trying to figure 
out. Then we develop a plan for taking what we already know and using it to figure out 
how to solve the problem. Once we have solved the problem, we reflect on the route 
we took to solve it to make sure that route was a logical way to solve the problem. 
After examining the solution for correctness and practicality, we may finish by present- 
ing the solution to others for their consideration, information, or approval. 

An example of one such real-world problem is determining how early to leave 
for school on the first day of classes. Suppose your first class is at 9 A.M. The prob- 
lem to solve is figuring out what time to leave your house so that you will not be 
late. Think about the facts you know: it is normally a 20-minute drive to school, and 
the classroom is a 10-minute walk from the parking lot. Add information specific to 
the first day of classes: traffic near the school will be more congested than normal, 
and it will take longer to find a parking space in the parking lot. Based on past ex- 
perience, you figure an extra 15 minutes for traffic and another 10 minutes for park- 
ing. Adding up all of these times tells you that you need 55 minutes to get to your 
class. Adding an extra 15 minutes just to be sure, you decide that you need to leave 
home by 7:50 A.M. 


Objective 1 Understand the six steps for solving applied problems. In the 
previous example, we identified the problem to be solved, gathered the facts, and 
used them to find a solution to the problem. Solving applied math problems requires 
that we follow a similar procedure. George Polya, this chapter’s Mathematician in 
History, was a leader in the study of problem solving. Here is a general plan for solv- 
ing applied math problems that is based on the work of Pélya’s text How to Solve It. 


Solving Applied Problems 


1. Read the problem. This step is often overlooked, but misreading or misinter- 
preting the problem essentially guarantees an incorrect solution. Quickly 
read the problem once to get a rough idea of what is going on, then read it 
more carefully a second time to gather all of the important information. 


2. List all of the important information. Identify all known quantities pre- 
sented in the problem and determine which quantities you need to find. Cre- 
ating a table to hold this information or a drawing to represent the problem 
is a good idea. 


3. Assign a variable to the unknown quantity. If there is more than one un- 
known quantity, express each one in terms of the same variable, if possible. 


4. Find an equation relating the known values to the variable expressions rep- 
resenting the unknown quantities. Sometimes this equation can be trans- 
lated directly from the wording of the problem. Other times the equation 
will depend on general facts that are known outside the statement of the 
problem, such as geometry formulas. 


5. Solve the equation. Solving the equation is not the end of the problem, as the 
value of the variable often is not what you were originally looking for. If you 
were asked for the length and width of a rectangle and you replied “x equals 
4,” you would not have answered the question. Check your solution to the 
equation. 

6. Present the solution. Take the value of the variable from the solution to the 
equation and use it to figure out all unknown quantities. Check these values 
to ensure that they make sense in the context of the problem. For example, 
the length of a rectangle cannot be negative. Finally, present your solution in 

a complete sentence using the proper units. 


Now we will put this strategy to use. All of the applied problems in this section lead 
to linear equations. 


Quick Check 1 


Three less than 4 times a num- 
ber is 29. Find the number. 
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Objective 2 Solve problems involving an unknown number. 


Seven more than twice a number is 39. Find the number. 


SOLUTION This is not a very exciting problem, but it provides a good opportunity 
to practice setting up applied problems. 

There is one unknown in this problem. Let’s use n to represent the unknown 
number. 


Unknown 


Number: 1 


Now translate the sentence Seven more than twice a number is 39 into an equation. 
In this case, twice a number is 2n; so 7 more than twice a number is 2n + 7. 


Seven more than twice a number is 39 
ee 
2n + 7 = 39 
Now solve the equation. 


2n+ 7 = 39 
2n = 32 Subtract 7 from both sides. 
n= 16 Divide both sides by 2. 


The solution of the equation is n = 16. Now refer back to the table containing the 
unknown quantity. Because the unknown number is 1, the solution to the problem 
is the same as the solution of the equation. The number is 16. 

It is a good idea to check the solution. Twice the number is 32, and 7 more than 
that is 39. 


Geometry Problems 


Objective 3 Solve problems involving geometric formulas. The next ex- 
ample involves the perimeter of a rectangle, which is a measure of the distance 
around the outside of the rectangle. The perimeter P of a rectangle whose length is 
L and whose width is W is given by the formula P = 2L + 2W. 


Mark’s vegetable garden is in the shape of a rectangle, and he can 
enclose it with 96 feet of fencing. If the length of his garden is 16 feet more than 
3 times the width, find the dimensions of his garden. 


SOLUTION The unknown quantities are the length and the width. Because the 
length is given in terms of the width, pick a variable to represent the width and 
write the length in terms of this variable. Let w represent the width of the rectan- 
gle. The length is 16 feet more than 3 times the width, so express the length as 
3w + 16. One piece of information provided is that the perimeter is 96 feet. This 
information can be recorded in the following table or drawing: 


Unknowns Perimeter: 96 feet 
Length: 3w + 16 


Ww 


Known Length 
Perimeter: 96 feet 3w + 16 
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Start with the formula for perimeter and substitute the appropriate values and 
expressions. 
P=2L+2W 
96 = 2(3w + 16) + 2w Substitute 96 for P,3w + 16 for L,and w for W. 
96 = 6w + 32 + 2w Distribute. 


96 = 8w + 32 Combine like terms. 
64 = 8w Subtract 32 from both sides. 
8=w Divide both sides by 8. 


Now take this solution and substitute 8 for w in the expressions for length and 
width, which can be found in the table that lists the unknowns. 


Length: 3w + 16 = 3(8) + 16 = 40 
Width: w = 8 


The length of Mark’s garden is 40 feet, and the width is 8 feet. It checks that the 
perimeter of this rectangle is 96 feet. 


Quick Check 2 


A rectangular living room has a perimeter of 80 feet. The length of the room is 
8 feet less than twice the width of the room. Find the dimensions of the room. 


Here is a summary of useful formulas and definitions from geometry. 


Geometry Formulas and Definitions 


Ss 


Ss AY 
. L 
e Perimeter of a square with side s: e Perimeter of a rectangle with 
P= As length LZ and width W: 
e Area of a square with side s: P=2L + 2W 
A=s* e Area of a rectangle with length L 


and width W: A = LW 


b 
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; : ay oe e Area of a triangle with base b and 
e Perimeter of a triangle with sides & 


1 
51, $, and 53:P = s, + Ss) + 83 height h: A = bh 
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e An equilateral triangle is a tri- 
angle that has three equal sides. 

e An isosceles triangle is a trian- 
gle that has at least two equal 
sides. 


e Circumference of a circle with 
radius r:C = 2amr 


e Area of a circle with radius r: 
A = mr 


An isosceles triangle has a perimeter of 30 centimeters. The third 
side is 3 centimeters shorter than each of the sides that have equal lengths. Find the 
lengths of the three sides. 


SOLUTION _ In this problem, there are three unknowns, which are the lengths of the 
three sides. Because the triangle is an isosceles triangle, the first two sides have equal 
lengths. Represent the length of each side using the variable x. The third side is 
3 centimeters shorter than the other two sides, and its length can be represented by 
x — 3. Here is asummary of this information, together with the known perimeter. 


2 
Unknowns 


Sy: x. 

Sp: x 

53x — 3 

Known 
Perimeter: 30 cm 


$3:X-3 


A 


Now set up the equation and solve for x. 
P=s,+5 +83 
30 =x +x + (x — 3) Substitute 30 for P, x for s; and s5, and x — 3 for 53. 


30 = 3x -—3 Combine like terms. 
33 = 3x Add 3 to both sides. 
11 =x Divide both sides by 3. 


Looking back to the table, substitute 11 for x. 


six = 11 
Sx = 11 
sx —-3=11-3=8 


The three sides are 11 centimeters, 11 centimeters, and 8 centimeters. The perime- 
ter of this triangle checks to be 30 centimeters. 


Quick Check 3 

The perimeter of a triangle is 112 inches. The longest side is 8 inches longer than 
3 times the shortest side. The other side of the triangle is 20 inches longer than 
twice the shortest side. Find the lengths of the three sides. 
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Quick Check 4 


The sum of three consecutive 
integers is 213. Find them. 


Consecutive Integers 
Objective 4 Solve problems involving consecutive integers. The follow- 


ing example involves consecutive integers, which are integers that are 1 unit apart 
from each other on the number line. 


The sum of three consecutive integers is 87. Find them. 


SOLUTION In this problem, the three consecutive integers are the three un- 
knowns. Let x represent the first integer. Because consecutive integers are 1 unit 
apart from each other, let x + 1 represent the second integer. Adding another 1, 
let x + 2 represent the third integer. Here is a table of the unknowns. 


Unknowns 
First: x 
Second: x + 1 
Third: x + 2 


We know that the sum of these three integers is 87, which leads to the equation. 
x + (x +1) + (x + 2) = 87 
3x + 3 = 87 Combine like terms. 
3x = 84 Subtract 3 from both sides. 
x = 28 Divide both sides by 3. 


Now substitute this solution to find the three unknowns. 


First: x = 28 
Second: x + 1 = 28 + 1 = 29 
Third: x + 2 = 28 + 2 = 30 


The three integers are 28, 29, and 30. The three integers add up to 87. 


Suppose a problem involves consecutive odd integers rather than consecutive inte- 
gers. Consider any string of consecutive odd integers (for example, 15, 17, 19, 21, 
23,...). How far apart are these consecutive odd integers? Each odd integer is 2 away 
from the previous one. When working with consecutive odd integers (or consecutive 
even integers for that matter), let x represent the first integer and add 2 to find the 
next consecutive integer of that type. Here is a table showing the pattern of unknowns 
for consecutive integers, consecutive odd integers, and consecutive even integers. 


Consecutive Integers Consecutive Odd Integers Consecutive Even Integers 


First: x First: x First: x 
Second: x + 1 Second: x + 2 Second: x + 2 


‘Wowie se ab Third: x + 4 Third: x + 4 


Motion Problems 


Objective 5 Solve problems involving motion. 


Distance Formula 


When an object such as a car moves at a constant rate of speed, r, for an amount 
of time, f, the distance traveled, d, is given by the formula d = r-t. 


2.3 Problem Solving; Applications of Linear Equations 85 


Suppose a person drove 238 miles in 3.5 hours. To determine the car’s rate of speed 
for this trip, we can substitute 238 for d and 3.5 for tin the equation d = r-t. 


d=r-et 
238 = r-3.5 Substitute 238 for d and 3.5 for t. 
238 or +3.5 2 ; 
35 °° 35 Divide both sides by 3.5. 
68 =r Simplify. 


The car’s rate of speed for this trip was 68 mph. 


Tina drove her car at a rate of 60 mph from her home to Rochester. 
Her mother, Linda, made the same trip at a rate of 80 mph, and it took her 2 hours 
less than it took Tina to make the trip. How far is Tina’s home from Rochester? 


SOLUTION For this problem, begin by setting up a table showing the relevant 
information. Let f represent the time it took Tina to make the trip. Because it 
took Linda 2 hours less to make the trip, represent her time by rf — 2. Multiply 
each person’s rate of speed by the time she traveled to find the distance she 
traveled. 


Rate Time Distance (d = r-t) 
Tina 60t 
Linda 80 i= 2 80(t — 2) 


Because both trips were exactly the same distance, we get the equation by setting 
the expression for Tina’s distance equal to the expression for Linda’s distance and 
then solve for f. 


60t = 80(t — 2) 
60¢ = 80¢ — 160 Distribute. 
—20t = —160 Subtract 80t from both sides. 
t=8 Divide both sides by —20. 


At this point, we must be careful to answer the appropriate question. We were 
asked to find the distance traveled. We can substitute 8 for tin either of the expres- 
sions for distance. Using the expression for the distance traveled by Tina, 
60¢ = 60(8) = 480. Using the expression for the distance traveled by Linda, 
80(t — 2), produces the same result. Tina’s home is 480 miles from Rochester. 


Quick Check 5 


Jake drove at a rate of 85 mph for a certain 
amount of time. His brother Elwood then 
took over as the driver. Elwood drove at a 
rate of 90 mph for 3 hours longer than Jake 
had driven. If the two brothers drove a total 
of 970 miles, how long did Elwood drive? 
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Other Problems 


Objective 6 Solve other applied problems. 


One number is 5 more than twice another number. If the sum of the 
two numbers is 80, find the two numbers. 


SOLUTION _ In this problem, there are two unknown numbers. Let one of the num- 
bers be x. Because one number is 5 more than twice the other number, we can rep- 
resent the other number as 2x + 5. 


Unknown 


First: x 
Second: 2x + 5 


Finally, we know that the sum of these two numbers is 80, which leads to the equa- 
tion x + 2x + 5 = 80. 
x +2x+5 = 80 
3x + 5 = 80 Combine like terms. 
3x = 75 Subtract 5 from both sides. 
x = 25 Divide both sides by 3. 


Now substitute this solution to find the two unknown numbers. 


First: x = 25 
Second: 2x + 5 = 2(25) +5 =50+5=55 


The two numbers are 25 and 55. The sum of these two numbers is 80. 


Quick Check 6 


A number is 1 more than five times another number. If the sum of the two 
numbers is 103, find the two numbers. 


This section concludes with a problem involving coins. 


Ernie has nickels and dimes in his pocket. He has 5 more dimes 
than nickels. If Ernie has $2.30 in his pocket, how many nickels and dimes does he 
have? 


SOLUTION We know that the amount of money that Ernie has in nickels and 
dimes totals $2.30. Because the number of dimes is given in terms of the number 
of nickels, let n represent the number of nickels. Because we know that Ernie has 
5 more dimes than nickels, we can represent the number of dimes byn + 5.A 
table can be quite helpful in organizing this information, as well as in finding the 
equation. 


Number of Coins Value of Coin Amount of Money 
Nickels n 0.05 0.05n 
Dimes | n+5 | 0.10 | 0.10(n + 5) 
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The amount of money that Ernie has in nickels and dimes is equal to $2.30. 


0.05n + 0.10(n + 5) = 2.30 


0.051 + 0.10n + 0.50 = 2.30 Distribute. 


0.15 + 0.50 = 2.30 Combine like terms. 
0.15n = 1.80 Subtract 0.50 from both sides. 
n=12 Divide both sides by 0.15. 


The number of nickels is 12. The number of dimes (7 + 5) is 12 + 5, or 17. Ernie 
has 12 nickels and 17 dimes. You are responsible for verifying that these coins are 


Quick Check 7 worth a total of $2.30. 


Bert has a pocketful of nickels 
and quarters. He has 13 more 
nickels than quarters. If Bert 
has $3.35 in his pocket, how 
many nickels and quarters does 
he have? 


BUILDING YOUR STUDY STRATEGY 


Using Your Textbook, 3 Supplementing Notes and Using Examples When 
you are rewriting your classroom notes, your textbook can be helpful in sup- 
plementing those notes. If your instructor gave you a set of definitions in class, 


look up the corresponding definitions in the textbook. 

You also should keep the textbook handy while you are working on your 
homework. If you are stuck on a particular problem, look through the section 
for an example. It may give you an idea about how to proceed. 
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Vocabulary 


7. If you let x represent the first of three consecutive 
odd integers, you can represent the other two inte- 


1. Which equation can be used to solve 7 less than 


twice a number is 23? 
a) 2(n — 7) = 23 
c) 7 — 2n = 23 


b) 2n — 7 = 23 


. State the formula for the perimeter of a rectangle. 


. Ifa rectangle has a perimeter of 80 feet and its length 


is 8 feet less that 3 times its width, which equation 
can be used to find the dimensions of the rectangle? 


a) 2(W — 8) + 2(3W) = 80 
b) 2(3W — 8) + 2W = 80 
c) 2(L) + 2(3L — 8) = 80 


. Consecutive integers are integers that are 


unit(s) apart on a number line. 


. If you let x represent the first of three consecutive 


integers, you can represent the other two integers by 
and 


. If you let x represent the first of three consecutive 


even integers, you can represent the other two inte- 
gers by and 


13. 


gers by and 


. Charles has 7 fewer $5 bills than $10 bills. The total 


value of these bills is $265. Which equation can be 
used to determine how many of each type of bill 
Charles has? 


a) 5(n — 7) + 10n = 265 
b) 5n — 7 + 10n = 265 
c) 5n + 10(n — 7) = 265 
d) 5n + 10n — 7 = 265 


. Five more than twice a number is 97. Find the number. 


. Eighteen more than 7 times a number is 109. Find the 


number. 


. Eight less than 5 times a number is 717. Find the 


number. 


. Nine less than 3 times a number is 42. Find the 


number. 


When 3.2 is added to 6 times a number, the result is 


56.6. Find the number. 


88 


CHAPTER2 Linear Equations 


14, When 17.2 is subtracted from twice a number, the re- 


sult is 11.4. Find the number. 


15. The width of a rectangle is 5 meters less than its 


16. 


17. 


18. 


20. 


21. 


22. 


23. 


24. 


25. 


length, and the perimeter is 26 meters. Find the length 
and width of the rectangle. 


A rectangle has a perimeter of 62 feet. If its length is 
9 feet longer than its width, find the dimensions of the 
rectangle. 


A rectangular patio has a perimeter of 56 feet. If the 
length of the patio is 2 feet less than twice the width, 
find the dimensions of the patio. 


A rectangular sheet of paper has a perimeter of 39 
inches. The length of the paper is 6 inches less than twice 
its width. Find the dimensions of the sheet of paper. 


. A rectangle has a perimeter of 130 centimeters. If the 
length of the rectangle is 4 times its width, find the 
dimensions of the rectangle. 


A homeowner has a rectangular garden in her back- 
yard. The length of the garden is 9 times as long as the 
width, and the perimeter is 160 feet. Find the dimen- 
sions of the garden. 


A square has a perimeter of 220 feet. What is the 
length of one of its sides? 


The bases in a Major League Baseball infield are set 
out in the shape of a square. When Kevin Youkilis hits 
a home run, he has to run 360 feet to make it all the 
way around the bases. How far is the distance from 
home plate to first base? 


An equilateral triangle has a perimeter of 135 cen- 
timeters. Find the length of each side of this triangle. 


The third side of an isosceles triangle is 2 inches 
shorter than each of the other two sides. If the perime- 
ter of this triangle is 67 inches, find the length of each 
side. 


One side of a triangle is 5 inches longer than the side 
that is the base of the triangle. The third side is 


26. 


27. 


28. 


7 inches longer than the base. If the perimeter is 
36 inches, find the length of each side. 


Two sides of a triangle are 3 feet and 6 feet longer 
than the third side of the triangle. If the perimeter of 
the triangle is 36 feet, find the length of each side. 


A circle has a circumference of 69.08 inches. Use 
a © 3.14 to find the radius of the circle. 


A circle has a circumference of 487 inches. Find its 
radius. 


Two positive angles are said to be complementary if 


their measures add up to 90°. 


29. 


Angles A and B are complementary angles. If the 
measure of angle A is 30° more than the measure of 
angle B, find the measures of the two angles. 


. Angles A and B are complementary angles. Angle A 


is 15° less than angle B. Find the measures of the two 
angles. 


. An angle is 10° more than 3 times its complementary 


angle. Find the measures of the two angles. 


. An angle is 6° less than twice its complementary an- 


gle. Find the measures of the two angles. 


Two positive angles are said to be supplementary if 
their measures add up to 180°. 


33. 


34. 


An angle is 12° more than 3 times its supplementary 
angle. Find the measures of the two angles. 

An angle is 39° less than twice its supplementary an- 
gle. Find the measures of the two angles. 


The measures of the three angles inside a triangle 


total 180°. 


35. 


One angle in a triangle is 10° more than the smallest 
angle in the triangle, while the other angle is 20° more 
than the smallest angle. Find the measures of the 
three angles. 


. A triangle contains three angles: A, B, and C. Angle B 


is twice angle A, and angle C is 20° more than angle 
A. Find the measures of the three angles. 


. If the perimeter of a rectangle is 104 inches and the 


length of the rectangle is 6 inches more than its width, 
find the area of the rectangle. 


. If the perimeter of a rectangle is 76 inches and the 


width of the rectangle is 4 inches less than its length, 
find the area of the rectangle. 


39. 


45. 


47. 


54. 


A rectangle has a perimeter of 46 inches. The length of 
the rectangle is 7 inches shorter than twice its width. If 
a square’s side is as long as the length of this rectangle, 
find the perimeter of the square. 


. A rectangular pen with a perimeter of 200 feet is di- 


vided into four square pens by building three fences 
inside the rectangular pen as follows: 


| | 


a) What are the original dimensions of the rectangu- 
lar pen? 

b) What is the total length of the three sections of 
fencing that were added inside the rectangular 
pen? 


c) If the additional fencing cost $2.85 per foot, find 
the cost of the fencing required to make the four 
rectangular pens. 


. The sum of three consecutive integers is 459. Find the 


three integers. 


. The sum of three consecutive integers is 186. Find the 


three integers. 


. The sum of three consecutive even integers is 246. 


Find the integers. 


. The sum of five consecutive odd integers is 755. Find 


the integers. 


The sum of four consecutive odd integers is 304. Find 
the integers. 


. The sum of four consecutive even integers is 508. Find 


the integers. 


The smallest of three consecutive integers is 18 less 
than the sum of the two larger integers. Find the three 
integers. 


. There are three consecutive odd integers, and the sum 


of the smaller two integers is 49 less than 3 times the 
largest integer. Find the three odd integers. 


. A.J. drove his race car at a rate of 125 miles per hour 


for 4 hours. How far did he drive? 


. Angela made the 300-mile drive to Las Vegas in 6 hours. 


What was her average rate for the trip? 


. If Mario drives at a rate of 68 miles per hour, how 


long will it take him to drive 374 miles? 


. A bullet train travels 240 kilometers per hour. How 


far can it travel in 45 minutes? 


. Janet swam a 50-meter race in 28 seconds. What was 


her speed in meters per second? 


In 1927, Charles Lindbergh flew his airplane, Spirit of 
St. Louis, 3500 miles from New York City to Paris in 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 
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33.5 hours. What was his speed for the trip, to the 
nearest tenth of a mile per hour? 


Susan averaged 80 miles per hour on the way to 
Phoenix to make a sales call. On the way home, she 
averaged 70 miles per hour and it took her 1 hour 
longer to drive home than it did to drive to Phoenix. 


a) What was the total driving time for Susan’s trip? 


b) How far does Susan live from Phoenix? 


Geoffrey drove 60 miles per hour on the way to visit 
his parents. On the way back to school, he drove 75 
miles per hour and it took him 1 hour less than it did 
to drive to his parents’ home. 


a) What was the total driving time for Geoffrey’s 
trip? 

b) How far is Geoffrey’s school from his parents’ 
home? 


Don started driving east at a rate of 60 miles per hour. 
If Dennis leaves the same place 2 hours later heading 
east at a rate of 80 miles per hour, how long will it 
take him to catch up to Don? 


Maxine started driving south at a rate of 50 miles per 
hour. One hour later Claudia started riding her mo- 
torcycle south at a rate of 70 miles per hour. How long 
will it take Claudia to catch Maxine? 


Lance heads directly east at a constant rate of 25 
miles per hour. One hour later, Levi leaves the same 
spot heading directly west at a constant rate of 20 
miles per hour. How long after Levi leaves will the 
two cyclists be 250 miles apart? 


This morning a train left the station heading directly 
north at 50 miles per hour. Two hours later a bus left 
the same station heading directly south at 60 miles 
per hour. How long after the bus leaves the station 
will the bus and the train be 650 miles apart? 


One number is 17 more than another. If the sum of 
the two numbers is 71, find the two numbers. 

One number is 20 more than another. If the sum of 
the two numbers is 106, find the two numbers. 

One number is 8 less than another number. If the sum 
of the two numbers is 96, find the two numbers. 

One number is 27 less than another number. If the 
sum of the two numbers is 153, find the two numbers. 
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65. One number is 5 more than another number. If the 70. For a matinee, a movie theater charges $4.50 for chil- 
smaller number is doubled and added to 3 times the dren and $6.75 for adults. At today’s matinee, there are 
larger number, the sum is 80. Find the two numbers. 20 more children than adults and the total receipts are 


$405. How many children are at today’s matinee? 
66. One number is 11 more than another number. If 3 
times the smaller number is added to 5 times the larger 
number, the sum is 191. Find the two numbers. 
67. Chris has a jar with dimes and quarters in it. The jar has 
7 more quarters in it than dimes. If the total value of the | Answer in complete sentences. 
coins is $5.60, how many quarters are in the jar? 


v= Writing in Mathematics 


71. Write a word problem involving a rectangle whose 
length is 50 feet and whose width is 20 feet. Explain 


68. Kay’s change purse has nickels and dimes in it. The how you created your problem. 


number of nickels is 5 more than twice the number of 


dimes. If the total value of the coins is $4.05, how ” : 4 bl h lution is Th 
many nickels are in Kay’s purse? . Write a word problem whose solution is There were 


70 children and 40 adults in attendance. Explain how 


69. The film department held a fund-raiser by showing you created your problem. 


the movie 7. Admission was $4 for students and $7 
for nonstudents. The number of students who at- 
tended was 10 more than 4 times the number of non- 
students who attended. If the department raised $500, 
how many students attended the movie? 


OBJECTIVES 


(1. _Use the basic percent equation to find an unknown amount, base, or 
percent. 


2 Solve applied problems using the basic percent equation. 

@ Solve applied problems involving percent increase or percent decrease. 
4 Solve problems involving interest. 

‘5 Solve mixture problems. 

6 Solve for variables in proportions. 

7 Solve applied problems involving proportions. 


The Basic Percent Equation 


Objective 1 Use the basic percent equation to find an unknown amount, 
base, or percent. We know that 40 is one-half of 80. Because the fraction 5 is the 
same as 50%, we also can say that 40 is 50% of 80. In this example, the number 40 is 
referred to as the amount and the number 80 is referred to as the base. The basic 
equation relating these two quantities reflects that the amount is a percentage of the 
base, or 


Amount = Percent: Base. 


In this equation, it is important to express the percent as a decimal or a fraction 
rather than a percent. Obviously, it is crucial to identify the amount, the percent, and 
the base correctly. It is a good idea to write the information in the following form: 


is % of 
(Amount) (Percent) (Base) 
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What number is 40% of 45? 


SOLUTION Letting n represent the unknown number, write the information as 
follows: 


n is 40 % of 45 
(Amount) (Percent) (Base) 


We see that the amount is n; the percent is 40%, or 0.4; and the base is 45. 
Now translate this information to an equation, making sure the percent is writ- 
ten as a decimal rather than a percent. 
n = 0.4(45) 
n= 18 Multiply. 
Quick Check 1 
25% of 44 is what number? 


We find that 18 is 40% of 45. 


A WORD OF CAUTION When using the basic percent equation, make sure you rewrite the 
percent as a decimal or a fraction before solving for an unknown amount or base. 


Eight percent of what number is 12? 


SOLUTION Letting n represent the unknown number, rewrite the information as 
follows: 


12 is 8 % of n 
(Amount) (Percent) (Base) 


The amount is 12, the percent is 8%, and the base is unknown. Make sure you write 
the percent as a decimal before working with the equation. 


12 = 0.08n 
12 0.081 ia : 
008 > 0.08 Divide both sides by 0.08. 
150 =n Simplify. 
Quick Check 2 Eight percent of 150 is 12. 
39 is 60% of what number? 
What percent of 75 is 39? 


SOLUTION In this problem, the percent is unknown. Letting p represent the per- 
cent, write the information as follows: 


39 is P % of 75 
(Amount) (Percent) (Base) 


Now translate directly to the basic percent equation and solve it. 


39 = p-75 
ae ee ; 
757 75 Divide both sides by 75. 


0.52 = p Simplify. 
Quick Check 3 
56 is what percent of 80? 


0.52 is equivalent to 52%, so 39 is 52% of 75. 


A WORD OF CAUTION After using the basic percent equation to solve for an unknown 
percent, make sure you rewrite the solution as a percent by multiplying by 100%. 
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Quick Check 4 


Of the 500 children who attend 
an elementary school, 28% buy 


their lunch at school. How many 


children buy their lunch at this 
school? 


E LD@y=*aNDIO 


ole 


aristide 


Quick Check 5 


Lee bought a new car for $30,000 


three years ago, and now it is 
worth $13,800. Find the percent 
decrease in the value of the car. 


When using the basic percent equation to solve for an unknown percent, keep in mind 
that the base is not necessarily the larger of the two given numbers. For example, if we 
are trying to determine what percent of 80 is 200, the base is the smaller number (80). 


Applications 


Objective 2 Solve applied problems using the basic percent equation. 
Now we will use the basic percent equation to solve applied problems. We will con- 
tinue to use the strategy for solving applied problems developed in Section 2.3. 


There are 7107 female students at a certain community college. If 
60% of all students at the college are female, what is the total enrollment of the 
college? 


SOLUTION We know that 60% of the students are female, so the number of 
female students (7107) is 60% of the total enrollment. Letting n represent the 
unknown total enrollment, write the information as follows: 


7107 is 60 % of n 


(Amount) (Percent) (Base) 
Translate this sentence to an equation and solve. 
7107 = 0.6n 
11,845 =n Divide both sides by 0.6. 


There are 11,845 students at the college. 


Percent Increase and Percent Decrease 


Objective 3 Solve applied problems involving percent increase or per- 
cent decrease. Percent increase is a measure of how much a quantity has in- 
creased from its original value. The amount of increase is the amount in the basic 
percent equation, while the original value is the base. 


Amount of Increase = Percent + Original 


Percent decrease is a similar measure of how much a quantity has decreased 
from its original value. 


An art collector bought a lithograph for $2500. After three years, 
the lithograph was valued at $3800. Find the percent increase in the value of the 
lithograph over the three years. 


SOLUTION The amount of increase in value is $1300 because 3800 — 2500 = 1300. 
We need to determine what percent of the original value is the increase in value. Let- 
ting p represent the unknown percent, write the information as follows: 


% of —_ 2500 
(Base) 


1300 _ is P 
(Amount) (Percent) 


This translates to the equation 1300 = p-2500, which we can solve. 


1300 = p-2500 


0.52 = p Divide both sides by 2500. 


Converting this decimal result to a percent, we see that the lithograph increased in 
value by 52%. 


Quick Check 6 


A department store bought a 
shipment of MP3 players for 
$42 each wholesale. If the store 
marks the MP3 players up by 
45%, what is the selling price 
of an MP3 player? 
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A WORD OF CAUTION When solving problems involving percent increase or percent de- 
crease, remember that the base is always the orginal amount. 


Percents are involved in many business applications. One such problem is determin- 
ing the sale price of an item after a percent discount has been applied. 


A department store is having a “20% off” sale, so all prices have 
been reduced by 20% of the original price. If a robe was originally priced at $37.50, 
what is the sale price after the 20% discount? 


SOLUTION Begin by finding the amount by which the original price has been dis- 
counted. Let d represent the amount of the discount. Because the amount of the dis- 
count is 20% of the original price ($37.50), we can write the information as follows: 


d is 20 % of __ $37.50 
(Amount) (Percent) (Base) 


This translates to the equation d = 0.2(37.50), which we solve for d. 


d = 0.2(37.50) 
d = 7.50 Multiply. 


The discount is $7.50, so the sale price is $37.50 — $7.50, or $30.00. 


Interest 


Objective 4 Solve problems involving interest. Interest is a fee a borrower 
pays for the privilege of borrowing a sum of money. Banks also pay interest to cus- 
tomers who deposit money in their institutions. Simple interest is calculated as a 
percentage of the principal, which is the amount borrowed or deposited. If r is the 
annual interest rate, the simple interest (J) owed on a principal (P) is given by the 
formula J = P+r-+t, where fis time in years. 

If an investor deposited $3000 in an account that paid 4% annual interest for one 
year, we could determine how much money would be in the account at the end of one 
year by substituting 3000 for P, 0.04 for r, and 1 for fin the formula J = P-r-t. 


l=Prrct 
I = 3000(0.04)(1) Substitute 3000 for P, 0.04 for r, and 1 for t. 
I = 120 Multiply. 


The interest earned in one year is $120. There is $3000 plus the $120 in interest, or 
$3120, in the account after one year. 


Martha invested some money in an account that paid 6% annual 
interest. Her friend Stuart found an account that paid 7% interest, and he invested 
$5000 more in this account than Martha did in her account. If the pair earned a to- 
tal of $1650 in interest from the two accounts in one year, how much did Martha 
invest? How much did Stuart invest? 


SOLUTION Letting x represent the amount Martha invested at 6%, use x + 5000 
to represent the amount Stuart invested at 7%. The equation for this problem 
comes from the fact that the interest earned in each account must add up to $1650. 
Use a table to display the important information for this problem. 


Investor | Principal (P) | Rate (r) | Time (t) | Interest / = P-r-t 
Martha XG 0.06 1 0.06x 


Stuart x + 5000 0.07 il 0.07(x + 5000) 
Total 1650 
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Quick Check 7 


Mark invested money in two 
accounts. One account paid 3% 
annual interest, and the other 
account paid 5% annual interest. 
He invested $2000 more in the 
account that paid 5% interest 
than in the account that paid 3% 
interest. If Mark earned a total 
of $500 in interest from the two 
accounts in one year, how much 
did he invest in each account? 


Quick Check 8 


Patsy invested a total of $1900 
in two accounts. One account 
paid 4% annual interest, and 
the other account paid 5% an- 
nual interest. If Patsy earned a 
total of $86.50 in interest from 
the two accounts, how much 
did she invest in each account? 


The interest from the first account is 0.06x, and the interest from the second ac- 
count is 0.07(x + 5000); so their sum must be $1650. Essentially, we can find this 
equation in the final column in the table. 


0.06x + 0.07(x + 5000) = 1650 
0.06x + 0.07x + 350 = 1650 
0.13x + 350 = 1650 Combine like terms. 
0.13x = 1300 Subtract 350 from both sides. 
x = 10,000 Divide both sides by 0.13. 


Distribute. 


Because x = 10,000, the amount Martha invested at 6% interest (x) is $10,000 and 
the amount Stuart invested at 7% interest (x + 5000) is $15,000. You may verify 
that Martha earned $600 in interest and Stuart earned $1050 in interest, which 
totals $1650. 


Donald loaned a total of $13,500 to two borrowers, Carolyn and 
George. Carolyn paid 8% annual interest, while George paid 12%. If Donald 
earned a total of $1320 in interest from the two borrowers in one year, how much 
did Carolyn borrow? How much did George borrow? 


SOLUTION Letting x represent the amount that Carolyn borrowed, use 
13,500 — x to represent the amount George borrowed. (By subtracting the 
amount Carolyn borrowed from $13,500, we are left with the amount George bor- 
rowed.) The equation for this problem comes from the fact that the interest earned 
by Donald must add up to $1320. Again, use a table to display the important infor- 
mation for this problem. 


Borrower | Principal (P) | Rate (r) | Time (é) | Interest / = P-r 

Carolyn 0.08x 

George 1S 00R ee 0.12 1 0.12(13,500 — x) 
Total | 13,500 | | | 1320 


The interest paid by Carolyn is 0.08x, and the interest paid by George is 
0.12(13,500 — x); so their sum must be $1320. Again, we can find this equation in 
the final column in the table. 


0.08x + 0.12(13,500 — x) = 1320 
0.08x + 1620 — 0.12x = 1320 
—0.04x + 1620 = 1320 Combine like terms. 
—0.04x = —300 Subtract 1620 from both sides. 
x = 7500 Divide both sides by —-0.04. 


Distribute. 


Because x = 7500, the amount Carolyn borrowed is $7500 and the amount 
George borrowed (13,500 — x) is $6000. You may verify that Carolyn paid $600 in 
interest and George paid $720 in interest, which totals $1320. 


Mixture Problems 


Objective 5 Solve mixture problems. The next example is a mixture problem. 
In this problem, we will be mixing two solutions that have different concentrations of 
alcohol to produce a mixture whose concentration of alcohol is somewhere between 
the two individual solutions. We will determine how much of each solution should be 
used to produce a mixture of the desired specifications. 


Quick Check 9 


Marie had one solution that 
was 30% alcohol and a second 
solution that was 42% alcohol. 
How many milliliters of each 
solution should be mixed to 
make 80 milliliters of a solution 
that is 39% alcohol? 
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A chemist has two solutions. The first is 20% alcohol, and the sec- 
ond is 30% alcohol. How many milliliters (mL) of each solution should she use if 
she wants to make 40 mL of a solution that is 24% alcohol? 


SOLUTION Let x represent the volume of the 20% alcohol solution in milliliters. 
We need to express the volume of the 30% solution in terms of x as well. Because 
the two quantities must add up to 40 mL, the volume of the 30% solution can be 
represented by 40 — x. 

The equation that solves this problem is based on the volume of alcohol in 
each solution as well as the volume of alcohol in the mixture. When we add the vol- 
ume of alcohol that comes from the 20% solution to the volume of alcohol that 
comes from the 30% solution, it should equal the volume of alcohol in the mixture. 

Because we want to end up with 40 mL of a solution that is 24% alcohol, this 
solution should contain 0.24(40) = 9.6 mL of alcohol. The following table, which is 
similar to the one used in the previous example involving interest, presents all of 
the information: 


Solution Volume of Solution (mL) | % Alcohol | Volume of Alcohol (mL) 
Solution 1 (20%) BG 0.2 Ox 


Solution 2 (30%) 40 — x Os) 0.3(40 — x) 


Mixture 40 0.24 0.24(40) = 9.6 


Alcohol from Solution 1 + Alcohol from Solution 2 = Alcohol in Mixture 
0.2x + 0.3(40 — x) = 9.6 


Now solve the equation for x. 


0.2x + 0.3(40 — x) = 9.6 
0.2x + 12 — 0.3x = 9.6 Distribute. 
—0.1lx + 12 = 9.6 Combine like terms. 
—0.1x = —2.4 Subtract 12 from both sides. 
x = 24 Divide both sides by —0.1. 


Because x represented the volume of the 20% alcohol solution that the chemist 
should use, she should use 24 mL of the 20% solution. Subtracting this amount 
from 40 mL tells us that she should use 16 mL of the 30% alcohol solution. 


Ratio and Proportion 


A ratio is a comparison of two quantities using division and is usually written as a 
fraction. Suppose a first-grade student has 20 minutes to eat her lunch, and this is 
followed by a 30-minute recess. The ratio of the time for lunch to the time for recess 
is oa which can be simplified to . This means that for every 2 minutes of eating time, 
there are 3 minutes of recess time. 


Objective 6 Solve for variables in proportions. Ratios are important tools 
for solving some applied problems involving proportions. A proportion is a state- 
ment of equality between two ratios. In other words, a proportion is an equation in 
which two ratios are equal to each other. Here are a few examples of proportions. 


5 n 8 5 9 4x +5 
8 56 11 on 2 x 


The cross products of a proportion are the two products obtained when we 
multiply the numerator of one fraction by the denominator of the other fraction. 
The two cross products for the proportion 5 = 7 are a:d and b:c. 
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Quick Check 10 
Solve 3 = ie 


When we solve a proportion, we are looking for the value of the variable that 
produces a true statement. We use the fact that the cross products of a proportion 
are equal if the proportion is indeed true. 


i= = thenged = bee. 


b od 


Consider the two equal fractions 3 and <. If we write these two fractions in the 
form of an equation 7 = 4 both cross products (3-10 and 6-5) are equal to 30. 
This holds true for any proportion. 

To solve a proportion, we multiply each numerator by the denominator on the 
other side of the equation and set the products equal to each other. We then solve 
the resulting equation for the variable in the problem. This process is called cross 
multiplying and will be demonstrated in the next example. 


3 n 
Solve i = &. 


SOLUTION Begin by cross multiplying. Multiply the numerator on the left by the 
denominator on the right (3-68) and multiply the denominator on the left by the 
numerator on the right (4-7). 

Then write an equation that states that the two products are equal to each 
other and solve the equation. 


3-68 Aen 3 n 


ton 
368 =4-n Cross multiply. 


204 = 4n Multiply. 
Sl=n Divide both sides by 4. 


The solution set is {51}. 


A WORD OF CAUTION When solving a proportion, cross multiply. Do not “cross-cancel.” 


Applications of Proportions 


Objective 7 Solve applied problems involving proportions. Now we turn 
our attention to applied problems involving proportions. 


Studies show that 1 out of every 9 people is left-handed. In a sam- 
ple of 216 people, how many would be left-handed according to these studies? 


SOLUTION Begin by setting up a ratio based on the known information. Because 
1 person out of every 9 is left-handed, the ratio is 5: Notice that the numerator rep- 
resents the number of left-handed people while the denominator represents the 
number of all people. When setting up a proportion, keep this ordering consistent. 
This given ratio will be the left side of the proportion. To set up the right side of 
the proportion, write a second ratio relating the unknown quantity to the given 
quantity. The unknown quantity is the number of left-handed people in the group 
of 216 people. Let n represent the number of left-handed people. The proportion 
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left-handed ) 
tal 


= is consistent 


then is 5 = 54. Again, make sure the ratio on the left side ( 
with the ratio on the right side. Thus, 


1 n 
9 216 
216 = 9n Cross multiply. 
24=n Divide both sides by 9. 


According to these studies, there should be 24 left-handed people in the group of 
216 people. 


Quick Check 11 


Studies show that 4 out of 5 dentists recommend sugarless gum for their patients 
who chew gum. In a group of 85 dentists, according to these studies, how many 
would recommend sugarless gum to their patients? 


Another use of proportions is for dimensional analysis: the process of converting 
from one unit to another. Here is a set of unit conversions that will allow us to con- 
vert from the English system of measurement to the metric system of measurement. 


Conversions 
Length 

1 kilometer (km) ~ 0.62 mile (mi) 1mi © 1.61 km 
1 meter (m) ~ 3.28 feet (ft) 1 ft ~ 0.305 m 


1 centimeter (cm) * 0.39 inch (in.) lin. © 2.54 cm 


Volume 

1 liter (L) © 0.264 gallons (gal) 1 gal © 3.785 L 
Mass 

1 kilogram (kg) © 2.2 pounds (Ib) 1lb = 0.454 kg 
1 gram (g) © 0.035 ounce (oz) loz ~ 28.35 g 


Convert 80 meters to feet. 


SOLUTION Toconvert from meters to feet, we have a choice of two conversion 
factors: 1m ~ 3.28 ft or 1 ft © 0.305 m. (Note that depending on which conversion 
factor is used, answers may vary slightly.) Use 1m ~ 3.28 ft to set up a proportion, 
letting n represent the number of feet in 80 m. 


1 80 
Sano = Set up the proportion with meters in the 


3.28 numerator and feet in the denominator. 
n = 262.4 Cross multiply. 


There are 262.4 ft in 80 m. (If we had used 1 ft ~ 0.305 m as the conversion factor, 
the answer would have been 262.3 feet.) 


Quick Check 12 
Use the fact that 1 lb ~ 0.454 kg to convert 175 pounds to kilograms. 
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BUILDING YOUR STUDY STRATEGY 


Using Your Textbook, 4 Creating Note Cards Your textbook can be used to 
create a series of note cards for studying new terms and procedures or difficult 
problems. Each time you find a new term in the textbook, write the term on one 
side of a note card and the definition on the other side. Collect all of these cards 
and cycle through them, reading the term and trying to recite the definition by 
memory. You can do the same thing for each new procedure introduced in the 
textbook. 

If you are struggling with a particular type of problem, find an example that 
has been worked out in the text. Write the problem on the front of the card and 
write the complete solution provided on the back of the card. As you cycle 
through the cards, try to solve the problem and then check the solution pro- 
vided on the back of the card. 

Some students have trouble recalling only the first step for solving particular 
problems. If you are in this group, you can write a series of problems on the 
front of some note cards and the first step on the back of the cards. You can 


then cycle through these cards in the same way. 


Vocabulary 
1. 


. In a percent problem, the 


State the basic percent equation. 


is a percentage 
of the base. 


. Percent increase is a measure of how much a quan- 


tity has increased from its 


. Simple interest is calculated as a percentage of the 


. State the formula for calculating simple interest. 


18. 
19. 
20. 
21. 


22. 


23. 


<= 
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What percent of 24 is 108? 

Fifty-five is 125% of what number? 

What is 600% of 53? 

Thirty percent of the M&Ms in a bowl are brown. If 
there are 280 M&Ms in the bowl, how many are 
brown? 

A doctor helped 320 women deliver their babies last 
year. Sixteen of these women had twins. What percent 
of the doctor’s patients had twins? 

Forty percent of the registered voters in a certain 
precinct are registered as Democrats. If 410 of the 
registered voters in the precinct are registered as 


6. A(n) _______ is a comparison of two quantities Democrats, how many registered voters are in the 
using division and is usually written as a fraction. precinct? 

7. A(n) is a statement of equality 24. An online retailer adds a 15% charge to all items for 
between two ratios. shipping and handling. If a shipping-and-handling fee 

8. If¢ = §,thena-d = of $96 is added to the cost of a computer, what was 


. Forty-five percent of 80 is what number? 
. What percent of 130 is 91? 

. Forty percent of what number is 92? 

. Fifty-seven is 6% of what number? 

. What percent of 256 is 224? 


25. 


26. 


27. 


the original price of the computer? 


A certain brand of rum is 40% alcohol. How many 
milliliters of alcohol are there in a 750-milliliter bottle 
of rum? 


A certificate of deposit (CD) pays 3.08% interest. 
Find the amount of interest earned in one year on a 
$5000 CD. 


Marlana invested $3500 in the stock market. After 


14. What number is 37% of 94? one year, her portfolio had increased in value by 17%. 
15. What is 375% of 104? What is the new value of her portfolio? 
16. Fifteen is what percent of 36? 28. Kristy bought shares of a stock valued at $48.24. If the 


. What is 240% of 68? 


stock price dropped to $30.15, find the percent de- 
crease in the value of the stock. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


The price of a gallon of milk increased by 26 cents. 
This represented a price increase of 8%. What was the 
original price of the milk? 


A bookstore charges its customers 32% over the 
wholesale cost of the book. How much does the book- 
store charge for a book that has a wholesale price of 
$64? 

A community college has 1600 parking spots on cam- 
pus. When it builds its new library, the college will lose 
120 of its parking spots. What will be the percent de- 
crease in the number of available parking spots? 


A community college had its budget slashed by 
$3,101,000. This represents a cut of 7% of its total 
budget from last year. What was last year’s budget? 


Last year the average SAT math score for students at 
a high school was 500. 


a) This year the average math score decreased by 
20%. Find the new average score. 

b) By how many points must the average math score in- 
crease to get back to last year’s average? 

c) By what percent do scores need to increase next 
year to bring the average score back to 500? 


During 2008, an auto plant produced 25% fewer cars 
than it had in 2007. Production fell by another 20% 
during 2009. By what percent will production have to 
increase in 2010 to make the same number of cars as 
the plant produced in 2007? 


Tina invested $30,000 in a stock. In the first year, the 
stock increased in value by 10%. In the second year, 
the stock decreased in value by 20%. What percent- 
age gain is required in the third year for Tina’s stock 
to return to its original value? (Round to the nearest 
tenth of a percent.) 


Khalid invested $100,000 in a mutual fund. In the first 
year, the mutual fund decreased in value by 25%. In the 
second year, the mutual fund increased in value by 
20%. What percentage gain is required in the third year 
for Khalid’s mutual fund to return to its original value? 
(Round to the nearest tenth of a percent.) 


In 2007, Donald’s stock portfolio decreased in value 
by 25%. In 2008, his stock portfolio decreased in 
value by another 40%. What percentage gain is re- 
quired in 2009 for Donald’s stock portfolio to return 
to the value it had at the beginning of 2007? (Round 
to the nearest tenth of a percent.) 


In 2007, Giada’s retirement fund decreased in value 
by 8%. In 2008, her retirement fund decreased in 
value by another 10%. What percentage gain is re- 
quired in 2009 for Giada’s retirement fund to return 
to the value it had at the beginning of 2007? (Round 
to the nearest tenth of a percent.) 


Janet invested her savings in two accounts. One of the 
accounts paid 2% interest, and the other paid 5% in- 
terest. Janet put twice as much money in the account 
that paid 5% as she put in the account that paid 2%. 


41. 


42. 


43. 


45. 


47. 


49. 


50. 


2.4 Exercises 99 
If she earned a total of $84 in interest from the two 
accounts in one year, find the amount invested in 
each account. 


. One of Jaleel’s mutual funds made a 10% profit last 


year, while the other mutual fund made an 8% profit. 
Jaleel had invested $1400 more in the fund that made 
an 8% profit than he did in the fund that made a 10% 
profit. If he made a $715 profit last year, how much was 
invested in each fund? 


Kamiran deposits a total of $6500 in savings accounts 
at two different banks. The first bank pays 4% interest, 
while the second bank pays 5% interest. If he earns a 
total of $300 in interest in one year, how much was de- 
posited at each bank? 


Dianne was given $35,000 when she retired. She in- 
vested some at 7% interest and the rest at 9% inter- 
est. If she earned $2910 in interest in one year, how 
much was invested in each account? 


Aurora invested $8000 in two stocks. One stock de- 
creased in value by 8%; the other, by 20%. If she lost 
a total of $1000 on these two stocks, how much was 
invested in the stock that decreased in value by 
8%? 


. Lebron invested $20,000 in two stocks. The first stock 


decreased in value by 3%, and the other decreased in 
value by 32%. If he lost a total of $5675 on these two 
stocks, how much was invested in the stock that de- 
creased in value by 32%? 


Marquis invested $4800 in two mutual funds. Last 
year one of the funds went up by 6% and the other 
fund went down by 5%. If his portfolio increased in 
value by $90 last year, how much did Marquis invest 
in the fund that earned a 6% profit? 


. Veronica received a $50,000 insurance settlement. She 


invested some of the money in a bank CD that paid 
3.5% annual interest and invested the rest in a stock. 
In one year, the stock decreased in value by 30%. If 
Veronica lost $1600 from her $50,000 investment, how 
much did she put in the bank CD? 


A mechanic has two antifreeze solutions. One is 70% 
antifreeze, and the other is 40% antifreeze. How 
much of each solution should be mixed to make 
60 gallons of a solution that is 52% antifreeze? 


. A chemist has two saline solutions. One is 2% salt, 


and the other is 6% salt. How much of each solution 
should be mixed to make 2 liters of a saline solution 
that is 3% salt? 


A dairyfarmer has some milk that is 5% butterfat as 
well as some lowfat milk that is 2% butterfat. How 
much of each needs to be mixed together to make 
1000 gallons of milk that is 3.2% butterfat? 


Patti has two solutions. One is 27% acid, and the 
other is 39% acid. How much of each solution should 
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51. 


52. 


53. 


54. 


55. 


56. 


be mixed together to make 9 liters of a solution that 
is 29% acid? 

A chemist has two solutions. One is 27% salt, and the 
other is 43% salt. How much of each solution should 


be mixed together to make 44 milliliters of a solution 
that is 39% salt? 


A chemist has two solutions. One is 6% acid and the 
other is 9% acid. How much of each solution should 
be mixed together to make 72 milliliters of a solution 
that is 8.5% acid? 


A chemist has two solutions. One 1s 40% alcohol, and 
the other is pure alcohol. How much of each solution 
should be mixed together to make 1.6 liters of a solu- 
tion that is 52% alcohol? 


A chemist has 60 milliliters of a solution that is 65% 
alcohol. She plans to add pure alcohol until the solu- 
tion is 79% alcohol. How much pure alcohol should 
she add to this solution? 


Paula has 400 milliliters of a solution that is 80% 


alcohol. She plans to dilute it so that it is only 50% al- 
cohol. How much water must she add to do this? 


A bartender has rum that is 40% alcohol. How much 
rum and how much cola need to be mixed together 
to make 5 liters of rum and cola that is 16% alcohol? 


Solve the proportion. 


2 n 5 n 
a a 
3 3 48 38 8 32 
20 45 92: 55 
59. aT 60. a0 ae 
3 n 7 n 
138 2 72 % 
63. = 64. = 
3 n+ 12 > 3n —2 
Bey =~ a8 6.9 = a8 
67 2n + 15 5n + 13 
“18 24 
n+ 10 1l-n 
. 40 48 


Set up a proportion and solve it for the following problems. 


69. 


70. 


At acertain community college, 3 out of every 5 stu- 
dents are female. If the college has 9200 students, how 
many are female? 


A day care center has a policy that there will be at 
least 4 staff members present for every 18 children. 
How many staff members are necessary to accommo- 
date 63 children? 


71. 


72. 


73. 


74. 


The directions for a powdered plant food state that 
3 tablespoons of the food need to be mixed with 
2 gallons of water. How many tablespoons need to be 
mixed with 15 gallons of water? 


Eight out of every 9 people are right-handed. If a fac- 
tory has 352 right-handed workers, how many left- 
handed workers are there at the factory? 


If 5 out of every 6 teachers in a city meet the mini- 
mum qualifications to be teaching and the city has 864 
teachers, how many do not meet the minimum quali- 
fications? 


A survey showed that 7 out of every 10 registered vot- 
ers in a county are in favor of a bond measure to raise 
money for a new college campus. If there are 140,000 
registered voters in the county, how many are not in 
favor of the bond measure? 


Convert the given quantity to the desired unit. Round to 
the nearest tenth if necessary. 


75. 
76. 
77. 
78. 
79. 
80. 


60 cm to in. 
150 mi to km 
15.2 L to gal 
6 gal to L 

80 kg to lb 
35 oz to g 


o===- Writing in Mathematics 


Answer in complete sentences. 


81. 


Write a word problem for the following table and 
equation. Explain how you created the problem. 


Interest 
I=Prr-t 
0.03x 


0.05(x + 10,000) 


Total 


2100 


Equation: 0.03x + 0.05(x + 10,000) = 2100 


82. Write a word problem for the following table and 
equation. Explain how you created the problem. 
Amount of % Amount of 
Solution | Solution (ml) | Alcohol | Alcohol (ml) 
Solution 1 x 0.38 0.38x 
Solution 2 60 — x 0.5 0.5(60 — x) 
Mixture 60 0.4 24 


Equation: 0.38x + 0.5(60 — x) = 24 
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Section 2.4 
Solve. 3. 2x + 2(x + 8) = 68 
1.4% +17 =41 4.x + 3(x + 2) = 2(x + 4) + 30 


2. 5x — 19 = 3x — 51 


OBJECTIVES 


@ Present the solutions of an inequality on a number line. 

@ Present the solutions of an inequality using interval notation. 

@ Solve linear inequalities. 

4 Solve compound inequalities involving the union of two linear inequalities. 

@ Solve compound inequalities involving the intersection of two linear 
inequalities. 

6 Solve applied problems using linear inequalities. 


Suppose you went to a doctor and she told you that your temperature was normal. 
This would mean that your temperature was 98.6° F. However, if the doctor told 
you that you had a fever, could you tell what your temperature was? No, all you 
would know is that it was above 98.6° F. If you let the variable t represent your tem- 
perature, this relationship could be written as t > 98.6. The expression f > 98.6 is 
an example of an inequality. An inequality is a mathematical statement comparing 
two quantities using the symbols < (/ess than) or > (greater than). It states that one 
quantity is smaller than (or larger than) the other quantity. 

Two other symbols that may be used in an inequality are = and =. The symbol = 
is read as less than or equal to, and the symbol = is read as greater than or equal to. 
The inequality x = 7 is used to represent all real numbers that are less than 7 or are 
equal to 7. Inequalities involving the symbols = or = are often called weak inequali- 
ties, while inequalities involving the symbols < or > are called strict inequalities be- 
cause they involve numbers that are strictly less than (or greater than) a given value. 


Presenting Solutions of Inequalities Using 
a Number Line 


Objective 1 Present the solutions of an inequality on a number line. 


Linear Inequality 


A linear inequality is an inequality containing linear expressions. 


A linear inequality often has infinitely many solutions, and it is not possible to list 
every solution. Consider the inequality x < 3. There are infinitely many solutions 
of this inequality, but the one thing the solutions share is that they are all to the 
left of 3 on the number line. Values located to the right of 3 on the number line are 
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Quick Check 1 
Graph the solutions of the 


greater than 3. All shaded numbers to the left are solutions of the inequality and 
can be represented on a number line as follows: 


10-9 -8 -7 -6 -5 -4-3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 


An endpoint of an inequality is a point on a number line that separates values 
that are solutions from values that are not. The open circle at x = 3 tells us that the 
endpoint is not included in the solution because 3 is not less than 3. If the inequality 
were x = 3, we would fill in the circle at x = 3. 

Here are three more inequalities with their solutions graphed on a number line: 


Inequality Solution 
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35 eS Sl 
10-9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 


Saying that a is less than b is equivalent to saying that 5 is greater than a. In other 
words, the inequality a < bis equivalent to the inequality b > a. This is an impor- 
tant piece of information, as we will want to rewrite an inequality so that the vari- 
able is on the left side of the inequality before we graph it on a number line. 


Graph the solutions of the inequality 1 > x on a number line. 


SOLUTION To avoid confusion about which direction should be shaded on the 
number line, before graphing the solutions, rewrite the inequality so that the vari- 
able is on the left side. Saying that 1 is greater than x is the same as saying that x is 
less than 1, or x < 1. The values that are less than 1 are to the left of 1 on the num- 


ber line. 


| se | {|—_}__|_|___} 
(0-0 8 $6 5 4-3 oT SS aS 6? 8B Oto 


inequality 8 < x on a number Interval Notation 


line. 


Objective 2 Present the solutions of an inequality using interval nota- 
tion. Another way to present the solutions of an inequality is by using interval no- 
tation. A range of values on a number line, such as the solutions of the inequality 
x = 4, is called an interval. Inequalities typically have one or more intervals as 
their solutions. Interval notation presents an interval that is a solution by listing its 
left and right endpoints. We use parentheses around the endpoints if the endpoints 
are not included as solutions, and we use brackets if the endpoints are included as 
solutions. 

When an interval continues on indefinitely to the right on a number line, we 
will use the symbol © (infinity) in place of the right endpoint and follow it with a 
parenthesis. Let’s look again at the number line associated with the solutions of the 


inequality x = —4. 


‘i i i 
1020 <8 7 645 =4 3-21 0 1 2 9 4 5 6 7 8 9 10 


The solutions begin at —4 and include any number that is greater than —4. The 
interval is bounded by —4 on the left side and extends without bound on the 
right side, which can be written in interval notation as [—4, co). The endpoint —4 
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is included in the interval, so we write a square bracket in front of it because it is a 
solution. We always write a parenthesis after 00, because it is not an actual number 
that ends the interval at that point. 

If the inequality had been x > —4 instead of x = —4, we would have written a 
parenthesis rather than a square bracket before —4. In other words, the solutions of 
the inequality x > —4 can be expressed in interval notation as (—4, co). 

For intervals that continue indefinitely to the left on a number line, we use — 00 
in place of the left endpoint. 

Here is a summary of different inequalities with the solutions presented on a 
number line and in interval notation. 


Inequality Number Line Interval Notation 
x a (4, co) 
a lO-2 Sh =F GH Sed Bawa OM 1 2 3 4S G6 7 8B Y WO 
x= 4 < + |__|» [4, oo) 
O99 S$ se sO = -beaio2sl O tl 2345 6 7 8 9 10 
ee > (00,4) 
a 1W=9 S33 =< =F SF Abosozaol MO i 2Zad ss 6 7 8B Y iO 
fp ee es (seo) 
OD 3 =f =G = = B21 © ll 23 45 6 7 8B D We 


Quick Check 2 


Solve the inequality 
4x + 3 < 31. Present your so- 
lutions on a number line and in 


interval notation. 


Solving Linear Inequalities 


Objective 3 Solve linear inequalities. Solving a linear inequality such as 
7x — 11 = —32 is similar to solving a linear equation. In fact, there is only one dif- 
ference between the two procedures: 


Whenever you multiply both sides of an inequality by a negative number or di- 


vide both sides by a negative number, the direction of the inequality changes. 


Why is this? Consider the inequality 3 < 5, which is a true statement. If we multi- 
ply each side by —2, is the left side (—2-:3 = —6) still less than the right side 
(-—2-5 = —10)? No, -6 > —10 because —6 is located to the right of —10 on the 
number line. Changing the direction of the inequality after multiplying (or divid- 
ing) by a negative number produces an inequality that is still a true statement. 


Solve the inequality 7x — 11 = —32. Present your solutions on a 
number line and in interval notation. 


SOLUTION Think about the steps you would take to solve the equation 
7x — 11 = —32. You follow the same steps when solving this inequality. 
143 AS 32 
7x = —21 Add 11 to both sides. 
—3 Divide both sides by 7. 


IA 


IA 


Xx 


Now present the solution on a number line. 


ee ———————-+ t—+—t—+ t—+—+ 
10-9 -8 -7 -6 -5 -4-3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 


This can be expressed in interval notation as (—°o, —3]. 
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Solve the inequality —2x — 5 > 9. Present your solutions on a 
number line and in interval notation. 


SOLUTION Begin by solving the inequality. 


—2x-5>9 
—2x > 14 Add 5 to both sides. 
—2x _ 14 as : 
=e < S Divide both sides by —2 to isolate x. Notice that the 


direction of the inequality must change because you 
are dividing by a negative number. 


x < —7 Simplify. 


Now present the solutions. 


10-9 -8 -7 -6 -5 -4-3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 


In interval notation, this is (—°co, —7). 


Quick Check 3 


Solve the inequality 7 — 4x = —13. Present your solutions on a number line and 
in interval notation. 


Solve the inequality 5x — 12 > 8 — 3x. Present your solutions on 
a number line and in interval notation. 


SOLUTION Collect all variable terms on one side of the inequality and all con- 
stant terms on the other side. 


5x -12>8 - 3x 


8x — 12 > 8 Add 3x to both sides. 
8x > 20 Add 12 to both sides. 
5 
x> 5 Divide both sides by 8 and simplify. 


Here is the solution on a number line. 


In interval notation, this is written as e 00), 


Quick Check 4 


Solve the inequality 3x + 8 < x + 2. Present your solutions on a number line 
and in interval notation. 


Solve the inequality 3(7 — 2x) + 6x =< 5x — 4. Present your solu- 
tions on a number line and in interval notation. 


SOLUTION As with equations, begin by simplifying each side completely. 


3(7 — 2x) + 6x = 5x -4 
21 — 6x + 6x =5x —4 Distribute. 
21 = 5x — 4 Combine like terms. 
25 = 5x Add 4 to both sides. 
5<=x Divide both sides by 5. 
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We can rewrite this solution as x = 5, which will help when you display the solu- 
tions on a number line. 


10-9 -8 -7 -6 -5 -4-3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 


This can be expressed in interval notation as [5, 00). 


Quick Check 5 


Solve the inequality (11x — 3) — (2x — 13) = 4(2x + 1). Present your solutions 
on a number line and in interval notation. 


Compound Inequalities 


Objective 4 Solve compound inequalities involving the union of two 
linear inequalities. A compound inequality is made up of two or more individual 
inequalities. One type of compound inequality involves the word or. In this type of 
inequality, we are looking for real numbers that are solutions of one inequality or 
the other. For example, the solutions of the compound inequality x < 2 or x > 4 
are real numbers that are less than 2 or greater than 4. The solutions of this com- 
pound inequality can be displayed on a number line as follows: 


10-9 -8 -7 -6 -5 -4-3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 


To express the solutions using interval notation, we write both intervals with 
the symbol for union (LU) between them. The interval notation for x < 2 or x > 4 
is (—00,2)U(4, ©). 

To solve a compound inequality involving or, we simply solve each inequality 
separately. 


Solve 9x + 20 < —340r5 + 4x = 19. 


SOLUTION Solve each inequality separately. Begin with 9x + 20 < —34. 


9x + 20 < —34 
9x < —54 Subtract 20 from both sides. 
x < —6 Divide both sides by 9. 


Now solve the second inequality,5 + 4x = 19. 


5+ 4x = 19 
4x = 14 Subtract 5 from both sides. 


7 
x= 5 Divide both sides by 4 and simplify. 


Combine the solutions on a single number line. 


10-9 -8 -7 -6 -5 -4-3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 


Quick Check 6 
Soe she = 2 = lO @ribs — 113} = is, 
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Objective 5 Solve compound inequalities involving the intersection of 
two linear inequalities. Another type of compound inequality involves the word 
and, and the solutions of this compound inequality must be solutions of each in- 
equality. For example, the solutions of the inequality x > —5 and x < 1 are real 
numbers that are, at the same time, greater than —5 and less than 1. This type of in- 
equality is generally written in the condensed form —5 < x < 1. You can think of 
the solutions as being between —5 and 1. 

To solve a compound inequality of this type, we need to isolate the variable in 
the middle part of the inequality between two real numbers. A key aspect of the ap- 
proach is to work on all three parts of the inequality at once. 


Solve —5 = 2x -1< 9. 


SOLUTION We are trying to isolate x in the middle of this inequality. The first step 
is to add 1 to all three parts of this inequality, after which we will divide by 2. 
-5 =2x-1<9 

—4 =2x <10 Add 1 to each part of the inequality. 


—2=x<5 Divide each part of the inequality by 2. 


The solutions are presented on the following number line: 


4 SS = 
5-4-3 -2-1 0 1 2 3 4 5 
These solutions can be expressed in interval notation as [—2, 5). 


Quick Check 7 
Solve —11 < 4x +1 <7. 


Applications 
Objective 6 Solve applied problems using linear inequalities. Many ap- 


plied problems involve inequalities rather than equations. Here are some key 
phrases and their translations into inequalities. 


Key Phrases for Inequalities 


x is greater than a 
x is more than a 
x is higher than a 
x is above a 


x is at least a 
x is a or higher 


x is less than a 
x is lower than a 
x is below a 


x is at most a 
x is a or lower 


x is between a and b, exclusive 
x is more than a but less than b 


x is between a and b, inclusive 
x is at least a but no more than b 
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A sign next to an amusement park ride says that you must be at 
least 48” tall to get on the ride. Set up an inequality that shows the heights of peo- 
ple who can get on the ride. 


SOLUTION Leth represent the height of a person. If a person must be at least 48” 
tall, his or her height must be 48” or above. In other words, the person’s height 
must be greater than or equal to 48”. The inequality is h = 48. 


A WORD OF CAUTION The phrase at least means “greater than or equal to” (=) and 
does not mean “less than.” 


An instructor tells her students that on the final exam, they need a 
score of 70 or higher out of a possible 100 to pass. Set up an inequality that shows 
the scores that are not passing. 


SOLUTION Lets represent a student’s score. Because a score of 70 or higher will 
pass, any score lower than 70 will not pass. This inequality can be written as s < 70. 
If we happen to know that the lowest possible score is 0, we also could write the in- 
equality asO = s < 70. 


Quick Check 8 


The Brainiac Club has a bylaw stating that a person must have an IQ of at least 
130 to be admitted to the club. Set up an inequality that shows the IQs of people 
who are unable to join the club. 


Now we will set up and solve applied problems involving inequalities. 


If a student averages 90 or higher on the five tests given in a math 
class, the student will earn a grade of A. Sean’s scores on the first four tests are 82, 
87,93, and 92. What score on the fifth test will give Sean an A? 


SOLUTION _ To find the average of five test scores, add the five scores and divide 
by 5. Let x represent the score of the fifth test. The average can then be expressed 
as 2 + 87 + 3 + 9 + * We are interested in which scores on the fifth test give an 


average that is 90 or higher. 


82 + 87 + 93+ 924+ x 


= 90 
5 9 
354 + 
er = 90 Simplify the numerator. 
354 + 
5. = * = 5.99 Multiply both sides by 5 to clear the fraction. 


5 
354 + x 2450 ~— Simplify. 
x = 96 Subtract 354 from both sides. 


Sean must score at least 96 on the fifth test to earn an A. 


Quick Check 9 

If a student averages lower than 70 on the four tests given in a math class, the 
student will fail the class. Bobby’s scores on the first three tests are 74, 78, and 80. 
What scores on the fourth test will result in Bobby failing the class? 
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BUILDING YOUR STUDY STRATEGY 


Using Your Textbook, 5 A Word of Caution/Using Your Calculator Two fea- 
tures of this textbook you may find helpful are labeled “A Word of Caution” 
and “Using Your Calculator.” Each Word of Caution box warns you about com- 
mon errors for certain problems and tells you how to avoid repeating the same 


mistake. Look through the section for this feature before attempting the home- 
work exercises. 

Using Your Calculator shows how you can use the Texas Instruments TI-84 
calculator to help with selected examples in the text. If you own one of these 
calculators, look for this feature before beginning your homework. 


Vocabulary 


1. A(n) is an inequality containing 
linear expressions. 


2. When graphing an inequality, use a(n) —___ 
circle to indicate an endpoint that is not included as 
a solution. 


3. You can express the solutions of an inequality using 
a number line or ______ notation. 


4. When solving a linear inequality, you change the di- 
rection of the inequality whenever you multiply or 
divide both sides of the inequality by a(n) 
number. 


5. An inequality that is composed of two or more 
individual inequalities is called a(n) —_- 
inequality. 


6. Which inequality can be associated with the 
statement The person's height is at least 80 inches? 


a) x < 80 b) x<80 oc) x=80 d) x > 80 


Graph each inequality on a number line and present it 
in interval notation. 


7.x <3 
8. x > -6 


9. x 


V 


= 


10. x = 13 


11. -2<x<8 


12.3<x=12 


uy Niathiabl <zp| LS G ES & 


PRACTICE WATCH DOWNLOAD READ REVIEW 


9 
13.x >= 
3. x 5 
14.x > 55 


15.x >8o0rx =2 


16. x < —S5orx >0 


Write an inequality associated with the given graph or 
interval notation. 


VS te 
10 -§ -6 -4 -2 0 2 4 6 8 10 

18. <4] 4 + + ++! + +> 
10 -8 4-2 0 2 4 6 8 10 

19. <+4+4444+4++ ++ +++ ++ ++ | +++ 
10 -§ -6 -4 -2 0 2 4 6 8 10 

20. <4++-: +4 +++ +"+"+-_'-+4+ 
10 -§ -6 -4 -2 0 2 4 6 8 10 

21. (—00, 2) U (9, &) 22. (—3, —2) 

23. (—0co, —4) 24, [—8, ~) 


Solve. Present your solution on a number line and in 
interval notation. 


25.x+9<5 


26.x —7>3 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


41. 


42. 


43. 


45. 


2x > 12 


4x = —20 


—5x > 15 


—8x < —24 


3x = -10.5 


2x = 9.4 


3x +2< 14 


2x4 = 7 > 11 


240 OS 29 


b= Ax > 19 


8 < 3x — 13 


1=5x + 16 


2 10 


5x +13 >2x- 11 


—2x +51<9- 8x 


5(x + 3) +2 >3(x + 4)-6 


. 5(2x — 3) — 3 < 2(2x + 9) —4 


2x < -80rx+7>5 


47. 


49. 


50. 


51. 


52. 


53. 4 


54. 


55. 
56. 
57. 
58. 
59. 


60. 


1. 
oe 


62. 


2.5 Exercises 


x—-3= —Sor6x > -6 


24 7 = =3 0124 =. 7 = 3 


. 3x -6< -9or3x -—6>9 


—2x +17 <5o0rl0-—x>7 


—4x +13 = 9or6 — 5x = 21 


3x +5 <170r2x -9<5 


7x —-1=2130r4x+5=-7 


-4<x-3<1 


2s=x+7s5 


—2<5x-—7< 28 


18 = 4x — 10 = 50 


6 <3x +15 = 33 


—12 =4x-18<7 
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63. 


64. 


65. 


66. 


67. 


68. 


In your own words, explain why the inequality 
8 < 9x +7<3 has no solutions. 


In your own words, explain why solving the com- 
pound inequality x + 7<9 or x +7 < 13 is the 
same as solving the inequality x + 7 < 13 only. 


Adrian needs to score at least 2 goals in the final 
game of the season to set a new scoring record. Write 
an inequality that shows the number of goals that will 
set a new record. 


If Eddie sells fewer than 7 cars this week, he will be 
fired. Write an inequality that shows the number of cars 
that will result in Eddie being unemployed. 


A certain type of shrub is tolerant to 30° F, which 
means that it can survive at temperatures down to 
30° F. Write an inequality that shows the tempera- 
tures at which the shrub cannot survive. 


To be eligible for growth funding from the state, a 
community college must have 11,200 or more stu- 
dents this semester. Write an inequality that shows 
the number of students that makes the college eligi- 
ble for growth funding. 


For 69-76, write an inequality for the given situation and 
solve it. 


69. 


70. 


71. 


72. 


John is paid to get signatures on petitions. He gets 
paid 10 cents for each signature. How many signa- 
tures does he need to gather today to earn at least 
$30? 

Carlo attends a charity wine-tasting festival. There is a 
$10 admission fee. In addition, there is a $4 charge for 
each variety tasted. If Carlo brings $40 with him, how 
many varieties can he taste? 


Angelica is going out of town on business. Her com- 
pany will reimburse her up to $85 for a rental car. 
She rents a car for $19.95 plus $0.07 per mile. How 
many miles can Angelica drive without going over 
the amount her company will reimburse? 


An elementary school’s booster club is holding a fund- 
raiser by selling cookie dough. Each tub of cookie 
dough sells for $11, and the booster club gets to keep 
half of the proceeds. If the booster club wants to raise 


73. 


74. 


75. 


76. 


at least $12,000, how many tubs of cookie dough does 
it need to sell? 


Charles told his son Harry that he should give at least 
15% of his earnings to charity. If Harry earned 
$37,500 last year, how much should he have given to 
charity? 

Karina is looking for a formal dress to wear to a char- 
ity event, and she has $400 to spend. If the store 
charges 7% sales tax on each dress, what price range 
should Karina be considering? 


Students in a real estate class must have an average 
score of at least 80 on their exams in order to pass. If 
Jacqui has scored 92, 93, 85, and 96 on the first four ex- 
ams, what scores on the fifth exam would allow her to 
pass the course? 


Students with an average test score below 70 after the 
third test will be sent an Early Alert warning. Robert 
scored 62 and 59 on the first two tests. What scores on 
the third exam will save Robert from receiving an Early 
Alert warning? 


e===- Writing in Mathematics 


Answer in complete sentences. 


77. 


78. 


In your own words, explain why you must change the 
direction of an inequality when dividing both sides of 
that inequality by a negative number. 


Solutions Manual Write a solutions manual page for 
the following problem: 


Solve. -10 < 3x +2 = 29 
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CHAPTER 2 SUMMARY 


Section 2.1 Introduction to Linear Equations 


Linear Equations, pp. 63-64 

An equation is a mathematical statement of equality 3x = 18 
between two expressions. 

A linear equation has a single variable, and that variable 
does not have an exponent that is greater than 1. 


Solution of an Equation, p. 64 


A value that when substituted for the variable in the Is x = —3 asolution of 4x — 8 = 
equation produces a true statement 4(—3) 


x = —3 isa solution. 


Multiplication Property of Equality, pp. 64-67 


For any algebraic expressions A and B and any Solve —5x = 40. 
nonzero number n,if A = B,thenn: A =n: B. —5x = 40 


Addition Property of Equality, pp. 67-68 


For any algebraic expressions A and B and any number n, Solve x — 6 = —13. 
ifA= B,thenA+n=B+nandA-n=B-n. 


Section 2.2 Solving Linear Equations: A General Strategy 


Solving Linear Equations, pp. 71-75 

1. Simplify each side of the equation completely. Solve 2(4x + 5) — 5x =x+ 6. 

2. Collect all variable terms on one side of the 2(4x + 5) — Sx = x 
equation. 8x +10-5x=x 

3. Collect all constant terms on the other side of the 3x + 10 =x 
equation. 2x + 10= 

4. Divide both sides of the equation by the coefficient 2x = -4 
of the variable term. x= 

5. Check your solution. {-2} 


NNW 


Contradictions, p. 75 

A contradiction is an equation that has no solution, so Solve 2(x + 3) +7 = 2x +1. 
its solution set is the empty set { }. 2x3) 

The empty set also is known as the null set and is denoted 2x +6 
by the symbol ©. 2x + 


| 
PNNN 

tes 
RRR 


Identities, pp. 75-76 

An identity is an equation that is always true. Solve 3x +8-9=2x+7+x- 8. 
The solution set for an identity is the set of all real 3x + 8 
numbers, denoted R. An identity has infinitely many 3x = 
solutions. = 


Literal Equations, pp. 76-77 
A literal equation is an equation that contains two or Solve 3x + 2y = 9 for y. 

more variables. 3x + 2y =9 
To solve a literal equation for a particular variable, write 2y = —3x + 


9 
it in terms of the other variable(s). =3x 4 9 
: a 

2 
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Section 2.3 Problem Solving; Applications of Linear Equations 


Solving Applied Problems, pp. 80-87 

1. Read the problem. 

2. List all of the important information. 

3. Assign a variable to the unknown quantity. 

4, Find an equation relating the known values to 
the variable expressions representing the 
unknown quantities. 

5. Solve the equation. 

6. Present the solution. 


Geometric Formulas and Definitions, pp. 81-83 
e Perimeter of a triangle with sides s,, 5, and 
53:P = 5, + Sy + 83 
e Perimeter of a square with side s: P = 4s 
e Perimeter of a rectangle with length L and width 
W:P =2L + 2W 
e Circumference of a circle with radius r:C = 2ar 


Distance, pp. 84-85 

When an object such as a car moves at a constant 
rate of speed (r) for an amount of time (f) the 
distance traveled (d) is given by the formula 
d=r't. 


Seven less than 3 times a number is 59. Find the number. 


Unknown Number: x 


3x —-7= 59 
3x = 66 
x = 22 


The number is 22. 


The length of a rectangle is 5 inches more than twice its width. If 
the perimeter is 46 inches, find the dimensions of the rectangle. 


Unknowns Length:2x + 5; width: x 
2(2x + 5) + 2x = 46 
4x + 10 + 2x = 46 


6x + 10 = 46 

6x = 36 

x=6 

Length:2x + 5 = 2(6) + 5=12+5=17 


Width: x = 6 
The length is 17 inches, and the width is 6 inches. 


If a person drives at a constant speed of 65 mph, how long will it 
take to drive 338 miles? 


Unknown Time driving: t 


338 = 65°t 
338 
= t 
65 
5.2=¢ 
It will take 5.2 hours. 
Section 2.4 Applications Involving Percents; Ratio and Proportion 
Basic Percent Equation, pp. 90-92 
The amount is a percentage of the base. What percent of 68 is 17? 
Amount = Percent: Base 17isn % of 68. 
The percent must be expressed as a decimal or a fraction 17 =n-68 
rather than as a percent. 17 
68 n 
0.25 =n 
17 is 25% of 68. 


Percent Increase/Decrease, pp. 92-93 

Percent increase is a measure of how much a quantity 
has increased from its original value. Percent decrease 
is a similar measure of how much a quantity has 
decreased from its original value. The amount is the 
amount of increase/decrease, and the base is the 
original value. 


A painting was purchased for $540 and sold a year later for $648. 
Find the percent increase in the value of the painting. 


Amount of increase: $108; base: $540 
108 is n % of 540. 


108 = n:540 
108 

——_=n 

540 

02=n 


The painting’s value increased by 20%. 
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Interest, pp. 93-94 
If r is the interest rate, the simple interest (J) owed Mark invested a total of $10,000 in two accounts. One account paid 
on a principal (P) is given by the formula J = P-r-t, 4% annual interest, and the other paid 5% annual interest. In 
where ¢ is time in years. the first year, Mark earned $460 in interest. How much did he 
invest in each account? 
Acct. P r t l=P>rt 
First x 0.04 1 0.04x 
Second | 10,000 — x | 0.05 1 0.05(10,000 — x) 
Total $10,000 $460 
0.04x + 0.05(10,000 — x) = 460 
0.04x + 500 — 0.05x = 460 
—0.01x + 500 = 460 
—0.01x = —40 
x = 4000 
Mark invested $4000 at 4% and $6000 at 5%. 
Ratio, p. 95 
A ratio is a comparison of two quantities using division 63 miles 
and is usually written as a fraction. 2 hours 
Proportions, p. 95 
A proportion is a statement of equality between two ratios. ni 
40 24 
Cross Products of a Proportion, pp. 96-97 Sp oS 48 
4 =“ thena-d = b- i 
5 at ena:d = bec. 64n = 12-48 
64n = 576 
= 516 
64 
n=9 


Section 2.5 Linear Inequalities 


Linear Inequalities, p. 101 
A linear inequality is an inequality containing 2x—-329 
linear expressions. 


Solutions: Number Line, pp. 101-102 


The solutions to a linear inequality can be represented KB yeaa fe} 
on a number line. -10 -8 -6 -4 -2 0 2 4 6 8 10 

If the endpoint is a solution, you use a closed circle on x 4s <p 
the number line. -10 -8 -6 -4 2 0 2 4 6 8 10 


If the endpoint is not a solution, you use an open circle. 


Solutions: Interval Notation, pp. 102-103 


Interval notation presents an interval by listing its left and me HH >; (= 27,3) 
right endpoints. Parentheses are used around endpoints -10 -8 -6 -4 2 0 2 4 6 8 10 
not included in the interval, and square brackets are ; e »;[—-4, 00) 
used when the endpoints are included in the interval. -10-8 - -4 2 0 2 4 6 8 10 
Solving Linear Inequalities, pp. 103-105 
Solving a linear inequality is similar to solving a linear Solve —3x + 2 = —16. 
equation except that multiplying or dividing both sides —3x+2= — 16 
of an inequality by a negative number changes the =34 = 18 
direction of the inequality. 3x _ 718 
3 3 
x26 
<1 [6, ) 
-10-8 -6 -4 -2 0 2 4 6 8 10 
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Compound Inequalities, pp. 105-106 
A compound inequality is made up of two or Solve x + 3 < —4o0rx —-2> 6. 
more individual inequalities. 


x+3<-4 x-2>6 
x<-7T x>8 
04 +++ A + + + | | HOS 
-10 -8 -6 -4 -2 0 2 4 6 8 10 
(—00, —7) U (8,00) 
Solve -5 S$ 2x -3 S7. 
—-5<=2x-357 
—2=2x = 10 
=L=x=5 


SUMMARY OF CHAPTER 2 STUDY STRATEGIES 
Using your textbook as more than a source of the homework exercises and answers to the 
odd problems will help you learn mathematics. 


e Read the section the night before your instructor cov- _—®_In each section, look for the feature labeled “A Word of 
ers it to familiarize yourself with the material. Caution.” This feature points out common mistakes 


e Reread the section after it is covered in class. After you and offers advice to help you avoid making the same 
read through an example, attempt the Quick Check mistakes. 
exercise that follows it. e Finally, the feature labeled “Using Your Calculator” 
will show you how to use the TI-84 calculator to help 
you solve the problems in that section. 


e Use the textbook to create a series of note cards for 
each section. 


CHAPTER 2 REVIEW 


Determine whether the given value is a solution of the 
equation. [2.1] 

Lx =7,4x +9 =19 

2. a = —9, (4a — 15) — (2a + 7) = —2(11 - a) 


Solve using the multiplication property of equality. [2.1] 
3. 2x = 32 4. -9x = 54 


Solve using the addition property of equality. [2.1] 
5.x-3=-9 6a+14=8 


For each of the following problems, set up a linear equa- 
tion and solve it. [2.1] 


7. A local club charged $8 per person to see a “Battle of 
the Bands.” After paying the winning band a prize of 
$250, the club made a profit of $694. How many peo- 
ple came to see the “Battle of the Bands?” 


8. Thanks to proper diet and exercise, Randy’s cholesterol 
dropped 23 points in the last two months. If his new 
cholesterol level is 189 points, what was his cholesterol 
level two months ago? 


Solve. [2.2] 


9. 5x — 8 = 27 10. —11 = 3a + 16 
11. —4x + 15 =7 12. 51 — 2x = —21 
x 5 5 1 1 5 
a | Me a 5 

15. 4x —19 = 5x + 14 
16. 2m + 23 = 17 — 8m 
17. 2n — 11 + 3n+4=7n — 39 


18. 3(2x — 7) — (x — 9) = 2x — 33 


Solve the following literal equations for the specified 
variable. [2.2] 

19. 7x + y = 8fory 

20. 15x + 7y = 30 for y 

21. C = w-d ford 

22. P = 3a + b + 2c fora 


23. One number is 26 more than another number. If the 
sum of the two numbers is 98, find the two numbers. 
[2.3] 

24. The width of a rectangle is 7 feet less than its length, 
and the perimeter is 50 feet. Find the length and the 
width of the rectangle. [2.3] 


Worked-out solutions to Review Exercises marked with 


25. The sum of three consecutive even integers is 204. 
Find the three even integers. [2.3] 


26. If Jason drives at a speed of 72 miles per hour, how 
long will it take him to drive 342 miles? [2.3] 


27. Alycia’s piggy bank has dimes and quarters in it. The 
number of dimes is 4 less than 3 times the number of 
quarters. If the total value of the coins is $7.85, how 
many dimes are in the piggy bank? [2.3] 


28. Twenty percent of 95 is what number? [2.4] 
29. What percent of 136 is 51? [2.4] 
30. Thirty-two percent of what number is 1360? [2.4] 


31. Fifty-five percent of the students at a college are fe- 
male. If the college has 10,520 students, how many are 
female? [2.4] 


32. In a group of 320 college graduates, 204 decided to pur- 
sue a master’s degree. What percent of these students 
decided to pursue a master’s degree? [2.4] 


33. Jerry’s bank account earned $553.50 interest last year. 
This account pays 4.5% interest. How much money 
did Jerry have in the account at the start of the year? 
[2.4] 


34. A store is discounting all of its prices by 20%. Ifa 
sweater’s original price was $59.95, what is the price 
after the discount? [2.4] 


35. Karl deposits a total of $2000 in savings accounts at 
two banks. The first bank pays 6% interest, while 
the second bank pays 5% interest. If he earns a to- 
tal of $117 interest in the first year, how much did 
he deposit at each bank? [2.4] 


36. Merle has two solutions. One is 17% alcohol, and the 
other is 42% alcohol. How much of each solution 
should be mixed to make 80 milliliters of a solution 
that is 32% alcohol? [2.4] 


Solve the proportion. [2.4] 


n 18 4 n 
Bie 6°27 38. 9 72 
32 =192 38 57 


Set up a proportion and solve it to solve the following 
problems. [2.4] 


41. At a community college, 3 out of every 7 students 
plan to transfer to a four-year university. If the college 
has 14,952 students, how many plan to transfer to a 
four-year university? 


can be found on page AN-4. 
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42. 


Six tablespoons of a concentrated weed killer must be 
mixed with 1 gallon of water before spraying. How 
many tablespoons of the weed killer need to be mixed 
with 25 gallons of water? [2.4] 


Solve. Present your solution on a number line and in 
interval notation. [2.5] 


43. 


44. 


45. 


47. 


x+5<2 


x= 3.> =8 


2%= 7 =3 


.3x+4s -8 


3x < -180rx+3> 10 


~x+5 5 -30r4x = -12 


49, 


50. 


51. 


52. 


53. 


—21 =3x-6 = 24 


-11<2x-9<11 


Erin needs to make at least 7 sales this week to qual- 
ify for a bonus. Write an inequality that shows the 
number of sales that will qualify Erin to receive a 
bonus. [2.5] 


A company is trying to raise capital and offers 2 mil- 
lion shares of stock for sale. If the company needs to 
raise at least $69.5 million, what price does it need to 
receive for the stock? [2.5] 


If Steve’s test average is at least 70 but lower than 
80, his final grade will be a C. His scores on the first 
four tests were 58, 72, 66, and 75. What scores on the 
fifth exam will give him a C for the class? (Assume 
that the highest possible score is 100.) [2.5] 


CHAPTER 2 TEST 


For Extra Help 
Mies brep 


1. Solve —8x = 56 using the multiplication property of 
equality. 

2. Solve x + 17 = —22 using the addition property of 
equality. 

Solve. 

3. 7x — 20 = 36 

4, 72 = 30 — 8a 

5. 3x + 34 = 5x -— 21 

6. 3(5x — 16) — 9x = x — 63 
1 2 5 

oe ae 

n 22 
* 100 ~ 40 
9. Solve the literal equation 4x + 3y = 28 for y. 


10. 
11. 


What number is 16% of 175? 
What percent of 660 is 99? 


Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 
on DVD, in MyMathLab |) _ and on You{f) (search “WoodburyElemIntAlg” and click on “Channels"). 


Solve. Present your solution on a number line and in 
interval notation. 


12. 


14. 


15. 


16. 


6x +8 <= -7 


»-x +45 -S5or2x +320 


—23 < 3x +7 < 23 


The length of a rectangle is 3 feet less than twice its 
width, and the perimeter is 72 feet. Find the length 
and the width of the rectangle. 


Barry’s wallet contains $5 and $10 bills. He has 7 
more $5 bills than $10 bills. If Barry has $185 in his 
wallet, how many $5 bills are in the wallet? 


17. Ernesto invested a total of $10,000 in two mutual 


18. 


funds. In the first year, one account earned a 4% profit 
and the other earned an 11% profit. If Ernesto’s total 
profit was $862, how much did he invest in the mutual 
fund that earned an 11% profit? 


A chemist has two solutions. One is 13% salt, and the 
other is 21% salt. How much of each solution should 
be mixed to make 100 milliliters of a solution that is 
18% salt? 


Mathematicians in History 


George —P 


after Pdélya.” 


Write a one-page summary (or make a poster) of the life of George Pélya and his 
accomplishments. Also look up Pélya’s most famous quotes and list your favorite. 


Interesting issues: 


Where and when was George Polya born? 


What circumstances led to Pélya leaving Gottingen after Christmas in 1913? 


19. 


20. 


ol Q was a Hungarian mathematician who spent much of his 
career on problem solving and wrote the landmark text How to Solve It. Alan Schoen- 
feld has said of this book, “For mathematics education and the world of problem solv- 
ing it marked a line of demarcation between two eras, problem solving before and 
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At a certain university, 2 out of every 9 professors 
earned their degree outside the United States. If the 
university has 396 professors, how many of them 
earned their degree outside the United States? 


Wayne earns a commission of $500 for every car he 
sells. How many cars does he need to sell to earn at 
least $17,000 in commissions this month? 


The political situation in Europe in 1940 forced Polya to leave Ziirich for the United States. At which university did Polya 


work after arriving in the United States? 


When was Pélya’s monumental book How to Solve It published? 


Summarize Polya’s strategy for solving problems. 


At which American university did Polya spend most of his career? 


What was Polya’s mnemonic for the first fourteen digits of a? 


How old was Pélya when he taught his last class? What was the subject? 


Graphing Linear 
Equations 


The Rectangular Coordi- | Jn this chapter, we will examine linear equations in two variables. Equations 

nate System; Equations ; . ‘ ne 

in Two Variables involving two variables relate two unknown quantities to each other, such as a per- 
3.2 Graphing Linear son’s height and weight or the number of items sold by a company and the profit 

E i Thei : F Son : ene 

ee ancTnele the company made. The primary focus is on graphing linear equations, which is the 
3.3 Slope of a Line technique used to display the solutions to an equation in two variables. 


3.4 Linear Functions 


3.5 Parallel and Perpendicu- 
lar Lines 


3.6 Equations of Lines 


STUDY STRATEGY 


3.7 Linear Inequalities Making the Best Use of Your Resources In this chapter, we will focus on 
how to get the most out of your available resources. What works best for one 
student may not work for another student. Consider all of the different re- 
sources presented in this chapter, and use the ones you believe will help you. 
Throughout this chapter, we will revisit this study strategy and help you in- 


Chapter 3 Summary 


_———— corporate it into your study habits. 


OBJECTIVES 


‘1 Determine whether an ordered pair is a solution of an equation in two 
variables. 


‘2 Plot ordered pairs on a rectangular coordinate plane. 
3 Complete ordered pairs for a linear equation in two variables. 
4 Graph linear equations in two variables by plotting points. 


Equations in Two Variables and Their Solutions; 
Ordered Pairs 


Objective 1 Determine whether an ordered pair is a solution of an 
equation in two variables. In this section, we will begin to examine equations 
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Quick Check 1 


Is (0, —6) a solution of the 
equation 3x + 2y = 12? 
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in two variables, which relate two different quantities to each other. Here are some 
examples of equations in two variables. 


y=4x+7 2a + 3b = -6 
7 it) 


SP Fy D = 
eee oe an = 7 


As in the previous chapter, we will be looking for solutions of these equations. 
A solution of an equation in two variables is a pair of values that when substituted 
for the two variables produce a true statement. Consider the equation 
3x + 4y = 10. One solution of this equation is x = 2 and y = 1. We can see that 
this is a solution by substituting 2 for x and 1 for y into the equation. 


3x + 4y = 10 
3(2) + 4(1) = 10 Substitute 2 for x and 1 for y. 
6+4=10 Multiply. 
10 =10 Add. 


Because this produces a true statement, together the pair of values form a solution. 
Solutions to this type of equation are written as ordered pairs (x, y). In the exam- 
ple, the ordered pair (2, 1) is a solution. We call it an ordered pair because the two 
values are listed in the specific order of x first and y second. The values are often 
referred to as coordinates. 


Is the ordered pair (—3, 2) a solution of the equation y = 3x + 11? 


SOLUTION To determine whether this ordered pair is a solution, substitute —3 for 
x and 2 for y. 

y=3x+11 
(2) = 3(-3) + 11 Substitute —3 for x and 2 for y. 

2=-9+ 11 Multiply. 

2=2 Simplify. 


Because this is a true statement, the ordered pair (—3, 2) is a solution of the equa- 
tion y = 3x + 11. 


Is (4, 0) a solution of the equation y — 2x = 8? 


SOLUTION Again, check to see whether this ordered pair is a solution by substi- 
tuting the given values for x and y. Be careful to substitute 4 for x and 0 for y, not 
vice versa. 
y-—2x=8 
(0) — 2(4) = 8 Substitute 4 for x and 0 for y. 
0-8=8 Multiply. 
—8 =8 Simplify. 


Because this is a false statement, (4, 0) is not a solution of the equation y — 2x = 8. 


The Rectangular Coordinate Plane 


Objective 2 Plot ordered pairs on a rectangular coordinate plane. 
Ordered pairs can be displayed graphically using the rectangular coordinate plane. 
The rectangular coordinate plane also is known as the Cartesian plane, named after 
the famous French philosopher and mathematician René Descartes. 
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The rectangular coordinate plane is made up of two number lines, known as 
axes. The axes are drawn at right angles to each other, intersecting at 0 on each axis. 
The accompanying graph shows how it looks. 


x-axis, y-axis, origin 
The horizontal axis, or x-axis, is used to show the first value of an ordered pair. 
The vertical axis, or y-axis, is used to show the second value of an ordered 
pair. The point where the two axes cross is called the origin and represents the 
ordered pair (0, 0). 


Positive values of x are found to the right of the origin, and negative values of x 
are found to the left of the origin. Positive values of y are found above the origin, 
and negative values of y are found below the origin. 

We can use the rectangular coordinate 


plane to represent ordered pairs that are so- y 
lutions of an equation. To plot an ordered 6F 
pair (x,y) on a rectangular coordinate ia 
plane, we begin at the origin. The x-coordi- +1, 
nate tells us how far to the left or right (-3, 2) all 
of the origin to move. The y-coordinate : a 
then tells us how far up or down tomove 2, ) 1 1 1 | pode pt phy, 
from there. i Sec fee ad De ea es 
Suppose we wanted to plot the ordered ob 
pair (—3,2) on a rectangular coordinate L 
plane. The x-coordinate is —3, which tells us —4- 
to move 3 units to the left of the origin. The - 
y-coordinate is 2,so we move up 2 units to by 
find the location of the ordered pair and 
place a point at this location. An ordered x 
pair is often referred to as a point when it is 67 
plotted on a graph. All 
One final note about the rectangular coor- II L if 
dinate plane is that the two axes divide the De 
plane into four sections called quadrants. r 
The four quadrants are labeled I, II, Il,and ~g7=q7 => po) 
IV. A point that lies on one of the axes is not r : 
considered to be in one of the quadrants. Ill a IV 
—4e 
6h 
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Quick Check 2 

Plot the ordered pairs (3, 8), 
(5, —4), (—3, 6), and (0,7) ona 
rectangular coordinate plane. 
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Plot the ordered pairs (5,1), (4, —2), (—2, —4), and (—4,0) ona 
rectangular coordinate plane. 


SOLUTION The four ordered pairs are plotted on the following graph: 


Choosing the appropriate scale for a graph is an important skill. To plot the ordered 
pair G, —4) ona rectangular coordinate plane, we could use a scale of 5 on the axes. 
A rectangular plane with axes showing values ranging from —10 to 10 is not large 
enough to plot the ordered pair (—45, 25). A good choice is to label the axes show- 
ing values that range from —50 to 50. Because this is a wide range of values, it 
makes sense to increase the scale. Because each coordinate is a multiple of 5, we use 
a scale of 5 units. 


It is important to be able to read the coordinates of an ordered pair from a 
graph. 


Find the coordinates of points A through G on the following graph: 
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SOLUTION To find the x-coordinate of a point, determine how far the point is 
to the left or right of the origin. Points to the right of the origin have positive 
x-coordinates, and points to the left of the origin have negative x-coordinates. 
Points on the y-axis have an x-coordinate of 0. 

Next, determine the y-coordinate of the point by measuring how far the point 
is above or below the origin. If the point is above the origin, the y-coordinate is 
positive. If the point is below the origin, the y-coordinate is negative. Points on the 
x-axis have a y-coordinate of 0. 
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Here is a table containing the coordinates of each point. 


Point A B Cc D E F G 


Coordinates (7,3) | (-4,-1) | (2,-8) | (-3,6) | (0,2) | (3,0) | (0,0) 


Quick Check 3 


Find the coordinates of points A through E on the following graph: 
Dy 


& 
aD 
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Plot the ordered pairs associated with the given data. (Let the year 
be x and the median household income be y.) 


Year 1967 1977 1987 1997 2007 


Median Household 7 14 26 37 50 
Income ($1000’s) 


(Source: U.S. Census Bureau) 


SOLUTION Plot the ordered pairs (1967, 7), (1977, 14), (1987, 26), (1997, 37), and 
(2007, 50). Note that we focus on x values from 1967 to 2007. 


Median Household Income 


60 
50 e 
40 


Income ($1000's) 
Lo) 
i—} 


T T T T T 
1967 1977 1987 1997 2007 
Year 


Quick Check 4 


Plot the ordered pairs associated with the given 
data. (Let the year be x and the number of sub- 
scribers be y.) 


Year 2004 | 2005 | 2006 | 2007 | 2008 
Subscribers 2.6 4.2 6.3 WS 9.4 
(millions) 


(Source: Netflix) 


Quick Check 5 


Find the missing coordinate 
such that the ordered pair 


(3, —) is a solution of the equa- 


tion y = —3x + 5. 
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Linear Equations in Two Variables 


Objective 3 Complete ordered pairs for a linear equation in two variables. 


Standard Form of a Linear Equation 
A linear equation in two variables is an equation that can be written in the form 
Ax + By = C, where A, B, and C are real numbers and A and B are not both 
0. This is called the standard form of a linear equation in two variables. 


A linear equation has multiple solutions. To find an ordered pair that is a solution 
of a linear equation, we can select an arbitrary value for one of the variables, substi- 
tute this value into the equation, and solve for the remaining variable. The next ex- 
ample provides practice finding solutions of linear equations in two variables. 


Find the missing coordinate such that the ordered pair (2, _) is a 
solution of the equation y = 5x — 4. 


SOLUTION We are given an x-coordinate of 2,so we substitute this for x in the 
equation. 

y = 5(2) — 4 Substitute 2 for x and solve for y. 

y=10-4 Multiply. 

y=6 Subtract. 


The ordered pair (2, 6) is a solution of this equation. 


The solutions of any linear equation in two variables follow a pattern. Now we will 
begin to explore this pattern. 


Complete the following table of ordered pairs with solutions of the 
linear equation x + y = 5. 


xy 

3 
f= 
—+— 


Plot the solutions on a rectangular coordinate plane. 


SOLUTION The first ordered pair has an x-coordinate of 3. Substituting this for 
x results in the equation (3) + y = 5, which has a solution of y = 2. (3,2) isa 
solution. 

The second ordered pair has a y-coordinate of —2. Substituting for y, this pro- 
duces the equation x + (—2) = 5. The solution of this equation is x = 7, so 
(7, —2) is a solution. 

The third ordered pair has an x-coordinate of 0. When substituting this for x, 
we get the equation (0) + y = 5. This equation has a solution of y = 5, so (0, 5) is 
a solution. The completed table follows. 
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Quick Check 6 

Complete the table of ordered 
pairs with solutions of the 
linear equation x — y = 6. 


Plot the solutions on a 
rectangular coordinate plane. 


Quick Check 7 


Graph the linear equation 
Ve ect ale 


When we plot these three points on a rectangular coordinate plane, it looks like 
the following graph. Notice that the three points appear to fall on a straight line. 


| A 
v 
cay 


Graphing Linear Equations by Plotting Points 


Objective 4 Graph linear equations in two variables by plotting points. 
In the previous example, notice that the three points appear to be in line with each 
other. We can draw a straight line that passes through each of the three points. In 
addition to the three points on the graph, every point that lies on the line is a solu- 
tion of the equation. Every ordered pair that is a solution must lie on this line. 

We can sketch a graph of the solutions of a linear equation by plotting ordered 
pairs that are solutions and then drawing the straight line through these points. The 
line we sketch continues indefinitely in both directions. Although only two points 
are needed to determine a line, we will find three points. The third point is used as a 
check to make sure the first two points are accurate. We will pick three arbitrary 
values for one of the variables and find the other coordinates. 


Graph the linear equation y = 3x — 4. 


SOLUTION. When the equation has y isolated on one side of the equal sign, it is a 
good idea to select values for x and find the corresponding y-values. We find three 
points on the line by letting x = 0, x = 1, and x = 2. These values were chosen 
arbitrarily. If we start with other values, the ordered pairs will still be on the same line. 


x=0 5 de | x=2 
ye (0) ees s(t a = sie 
y=0-4 y=3-4 y=6-4 
y=-4 y=-l y=2 
(074) (i= 1) (2,2) 


Plot these three points on a rectangular coordi- 
nate plane and draw a line through them. 
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BUILDING YOUR STUDY STRATEGY 


Using Your Resources, 1 Your Instructor One of the most important re- 
sources available to you is your instructor. If you have a question during the 
lecture, ask it. Your question is probably on the minds of other students as well. 


Find out where your instructor’s office is located and when office hours are 
held. Visiting your instructor during office hours is a great way to get one-on- 
one help. Some questions are difficult for the instructor to answer completely 
during class and are more easily handled in his or her office. 


MyMathiab|) <=> | S| ES 2 


WATCH DOWNLOAD READ REVIEW 


Vocabulary 18. (—3, -5), (-5, 3), 19. (0, 4), (—2, 0), (—4, 2), 
2,4 
1. The standard form of a linear equation in two 
variables is 


2. Solutions to an equation in two variables are written 
as a(n) 


3. The ______ is used to show the first coordinate of 
an ordered pair on a rectangular coordinate plane. 


4. The is used to show the second coordinate 
of an ordered pair on a rectangular coordinate plane. 


5. The point at (0,0) is called the : 
6. A(n) on a rectangular coordinate plane is 20. (—4, 0), (—5, 0), 21. @ 5), (-2, 2B) 


used to show the solutions of a linear equation in (0, —3), (0, 2) 
two variables. 


Is the ordered pair a solution of the given equation? 


7. (7,6),5x + 3y = 53 


8. (2,9),2x + 9y = 85 

9. (4, -3), 6x — 2y = 18 

10. (9,5),2x + Ty = $3 

11. (10,9), y = 3x - 6 

12. (8,7), y = —jx +5 

ee a 22. (-70, 30), (20, -90), (45, 25), (—50, —68) 
14, (5,-2), x + Ty = -9 

15. (—3, 0), -—4x + y = 12 

16. (0, 4),2x — Sy = —20 


Plot the points on a rectangular 
coordinate plane. 


17. (5,2), (3, 4), (2, -6), 
(-4, 1) 
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Find the coordinates of the labeled points A, B, C, and D. 


23. y 24. y 
6 10- 
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In which quadrant (I, HW, I, or IV) is the given point? 
27. (5, —1) 28. (—2,8) 
29. (3, 4) 30. (—6, —4) 
31. (2,5) 32. (—3, -3) 
1 3 38. 
33. (3. -2) 34. (—700, 1000) 


Plot the ordered pairs associated with the given data. 
(Let the first row be x and the second row be y.) 


35. Number of identity theft complaints filed. (Source: 
Federal Trade Commission) 


Year 


Complaints (1000’s) | 31 


2000 | 2002 | 2004 | 2006 | 2008 
162 | 247 | 246 | 314 


36. Median home prices in California from 2003-2008. 


(Source: California Association of Realtors) 
| 2003 | 2004 | 2005 | 2006 | 2007 | 2008 
$373 | $451 | $524 | $557 | $558 | $381 


Year 


Median 
Price ($1000’s) 


37. Number of Starbucks stores worldwide from 2003— 


2008. (Source: Starbucks) 
2003 | 2004 | 2005 | 2006 | 2007 | 2008 
Stores | 7225 | 8569 | 10,241 | 12,440] 15,011| 16,680 


Year 


US. cell phone subscribers, in millions, for selected 
years. (Source: Cellular Telecommunications & Inter- 


net Associates) 
Year | 1987 | 1992 | 1997 | 2002 | 2007 


11 | 55 | 141 | 250 


Subscribers (millions) | 1 


39. Estimated number of bariatric (weight-loss) surgeries 
performed from 2002-2008. (Source: American Soci- 
ety for Metabolic and Bariatric Surgery) 


Year | 2002 | 2003 | 2004 | 2005 | 2006 | 2007 | 2008 
Surgeries 63 | 103 | 141 | 171 | 178 | 205 | 220 
(thousands) 


40. Total value of online retail sales in the United States, 
in billions, from 2000-2007. (Source: U.S. Census 
Bureau) 


Year | 2000 | 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007 
Sales | $24 | $31 | $41 | $54 | $67 | $84 |$108|$128 


Using the given coordinate, find the other coordinate that 
makes the ordered pair a solution of the equation. 


41. 3x — 2y = 8,(2,__) 


42. x + 4y = 7, (__,3) 
43. 7x — 4y = -11, (__,—-6) 
44. 5x + 4y = 12, (-4 +) 


45. y = 2x — 7, (9, ) 

46. y = —5x + 4, (3,__) 
47. 7x — 1ly = —22,(0,__) 
48. 4x + 3y = —20, ( 


1 
49. a =2..( 
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3.1 Exercises 


1 
50. 5% + 3y = 20,(10,__) 


51. 6x + 2y = 9, (3, 
52. 3x + 4y = 15, ( 


) 
3) 


Complete each table with ordered pairs that are solutions. 


53. 5x — 3y = -12 54. —2x + 4y = —-16 


x y x y 
—3 —2 
0 0 
3 > a ae 
55. y = 4x — 9 56. y = —3x + 5 
x y x y 
| __. 2s 
i | 
2 2 
7. y= Sx =D, s& y= 2x4 
x y x y 
=3 —5 
of oi 
6 | 5 


59. Find three equations that have the ordered pair (5, 2) 
as a solution. 


60. Find three equations that have the ordered pair 
(3, —4) as a solution. 


61. Find three equations that have the ordered pair (0, 6) 
as a solution. 


62. Find three equations that have the ordered pair 
(—8, 0) as a solution. 


Find three ordered pairs that are solutions of the given 
linear equation and use them to graph the equation. 


63. y= 4x +1 64. y = 2x — 3 
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3 5 
65. y= —2x + 7 66. y = —3x + 6 Le eu 7. y=—5xt4 
67. y = —2 68. y = 4 
7 _ 73. 3x + y =9 74, 2x + 3y =6 
1 1 
.y= ax t ,ys=oxe 
69. y 4% 3 70. y a* 3 


e===- Writing in Mathematics 
Answer in complete sentences. 


75. In your own words, explain why the order of the coor- 
dinates in an ordered pair is important. Is there a dif- 
ference between plotting the ordered pair (a, b) and 
the ordered pair (b, a)? 


76. If the ordered pair (a, b) is in quadrant II, in which 
quadrant is (b,a)? In which quadrant is (—a, b)? 
Explain how you determined your answers. 


OBJECTIVES 


® Find the x- and y-intercepts of a line from its graph. 
@ Find the x- and y-intercepts of a line from its equation. 
3 Graph linear equations using their intercepts. 

4 Graph linear equations that pass through the origin. 
S Graph horizontal lines. 

6 Graph vertical lines. 

‘7 Interpret the graph of an applied linear equation. 


Quick Check 1 


Find the coordinates of any 
x-intercepts and y-intercepts. 
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In the previous section, we learned to use a rectangular coordinate plane to display 
the solutions of an equation in two variables. We also learned that all of the solu- 
tions of a linear equation in two variables are on a straight line. In this section, we 
will learn to graph the line associated with a linear equation in two variables in a 
more systematic fashion. 


Intercepts 


Objective 1 Find the x- and y-intercepts of a line from its graph. 


A point at which a graph crosses the x-axis is called an x-intercept, and a point 


at which a graph crosses the y-axis is called a y-intercept. 


Find the coordinates of any x-intercepts and y-intercepts. 


SOLUTION An x-intercept is a point at which the graph crosses the x-axis. This 
graph crosses the x-axis at the point (8, 0), so the x-intercept is the point (8, 0). 
This graph crosses the y-axis at the point (0, 2), so the y-intercept is (0, 2). 


Some lines do not have both an x- and y-intercept. 


This horizontal line does not cross the The x-intercept of this vertical line is the 
X-axis, So it does not have an x-intercept. point (4, 0). This graph does not cross the 


Its y-intercept is the point (0, —6). y-axis, So it does not have a y-intercept. 

y y 
A A 
2 2b 
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Quick Check 2 


Find the x- and y-intercepts for 
the equation —3x + 4y = —12. 


Quick Check 3 


Find the x- and y-intercepts for 
the equation y = 2x — 9. 


Objective 2 Find the x- and y-intercepts of a line from its equation. Any 
point that lies on the x-axis has a y-coordinate of 0. Similarly, any point that lies on 
the y-axis has an x-coordinate of 0. We can use these facts to find the intercepts of 
an equation’s graph algebraically. To find an x-intercept, we substitute 0 for y and 
solve for x. To find a y-intercept, we substitute 0 for x and solve for y. 


Finding Intercepts 
To Find an x-Intercept 
Substitute 0 for y and solve the resulting equation for x. The ordered pair will 
be of the form (x, 0). 


To Find a y-Intercept 
Substitute 0 for x and solve the resulting equation for y. The ordered pair will 
be of the form (0, y). 


Find the x- and y-intercepts for the equation Sx — 2y = 10. 
SOLUTION Begin with the x-intercept by substituting 0 for y and solving for x. 


5x — 2y = 10 
5x — 2(0) = 10 Substitute 0 for y. 
5x = 10 Simplify the left side of the equation. 
x =2 Divide both sides by 5. 


The x-intercept is (2, 0). To find the y-intercept, substitute 0 for x and solve for y. 


5x — 2y = 10 
5(0) — 2y = 10 Substitute 0 for x. 
—2y =10 Simplify the left side of the equation. 
y =—5 Divide both sides by —2. 


The y-intercept is (0, —5). 


Find the x- and y-intercepts for the equation y = —3x — 7. 


SOLUTION 


x-intercept y-intercept 
y=-3x-7 yossxn = 7 
0 = —3x — 7 Substitute 0 for y. y = —3(0) — 7 Substitute 0 for x. 
3x = —-7 Add 3x to both sides. yS=7 Simplify. 
x= -i Divide both sides by 3. 


The x-intercept is (-3, 0). The y-intercept is (0, —7). 


Graphing a Linear Equation Using Its Intercepts 


Objective 3 Graph linear equations using their intercepts. When graph- 
ing a linear equation, we begin by finding any intercepts. This often gives us two points 
for the graph. Although only two points are necessary to graph a straight line, we plot 
at least three points to make sure the first two points are accurate. In other words, we 
use a third point as a “check” for the first two points we find. We find this third point 
by selecting a value for x, substituting it into the equation, and solving for y. 


10- 


Quick Check 4 


Graph 2x — 3y = 12. Label 


any intercepts. 
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Graphing a Line by Using Its Intercepts 
e Find the x-intercept by substituting 0 for y and solving for x. 


e Find the y-intercept by substituting 0 for x and solving for y. 


e Select a value of x, substitute it into the equation, and solve for y to find the 
coordinates of a third point on the line. 


Graph the line that passes through these three points. 


Graph 3x + y = 6. Label any intercepts. 
SOLUTION Begin by finding the x- and y-intercepts. 
x-intercept y-intercept 
3x + (0) =6 Substitute 0 for y. 
3x =6 Simplify. 
x =2 Divide both sides by 3. 


3(0) + y= 6 Substitute 0 for x. 
y=6 Simplify. 


The x-intercept is (2, 0). The y-intercept is (0, 6). 

Before looking for a third point, let’s plot the two intercepts on a graph. This 
can help us select a value to substitute for x when finding a third point. It is a good 
idea to select a value for x that is somewhat near the x-coordinates of the other two 
points. For example, x = 1 is a good choice for this example. If we choose a value 
of x that is too far from the x-coordinates of the other two points, we may have to 
change the scale of the axes or extend them to show the third point. 


3(1) + y= 6 Substitute 1 for x. 
3+ y=6 Simplify the left side of the equation. 
y=3 Subtract 3. 


The point (1,3) is the third point. Keep in mind that the third point can vary with 
our choice for x, but the three points still should be on the same line. After plotting 
the third point, we finish by drawing a straight line that passes through all three 
points. 
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Quick Check 5 


CHAPTER 3 _ Graphing Linear Equations 


Graph y = 2x + 5. Label any intercepts. 


SOLUTION Begin by finding the x- and y-intercepts. 


x-intercept y-intercept 
(y = 0) (x = 0) 


Choosing x = 1 to find the third point is a good choice: It is close to the two inter- 
cepts, and it will be easy to substitute 1 for x in the equation. 


y =2(1) +5 Substitute 1 for x in the equation. 
y=7 Simplify. 
The third point is (1, 7). Here is the graph. 


Graph y = —3x — 9. Label 


any intercepts. 


Using Your Calculator You can use the TI-84 to graph a line. To enter the equa- 
tion of the line that you graphed in Example 5, press the [Y=] key. Enter 2x + 5 next to 
Y, using the key labeled to key the variable x. Then press the key labeled 
to graph the line. 
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Graphing Linear Equations That Pass through 
the Origin 


Objective 4 Graph linear equations that pass through the origin. Some 
lines do not have two intercepts. For example, a line that passes through the origin 
has its x- and y-intercepts at the same point. In this case, we need to find two addi- 
tional points. 


Quick Check 6 


Graph y = 3x. Label any 
intercepts. 


3.2 Graphing Linear Equations and Their Intercepts 133 


Graphing a Line Passing through the Origin 


e Determine that both the x- and y-intercepts are at the origin. 


e Find a second point on the line by selecting a value of x and substituting it 
into the equation. Solve the equation for y. 


e Find a third point on the line by selecting another value of x and substituting 
it into the equation. Solve the equation for y. 


Graph the line that passes through these three points. 


Graph 2x — 8y = 0. Label any intercepts. 
SOLUTION  Let’s start by finding the x-intercept. 


2x — 8(0) =0 Substitute 0 for y. 
2x =0 Simplify. 
x =0_ Divide both sides by 2. 
The x-intercept is at the origin (0, 0). This point also is the y-intercept, which we 
can verify by substituting 0 for x and solving for y. We need to find two more points 
before we graph the line. Suppose we choose x = 1. 
2(1) — 8y =0 — Substitute 1 for x. 
2—8y=0 — Simplify. 
2=8y Add 8y. 


ria, Divide both sides by 8 and simplify. 


The point (1, i) is on the line. However, it may not be easy to put this point on the 
graph because of its fractional y-coordinate. We can try to avoid this problem by 
solving the equation for y before choosing a value for x. 


2x — 8y = 0 
2x = 8y Add 8y to both sides. 


1 1 
gee OF pee Divide both sides by 8 and simplify. 


If we choose a value for x that is a multiple of 4, we will have a y-coordinate that is 
an integer. We will use x = 4 and x = —4, although many other choices would 
work. 


1 1 
y=(4) | y= 4(-4) 
y=1 y=-l 
(4,1) (=4=1) 
Here is the graph. 

y 

A 

4te 
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Quick Check 7 


Graph y = 7. Label any 
intercepts. 


Horizontal Lines 


Objective 5 Graph horizontal lines. Can we draw a line that does not cross 
the x-axis? Yes; here is an example. 


What is the equation of the line in this graph? Notice that each point has the same 
y-coordinate (3). The equation for the line is y = 3. The equation for a horizontal 
line is always of the form y = b, where b is a real number. To graph the line y = 5, 


plot the y-intercept (0, b) on the y-axis and draw a horizontal line through this 
point. 


Graph y = —2. Label any intercepts. 


SOLUTION This graph will be a horizontal line, as its equation is of the form 
y = b. If an equation does not have a term containing the variable x, its graph will 
be a horizontal line. 


Begin by plotting the point (0, —2), which is the y-intercept. Then draw a hori- 
zontal line through this point. 


by 
A 
Ar 
~atbtitittiutititsyy 
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+ (0, —2) 
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Vertical Lines 


Objective 6 Graph vertical lines. Vertical lines have equations of the form 
x = a, where ais a real number. Just as the equation of a horizontal line does not 
have any terms containing the variable x, the equation of a vertical line does not 
have any terms containing the variable y. We begin to graph an equation of this 


form by plotting its x-intercept at (a, 0). Then we draw a vertical line through this 
point. 


Quick Check 8 


Graph x = —15. Label any 
intercepts. 
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Graph x = 6. Label any intercepts. 


SOLUTION The x-intercept for this line is at (6,0). Plot this point and draw a 
vertical line through it. 


y 
A 
4e 
Ar 
L (6, 0) 
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Horizontal Lines Vertical Lines 
Equation: y = b Equation: x = a 
e Plot the y-intercept at (0, Db). e Plot the x-intercept at (a, 0). 


e Graph the horizontal line passing e Graph the vertical line passing 
through this point. through this point. 


Applications of the Graphs of Linear Equations 


Objective 7 Interpret the graph of an applied linear equation. The inter- 
cepts of a graph have important interpretations in the context of an applied problem. 
The y-intercept often provides an initial condition, such as the amount of money 
owed on a loan or the fixed costs to attend college before the number of units that 
a student is taking are added in. The x-intercept often provides a break-even point, 
such as when a business goes from a loss to a profit. 


Chelsea borrowed $3600 from her friend Mack, promising to pay 
him $50 per month until she had paid off the loan. The amount of money (y) 
that Chelsea owes Mack after x months have passed is given by the equation 
y = 3600 — 50x. 


3000 
2400 
1800 
1200 

600 


Amount of money ($) 


Months 


Use the graph of this equation to answer the following questions. (Because the 
number of months cannot be negative, the graph begins at x = 0.) 
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a) What does the y-intercept represent in this situation? 


SOLUTION The y-intercept is at (0, 3600). It tells us that zero months after bor- 
rowing the money from Mack, Chelsea owes him $3600. 


b) What does the x-intercept represent in this situation? 


SOLUTION The x-intercept is at (72, 0). It tells us that Chelsea will owe Mack $0 
in 72 months. In other words, her debt will be paid. 


Using Your Calculator When graphing a line using the TI-84, you may need 
to resize the window. In Example 9, the x-intercept is at the point (72,0) and the 
y-intercept is at (0, 3600). The graph should show these important points. After en- 
tering 3600 — 50x for Y,, press the key. Fill in the screen as follows and press 
the key to display the graph. 


Quick Check 9 


Nancy invests $10,000 in a new business 
and expects to make a $2000 profit each 
month. Nancy’s net profit (y) after x 
months have passed is given by the equa- 
tion y = 2000x — 10,000. 

Use the graph of this equation to an- 
swer the following questions. (Because 
the number of months cannot be negative, 
the graph begins at x = 0.) 


a) What does the y-intercept represent in 
this situation? 


b) What does the x-intercept represent in this situation? 


BUILDING YOUR STUDY STRATEGY 


Using Your Resources, 2 Tutors Most college campuses have a tutorial cen- 
ter that provides free tutoring in math and other subjects. Some tutorial centers 
offer walk-in tutoring, others schedule appointments for one-on-one or group 
tutoring, and some combine these approaches. 


While it is a good idea to ask a tutor if you are doing a problem correctly or 
to give you an idea of a starting point for a problem, it is not a good idea to ask 
a tutor to do a problem for you. You learn by doing, not by watching. It may 
look easy while the tutor is working a problem, but this will not help you do the 
next problem. If you do not understand a tutor’s answer or directions, do not be 
afraid to ask for further explanation. 
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MyMathLab «zp, [5 | G | ea % 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary Find the x- and y-intercepts. 
1. A point at which a graph crosses the x-axis is called 13.x + y=6 
a(n) —_______. .x+y=-3 
2. A point at which a graph crosses the y-axis is called 15. x — y= -8 
2) 16.x-y=4 
3. A(n) _____ line has no y-intercept. 374 ose 
4. A(n) _____ line has no x-intercept. 18. 2x4 Sy = ~10 


5. State the procedure for finding an x-intercept. 19, =3x 4 Sy = =30 


20. 2x — 6y = 24 
6. State the procedure for finding an y-intercept. Me 4 


21. =x a = y=3 
Find the x- and y-intercepts from the graph. 22. =x - - y= - 
I: 23.y=-x+8 

24. y=x-5 

25. y = 3x — 10 

26. y= —2x + 5 

27. y = —2x 

28. y = 3x 

29. y=2 

30. x = 10 

31. Find three equations that have an x-intercept at 
(4, 0). 

32. Find three equations that have an x-intercept at 
(-7, 0). 


33. Find three equations that have a y-intercept at 
(0, -10). 


34. Find three equations that have a y-intercept at (0, 2). 


Find the intercepts and then graph the line. 
35.x +y=4 36.x + y= —-2 


>< 


NO 
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37.x —y=-3 38.x —- y =6 45.y=x-4 46.y=x+6 
39. 2x — Sy = 10 40. —4x + 2y = 8 47. y= -2x+7 48. y= 4x -2 
41. 3x + 4y = —24 42. 6x + 5y = —30 

49. y = 5x 50. y = —4x 
43. —4x + 7y = 14 44, 3x — 4y = 18 


51. 2x — 3y = 0 


52. 


53. 


55. 


3x + 5y =0 
y=4 54. y = -6 
x =3 56. x = —8 


57. A lawyer bought a new copy machine for her office in 


58. 


2010, paying $12,000. For tax purposes, the copy ma- 
chine depreciates at $1500 per year. If you let x repre- 
sent the number of years after 2010, the value of the 
copier (y) after x years is given by the equation 
y = 12,000 — 1500x. 


a) Find the y-intercept of this equation. In your own 
words, explain what this intercept signifies. 


b) Find the x-intercept of this equation. In your own 
words, explain what this intercept signifies. 


c) In 2013, what will be the value of the copy ma- 
chine? 

Jerry was ordered to perform 400 hours of community 

service as a reading tutor. Jerry spends eight hours 

each Saturday teaching people to read. The equation 


59. 


60. 
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that tells the number of hours (y) that remain on the 
sentence after x Saturdays is y = 400 — 8x. 


a) Find the y-intercept of this equation. In your own 
words, explain what this intercept signifies. 


b) Find the x-intercept of this equation. In your own 
words, explain what this intercept signifies. 


c) After 12 Saturdays, how many hours of community 
service does Jerry have remaining? 


A public golf course charges a $300 annual fee to be- 
long to its club. Members of the club pay $24 to play a 
round of golf. The equation that gives the cost (y) to 
belong to the club and to play x rounds of golf per 
year is y = 300 + 24x. 


a) Find the y-intercept of this equation. In your own 
words, explain what this intercept signifies. 


b) In your own words, explain why this equation has no 
x-intercept in the context of this problem. 


c) Find the total cost for a club member who plays 50 
rounds of golf. 


In addition to paying $185 per unit, a community col- 
lege student pays a registration fee of $200 per semester. 
The equation that gives the cost (y) to take x units is 
y = 185x + 200. 


a) Find the y-intercept of this equation. In the context 
of this problem, is this cost possible? Explain. 


b) In your own words, explain why this equation has no 
x-intercept in the context of this problem. 


c) A full load for a student is 12 units. How much will 
a full-time student pay per semester? 


o===- Writing in Mathematics 


Answer in complete sentences. 
61. 


Solutions Manual Write a solutions manual page for 
the following problem: 


Find the x- and y-intercepts and then graph the line 
3x — 4y = 18. 
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Section 3.2 

Solve for y. 3. —8x + 2y = 10 
12x+y=8 4. 4x + 6y = 12 
2.4x —-y=6 


OBJECTIVES 


1. Understand the slope of a line. 

a Find the slope of a line from its graph. 

3 Find the slope of a line passing through two points using the slope 
formula. 

‘4 Find the slopes of horizontal and vertical lines. 

3] Find the slope and y-intercept of a line from its equation. 

6 Find the equation of a line given its slope and y-intercept. 

@ Graph a line using its slope and y-intercept. 

8 Interpret the slope and y-intercept in real-world applications. 


Slope of a Line 


Objective 1 Understand the slope of a line. Here are four different lines 
that pass through the point (0, 2). 


y y 
A 


Notice that some of the lines are rising to the right, while others are falling to the 
right. Also, some are rising or falling more steeply than others. The characteristic 
that distinguishes these lines is their slope. 


Slope 


The slope of a line is a measure of how steeply a line rises or falls as it moves to 


the right. We use the letter m to represent the slope of a line. 
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If a line rises as it moves to the right, its slope is positive. If a line falls as it moves to 
the right, its slope is negative. 


Positive Slope Negative Slope 


To find the slope of a line, we begin by selecting two points that are on the line. As 
we move from the point on the left to the point on the right, we measure how much 
the line rises or falls. The slope is equal to this vertical distance divided by the dis- 
tance traveled from left to right. This is often referred to as “rise over run,” or as the 
change in y divided by the change in x. Sometimes the change in y is written as Ay 
and the change in x is written as Ax. The Greek letter A (delta) is often used to rep- 
resent change in a quantity. The slope of a line is represented as 


_ Ay 
~ Ax 


rise 
m=—, or m 
run 


Rise (Ay) 


Finding the Slope of a Line from Its Graph 


Objective 2 Find the slope of a line from its graph. Consider the following 
line that passes through the points (1, 2) and (3, 8). To move from the point on the 
left to the point on the right, the line rises by 6 units as it moves 2 units to the right. 
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Quick Check 1 


Find the slope of the line that 
passes through (—2, 5) and 
(4, -7). 


The slope m is g or 3. When m = 3, every time the line moves up by 3 units 
(y increases by 3), it moves 1 unit to the right (x increases by 1). Look at the graph 
again. Starting at the point (1, 2), move 3 units up and 1 unit to the right. This places 
you at the point (2,5). This point also is on the line. We can continue this pattern to 
find other points on the line. 


Find the slope of the line that passes through the points (4, 9) and 
(8, 1). 


SOLUTION Begin by plotting the two points on a graph. Notice that this line falls 
from left to right, so its slope is negative. The line drops by 8 units as it moves 
4 units to the right, so its slope is a or=2; 


Slope Formula 


Objective 3 Find the slope of a line passing through two points using 
the slope formula. 


Slope Formula 


If a line passes through two points (x,, y,) and (x2, y.), we can calculate its 
yz VM 
X_— xy 


slope using the formula m = 


This is consistent with the technique we used to find slope in the previous example. 
The numerator (y, — y,) represents the vertical change, while the denominator 
(x, — x,) represents the horizontal change. Using this formula saves us from hav- 
ing to plot the points on a graph, but keep in mind that you can continue to use that 
technique. 


Quick Check 2 

32 MA 
2 = ahh 
to find the slope of the line that 
passes through the points (1, 2) 
and (5, 14). 


Use the formula m = 


Quick Check 3 

Use the formula m = eae 
ci oe 

to find the slope of the line that 

passes through the points 


(—3, 5) and (1, —5). 
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We have seen that the slope of a line that passes through the points (1,2) and 

2 to find the slope of the line 
7 

through these two points. We will use the point (1, 2) as (x;, y,) and the point (3, 8) 


as (Xo, yz). 


(3, 8) is 3. Now we will use the formula m = 


oy: 

a | 
6 
~s 
=4 


Notice that we get the same result as before. We could change the ordering of the 
points and still calculate the same slope. In other words, we could use the point 
(3, 8) as (x,, y,) and the point (1,2) as (x2, y,) and still find that m = 3. We can 
subtract in either order as long as we are consistent. Whichever order we use to sub- 
tract the y-coordinates, we must subtract the x-coordinates in the same order. 


y27 M 
Xy — Xy1 
passes through the points (1, 7) and (4, 3). 


Use the formula m = to find the slope of the line that 


SOLUTION One way to think of the numerator in this formula is the second 
y-coordinate minus the first y-coordinate, which, in the example, is 3 — 7. Using a 
similar approach for the x-coordinates in the denominator, we begin with a de- 
nominator of 4 — 1. 


3 = 
m= “— Substitute into the formula. 
=a decwstit : 
Ts Simplify numerator and denominator. 


The slope of the line that passes through these two points is —}, This line falls 4 
units for every 3 units it moves to the right. 


A WORD OF CAUTION It does not matter which point is labeled as (x,, y,) and which 
point is labeled as (x>, yo). It is important that the order in which the y-coordinates are 
subtracted in the numerator is the order in which the x-coordinates are subtracted in the 
denominator. 


y27 VM 
7 
passes through the points (—5, —2) and (—1, 4). 


Use the formula m = to find the slope of the line that 


SOLUTION _ In this example, we learn to apply the formula to points that have neg- 
ative x- or y-coordinates. 


4 — (-2) 
m = ————____ Substitute into the formula. 

=0= (=5) 
4+2 

ae Tay Eliminate double signs. 
6 eee ; 

eT Simplify numerator and denominator. 
3 

= Simplify. 


The slope of this line is 3 . The line rises by 3 units for every 2 units it moves to the right. 
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Horizontal and Vertical Lines 


Objective 4 Find the slopes of horizontal and vertical lines. Let’s look at 
the horizontal line y = 3 that passes through the points (1, 3) and (4, 3). 


y 
A 
6- What is its slope? 
L 3-3 
4p = 
nS a ame => 
2 _ 0 
<tttt [ a es 3 
4 2 of 2 4 6 =0 
2 
Vv 


The slope of this line is 0. The same is true for any horizontal line. The vertical 
change between any two points on a horizontal line is always equal to 0, and when 
we divide 0 by any nonzero number, the result is equal to 0. Thus, the slope of any 
horizontal line is equal to 0. 

Here is a brief summary of the properties of horizontal lines. 


Horizontal Lines 
Equation: y = b, where bis a real number 
y-intercept: (0, b) 

Slope: m = 0 


Look at the following vertical line: 


Notice that each point on this line has an x-coordinate of x = 1. We can attempt to 
find the slope of this line by selecting any two points on the line, such as (1, 2) and 
(1,5), and using the slope formula. 


The fraction j is undefined. Thus, the slope of a vertical line is said to be undefined. 
Here is a brief summary of the properties of vertical lines. 


Vertical Lines 


Equation: x = a, where a is a real number 
x-intercept: (a, 0) 


Slope: Undefined 


Quick Check 4 


Find the slope, if it exists, of the 
line sve: 


Quick Check 5 


Find the slope, if it exists, of the 
line y = —2. 
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Find the slope, if it exists, of the line x = —2. 


SOLUTION This line is a vertical line. The slope of a vertical line is undefined, so 
this line has undefined slope. 


Find the slope, if it exists, of the line y = 4. 


SOLUTION This line is a horizontal line. The slope of any horizontal line is 0, so 
the slope of this line is 0. 


A WORD OF CAUTION Avoid stating that a line has “no slope.” This is a vague phrase; 
some may take it to mean that the slope is equal to 0, while others may interpret it as 
meaning that the slope is undefined. 


Slope-Intercept Form of a Line 


Objective 5 Find the slope and y-intercept of a line from its equation. 
If we solve a given equation for y so that it is in the form y = mx + Db, this is the 
slope-intercept form of a line. The number being multiplied by x is the slope m, 
while 5 represents the y-coordinate of the y-intercept. 


Slope-Intercept Form of a Line 


y=mx+b 
m: Slope of the line 
b: y-coordinate of the y-intercept 


To verify that the y-intercept is (0, b), substitute 0 for x in the equation y = mx + b. 


Quick Check 6 

Find the slope and the 
y-intercept of the line 
y= 3x = (6; 


Quick Check 7 


Find the slope and the 
y-intercept of the line 
6x + 2y = 10. 


x y=2x+5 (x, y) y=mx+b 

0| y=2(0)+5= (0, 5) y=m(0) +b 

1] y=20)+5= (1,7) y~ 

2|y=2(2)+5= (2,9) To verify that the slope is the coefficient of the x-term, let’s look at the equation 
= ze y = 2x + 5 by creating a table of values, as shown to the left. 

Ball ei CU eesti | Gray Notice that the y-values increase by 2 as the x-values increase by 1; so the slope is 2. 


Find the slope and y-intercept of the line y = —3x + 7. 


SOLUTION Because this equation is already solved for y, we can read the slope 
and the y-intercept directly from the equation. The slope is —3, which is the coeffi- 
cient of the term containing x in the equation. The y-intercept is (0, 7) because 7 is 
the constant in the equation. 


Find the slope and y-intercept of the line 2x + 2y = 11. 


SOLUTION Begin by solving for y. 


2x + 2y=11 
2y = —2x +11 Subtract 2x from both sides. 
2 —2 11 
> = a > Divide each term by 2. 
11 
y=r-xt a Simplify. 


The slope of this line is —1. When we see —x in the equation, we need to remember 
that this is the same as —1x. The y-intercept is (0, 3). 
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A WORD OF CAUTION We cannot determine the slope and y-intercept of a line from its 
equation unless the equation has already been solved for y first. 


Objective 6 Find the equation of a line given its slope and y-intercept. 


Find the equation of a line that has a slope of 2 and a y-intercept of 
(0, -15). 


SOLUTION We will use the slope—intercept form (y = mx + b) to help us find 
the equation of this line. Because the slope is 2, we can replace m with 2. Also, 
because the y-intercept is (0, -15), we can replace b with —15. The equation of this 
line is y = 2x — 15. 


Quick Check 8 


Find the equation of a line that 
has a slope of 5 and a y-intercept 


of (0, = 2, 


Graphing a Line Using Its Slope 
and y-Intercept 


Objective 7 Graph a line using its slope and y-intercept. Once we have 
an equation in slope-intercept form, we can use this information to graph the line. 
We can begin by plotting the y-intercept as the first point. We can then use the slope 
of the line to find a second point. 


Graphing a Line Using Its Slope and y-Intercept 
e Plot the y-intercept (0, b) 

e Use the slope m to find another point on the line. 

e Graph the line that passes through these two points. 


Graph the line y = —4x + 8 using its slope and y-intercept. 


SOLUTION We will start at the y-intercept, which is (0,8). Because the slope is 
—4, the line moves down 4 units as it moves 1 unit to the right. This gives us a sec- 
ond point at (1, 4). Here is the graph. 


Quick Check 9 


Graph the line y = 2x + 6 us- 
ing its slope and y-intercept. 


Quick Check 10 


2D 
Graph the line y = 3% +4 


using its slope and y-intercept. 
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Graph the line y = 5x — 3 using its slope and y-intercept. 


SOLUTION We will start by plotting the y-intercept at (0, —3). The slope is 5 
which tells us that the line rises by 1 unit as it moves 2 units to the right. This will 
give us a second point at (2, —2). 


We have two techniques for graphing lines that are not horizontal or vertical lines. 
We can graph a line by finding its x- and y-intercepts or by using the y-intercept 
and the slope of the line. There are certain times when one technique is more effi- 
cient to apply than the other, and knowing which technique to use for a particular 
linear equation can save time and prevent errors. In general, if the equation is al- 
ready solved for y, such as y = 3x + 7or y = —4x + 5, graphing the line using the 
y-intercept and the slope is a good choice. If the equation is not already solved 
for y, such as 2x + 3y = 12 or 5x — 2y = —10, consider finding both the x- and 
y-intercepts and then drawing the line that passes through these two points. 


Applications 


Objective 8 Interpret the slope and y-intercept in real-world applica- 
tions. The concept of slope becomes more important when we apply it to real- 
world situations. 


The number of Americans (y), in millions, who have cell phones 
can be approximated by the equation y = 13x + 77, where x is the number of 
years after 1999. Interpret the slope and y-intercept of this line. (Source: Cellular 
Telecommunications Industry Association) 


SOLUTION The slope of this line is 13, which tells us that each year we can expect 
an additional 13 million Americans to have cell phones. (The number of Americans 
who have cell phones is increasing because the slope is positive.) The y-intercept at 
(0, 77) tells us that approximately 77 million Americans had cell phones in 1999. 


Quick Check 11 


The number of women (y) accepted to medical school in a given year can be 
approximated by the equation y = 218x + 7485, where x is the number of years 
after 1997. Interpret the slope and y-intercept of this line. (Source: Association of 
American Medical Colleges) 
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BUILDING YOUR STUDY STRATEGY 


Using Your Resources, 3 Study Skills Courses Some colleges run short-term study 
skills courses or seminars, and these courses can be helpful to students who are 


learning mathematics. These courses cover everything from taking notes and 
taking tests to overcoming math anxiety. To find out whether study skill courses 
or seminars are offered at your school, talk to an academic counselor. 


MyMathiab |) PRACTICE | WATCH | ce | = = 
Vocabulary Find the slope of the given line. If the slope is undefined, 
—— state this. 
1. The ______ ofa line is a measure of how steeply 
a line rises or falls as it moves to the right. 13. 
2. A line that rises from left to right has slope. 
3. A line that falls from left to right has _____ slope. 


4. State the formula for the slope of a line that passes 


through two points. 


5. A(n) _______ line has a slope of 0. 
6. The slope of a(n) ______ line is undefined. 
7. The form of the equation of a 


line is y = mx + b. 


8. So that the slope of a line can be determined from its 
equation, the equation must be solved for 


Determine whether the given line has a positive or 
negative slope. 


9. 10. 
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Find the slope of a line that passes through the given two 35. x = 8 36. y = —3 
points. If the slope is undefined, state this. 


19. (3,5) and (4, 7) 
20. (2, 6) and (3, 1) 
21. (—2,3) and (—5, —6) 


22. (5, —4) and (—1,5) 
23. (13, —6) and (7, 2) 
24. (—11, —4) and (—7, 6) 


25. (—32, 15) and (—24, —3) 


Determine the equation of the given line as well as the 


26. (46, 33) and (19, 24) slope of the line. If the slope is undefined, state this. 
27. (3, 6) and (—4, 6) a7. 2 38. y 
28. (—2, —6) and (2, 6) if 2 
= < | EP GRR (PE eas ee | Le (ae SS Ea ca >X 
29. (0, 4) and (0, 7) G42 oS 
30. (0, 0) and (4, 7) Sop -af 
2h 6h 
Graph. Label any intercepts and determine the slope of = < ack > 
the line. If the slope is undefined, state this. =o) 10 
v 
31. y=4 32. x = —2 
40. y 
A 
6b 
Ae 
ar 
oa 
—2+ 
—4-t 
—6+ 
Vv 
Find the slope and the y-intercept of the given line. 
17 
33. x = 3 34. y = -— 
5 41. y=6x-7 


42. y=4x +11 
43. y= —-2x4+3 
44. y= —-5x -8 


45. 6x + 4y = —-10 


46. 2x + 3y = —12 


47. 5x — 8y = 10 
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48. 8x — 6y = 12 63. y = 4x 64. y = —2x 


49.x -—Sy=8 
50. x + 4y = 14 


Find the equation of a line with the given slope and 
y-intercept. 
51. Slope —2, y-intercept (0, 5) 
52. Slope 4, y-intercept (0, 3) 7 r 
53. Slope 3, y-intercept (0, —6) 65. y = ae 7 66. y = “ae + 10 
54. Slope —5, y-intercept (0, —2) 
55. Slope 0, y-intercept (0, —4) 
56. Slope 0, y-intercept (0, 1) 


Graph using the slope and y-intercept. 


57. y = 3x + 6 58. y = 2x — 8 

67. 3y = —9x — 6 68. 2y = 4x + 10 
59, y = —2x — 6 60. y = —5x + 10 

69. —5x + 4y = 8 
61. y=x-3 62. y=-x-1 


70. 2x + Sy = —25 


Mixed Practice, 71-88 


Graph using the most efficient technique, finding the 
x- and y-intercepts or using the slope and y-intercept. 


71ly=-x+2 


73. y= —-2x+8 


75. y = 6x —9 


Tl y=-x—5 


1 
a sae ee 


74. y = -3x +7 


76. y = —2 


78. y = —5Sx 


79. 3x — 2y = —12 


4 
81. y = 5x 
83. y = 4 
85.3x + y=1 
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80. 2x + Sy = 15 


9 
2.x = = 
82. x 5 
84. x = -3 
2 
86. y= xt 
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87. 5x — y= —5 88. —8x + 2y = —10 


Graph the two lines and find the coordinates of the point 
of intersection. 


89. y = 3x — 6andy = —x —- 2 


1 
90. Sx — 4y = andy = 5x + 1 


91. The value y of Dave’s car x years after 2008 is given 
by the equation y = —3000x + 25,000. 

a) Find the slope of the equation. In your own words, 
explain what this slope signifies. 


b) Find the y-intercept of the equation. In your own 
words, explain what this y-intercept signifies. 


c) Use this equation to predict the value of the car in 
2014. 

92. The number of nursing students enrolled in acceler- 

ated beaccelereate programs x years after 2004 can be 


approximated by the equation y = 1200x + 6090. 
(Based on 2004-2008 data. Source: American Associa- 
tion of Colleges of Nursing) 


a) Find the slope of the equation. In your own words, 
explain what this slope signifies. 


b) Find the y-intercept of the equation. In your own 
words, explain what this y-intercept signifies. 


c) Use this equation to predict the number of nursing 
students enrolled in accelerated baccalaureate 
programs in 2016. 


93. The pitch of a roof is measure of its slope, dividing the 
vertical rise by the horizontal span. 


OsTy [ROSA 


<— Horizontal Span 


Find the pitch of the roof. 
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b) a===- Writing in Mathematics 
Answer in complete sentences. 


97. The governor of a state predicts that unemployment 
rates will increase for the next five years. Would an 
equation relating unemployment rate (y) to the num- 
ber of years after the statement was made (x) have a 
positive or negative slope? Explain. 


98. Consider the equations y = —ix + 7and20x — 8y = 
320. For each equation, do you believe that finding the 
< 48 feet ; x- and y-intercepts or using the slope and y-intercept 
is the most efficient way to graph the equation? Ex- 
plain your choices. 


94. A contractor is building a square house that is 72 feet 
wide. If he wants the pitch of the roof to be , what 
will be the vertical rise of the roof? 


95. On a 1000-foot stretch of highway through the moun- 
tains, the road rises by a total of 50 feet. Find the slope 
of the road. 


96. George walked 1 mile (5280 feet) on a treadmill. The 
grade was set to 4%, which means that the slope of the 
treadmill is 4%, or 0.04. Over the course of his work- 
out, how many feet did George climb (vertically)? 


99. Solutions Manual Write a solutions manual page 
for the following problem: 


Find the slope of the line that passes through the points 
(—2, 6) and (4, —8). 


OBJECTIVES 


@ Define function, domain, and range. 

(2. Evaluate functions. 

(3) Graph linear functions. 

4 Interpret the graph of a linear function. 

5 Determine the domain and range of a function from its graph. 


A coffeehouse sells coffee for $2 per cup. We know that it would cost $4 to buy 
2 cups, $6 for 3 cups, $8 for 4 cups, and so on. We also know that the general formula 
for the cost of x cups in dollars is 2+ x. The cost depends on the number of cups 
bought. We say that the cost is a function of the number of cups bought. 


Functions; Domain and Range 


Objective 1 Define function, domain, and range. A relation is a rule that 
takes an input value from one set and assigns a particular output value from an- 
other set to it. A relation for which each input value is assigned one and only one 
output value is called a function. In the example about coffee, the input value is the 
number of cups of coffee bought and the output value is the cost. For each number 
of cups bought, there is only one possible cost. The rule for determining the cost is 
to multiply the number of cups by $2. 


Cups 1) 2/3) 4/... Xx 


eee ne ie J 
Cost $2 | $4 | $6 |) $8 $2+x 
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The set of input values for a function is called the domain of the function. The 
domain for the example about coffee is the set of natural numbers {1, 2, 3,...}. The 
set of output values for a function is called the range of the function. The range of 
the function in the coffee example is {2, 4, 6,...}. 


Function, Domain, and Range 


A function is a relation that takes an input value and assigns one and only one 
output value to it. The domain of the function is the set of input values, and the 
range is the set of output values. 


Domain Range 


If an input value can be associated with more than one output value, the rela- 
tion is not a function. For example, a relation that took a month of the year as its in- 
put and listed the people at your school who were born that month as its output 
would not be a function because each month has more than one person born in that 


month. 


A mail-order company is selling 
holiday ornaments for $4 each. There is an addi- 
tional $4.95 charge per order for shipping and 
handling. Find the function for the total cost of 
an order as well as the domain and range of the 
function. 


SOLUTION To determine the cost of an order, 
we begin by multiplying the number of orna- 
ments by $4. To this we still need to add $4.95 for 
shipping and handling. 

Function: If 1 is the number of ornaments ordered, the cost is 4n + 4.95. 
Domain: Set of possible number of ornaments ordered {1, 2,3,...} 
Range: Set of possible costs of the orders {$8.95, $12.95, $16.95, ...} 


Quick Check 1 


A rental agency rents small moving trucks for $19.95 plus $0.15 per mile. Find the 
function for the total cost to rent a truck as well as the domain and range of the 
function. 


Function Notation 


The perimeter of a square with side x can be found using the formula P = 4x. This 
is a function that also can be expressed as P(x) = 4x using function notation. Fune- 
tion notation is a way to present the output value of a function for the input x. The 
notation on the left side, P(x), tells us the name of the function, P, as well as the in- 
put variable, x. P(x) tells us that P is a function of x and is read as P of x. The paren- 
theses on the left side are used to identify the input variable, not to indicate 
multiplication. Although we used P as the name of the function (P for perimeter), 


Quick Check 2 


Let g(x) = 2x + 9. Find 
g(—6). 


Quick Check 3 
IL (se) = Tae — 2, 
Find g(a + 8). 
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we could have used any letter. The letters fand g are frequently used for function 
names. The expression on the right side, 4x, is the formula for the function. 


P(x) = 4x P(x) = 4x P(x) = 4x 
t 
The variable inside the = P(x) is the output value of The expression on the right 


parentheses is the input — the function P when the side of the equation is the 
variable for the function. input value is x. formula for this function. 


Evaluating Functions 


Objective 2 Evaluate functions. Suppose we wanted to find the perimeter of 
a square with a side of 3 inches. We are looking to evaluate the perimeter function, 
P(x) = 4x, for an input of 3, or, in other words, P(3). Finding the output value of a 
function for a particular value of x is called evaluating the function. To evaluate a 
function for a particular value of the variable, we substitute that value for the vari- 
able in the function’s formula and then simplify the resulting expression. To evalu- 
ate P(3), we substitute 3 for x in the formula and simplify the resulting expression. 


P(x) = 4x 
P(3) = 4(3) 
= 12 


Because P(3) = 12, the perimeter is 12 inches. 


Let f(x) = 3x + 7. Find f(4). 


SOLUTION We need to replace x in the function’s formula by 4 and simplify the 
resulting expression. 


f(4) = 3(4) + 7 Substitute 4 for x. 


=19 Simplify. 


f(4) = 19. This means that when the input is x = 4, the output of the function is 19. 


2 
Let g(x) = Be 8. Find g(—9). 


SOLUTION In this example, we need to replace x with —9. As the functions be- 
come more complicated, we should use parentheses when substituting the input 
value. 


2 
g(-9) = 3(-9) — 8 Substitute —9 for x. 
=-6-8 Multiply. 
= -14 Simplify. 


Let g(x) = 8 — 3x. Find g(a + 3). 


SOLUTION In this example, we are substituting a variable expression for x in the 
function. After we replace x with a + 3, we need to simplify the resulting variable 
expression. 
g(a +3) =8 —3(a+ 3) Replace x witha + 3. 

=8-—3a-9 Distribute —3. 


= —-3a-1 Combine like terms. 
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Quick Check 4 
Graph the linear function 


f(x) = =x = (oh 


Quick Check 5 
Graph the linear function 


f(x) =4. 


Linear Functions and Their Graphs 


Objective 3 Graph linear functions. 


A linear function is a function of the form f(x) = mx + b, where mand b are 


real numbers. 


Some examples of linear functions are f(x) = x — 9, f(x) = 5x, f(x) = 3x + 11, 
and f(x) = 6. We now turn our attention to graphing linear functions. We graph 
any function f(x) by plotting points of the form (x, f(x)). The output value of the 
function f(x) is treated as the variable y was when we were graphing linear equa- 
tions in two variables. When we graph a function f(x), the vertical axis is used to rep- 
resent the output values of the function. 

We can begin to graph a linear function by finding the y-intercept. As with a lin- 
ear equation that is in slope—intercept form, the y-intercept for the graph of a linear 
function f(x) = mx + bis the point (0, b). For example, the y-intercept for the 
graph of the function f(x) = 5x — 8 is the point (0, —8). In general, to find the 
y-intercept of any function f(x), we can find f(0). After plotting the y-intercept, we 
can use the slope m to find other points. 


1 
Graph the linear function f(x) = ha + 2. 


SOLUTION We can start with the y-intercept, which is (0, 2). The slope of the line 


is 5 so beginning at the point (0, 2), we move | unit up and 2 units to the right. This 
leads to a second point at (2, 3). 


stantly equal to —3, regardless of the input value x. Its graph is a horizontal line 
with a y-intercept at (0, —3). 


y 
A 
ar 
seg Ne egy 
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Interpreting the Graph of a Linear Function 


Objective 4 Interpret the graph of a linear function. Here is the graph of 


a function f(x). 


The ability to read and interpret a graph is an important skill. This line has an x-intercept 
at the point (9, 0),so f(9) = 0. The y-intercept is at the point (0, 3), so f(0) = 3. 


Suppose we wanted to find f(3) for 
this particular function. We can do so 
by finding a point on the line that has 
an x-coordinate of 3. The y-coordinate 
of this point is f(3). In this case, 


f(3) =2. 


We also can use this graph to solve the 
equation f(x) = 6. Look for the point on 
the graph that has a y-coordinate of 6. 
The x-coordinate of this point is —9, so 
x = —9 is the solution of the equation 


f(x) = 6. 


Consider the graph of the function f(x) to the left. 
a) Find f(14). 


SOLUTION. Weare looking for a point on the line that has an x-coordinate of 15. 
The point is (13, 4), so f(15) = 4. 
b) Find a value x such that f(x) = 2. 


SOLUTION. Weare looking for a point on the line that has a y-coordinate of 2, and 
this point is (1, 2). The value that satisfies the equation f(x) = 2is x = 1. 


Quick Check 6 
Consider the following graph of a function: 


a) Find f(1). 
b) Find a value x such that f(x) = —2. 
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Objective 5 Determine the domain and range of a function from its 
graph. The domain and range of a function also can be read from a graph. Recall 
that the domain of a function is the set of all input values. This corresponds to all 
of the x-coordinates of the points on the graph. The domain is the interval of val- 
ues on the x-axis for which the graph exists. We read the domain from left to right 
on the graph. 

The domain of a linear function is the set of all real numbers, which can be writ- 
ten in interval notation as (—©°, oo). The graphs of linear functions continue on to 
the left and to the right. Look at the following three graphs of linear functions. 


Each line continues to the left as well as to the right. This tells us that the graph 
exists for all values of x in the interval (— 00, 00). 

The range of a function can be read vertically from a graph. The range goes 
from the lowest point to the highest point on the graph. All linear functions have 
(—o0, 00) as their range, except constant functions. 

Because a constant function of the form f(x) = c, where c is a real number, has 
only one possible output value, its range is {c}. For example, the range of the con- 
stant function f(x) = —5 is {—5}. 


BUILDING YOUR STUDY STRATEGY 


Using Your Resources, 4 Student’s Solutions Manual The student’s solutions 
manual for a mathematics textbook can be a valuable resource when used 
properly, but it can be detrimental to learning when used improperly. You 


should refer to the solutions manual to check your work or to see where you 
went wrong when finding the solutions. 

However, if you do nothing except essentially copy the solutions manual 
onto your paper, you will likely have difficulty on the next exam. 


myc | |B) GB) =) & 


WATCH DOWNLOAD READ REVIEW 


Vocabulary 
1. A(n) ______ is a relation that takes one input 4. Substituting a value for the function’s variable and 
value and assigns one and only one output value to it. simplifying the resulting expression is called 
2. The ______ of a function is the set of all possible the function. 
input values. 5. A(n) function is a function of the form 
3. The _____ ofa function is the set of all possible f(x) = mx + b. 


output values. 6. The ________ of a linear function is always (— °°, 00), 


The following table contains the names of the nine 
American League All-Stars from 2008, along with the 
player’s AL team. 


Name Team 


Cliff Lee (P) 

Joe Mauer (C) 

Kevin Youkilis (1B) 
Dustin Pedroia (2B) 
Derek Jeter (SS) 
Alex Rodriguez (3B) 
Manny Ramirez (LF) 
Josh Hamilton (CF) 
Ichiro Suzuki (RF) 


Cleveland Indians 
Minnesota Twins 
Boston Red Sox 
Boston Red Sox 
New York Yankees 
New York Yankees 
Boston Red Sox 
Texas Rangers 
Seattle Mariners 


7. Would a relation that took a player’s name as an in- 
put and listed his AL team as an output be a func- 
tion? Why or why not? 


oo 


. Could a function be defined in the opposite direction, 
with the name of the AL team as the input and the All- 
Star player’s name as the output? Why or why not? 


9. Would a relation that took a person as an input and 
listed that person’s birth mother as an output be a 
function? Why or why not? 


10. Could a function be defined with a woman as an input 
and her child as an output? Why or why not? 


For Exercises 11-14, determine whether a function exists 
with: 

a) Set A as the input and set B as the output. 

b) Set B as the input and set A as the output. 


11. High Temperatures on December 16 


Set A Set B 
City High Temp. 
Boston, MA 39° F 
Orlando, FL 715° F 
Providence, RI 39°F 
Rochester, NY 26° F 
Visalia, CA 57°F 
12. Set B 
Set A Last 4 Digits 
Person of SSN 
Jenny Crum 1234 
Maureen O’Connor 5283 
Dona Kenly 6405 
Michelle Renda 5555 
Lauren Morse 9200 
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13. Set A Set B 
Person Birthday 
Greg Erb December 15 
Karen Guardino December 17 
Jolene Lehr October 15 
Siméon Poisson June 21 
Lindsay Skay May 28 
Sharon Smith June 21 

14, Set B 
Set A Hot Dogs Eaten 
Competitive Eater in 12 Minutes 
Joey Chestnut 66 
Takeru Kobayashi 63 
Pat Bertoletti 49 
Tim Janus 43 
Sonya Thomas 39 


For the given set of ordered pairs, determine whether a 
function could be defined for which the input would be an 
x-coordinate and the output would be the corresponding 
y-coordinate. If a function cannot be defined in this man- 
ner, explain why. 


15. {(—2, 4), (—1, 1), (0,0), (1, 1), (2,4), (3,9)} 
16. {(2, —2), (1, -1), (0, 0), (1, 1), (2,2)} 


17. {(5,3), (2,7), (—4, -6), (5, —2), (0, 4)} 


18. {(—6, 3), (—2,3), (1,3), (5,3) 
19. {(2, —5), (2, -1), (2, 0), (2,3) 


20. {(1, 1), (2,2), (3,3), (4,4), (5,5) } 
21. A Celsius temperature can be converted to a Fahren- 


heit temperature by multiplying it by 2 and then 
adding 32. 


a) Create a function F(x) that converts a Celsius tem- 
perature x to a Fahrenheit temperature. 


b) Use the function F(x) from part a to convert the 
following Celsius temperatures to Fahrenheit 
temperatures. 
0°Cc 100°C — 30°C 


—10°C  =-40°C 


22. To convert a Fahrenheit temperature to a Celsius 
temperature, subtract 32 and then multiply that differ- 
ence by 2. Create a function C(x) that converts a 
Fahrenheit temperature x to a Celsius temperature. 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


A college student takes a summer job selling newspa- 
per subscriptions door-to-door. She is paid $36 for a 
four-hour shift. She also earns $7 for each subscrip- 
tion sold. 


a) Create a function f(x) for the amount she earns on 
a shift during which she sells x subscriptions. 


b) Use the function f(x) to determine how much she 
earns on a shift during which she sells 12 subscrip- 
tions. 


A cell phone carrier offers a plan with a $29.99 
monthly fee and charges $0.40 per minute for each 
minute above 300 minutes for the month. 


a) Create a function f(x) for the amount a person 
pays in a month if he or she uses x minutes above 
300 minutes that month. 

b) Use the function f(x) to determine the monthly 
bill for a subscriber who used 850 minutes last 
month. 


Create a linear function whose graph has a slope of 4 
and a y-intercept at (0, 3). 

Create a linear function whose graph has a slope of 5 
and a y-intercept at (0, —9). 

Create a linear function whose graph has a slope of 
—3 and a y-intercept at (0, —4). 

Create a linear function whose graph has a slope of 
-! and a y-intercept at (0, 2), 

Create a linear function whose graph has a slope of 0 
and a y-intercept at (0, 6). 

Create a linear function whose graph has a slope of 0 
and a y-intercept at (0, 0). 


Evaluate the given function. 


42. 
43. 


- g(x) = x — 9, g(—13) 


h(x) = 4x, h(-9) 
f(x) = —8x + 3, f(10) 
f(x) = 6x + 7, f(18) 


. f(x) = -=x + 9, f(-10) 


g(x) =5x+ 7,8 >) 
x) = 3x + 4, f(a) 
x) = 2x — 3, f(b) 
x) = 7x — 2, f(a + 3) 
x) =5x + 9, f(a — 7) 


45. ee f(2a — 5) 
f(x) =5 — 6x, f(3a — 4) 
47. m0) 6x + 4, f(x + h) 
f(x) = 3x + 11, f(x + h) 
Graph the linear function. 
49, f(x) = 6x — 6 50. f(x) = 2x + 6 
51. f(x) = -3x + 3 §2. f(x) = -—x — 8 
53. f(x) = - +4 54. f(x) = ey = 2 
3 5 
8 
55. f(x) = 3% 56. f(x) = —sx 


57. f(x) =4 58. f(x) = —6 


59. Refer to the graph of the 
function f(x). 
a) Find f(5). 
b) Find a value a such that 
f(a) = -8. 


c) Find the domain and range. 


P< 
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60. Refer to the graph of y 
the function g(x). r 
a) Find g(—4). mil 
b) Finda value asuch “j7-10%% 642. 0.2 * 


that g(a) = —2. 
c) Find the domain 
and range. 


61. Refer to the graph of the 
function f(x). 
a) Find f(2). 


b) Find a value a such 


that f(a) = 9. 
c) Find the domain and 
range. 


62. Refer to the graph of the 
funciton f(x). 
a) Find f(-1). 
b) Find a value a such 
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that f(a) = —8. ; 
c) Find the domain and L 
range. L 
oa LE oe 
=? 
—4-e 
—6F 
—8- 
—10+ 
v 
63. a) Find f(4). y 
b) Find the domain 8r 
and range. 6F 
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64. a) Find f(—3). y 
b) Find the domain 2P 
. ett ss 
and range ce ee CS eae ee aw Oe eel 
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67 


«== Writing in Mathematics 


Answer in complete sentences. 


65. Give an example of two sets A and 


B and a rule that is 


a function from set A to set B. Explain why your rule 


meets the definition of a function. 
that would not be a function from 
plain why your rule does not meet 
function. 


Give another rule 
set B to set A. Ex- 
the definition of a 


Section 3.4 

Find the slope of the given line. 
1. 6x + 2y =17 
2. 5x — 4y = —16 


3. x — Sy = 10 
4. 14x + 10y = 30 
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OBJECTIVES 


‘1 Determine whether two lines are parallel. 
@ Determine whether two lines are perpendicular. 


Parallel Lines 


Objective 1 Determine whether two lines are parallel. In this section, we 
will examine the relationship between two lines. Consider the following pair of lines: 


Notice that these two lines do not intersect. The lines have the same slope and are 
called parallel lines. 


Parallel Lines 


e Two nonvertical lines are parallel if they have the same slope. In other 
words, if we denote the slope of one line as m, and the slope of the other line 
as mM), the two lines are parallel if m, = my. 


e If two lines are vertical lines, they are parallel. 


Following are some examples of lines that are parallel: 
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Are the two lines y = 2x — Sand y = 3x + 1 parallel? 


SOLUTION These two equations are in slope—intercept form, so we can see that 
the slope of the first line is 2 and the slope of the second line is 3. Because the 
slopes are not equal, these two lines are not parallel. 


Quick Check 1 
Are the two lines y = 4x + 3 and y = —4x parallel? 


Are the two lines 6x + 3y = —9 and y = —2x + 2 parallel? 


SOLUTION _ To find the slope of the first line, solve the equation for y. 


6x + 3y = —9 
3y = —6x — 9 Subtract 6x from both sides. 
y = —2x — 3. Divide by 3. 


The slope of the first line is -2. Because the second line is already in slope-intercept 
form, we see that the slope of that line also is —2. Because the two slopes are equal, 


Quick Check 2 the two lines are parallel. 


ETA Te MRS Ae Any two horizontal lines, such as y = 4 and y = 1, are parallel to each other be- 


and y = mee + 5 parallel? cause their slopes are 0. Any two vertical lines, such as x = 2 and x = —1, are, by 
3 definition, parallel to each other as well. 


Find the slope of a line that is parallel to the line 4x + 3y = 8. 


SOLUTION Fora line to be parallel to 4x + 3y = 8, it must have the same slope 
as this line. To find the slope of this line, we solve the equation for y. 


4x + 3y=8 
3y = —4x + 8 Subtract 4x from both sides. 
4 8 
y= 3 oF 3 Divide by 3, 


The slope of the line 4x + 3y = 8 is —i. A line that is parallel to 4x + 3y = 8 has 
Quick Check 3 a slope of —3. 


Find the slope of a line 


that is parallel to the line * ° 
peg Perpendicular Lines 


Objective 2 Determine whether two lines are perpendicular. 


Two distinct lines that are not parallel intersect 
at one point. Perpendicular lines are one 
special type of intersecting lines. Here is an 
example of two lines that are perpendicular. 
Perpendicular lines intersect at right angles. 
Notice that one of these lines has a positive 
slope and the other line has a negative 

slope. 


164 CHAPTER3 Graphing Linear Equations 


Quick Check 4 


Are the two lines 
y=x+7and 
y = —x + 3 perpendicular? 


Quick Check 5 

Are the two lines 
2 

y= ae + 5 and 


6x + 4y = 12 
perpendicular? 


Quick Check 6 


Find the slope of a line that is 
perpendicular to the line 
Tse = Sy = All. 


Perpendicular Lines 


e Two nonvertical lines are perpendicular if their slopes are negative recipro- 
cals. In other words, if we denote the slope of one line as m, and the slope of 


, : ; 2 1 ee 
the other line as m,, the two lines are perpendicular if m, = ——. (This is 
My) 


equivalent to saying that two lines are perpendicular if the product of their 
slopes is —1.) 
e A vertical line is perpendicular to a horizontal line. 


Two numbers are negative reciprocals if they are reciprocals that have opposite 


signs, such as 5 and —3, —2 and 3, and —; and a 


Are the two lines y = 4x + Sand y = —4x + 5 perpendicular? 


SOLUTION The slopes of these two lines are 4 and —4, respectively. While the 
signs of these two slopes are opposite, the slopes are not reciprocals. Therefore, the 
two lines are not perpendicular. 


Are the two lines y = 3x + 7 and 2x + 6y = 5 perpendicular? 


SOLUTION | The slope of the first line is 3. To find the slope of the second line, we 
solve the equation for y. 


2x + 6y =5 
6y = —2x +5 Subtract 2x. 
2 5 ie 
y= Ex + 6 Divide by 6. 


1 5 
y= —3 + 6 Simplify. 
The slope of the second line is —} The two slopes are negative reciprocals, so the 
lines are perpendicular. 


Any vertical line, such as x = 2, is perpendicular to any horizontal line, such as 
y= -2, 


Find the slope of a line that is perpendicular to the line 5x + 2y = 8. 


SOLUTION We begin by finding the slope of this line. We do this by solving the 
equation 5x + 2y = 8 for y. 


5x + 2y =8 
2y = —5x +8 Subtract 5x from both sides. 


5 8 
yas + 3 Divide by 2. 


5 
y= 5% +4 Simplify. 


The slope of this line is —3, To find the slope of a line perpendicular to this line, we 
take the reciprocal of this slope and change its sign from negative to positive. A 
line is perpendicular to 5x + 2y = 8 if it has a slope of 2, 


Quick Check 7 

Are the two lines y = 2x — 5 
and y = —2x parallel, perpen- 
dicular, or neither? 


Quick Check 8 

Are the two lines y = 4x + 3 
and 8x — 2y = 12 parallel, 
perpendicular, or neither? 
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Determining Whether Two Lines Are Parallel, 
Perpendicular, or Neither 


To summarize, nonvertical lines are parallel if and only if they have the same slope 
and are perpendicular if and only if their slopes are negative reciprocals. Horizontal 
lines are parallel to other horizontal lines, and vertical lines are parallel to other 
vertical lines. Finally, a horizontal line and a vertical line are perpendicular to each 
other. These concepts are summarized in the following table: 


| ere the lines are parallel if... | the lines are perpendicular if . . . 
: : iL 

two nonvertical lines m, = Mm, m, = -— 

have slopes m, and m, m 

one of the two lines is the other line is horizontal the other line is vertical 

horizontal 

one of the two lines is the other line is vertical the other line is horizontal 

vertical 


Are the two lines y = 6x + 2and y = Ex — 3 parallel, perpendicu- 
lar, or neither? 


SOLUTION _ The slope of the first line is 6, and the slope of the second line is ie The 
slopes are not equal, so the lines are not parallel. 

The slopes are not negative reciprocals, so the lines are not perpendicular 
either. 

The two lines are neither parallel nor perpendicular. 


Are the two lines —3x + y = 7and —6x + 2y = —4 parallel, per- 
pendicular, or neither? 


SOLUTION | Find the slope of each line by solving each equation for y. 
—-3x +t y=7 
y = 3x +7 Add 3x to both sides. 
The slope of the first line is 3. Now find the slope of the second line. 
—6x + 2y = —4 
2y = 6x —4 Add 6x to both sides. 
y=3x-—2 Divide by 2. 


The slope of the second line also is 3. 
Because the two slopes are equal, the lines are parallel. 


Are the two lines 10x + 2y = 0 and x — Sy = 3 parallel, perpen- 
dicular, or neither? 


SOLUTION Begin by finding the slope of each line. 


10x + 2y =0 
2y = —10x Subtract 10x from both sides. 
y=-—5x Divide by 2. 
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The slope of the first line is —5. Now find the slope of the second line. 


x—-S5y=3 
—Sy = —x +3. Subtract x from both sides. 


1 
yrgr- : Divide by —5. 


The slope of the second line is i Because the two slopes are negative reciprocals, 
Quick Check 9 the lines are perpendicular. 


Are the two lines y = —2x ap ) 


Bnd ey me atalels BUILDING YOUR STUDY STRATEGY 


perpendicular, or neither? 


Using Your Resources, 5 Classmates Some frequently overlooked resources 
are the other students in your class. 


e If you have a quick question about a particular problem, a classmate can 
help you. 


e If your notes are incomplete for a certain day, a classmate may allow you to 
use his or her notes to fill in the holes in your own notes. 


e If you are forced to miss class, a quick call to a classmate can help you find 
out what was covered in class and what is the homework assignment. 


uviciay <=>) FB) | =| & 


WATCH DOWNLOAD READ REVIEW 


Vocabulary Are the two given lines perpendicular? 
1. Two nonvertical lines are if they have 13. y =4x,y = A ner) 
the same slope. 4 
2. Two nonvertical lines are if their 14. y=- 3 xt2y= 2 a | 
slopes are negative reciprocals. 2 3 
3. A vertical line is parallel to a(n) line. 15. 15x + 3y = 11,x — 5y = —4 
4. A vertical line is perpendicular to a(n) 16.x + y=6,x—-y=—3 
Has .2=3.y=4 
5. Two lines do not intersect. 


1 

B= -1,¥=s 

6. Two lines intersect at right angles. 7 
Are the two given lines parallel, perpendicular, or neither? 


Are the two given lines parallel? 
19. y= 6x —2,y=-6x +5 


7.y=3x+5,y=3x-2 


8 y =5x—7,y = —5x +3 20. y = 7x 9,y= ar +3 
9.4x + 2y =9,3y = 6x +7 1 

10. x + 3y = -—4,3x + 9y =8 21. y= 4x +3, y= —Gx — 6 
y= 6, y= s6 22. y = 8x —- 16,y = 8x -1 


2.x =2,x 


7 


23. 8x + 6y = 12,12x + 9y = —27 
24. 15x — 10y = 20, 6x + 9y = —45 
25. 5x — 4y = 44,10x + 8y = —32 


26. 3y = 7x — 6,21x — 9y = 63 
21 y = 2, 8y — 7 = 
3 4 
2B. Se 
29.x =S5,y = —-2 
30.x+ y=16,y=x-7 


Are the lines associated with the given functions parallel, 
perpendicular, or neither? 


31. f(x) = 7x — 5, g(x) = 7x43 

32. f(x) = -2x — 5, g(x) = se +4 
33. f(x) = 
34. f(x) = 4x + 9, 9(x )=-tr43 


,g(x) = 6x +4 
35. oe ais )=xt+2 
f(x) =5, g(x) = —5 


Find the slope of a line that is parallel to the given line. 
If the slope is undefined, state this. 


37. y= —6x +7 38. y= 3x +2 
39. y = 5x 40. y= —-3 
41.12x + 4y=8 42. 2x + 6y = — 


Find the slope of a line that is perpendicular to the given 
line. If the slope is undefined, state this. 


1 
43. y=8x-7 a ame a 
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3.5 Exercises 


45. 10x + 6y = 30 46. 8x — 14y = —28 


47, 12x + 21y = 33 48. 4x —-7=0 

49, Find the slope of a line that is parallel to the line 
Ax + By = C. (A, B, and Care real numbers, A # 0, 
and B # 0.) 

50. Find the slope of a line that is perpendicular to the 
line Ax + By = C. (A, B, and C are real numbers, 
A # 0,and B # 0.) 

51. Is the line that passes through (3, 7) and (5, —1) par- 
allel to the line y = —4x + 11? 

52. Is the line that passes through (—6, 2) and (4, 
allel to the line —3x + Sy = 15? 

53. Is the line that passes through (4, 7) and (— 
pendicular to the line —10x + 4y = 8? 

54. Is the line that passes through (—3, —8) and (2,7) 
perpendicular to the line that passes through (—S, 3) 
and (7,7)? 


8) par- 


1, 9) per- 


e===- Writing in Mathematics 
Answer in complete sentences. 
55. Describe three real-world examples of parallel lines. 


56. Describe three real-world examples of perpendicular 
lines. 


57. Explain the process for determining whether two 
lines of the form Ax + By = C are parallel. 


58. Explain the process for determining whether two lines 
of the form Ax + By = C are perpendicular. 


Section 3.5 


Find the slope of a line that passes through the given two 
points. If the slope is undefined, state this. 


1. (5,7) and (8, 1) 
2. (—4, 2) and (2, 10) 


3. (—9, —5) and (—7, 5) 
4. (6,0) and (—2, —6) 
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OBJECTIVES 


‘1 Find the equation of a line using the point-slope form. 
@ Find the equation of a line given two points on the line. 
3 Find a linear equation to describe real data. 

‘4 Find the equation of a parallel or perpendicular line. 


We are already familiar with the slope—intercept form of the equation of a line: 
y = mx + b. When an equation is written in this form, we know both the slope of 
the line (m) and the y-coordinate of the y-intercept (b). This form is convenient for 
graphing lines. In this section, we will look at another form of the equation of a line. 
We also will learn how to find the equation of a line if we know the slope of a line 
and any point through which the line passes. 


Point-Slope Form of the Equation of a Line 


Objective 1 Find the equation of a line using the point-slope form. In 
Section 3.3, we learned that if we know the slope of a line and its y-intercept, we can 
write the equation of the line using the slope—intercept form of a line y = mx + b, 
where mis the slope of the line and b is the y-coordinate of the y-intercept. If we know 
the slope of a line and the coordinates of any point on that line, not just the y-intercept, 
we can write the equation of the line using the point-slope form of an equation. 


Point-Slope Form of the Equation of a Line 


The point—slope form of the equation of a line with slope m that passes through 
the point (x, y,) is 


y- y= mx - x). 


This form can be derived directly from the slope formula m = st ag we let 
Xo _ xX, 
(x, y) represent an arbitrary point on the line, this formula becomes m = ee 25 
A= xy 


Multiplying both sides of that equation by (x — x,) produces the point-slope form 
of the equation of a line. 

If a line has slope 2 and passes through (3, 1), we find its equation by substitut- 
ing 2 for m,3 for x,, and 1 for y,. 


y= m=2 x, =3 


x 


y- y= mx — x) 
y—1=2(x - 3) 


The equation of the line is y — 1 = 2(x — 3). This equation can be converted 
to slope-intercept form or to standard form. 


Find the equation of a line with slope 4 that passes through the 
point (—2, 5). Write the equation in slope—intercept form. 


SOLUTION Substitute 4 for m, —2 for x,, and 5 for y, in the point-slope form. Then 
solve the equation for y to write the equation in slope-intercept form. 


y — 5 =4(x — (-2)) Substitute into point-slope form. 
y—5=A4(x + 2) Eliminate double signs. 
y-5=4x4+ 8 Distribute. 

y=4x + 13 Add 5 to isolate y. 


Quick Check 1 


Find the equation of a line with 
slope 2 that passes through the 
point (1,5). Write the equation 
in slope—intercept form. 


Quick Check 2 


Find the equation of a line 
with slope —3 that passes 
through the point (4, —6). 
Write the equation in slope— 
intercept form. 


Quick Check 3 

The line associated with the lin- 
ear function f(x) has a slope of 
—4. If f(-2) = 13, find the 
function f(x). 
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3.6 Equations of Lines 


The equation for a line with slope 4 that passes through (—2,5) is y = 4x + 13. 
Below is the graph of the line, showing that it passes through the point (—2, 5). 


Find the equation of a line with slope —5 that passes through the 
point (4, —3). Write the equation in slope—intercept form. 


SOLUTION Begin by substituting —5 for m, 4 for x,;, and —3 for y, in the point-slope 
form. After substituting, solve the equation for y. 


y — (-3) = -5(x - 4) 
yt+t3=—5(x — 4) 
y+3=—5x + 20 

y= —5x +17 


Substitute into point-slope form. 
Simplify left side. 

Distribute —5. 

Subtract 3 to isolate y. 


The equation for a line with slope —5 that passes through (4, —3) is y = —Sx + 17. 

In the previous example, we converted the equation from point-slope form to 
slope-intercept form. This is a good idea in general. We use the point-slope form 
because it is a convenient form for finding the equation of a line if we know its slope 
and the coordinates of a point on the line. We convert the equation to slope-intercept 
form because it is easier to graph a line when the equation is in this form. 


The line associated with the linear function f(x) has a slope of 2. If 
—7, find the function f(x). 


SOLUTION A linear function is of the form f(x) = mx + b. In this example, we 
know that m = 2,so f(x) = 2x + b. We will now use the fact that f(—3) = —7 to 
find b. 


(y= 
2(-3) + b= —7 Substitute —3 for x in the function f(x). 
-6+b=-7 Multiply. 
=-1 Addo. 


Replace m with 2 and b with —1. The function is f(x) = 2x — 1. 


The previous example also could have been solved by using the point-slope form 
with the point (—3, —7). 
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Quick Check 4 


Find the equation of a line that 
passes through the two points 
(—2, 7) and (6, —5). 


Quick Check 5 


Find the equation of a line that 
passes through the two points 
(—6, 4) and (3, 4). 


Finding the Equation of a Line Given Two 
Points on the Line 


Objective 2 Find the equation of a line given two points on the line. 
Another use of the point-slope form is to find the equation of a line that passes 
through two given points. We begin by finding the slope of the line passing through 
y2~ 
Xy— Xy 
point-slope form with this slope and either of the points we were given. We finish 
by rewriting the equation in slope-intercept form. 


those two points using the slope formula m = . Then we use the 


Find the equation of a line that passes through the two points 
(-1, 6) and (3, —2). 


SOLUTION Begin by finding the slope of the line that passes through these two 
points. 


m = —~——>— Substitute into the formula m = 222! 
3 — (-1) X42 - xy 
-8 fowl : 
aes Simplify numerator and denominator. 
= -2 Simplify. 
Now substitute into the point-slope form using either of the points with m = —2. 


Use (3, —2): 
y — (-2) = —2(x — 3) Substitute in 
point-slope form. 
y+t2=-2x+6 Simplify. 
y=-2x+4 Solve for y. 


The equation of the line that passes through these 
two points is y = —2x + 4. If we had used the point 
(-1,6) instead of (3, —2), the result would have 
been the same. 

At the right is the graph of the line passing 
through the points (—1, 6) and (3, —2). 


and (8, 9). 


SOLUTION Begin by attempting to find the slope of the line that passes through 


Substitute into the slope formula. 


Simplify numerator and denominator. 


The slope is undefined, so this line is a vertical line. (We could have discovered this 
by plotting the two points on a graph.) The equation for this line is x = 8. 
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Finding a Linear Equation to Describe 
Linear Data 


Objective 3 Find a linear equation to describe real data. 


In 2005, approximately 8.9 million U.S. households had a net worth 
of at least $1 million. By 2007, that number had increased to 9.9 million U.S. house- 
holds. Find a linear equation that describes the number (y) of U.S. millionaire 
households (in millions) x years after 2005. (Source: TNS Financial Services, Afflu- 
ent Market Research Program) 


SOLUTION Because x represents the number of years after 2005, x = 0 for 2005 
and x = 2 for 2007. This tells us that two points on the line are (0, 8.9) and (2, 9.9). 
We begin by calculating the slope of the line. 


9-8, 
m= ane Substitute into the slope formula. 
1 i eke ; 
a Simplify numerator and denominator. 
= 0.5 Divide. 


The slope is 0.5, which tells us that the number of U.S. millionaires increases by 0.5 
million per year. In this example, we know that the y-intercept is (0, 8.9), so we can 
write the equation directly in slope-intercept form. The equation is y = 0.5x + 8.9. 
(If we did not know the y-intercept of the line, we would find the equation by sub- 
stituting into the point-slope form.) 


Quick Check 6 

In 2003, 3620 master’s degrees were awarded in Mathematics and Statistics. In 
2007, this total increased to 4884. Find a linear equation that tells the number (y) 
of master’s degrees awarded in Mathematics and Statistics x years after 2003. 
(Source: Digest of Education Statistics, U.S. Department of Education) 


Finding the Equation of a Parallel 
or Perpendicular Line 


Objective 4 Find the equation of a parallel or perpendicular line. To 
find the equation of a line, we must know the slope of the line and the coordinates 
of a point on the line. In the previous examples, we were given the slope or we cal- 
culated the slope using two points on the line. Sometimes the slope of the line is 
given in terms of another line. We could be given the equation of a line either paral- 
lel or perpendicular to the line for which we are trying to find the equation. 


Find the equation of a line that is parallel to the line y = — 3x +15 
and that passes through (—8, 5). 


SOLUTION Because the line is parallel to y = —}x + 15, its slope must be —}. 
Substitute this slope, along with the point (—8, 5), into the point-slope form to find 
the equation of this line. 


172,  CHAPTER3 Graphing Linear Equations 


y-5= gle (—8)] Substitute into point-slope form. 
3 i : 
y-5= —4& + 8) Eliminate double signs. 
3 3 2 4 i 
y-S= 4° 3 8 Distribute and divide out common factors. 
1 
3 deeds 
y-5= =a = 6 Simplify. 
Quick Check 7 ‘ 
Find the equation of a line that yon 1 Add 5. 


is parallel to the line 


y = $x — 9 and that passes The equation of the line parallel to y = —}x + 15 and passing through (—8, 5) is 


through (5, 4). y=-3x-1, 


Find the equation of a line that is perpendicular to the line 
y= —jx + 7 and that passes through (5, 3). 
SOLUTION The slope of the line y = —tx + Tis —5, so the slope of a perpendi- 
cular line must be the negative reciprocal of —3, or 2. Now substitute into the 
point-slope form. 
y— 3 =2(x — 5) 
y—3=2x—- 10 
y=2x-7 


Substitute into point-slope form. 
Distribute. 
Add 3. 


Quick Check 8 


Find the equation of a line that 
is perpendicular to the line 

9x — 12y = 4 and that passes 
through (6, —2). 


The equation of the line is y = 2x — 7. 


If we are given... We find the equation by... 


The slope and the 
y-intercept 


Substituting m and b into the slope—-intercept form 
y=mxt+b 


Substituting m and the coordinates of the point into the 
point-slope form y — y, = m(x — x,) 


The slope and a point on 
the line 


Two points on the line J MA , 
oo) = oil 
then substituting the slope and the coordinates of one of 


the points into the point-slope form y — y, = m(x — x1) 


Calculating m using the slope formula m = nd 


A point on the line and the 
equation of a parallel line 


Substituting the slope of that line and the coordinates of 
the point into the point-slope form y — y, = m(x — x,) 


A point on the line and the 
equation of a perpendicular 
line 


Substituting the negative reciprocal of the slope of that 
line and the coordinates of the point into the point-slope 
form y — y, = m(x — x) 


Keep in mind that if the slope of the line is undefined, the line is vertical and its equa- 
tion is of the form x = a, where a is the x-coordinate of the given point. We do not use 
the point-slope form or the slope—intercept form to find the equation of a vertical line. 


BUILDING YOUR STUDY STRATEGY 


Using Your Resources, 6 Internet Resources Consider using the Internet as a 
resource to conduct further research on topics you are learning. Many websites 


have alternative explanations, examples, and practice problems. If you find a 
site that helps you with a particular topic, check that site when you are re- 
searching another topic. If you have any questions about what you find, ask 
your instructor. 


3.6 Exercises 


Powered by CourseCompass’and MathX1” ae cer eae P 
. > i) SaeNe Kid 
MyMathLab PRACTICE | WATCH | a | READ REVIEW 
2 
Vocabulary 20. Slope 5° through (—5, —4) 
1. The point-slope form of the equation of a line with 
slope m that passes through the point (x, y,) is 21. Slope 0, through (8, 5) 
; 22. Undefined slope, through (8, 5) 
2. State the procedure for finding the equation of a line 23. Find a linear function f(x) with slope —2 such that 
that passes through the points (x,, y,) and (x3, y). F(-4) = 23. 
24. Find a linear function f(x) with slope 5 such that 
f(3) = 12. 
25. Find a linear function f(x) with slope : such that 
Write the following equations in slope-intercept form. f(-15) = -17. 
3. —6x + 2y = 10 26. Find a linear function f(x) with slope 0 such that 
4. 3x + 6y = 15 FSI) 228. 
oie Find the slope-intercept form of the equation of a line 
5. x — Sy = 10 : : 
that passes through the given points. 
6. —12x — 16y = 10 2I..(2,=3), (7,2) 
28. (4, 6), (8, 10) 
eae aa 29. (-3, -3), (1,9) 
8. 6x + 4y = 0 30. (—6, 9), (—2, -3) 


31. (—10, —12), (15, 18) 


Find the equation of a line with the given slope and 


y-intercept. 32. (6, —9), (—2, 3) 
9. Slope —3, y-intercept (0, 5) 33. (—2, -9), (-2, -3) 
10. Slope 2, y-intercept (0, —4) 34. (—4, 8), (2, 8) 


2 
11. Slope 3? y-intercept (0, —3) 


12. Slope 0, y-intercept (0, 9) equation of a line whose x-intercept and y-intercept are 
13. Slope 5, y-intercept (0, 8) given. 
3 r = 
14. Slope 7 y-intercept (0, 2) x-intercept y-intercept 
35. (6, 0) (0, 2) 
36. (=o, 0) (0, 3) 
Find the slope-intercept form of the equation of a line 37. (4,0) (0, 4) 
with the given slope that passes through the given - - 
point. 38. (-10, 0) (0, —2) 
39. = 
15. Slope 3, through (7, 4) (0) (0, ~6) 
40. (10, 0) (0, 4) 


16. Slope —2, through (1, 6) 
17. Slope —4, through (6, —2) 
18. Slope —1, through (—6, —3) 


3 
19. Slope oo through (—6, —9) 


For Exercises 35-40, find the slope-intercept form of the 
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41. 


42. 


43. 


Jamie sells newspaper subscriptions door-to-door to 
help pay her tuition. She is paid a certain salary each 
night plus a commission on each sale she makes. On 
Monday, she sold 3 subscriptions and was paid $66. 
On Tuesday, she sold 8 subscriptions and was paid 
$116. 


a) Find a linear equation that calculates Jamie’s pay 
on a night she sells x subscriptions. 


b) How much will Jamie be paid on a night she makes 
no sales? 


Luis contracted with a landscaper to install a brick 
patio in his backyard. The landscaper charged 
$10,000. Luis paid the landscaper a deposit the first 
month and agreed to make a fixed monthly payment 
until the balance was paid in full. After three 
months, Luis owed $6800. After seven months, Luis 
still owed $5200. 


a) Find a linear equation for Luis’s balance (y) after 
x months. 


b) How much was the deposit that Luis paid? 


c) How many months will it take to pay off the entire 
balance? 


Members of a racquetball club pay an annual mem- 
bership fee. In addition, they pay a fee each time they 
play racquetball. Last year Jay played racquetball 
76 times and paid the club a total of $1126. Last year 
Sammy played racquetball 35 times and paid the club 
a total of $613.50. 


a) Find a linear equation for the amount paid to the 
club by a member who plays racquetball x times a 
year. 


b) What is the annual membership fee at this club? 


c) What is the fee that is charged each time a member 
plays racquetball? 


. A computer repairperson charges a service fee in ad- 


dition to an hourly rate to fix a computer. To fix 
Frank’s computer, the repair person took two hours 
and charged a total of $225 (service fee plus hourly 
rate for two hours of work). Bundy’s computer had 
more problems and took six hours to fix. The charge 
to Bundy was $505. 


a) Find a linear equation for the charge (y) for a re- 
pair that takes x hours to perform. 


45. 


b) How much is the repairperson’s service fee? 
c) How much is the repairperson’s hourly rate? 
A banquet hall hosts wedding receptions. There is a 
charge to rent the hall, in addition to a per person 
charge for the meal. Chrissy had 120 guests at her 
wedding and paid a total of $4100. Adaeze had 175 
guests at her wedding and paid a total of $5750. 


a) Find a linear equation for the total charge (y) to 
host a wedding with x guests. 


b) What is the charge to rent the hall? 
c) What is the charge for each person’s dinner? 


d) What would the charge be to host a wedding with 
200 guests? 


. Masaru has a small business in which he caters sushi 


parties. He charges a flat party fee in addition to a 

charge for each person to cover the food costs. He 

charges a total of $319.50 for a party with 10 guests 

and $618.75 for a party with 25 guests. 

a) Find a linear equation for the total charge (y) for a 
party with x guests. 

b) What is the flat party fee? 


c) What is the charge for each person’s food? 


d) What would the charge be for a party with 16 
guests? 


Find the slope-intercept form of the equation of a line 
that is parallel to the given line and that passes through 
the given point. 


47. 


48. 
49. 


50. 


51. 
52. 


Parallel to y = —2x + 13, through (—6, —3) 


Parallel to y = 4x — 11, through (3, 8) 
Parallel to —-3x + y = 9, through (4, —6) 


Parallel to 10x + 2y = 40, through (—2, 9) 


Parallel to y = 5, through (2, 7) 


Parallel to x = —5, through (—6, —4) 


Find the slope-intercept form of the equation of a line 
that is perpendicular to the given line and that passes 
through the given point. 


53. 


54. 


55. 


Perpendicular to y = 3x — 7, through (9, 4) 


1 
Perpendicular to y = —35* + 5, through (1, —3) 


Perpendicular to 4x + Sy = 9, through (—4, 2) 


56. Perpendicular to 3x — 2y = 8, through (—6, —7) 


57. Perpendicular to y = 3, through (—5, —3) 
58. Perpendicular to x = —8, through (6, 1) 


Find the slope-intercept form of the equation of a line 
that is parallel to the graphed line and that passes 
through the point plotted on the graph. (Begin by finding 
the slope of the graphed line.) 


Find the slope-intercept form of the equation of a line 
that is perpendicular to the graphed line and that passes 
through the point plotted on the graph. (Begin by finding 
the slope of the graphed line.) 


61. y 


[pe 


i) 
TTT 


<= 


62. 


3.6 Exercises 1 75 


y 
A 
are ee {| | | 1 yy 
“10.-8.-6.=4.52...0 6 8 
2 
—4e 
e = 
—6F 


<= 


Mixed Practice, 63—72 


Find the equation of a line that meets the given conditions. 


63. 
64. 


65. 


66. 


67. 
68. 


69. 


70. 
71. 


72. 


Slope —3, passes through (4, —8) 
Perpendicular to 6x — 2y = 10, passes through (6, —3) 


Parallel to 5x — 3y = —3, passes through (—9, 8) 


Passes through (—2, 7) and (4, —8) 


Slope 0, passes through (13, 11) 
Parallel to 3x + 4y = 19, passes through (—12, —7) 


Perpendicular to x+4y=8, passes. through 
(—2, 13) 

Passes through (—6, 14) and (—6, —39) 

Passes through (1, —23) and (5, 33) 


4 
Slope 5? Passes through (—15, —11) 


e===- Writing in Mathematics 


Answer in complete sentences. 


73. 


74. 


Explain why the equation of a vertical line has the 
form x = a and the equation of a horizontal line has 
the form y = b. 


Explain why a horizontal line has a slope of 0 and a 
vertical line has undefined slope. 
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Section 3.6 
Graph. Label any x- and y-intercepts. i,~= ox _4 dps 
1. 5x — 2y = 10 2. y = —3x — 8 


OBJECTIVES 
Dp Determine whether an ordered pair is a solution of a linear inequality 
in two variables. 
@ Graph a linear inequality in two variables. 
@ Graph a linear inequality involving a horizontal or vertical line. 
4 Graph linear inequalities associated with applied problems. 


In this section, we will learn how to solve linear inequalities in two variables. Here 
are some examples of linear inequalities in two variables. 


2x + 3y = 6 5x —4y = -8 —x + 9y < —18 —3x —4y>7 


Solutions of Linear Inequalities in Two Variables 


Objective 1 Determine whether an ordered pair is a solution of a linear 
inequality in two variables. 


Solutions of Linear Inequalities 


A solution of a linear inequality in two variables is an ordered pair (x, y) such 
that when the coordinates are substituted into the inequality, a true statement 
results. 


For example, consider the linear inequality 2x + 3y = 6. The ordered pair (2, 0) is 
a solution because when we substitute these coordinates into the inequality, it pro- 
duces the following result: 


2x + 3y <6 
2(2) + 3(0) = 6 
4+056 
4=6 
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The last inequality is a true statement, so (2, 0) is a solution. The ordered pair (3, 4) 
is not a solution because 2(3) + 3(4) is not less than or equal to 6. Any ordered pair 
(x, y) for which 2x + 3y evaluates to be less than or equal to 6 is a solution of this 
inequality, and there are infinitely many solutions to this inequality. We will display 
our solutions on a graph. 


Graphing Linear Inequalities in Two Variables 


Objective 2 Graph a linear inequality in two variables. Ordered pairs that 
are solutions of the inequality 2x + 3y =< 6 are one of two types: ordered pairs 
(x, y) for which 2x + 3y = 6 are solutions and ordered pairs (x, y) for which 
2x + 3y < 6 are also solutions. Points satisfying 2x + 3y = 6 lie on a line, so we 
begin by graphing this line. Because the equation is in standard form, a quick way 
to graph this line is by finding its x- and y-intercepts. 


x-intercept (y = 0) y-intercept (x = 0) 
2x + 3(0) = 6 2(0) + 3y = 6 
2x+0=6 0+ 3y=6 
2x = 6 3y = 6 
ae y=2 
(3, 0) (O52) 


Here is the graph of the line: 


AL 
v 


This line divides the plane into two half-planes and is the dividing line between or- 
dered pairs for which 2x + 3y < 6 and ordered pairs for which 2x + 3y > 6. To 
finish graphing the solutions, we must determine which half-plane contains the or- 
dered pairs for which 2x + 3y < 6. To do this, we use a test point, which is a point 
that is not on the graph of the line whose coordinates are used for determining 
which half-plane contains the solutions of the inequality. We substitute the test 
point’s coordinates into the original inequality. If the resulting inequality is true, this 
point and all other points on the same side of the line are solutions, and we shade 
that half-plane. If the resulting inequality is false, the solutions are on the other side 
of the line, and we shade that half-plane instead. A wise choice for the test point is 
the origin (0, 0) if it is not on the line that has been graphed because its coordinates 
are easy to work with when substituting into the inequality. Because (0, 0) is not on 
the line, we will use it as a test point. 


2(0) + 3(0) 
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Quick Check 1 
Graph y = 2x — 6. 


Graphing Linear Equations 


Because the last line is a true inequality, (0, 0) is a solution, and we shade the half- 


plane containing this point. 


Graph y = 4x + 3. 


SOLUTION Begin by graphing the line y = 4x + 3. 
This equation is in slope-intercept form, so we can 
graph it by plotting its y-intercept (0,3) and using the 
slope (up 4 units, 1 unit to the right) to find other points 
on the line. 

Because the line does not pass through the origin, 
we can use (0, 0) as a test point. 


Test Point: (0, 0) 
0 = 4(0) + 3 
0=0+3 
0=3 


The last inequality is false, so the solutions are in the 
half-plane that does not contain the origin. The graph of 
the inequality is shown at the right. 


The first two inequalities we graphed were weak linear 
inequalities, which are inequalities involving the symbols 
= or =. We now turn our attention to strict linear in- 
equalities, which involve the symbol < or >. An example 
of a strict linear inequality is x — 5y < 5. Ordered pairs 
for which x — Sy = 5 are not solutions to this inequality, 
so the points on the line are not included as solutions. We 
denote this on the graph by graphing the line as a dashed 
or broken line. We still pick a test point and shade the ap- 
propriate half-plane as we did in the previous examples. 


Graph x — 5y < 5. 


(x-intercept (y =0) _ y-intercept (x = 0) 
x — 5(0) =5 0-S5y=5 
x-0=5 0-S5y=5 
x=5 —-S5y=5 
=-l 
(5,0) (0, -1) 


SOLUTION Begin by graphing the line x — 5y = 5 asa dashed line. This equation 
is in standard form, so we can graph the line by finding its intercepts. 


Quick Check 2 
Graph x + 2y <6. 


At the right is the graph of the 
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¥ 

line, with an x-intercept at (5, 0) ot 

and a y-intercept at (0, —1). No- L 

tice that the line is a dashed 4L 

line. t 

Because the line does not 2r 

pass through the origin, we will r Fe 

use (0, 0) as a test point. ca a ae er 4 

Test Point: (0, 0) geen -2r 

0 — 5(0) <5 “al 

0-0<5 L 

0<5 —6r 


This inequality is true, so the origin is a solution. We shade the half-plane contain- 
ing the origin. 


Graph y > 3x. 


dashed line. 


( 


). The graph of the line is shown below. 
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SOLUTION This is a strict inequality, so we begin by graphing the line y = 3x asa 


The equation is in slope-intercept form, with a slope of 3 and a y-intercept at 
(0, 0). After plotting the y-intercept, we can use the slope to find a second point at 
1,3 
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Quick Check 3 


4 
Graph y = 3% 


Because the line passes through the 
origin, we cannot use (0, 0) as a test point. 
We will try to choose a point that is clearly 
not on the line, such as (4,0), which is to 
the right of the line. 


Test Point: (4, 0) 
0 > 3(4) 
0 > 12 
This inequality is false, so we shade the 


half-plane that does not contain the test 
point (4, 0). At the right is the graph. 


Graphing Linear Inequalities Involving 


Horizontal or Vertical Lines 


Objective 3 Graph a linear inequality involving a horizontal or vertical 
line. A linear inequality involving a horizontal or vertical line has only one vari- 
able but can still be graphed on a plane rather than on a number line. After graph- 


ing the related line, we find that it is not 
necessary to use a test point. Instead, we can 
use reasoning to determine where to shade. 
However, we may continue to use test points if 
we choose. 

To graph the inequality x > 5, we begin 
by graphing the vertical line x = 5 using a 
dashed line. The values of x that are greater 
than 5 are to the right of this line, so we shade 
the half-plane to the right of x = 5. If we had 
used the origin as a test point, the resulting in- 
equality (0 > 5) would be false; so we would 
shade the half-plane that does not contain the 
origin, producing the same graph. 


-6 
v 


eer 


Sl ns in 


To graph the inequality y = —2, we begin by graphing the horizontal line 
y = —2 using a solid line. The values of y that are less than —2 are below this line, 


so we shade the half-plane below the line. 
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Here is a brief summary of how to graph linear inequalities in two variables. 


Graphing Linear Inequalities in Two Variables 

e Graph the line related to the inequality, which is found by replacing the in- 
equality symbol with an equal sign. 

e If the inequality symbol includes equality (< or =), graph the line as a solid 
line. 


e If the inequality symbol does not include equality (< or >), graph the line 
as a dashed, or broken, line. 

e Select a test point that is not on the line. Use the origin if possible. Substitute 
the coordinates of the point into the original inequality. If the resulting in- 

equality is true, shade the region on the side of the line that contains the test 

point. If the resulting inequality is false, shade the region on the side of the 

line that does not contain the test point. 


Applications 


Objective 4 Graph linear inequalities associated with applied problems. 
We turn our attention to an application problem to end the section. 


A movie theater has 120 seats. The number of adults and children 
admitted cannot exceed the number of seats. Set up and graph the appropriate in- 
equality. 


SOLUTION There are two unknowns in this problem: the number of adults and 
the number of children. Let x represent the number of adults and y represent the 
number of children. Because the total number of adults and children cannot ex- 
ceed 120, we know that x + y < 120. (We also know that x = 0 and y = 0 be- 
cause we cannot have a negative number of children or adults. Therefore, we are 
restricted to the first quadrant, the positive x-axis and the positive y-axis.) 

To graph this inequality, begin by graphing x + y = 120 as a solid line. Be- 
cause this equation is in standard form, graph the line using its x-intercept (120, 0) 
and its y-intercept (0, 120). 


y 
A 
120 
100 
80 
60 
40 


20 


! ! 
20 40 60 80 100 130" 
The origin is not on this line, so we can use (0, 0) as a test point. 


x+y 120 
0+ 0+ 120 Substitute 0 for x and 0 for y. 
0= 120 True. 
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Quick Check 4 This is a true statement, so we shade on the side of the line that contains the origin. 


To make a fruit salad, Irv needs y 
a total of at least 60 pieces of 4 
fruit. If Irv decides to buy only 
apples and pears, set up and 100 
graph the appropriate inequality. 


120 


80 


60 


40 


20 


BUILDING YOUR STUDY STRATEGY 


Using Your Resources, 7 MyMathLab This textbook has an online resource 
called MyMathLab.com. At this site, you can access video clips of lectures for 


each section in the book. These are useful for topics you are struggling with or 
for catching up if you missed a class. You also can find practice tutorial exer- 
cises that provide feedback. At this website, you also have access to sample 
tests, the Student’s Solutions Manual, and other supplementary information. 
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PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary 6. 2x — dy > 6 
PRE ee a) (0, 0) b) (2, —3) 
1. A(n) to a linear inequality in two variables 
is an ordered pair (x, y) such that when the ¢) (7,2) d) (5, 1) 
coordinates are substituted into the inequality, a 
true statement results. 7. y < 6x — 11 
2. When a linear inequality in two variables involves the a) : 8) b) ce B 
symbols < or =, the line is graphed as a(n) ¢) (2,1) d) (—4, —13) 
line. 
3. When a linear inequality in two variables involves a 
the symbols < or >, the line is graphed as a(n) a) (4, 1) b) (9, 2) 
ee e) (0,0) d) (~16, ~2) 
4. A point that is not on the graph of the line and 
; ae ; 9 y<7 
whose coordinates are used for determining which a) (0,0) b) (8, 6) 
half-plane contains the solutions to the linear a EG 3, 10) d) ( a 7) 
inequality is called a(n) , ; 
10. x = -2 
Determine whether the ordered pair is a solution to the a) (0, 0) b) (—1, 3) 
given linear inequality. c) (—2, 19) d) (—5, —4) 
5. 5x + 3y S22 
a) (0, 0) b) (8, —4) 


c) (2,4) d) (—3, 9) 


Complete the solution of the linear inequality by shading 


the appropriate region. 
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14. 10x — 2y > 0 
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Which graph, A or B, represents the solution to the linear 


inequality? 


15. 3x + 4y = 24 
A) ¥ 
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17. 3x — 2y < -18 
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Determine the missing inequality sign (<, >, S, or =) Graph the linear inequality. 
for the linear inequality based on the given graph. 


23. 6x — 5y < —30 24, 2x + 4y = 16 
19. 8x — 3y _____ 24 
| jot i >X 
1 
25. -9x + 4y = 0 26. y < —4t 
20. 3x + 6y —27 
y 
A 
4e 
ar 
| See eee 
“(ge 64 -2.02..4 ro 
Sa 2b 
a 
gf nak 
v 
21. —5x + By 0 27. y >3 28. x =5 
y 
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22. ¥ 4x —6 29. y= 3x — 6 30. y > 4x - 8 
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Nn 
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31.y = -2x-4 32. y < —5 

3 3 3 
eV See Se ~yYy2r 
33. y ae 5 34. y 5* 
35. %= =2 36. y< x 


Determine the linear inequality associated with the given 
solution. (Find the equation of the line. Then rewrite the 
equation as an inequality with the appropriate inequal- 
ity sign: <, >, S, or =.) 


37. 
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Mixed Practice, 41-50 
Graph. 
3 
41.-x+3y=9 42. y= 9x +5 
43. 4x — 3y = 24 44,.x = -8 
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45. 5x + 4y =0 46. y= -x+15 

47. y= —-3x+8 48. 7x —2y > -14 

49. y > 2x — 30 50. x + 3y = -9 

51. More than 50 people attended a charity basketball 


52. 


game. Some of the people were faculty members, and 
the rest were students. Set up and graph an inequality 
involving the number of faculty members and the 
number of students in attendance. 


An elevator has a warning posted inside the car that 

the maximum capacity is 1200 pounds. Suppose the av- 

erage weight of an adult is 160 pounds and the average 

weight of a child is 60 pounds. 

a) Set up and graph an inequality involving the num- 
ber of adults and the number of children that can 
safely ride the elevator. 


b) Looking at the graph from part a, can two adults and 
16 children ride the elevator at the same time? 


Find the region that contains ordered pairs that are solu- 
tions to both inequalities. Graph each inequality separately, 
then shade the region that the two graphs have in common. 


53.x + y <3 and 
ee Saeed | 


54.2x + 3y =< 18 and 
2x+y=8 


e===- Writing in Mathematics 
Answer in complete sentences. 


55. Explain why we used a dashed line when graphing in- 
equalities involving the symbols < and > and a solid 
line when graphing inequalities involving the symbols 
=and=. 
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CHAPTER 3 SUMMARY 


Section 3.1 The Rectangular Coordinate System; Equations in Two Variables 


Ordered Pairs, pp. 118-119 

An ordered pair, (x, y), is a pair of values listed in the 
specific order of x first and y second. The values are 
often referred to as coordinates. 


Solutions of an Equation in Two Variables, pp. 118-119 

An ordered pair (x, y) is a solution of an equation in two 
variables if it produces a true equation when its 
coordinates are substituted for x and y. 


Plotting Ordered Pairs, pp. 119-122 

To plot an ordered pair (x, y) on a rectangular 
coordinate plane, begin at the origin. The 
x-coordinate tells how far to the left or right 
of the origin to move. The y-coordinate then 
tells how far up or down to move from there. 


Graphing a Linear Equation by Plotting Points, p. 124 

Plot ordered pairs that are solutions and draw the straight 
line that goes through them. 

Arbitrarily select three values for x and find the 
y-coordinates associated with them to find the 
ordered pairs to plot. 


(3, 4) 
(0, —8) 
Is (4, —3) a solution of 2x + 3y = —1? 
2(4) + 3(-3) = -1 
8-9=-1 
-1=-1 


(4, —3) is a solution. 


Plot (3, 5), (6, —2), (—4, 7), and (0, —8) on a rectangular plane. 


(-4, 7) 8r 
e 


L e@ (3,5) 


(0, —8) 


Graph y = 3x — 2. 

x=0 y = 3(0) -2=-2 (0, —2) 
x=1 y=3(1)-2=1 (1, 1) 
x=2 y = 3(2) -2=4 (2, 4) 


y=3x-2 
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Section 3.2 Graphing Linear Equations and Their Intercepts 


Intercepts, pp. 129-130 


A point at which a graph crosses the x-axis is called 
an x-intercept, and a point at which a graph crosses 
the y-axis is called a y-intercept. 
To find an x-intercept, substitute 0 for y and solve for x. 
To find a y-intercept, substitute 0 for x and solve for y. 


Graphing a Linear Equation Using Its Intercepts, pp. 130-133 
Find the x-intercept and the y-intercept and plot them on 
the plane. 
A third point with an arbitrarily chosen value of x can be 
used as a check point. 


Graphing Horizontal Lines, p. 134 


To graph the line y = 5, plot the y-intercept (0, b) on the y-axis 
and draw a horizontal line through this point. 


Find the intercepts: 3x — 4y = —24 


x-intercept y-intercept 
3x — 4(0) = —24 | 3(0) — 4y = —24 
3x = —24 —4y = —24 
x= —8 y=6 
(-8,0) (0, 6) 


x-intercept 


y-intercept 


x + 2(0) = 8 (0) + 2y=8 
£58 2y=8 
y=4 
(8, 0) (0, 4) 
y 
A 
10+ 
Sr 


Graph: y = 7 
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Graphing Vertical Lines, pp. 134-135 


To graph the line x = a, plot the x-intercept (a, 0) Graph: x = 5 
on the x-axis and draw a vertical line through 
this point. y 
6 L 
4te 
r x=5 
ar 
i (5, 0) 
l ! ! ! ! ! ! ! ! 
Sa [2/416 0°” 
2b 
4b 
6b 
v 
Section 3.3 Slope of a Line 
Slope, pp. 140-142 
The slope of a line, m, is a measure of how steeply y 
a line rises or falls as it moves to the right. 1 Pi 
If a line rises as it moves to the right, its slope 


is positive. 


If a line falls as it moves to the right, its slope is negative. positive slope 


<a i0 >X 
negative slope 
4b 
v 
Slope Formula, pp. 142-143 
If a line passes through two points (x;, y,) and Find the slope of the line that passes through the two points: 
(x2, y2), you can calculate its slope using the formula (4, —7), (6, 3) 
_~wT7M 3.—(=7) 
m At ae m S ——_— 
x27 Xy 6-4 
a 
2 
=5 
Slope-Intercept Form of a Line, pp. 145-146 
The equation of a line is in slope—intercept form if it Find the slope and y-intercept of the line: 4x + S5y = 15 
is written in the form y = mx + b. The coefficient i Sy = 15 
of x is the slope m, while b represents the a 3) 2 dx +15 
y-coordinate of the y-intercept. Sy _ Ay x 15 
) 5 5 
4 
, Aa =e + 3 


4 
The slope is — > and the y-intercept is (0, 3). 
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Slope of a Horizontal or Vertical Line, pp. 144-145 


The slope of a horizontal line is 0. The slope of a 
vertical line is undefined. 


Graphing a Line Using Its Slope and y-Intercept, pp. 146-147 


Plot the y-intercept. 
Then use the slope of the line to find a second point. 
Draw a line that passes through these two points. 


Section 3.4 Linear Functions 


Find the slope of the line: y = —2 
The line is horizontal, so m = 0. 


Find the slope of the line: x = 6 
The line is vertical, so its slope is undefined. 


Graph: y = 4x + 2 
y-intercept: (0,2) 
Slope: 4 (up 4 units, 1 to the right) 
y 


Functions, pp. 153-155 

A function is a relation that takes an input value and assigns 
a particular output value to it. For a relation to define a 
function, each input value must be assigned one and only 
one output value. 

The set of input values for a function is called the domain 
of the function. 

The set of output values for a function is called the range 
of the function. 


Evaluating Functions, p. 155 

To evaluate a function for a particular value of the variable, 
substitute that value for the variable in the function’s 
formula, then simplify the resulting expression. 


Graphing Linear Functions, p. 156 

A linear function is a function of the form f(x) = mx + b, 
where m and b are real numbers. 

To graph a linear function, begin by plotting its y-intercept 
at (0, b). Then use the slope m to find other points. 


Is a relation whose input value is a student at your college and 
whose output is the student’s ID number a function? 


Yes, because each student has only one ID number. 


For f(x) = 7x + 23, find f(—11). 

f(-11) = 7(-11) + 23 
= Tf Ae 23 
—54 


2 
Graph: f(x) = ~ 3% +5 
y-intercept: (0,5) 
2 
Slope: — 3 (down 2 units, 3 to the right) 


Constant Functions, p. 156 


A function of the form f(x) = b is called a constant function. 
The graph of a constant function is a horizontal line whose 


y-intercept is the point (0, b). 
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Graph: f(x) = —6 
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Section 3.5 Parallel and Perpendicular Lines 
Parallel Lines, pp. 162-163 
Two nonvertical lines are parallel if they have the Are the two lines parallel? 
same slope. y 4x + 7,8x + 2y = 10 
If two lines are vertical, they are parallel. The slope of the first line is —4. 
8x + 2y = 10 
2y = —8x + 10 
y=—4x +5 


Perpendicular Lines, pp. 163-164 


Two nonvertical lines are perpendicular if their slopes 
are negative reciprocals. 
A vertical line is perpendicular to a horizontal line. 


Section 3.6 Equations of Lines 


The slope of the second line also is —4. 
The lines are parallel. 


Are the two lines perpendicular? 


2 
y Fl ae 24 


2 
The slope of the first line is a 


—5x + 2y = 24 
2y = 5x + 24 

5 
=—x+ 12 

Ed a* 


The slope of the second line is 2 


The slopes are negative reciprocals, so the lines are 
perpendicular. 


Point-Slope Form of a Line, pp. 168-169 

The point-slope form of the equation of a line with 
slope m that passes through the point (x), y;) is 
y- y= m(x — x). 

This form of a line is used to find the equation of a line 
if its slope and the coordinates of a point on the line 
are known. 


Find the equation of a line whose slope is 3 that passes through the 


point (2, —17). 


y- y= mx — x) 

y — (-17) = 3(x — 2) 
yt17=3x-6 

y = 3x -— 23 


Finding the Equation of a Line Given Two Points on the Line, p. 170 


Begin by finding the slope of the line passing through the 

eae. 

xy — Xy 

Then use the point-slope form with this slope and either 
of the two points given. 

Finish by rewriting the equation in slope—intercept form. 


two points using the slope formula m = 


Find the equation of a line that passes through the 


points (3, 4) and (5, 12). 


maw 
= 3 
_8 
2 
=4 
yoy = m(x — x) 
y—4=4(x — 3) 
y-4=4x—- 12 
y=4x-8 
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Section 3.7 Linear Inequalities 


Graphing Linear Inequalities in Two Variables, pp. 177-181 


1. Graph the line associated with the inequality. 
If the inequality is a weak inequality, using = 
or =, the line is a solid line. 
If the inequality is a strict inequality, the line 
is a dashed line. 
2. Select a test point that is not on the line that has 
been graphed. 
3. If the test point is a solution to the inequality, 
shade the half-plane containing the test point. 
If the test point is not a solution to the inequality, 
shade the half-plane that does not contain the test point. 


Graph: y = 2x — 9 


>< 


‘Test point le 
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SUMMARY OF CHAPTER 3 STUDY STRATEGIES 


You have a great number of resources at your disposal to help you learn mathematics, 


and your success may depend on how well you use them. 


e Your instructor is a valuable resource. He or she can 
answer your questions and provide advice. In addi- 
tion to being available during class and office hours, 
some instructors take questions from students before 
class begins or after class ends. 


e The tutorial center is another valuable resource. 
Keep in mind that your goals are to understand the 
material and to solve the problems yourself. 


e Many colleges offer short courses or seminars in 
study skills. Ask an academic counselor whether these 


courses are available and whether you could benefit 
from them. 


e Other resources discussed in this chapter that you 
may want to use are the Student’s Solutions Manual, 
your classmates, and the Internet. 


e Finally, the online supplement to this textbook at 
MyMathLab.com can be helpful. This site provides 
video clips, tutorial exercises, and more. 


CHAPTER 3 REVIEW 


Find the coordinates of the labeled points A, B, C, and D. 12. x — 4y = -8 
[3.1] 


1 y 


a 13. 2x + 3y = 0 


14. 4x + 3y = -6 


In which quadrant (I, IT, I, or IV) is the given point 
located? [3.1] 


2, (-3, -3) 3. (—9,4) 


Is the ordered pair a solution to the given equation? [3.1] 


4, (5, -2),4x — 2y = 16 


7 3 
e(—, > },4xe 4+ =1 
s.(2.2).4: Sy - 


3 
y= -sxt .y = 2x - 

& (6-4, e=4y 6 a al Be BESS 
Find the x-intercept and y-intercept if possible. [3.2] 

M2x - 8y = —40 

8. 5x -— y=-15 

9.3x —7y =0 
10. 4x — 7y = 14 
Find the x- and y-intercepts and use them to graph the 
equation. [3.2] 
11. —3x + 2y = 12 Find the slope of the line that passes through the given 


points. [3.3] 
17. (—5, 3) and (—3, 9) 


18. (6, —2) and (3, 10) 
19. (3, —8) and (8, —3) 
20. (2, -7) and (7, —7) 


Worked-out solutions to Review Exercises marked with can be found on page AN-11. 
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Find the slope and the y-intercept of the given line. [3.3] 


21. y = -2x +7 
22. y = 4x —- 6 


2 
23. y = “a 


24.4x —-2y =9 
25. 5x + 3y = 18 
26. y = —7 


Graph using the slope and y-intercept. [3.3] 


27. y = 3x -— 6 28. y = —-5x —5 
2 
i ia ee 
30. y= x 
7 1 3 
.y=r-axt ~yeaxts 
31. y 3% 3 32. y a  g 


Are the two given lines parallel, perpendicular, or nei- 
ther? [3.5] 
33. y=2x-9 

y=-2x+9 
34.4x + y=11 

1 5 

a a 
35. 12x — 9y = 17 

—8x + 6y = 10 


Find the equation of a line with the given slope and 
y-intercept. [3.3] 


36. Slope —4, y-intercept (0, —2) 
2 
37. Slope 5° y-intercept (0, —6) 


38. Monique’s vacation fund has $720 in it. She plans to 
add $50 to this fund each month. [3.4] 
a) Create a function f(x) for the amount of money in 
Monique’s vacation fund after x months. 


b) Use the function from part a to determine how 
much money will be in the vacation fund after 
11 months. 

c) Use the function from part a to determine how 
many months it will take Monique to save enough 
money for a trip to Hawaii that will cost $2750. 


Evaluate the given function. [3.4] 

39. f(x) = 9x + 7, f(-2) 

40. g(x) = 3 — 8x, g(—5) 

41. f(x) = 3x + 7, f(Sa — 1) 

42. Consider the following graph of a function f(x). [3.4] 


>< 


NO ff a w 


a) Find f(—2). 

b) Find all values x for which f(x) = 5. 
c) Find the domain of f(x). 

d) Find the range of f(x). 


Find the slope-intercept form of the equation of a line 
with the given slope that passes through the given point. 
[3.6] 


43. Slope 1, through (4, —2) 
44. Slope —5, through (1, 3) 


3 
45. Slope > through (—4, 9) 


Find the slope-intercept form of the equation of a line 
that passes through the two given points. [3.6] 


46. (—2, 1) and (2, —7) 
47. (—6, —5) and (2,7) 
48. (5,3) and (—9, 3) 


Find the equation of the line that has been graphed. [3.6] 


49, 


>< 


50. y 
A 


ae ea eo oid 


<= 


Graph. [3.2/3.3] 
1 
51. y= 4x + 8 52. y = —5x +3 


Chapter 3 Review 


53. y= —-Sx +2 


54.x =5 


55. 3x — 4y = 24 


56. y = —6 


195 


1 96 CHAPTER 1 Review of Real Numbers 


Graph the inequality on a plane. [3.7] 
57.3x +y< -9 


58. 2x + 7y = 14 


59.y = -4 


3 
Wy a ee 


For Extra Help 


CHAPTER 3 TEST Aish Brep 
In which quadrant (I, I, II, or IV) is the given point 
located? 


1. (-3,7) 


Is the ordered pair a solution to the given equation? 


2. (4, -2), -3x — Jy = 2 

Find the x-intercept and y-intercept if possible. 
3. 5x — 6y = -15 
4.y= -iy + 21 


Find the x- and y-intercepts and use them to graph the 
equation. 
2 


6 y=zx-4 


5.4x — y =6 
xX y 3 


Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 
on DVD, in MyMathLab|y _and on Youff) (search “WoodburyElemIntAlg” and click on “Channels"). 


Find the slope of the line that passes through the given 
points. 


7. (2, 8) and (—3, 9) 

Find the slope and the y-intercept of the given line. 
8 y = 7x —- 8 
9.3x + 5y = 45 

Graph using the slope and y-intercept. 


10. y = —2x +3 Me y= -Se +5 


Are the two given lines parallel, perpendicular, or neither? 
12. 4y = 8x —- 11 
2x — y= 44 


Chapter 3 Test 197 
Find the equation of a line with the given slope and 19. y=2 
y-intercept. 


13. Slope —6, y-intercept (0, 5) 


Evaluate the given function. 


14. f(x) = 7 — 2x, f(-3) 
15. Find the slope-intercept form of the equation of a 
line with a slope of —3 that passes through the point 


(2.0) 


20. Graph the inequality x — 6y < —3 ona plane. 


16. Find the slope-intercept form of the equation of a 
line that passes through the points (—6,4) and 


(-1, —-6). 
Graph. 
17. y = —4x + 6 18. —4x + 5y = 20 


Mathematicians in History 
René Descartes was an early 17th-century philosopher who made 


important contributions to mathematics. Cartesian geometry resulted from his appli- 
cation of algebra to geometry. The rectangular coordinate plane also is called the 
Cartesian plane in his honor. Descartes once said, “Mathematics is a more powerful in- 
strument of knowledge than any other that has been bequeathed to us by human 
agency.” 

Write a one-page summary (or make a poster) of the life of René Descartes and his 
accomplishments. Also look up Descartes’ most famous quotes and list your favorite. 


Interesting issues: 

Where and when was René Descartes born? 

How old was Descartes when he enrolled at the Jesuit College at La Fléche? 
Descartes’s first major treatise on physics was Le Monde, ou Traité de la Lumiére. Why did he choose not to publish his 
results? 

Descartes’ most famous quote, in Latin, is “Cogito, ergo sum.” What is the English translation of this quote? 

How did a fly help Descartes come up with the idea for the rectangular coordinate system? 

Queen Christina of Sweden invited Descartes to Sweden in 1649, where he died shortly thereafter. Describe the 
circumstances that led to his death. 


CHAPTER 


Systems of Equations 


Systems of Linear 


Equations; Solving nee : : ae 
Systems by Graphing system of equations is a set of two or more associated equations containing two 


In this chapter, we will learn to set up and solve systems of equations. A 


4.2 Solving Systems of or more variables. We will learn to solve systems of linear equations in two vari- 
Equations by Using the 
Substitution Method 

4.3 Solving Systems of method. We also will learn to set up systems of equations to solve applied problems. 
Equations by Using the 
Addition Method 

4.4 Applications of Systems two variables. 
of Equations 

4.5 Systems of Linear 


Inequalities 
Chapter 4 Summary STUDY STRATEGY 


ables using three methods: graphing, the substitution method, and the addition 


We will finish the chapter by learning to solve systems of linear inequalities in 


Doing Your Homework Doing a homework assignment should not be 
viewed as just another requirement. Homework exercises are assigned to help 
you learn mathematics. In this chapter, we will discuss how you should do 


™. your homework to get the most out of your effort. 


OBJECTIVES 


@ Determine whether an ordered pair is a solution of a system of 
equations. 

ya Identify the solution of a system of linear equations from a graph. 

3 Solve a system of linear equations graphically. 


4 Identify systems of linear equations with no solution or infinitely many 
solutions. 


Systems of Linear Equations and Their Solutions 


A system of linear equations consists of two or more linear equations. Here are 
some examples. 


5x + 4y = 20 y=rx x+y=11 
2x -y=6 y= —-4x+3 y=5 
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Quick Check 1 
Is the ordered pair (—6, 3) a 
solution of the given system of 
equations? 
Se = Diy = 30 
Sa Ve De, 
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Objective 1 Determine whether an ordered pair is a solution of a sys- 
tem of equations. The equations in a system are examined together, and we are 
looking for the solution(s) that the equations have in common. 


Solution of a System of Linear Equations 


A solution of a system of linear equations is an ordered pair (x, y) that is a 
solution of each equation in the system. 


Is the ordered pair (2, —3) a solution of the given system of 


equations? 
Sx+y=7 
2x — 3y = 13 
SOLUTION To determine whether the ordered pair (2, —3) is a solution, substi- 


tute 2 for x and —3 for y in each equation. If the resulting equations are true, the 
ordered pair is a solution of the system. Otherwise, it is not. 


Sx + y=7 2x — 3y = 13 
5(2) + (-3) =7 2(2) — 3(-3) = 13 
10-3 =7 4+9=13 
7=7 13 = 13 


Because (2, —3) is a solution of each equation, it is a solution of the system of 
equations. 


Is the ordered pair (—5, —1) a solution of the given system of 


y=2x +9 
y= 14-3x 


SOLUTION Again, begin by substituting —5 for x and —1 for y in each equation. 


y=2x+9 y= 14-3x 
(-1) = 2(-5) + 9 (-1) = 14 — 3(-S) 
-1=-10+9 -1=14+15 
-1=-1 —-1= 29 


Although (—5, —1) is a solution of the equation y = 2x + 9, it is not a solution of 
the equation y = 14 — 3x. Therefore, (—5, —1) is not a solution of the system of 
equations. 


Objective 2 Identify the solution of a system of linear equations from a 
graph. Systems of two linear equations can be solved graphically. Because an or- 
dered pair that is a solution of a system of two equations must be a solution of each 
equation, we know that this ordered pair is on the graph of each equation. To solve 
a system of two linear equations, we graph each line and look for points of intersec- 
tion. Often this will lead to a single solution. Here are some graphical examples of 
systems of equations that have the ordered pair (3, 1) as a solution. 
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SOLUTION The two lines intersect at the point (—1,2), so the solution of the 
system of equations is (—1, 2). 


Quick Check 2 
Find the solution of the system of equations plotted on the graph. 


Solving Linear Systems of Equations 
by Graphing 
Objective 3 Solve a system of linear equations graphically. Now we will 


solve a system of linear equations by graphing the lines and finding their point of 
intersection. 


Quick Check 3 

Solve the system by graphing. 
y= 3x = 2 
y=5x-6 
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Solve the system by graphing. 
y=5x-9 


7 
=-ix+8 
p= 


SOLUTION Both equations are in slope—intercept 
form, so we will graph the lines by plotting the y- 
intercept and then using the slope of the line to find 
another point on the line. 

The first line has a y-intercept at (0, —9). From 
that point, we can find a second point by moving up 
5 units and 1 unit to the right, because the slope is 5. 

The y-intercept of the second line is (0,8). 
Because the slope of this line is —5, we can move 
down 7 units and 2 units to the right from this point 
to find a second point on the line. Both graphs are 
shown on the same set of axes at the right. 

Examining the graph, we can see that the two 
lines intersect at the point (2, 1). The solution of the 
system of equations is the ordered pair (2, 1). We 
could check that this ordered pair is a solution by 
substituting its coordinates into both equations. The 
check is left to the reader. 


Using Your Calculator To solve a system of linear equations using the TI-84, 
you must graph each equation and then look for points of intersection. To graph the 
equations from Example 4, begin by tapping the [Y=] key. Next to Y, key 5x — 9, and 
next to Y, key — ix + 8.Tap the key to display the graph. 


Floki Flake Floks 


si BSH 
Web -C Pe 2IR+8 


sits 


wy 
sites 
tae 
sire 


To find the points of intersection, press TRACE] to access the CALC menu and 
select option 5: intersect. You should see the following screen: 


First curva? 
n= 


When prompted for the first curve, select Y, by tapping [ENTER]. When prompted for the 
second curve, select Y, by tapping [ENTER]. 

Now you must make an initial guess for one of the solutions. In the next screen 
shot, the TI-84 asks if you would like (0, 8) to be your guess. Accept this guess by tap- 
ping (ENTER). The solution is the point (2, 1). 
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Solve the system by graphing. 


2x — 3y = 12 
x+y=1 


SOLUTION Both equations are in general form, so we will graph them using their 
x- and y-intercepts. 


2x — 3y = 12 xty=1 
x-intercept (y = 0) | y-intercept (x = 0) | x-intercept (y= 0) | y-intercept (x = 0) 


2x — 3(0) = 12 2(0) — 3y = 12 (0) +y=1 
2% = 12 =a) = 12 y= 
x=6 y=—-4 
(6, 0) (0, —4) 


Here are the graphs of each line on the 
same set of axes. 


The two lines intersect at the point (3, —2), so the solution of this set of equations 
Quick Check 4 is the ordered pair (3, —2). The check is left to the reader. 


Solve the system by graphing. 
x+S5y=5 
Sf 7 


Objective 4 Identify systems of linear equations with no solution or 
infinitely many solutions. A system of two linear equations that has a single so- 
lution is called an independent system. Not every system of linear equations has a 
single solution. Suppose the graphs of the two equations are parallel lines. Parallel 
lines do not intersect, so such a system has no solution. A system that has no solu- 
tion is called an inconsistent system. 

Occasionally, the two equations in a system will have identical graphs. In this 
case, each point on the line is a solution of the system. Such a system is called a 
dependent system and has infinitely many solutions. 


Independent System Inconsistent System Dependent System 


One Solution No Solution Infinitely Many Solutions 


Quick Check 5 


Solve the system by graphing. 


y= —-4x+ 6 
12x + 3y = 15 
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Solve the system by graphing. 


y=-3x4+5 
y= -3x -3 


SOLUTION Both equations are in slope—intercept 
form, so we can graph each line by plotting its y- 
intercept and then using the slope to find a sec- 
ond point on the line. The first line has a 
y-intercept at (0,5), and the slope is —3. The sec- 
ond line has a y-intercept at (0, —3), and the 
slope also is —3. The graphs are at the right. 

The two lines are distinct parallel lines 
because they have the same slope but different y- 
intercepts. The system is an inconsistent system 
and has no solution. In general, if we know that 
the two lines have the same slope but different y- 
intercepts, we know that the system is an incon- 
sistent system and has no solution. However, if 
the two lines have the same slope and the same 
y-intercept, the system is a dependent system. 


Solve the system by graphing. 
y=2x-4 
4x —-2y=8 
SOLUTION The first line is in slope—-intercept form, so we can graph it by first 


plotting its y-intercept at (0, —4). Using its slope of 2, we see that the line also 
passes through the point (1, —2) as shown in the graph below. 


To graph the second line, we find the x- and y-intercepts, as the equation is in gen- 
eral form. 


x-intercept (y = 0) | y-intercept (x = 0) 


4x — 2(0) = 8 4(0) — 2y = 8 
Aye Fo) =I = 8 
x= y=-4 
(2, 0) (o>) 


After plotting these intercepts on the graph, we see that the two lines are exactly 
the same. This system is a dependent system. We can display the solutions of a de- 
pendent system by showing the graph of either equation. Every point on the line is 
a solution to the system of equations. To state the solution set, we write the general 
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form for a point (x, y) that is on the line. To do this, we solve one of the equations 
for y in terms of x and replace y in the ordered pair (x, y) with this expression. In 
this example, we already know that y = 2x — 4; so our solutions are of the form 
(x, 2x — 4). 


(x, 2x — 4) 


Notice that if we rewrite the equation 4x — 2y = 8 in slope—intercept form, it 
is exactly the same as the first equation. Equations in a dependent linear system of 


Quick Check 6 equations are multiples of each other. 
Solve the system by graphing. 
4x + 6y = 12 Solving systems of equations by graphing does have a major drawback. Often we 
y= 3x ap will not be able to accurately determine the coordinates of the solution of an inde- 
pendent system. Consider the graph of the following system: 
y=2x-6 
= ey +1 
y= 5% 


We can see that the x-coordinate of this solution is between 4 and 5 and that the 
y-coordinate of this solution is between 2 and 3. However, we cannot determine the 
exact coordinates of this solution from the graph. In the next two sections, we will 
develop algebraic techniques for finding solutions of linear systems of equations. 


BUILDING YOUR STUDY STRATEGY 


Doing Your Homework, 1 Review First Before beginning any homework as- 
signment, it is a good idea to review. Start by going over your notes from class 
as a reminder of what types of problems your instructor covered and of how 
your instructor solved them. After reviewing your notes, keep them handy for 


further reference as you work through the homework assignment. 

Next, you should review the appropriate section in the text. Pay particular 
attention to the examples. Look for the feature labeled “A Word of Caution” 
for advice on avoiding common errors. As you proceed through the homework 
assignment, refer to the section in the text as needed. 


<zp| 
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4.1 Exercises 


Pp. 
wf) 


i 


Myniathiab) 
Vocabulary 
1. A(n) consists of two 


or more linear equations. 


2. Give an example of a system of two linear equations 
in two unknowns. 


3. An ordered pair (x, y) is a(n) ofa 
system of two linear equations if it is a solution of 
each equation in the system. 

4. A system of two linear equations is a(n) 

system if it has exactly one solution. 
5. A system of two linear equations is a(n) 
system if it has no solution. 

6. A system of two linear equations is a(n) 

system if it has infinitely many solutions. 


Is the ordered pair a solution of the given system of 
equations? 


7. (5,2), y = 2x —8 


3x + 4y = 23 
8. (3,9), x = Sy — 42 
7x + 2y = 39 
9. (-—6,1),3x + 2y = -16 
2x —-Sy=-7 
10. (—7, -8),x + y=-15 
6x — Sy = —2 
11. (—4, -10),3x — 7y = 58 
—x + 4y = —36 
12. (5, —5), 4x + 9y = —25 
3x —y = 10 
13. (8, -6), 5% - sy = 
o +2y=-11 
14. (9, 10), + Sy = 56 
I= zy = 47 
5 (33 8x — 12y = 2 
26)’ 5x + 9y = 15 
16. (3 8) 3x + 8y = 32 
3° 4/7 9x —4y = 21 


PRACTICE WATCH DOWNLOAD REVIEW 


Find the solution of the system of equations on each 
graph. If there is no solution, state this. 


17. 18. y 


, it 


NY ff Da ow 


Solve the system by graphing. If the system is inconsistent 
and has no solution, state this. If the system is dependent, 
write the form of the solution for any real number x. 


21. y=x-1 22. y= 3x -—2 
34 y= 9 x-y=-4 

23. y = —2x + 8 24. 4x + 2y = —-8 
yrax-5 yoaxt7 

25. y =2x +4 26. y = —5x + 6 
6x — 3y = -12 3x — 4y = —24 

3 
27. y= 5x +3 28. y = —3x + 3 
12x + 4y = 12 

7x —2y = —-14 

29. 5x — 3y = 15 30. 7x + 3y = 0 
2x-y=4 x+y=4 

31. 4x — Sy = —20 32. —2x + y = 10 
—4x + 7y = 28 2x + 3y = 6 

33. y=5x-4 34. 4x + 5y = 10 
10x — 2y = 
' y= 0 yo eae 


5 
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_ 2 40. Draw the graphs of two linear 
ae ha als a a ax t ? equations that form an inconsis- 
y= 3x = 7 4x + 14y =6 tent system. 


37. Draw the graph of a linear equation that, along with 
the given line, forms an inconsistent system. 


41. Draw the graphs of two linear equations that form a 
dependent system. 


38. Draw the graph of a linear equation that, along with 
the given line, forms a dependent system. 


42. Draw the graphs of two linear equations that form a 
system of equations whose single solution is the or- 
dered pair (—3, 2). 


39. Draw the graph of a linear equation that, along with 
the given line, forms a system of equations whose sin- 
gle solution is the ordered pair (5, 1). 


a= Writing in Mathematics 


Answer in complete sentences. 


43. Explain why the solution of an independent system of 
equations is the ordered pair that is the point of inter- 
section for the two lines. 


44. When solving a system of equations by graphing, you 
may not be able to accurately determine the coordi- 
nates of the solution of an independent system. Explain. 


Section 4.1 
Solve. 3. 2(y + 6)- 3y = 17 
1. 8x + 3(2x — 5) = 27 4. -3(6y + 1) + 7y = 74 


2. 7x — 5(3x + 9)= —13 
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OBJECTIVES 


@D Solve systems of linear equations by using the substitution method. 
2. Use the substitution method to identify inconsistent systems of equations. 
® Use the substitution method to identify dependent systems of equations. 


4 Solve systems of equations without variable terms with a coefficient of 
1 or —1 by the substitution method. 


S Solve applied problems by using the substitution method. 


Solving systems of equations by graphing each equation works well when the solu- 
tion has integer coordinates. However, when the coordinates are not integers, exact 
solutions are difficult to find when graphing by hand. In the next two sections, we will 
examine algebraic methods for solving systems of linear equations. The goal of each 
method is to combine the two equations with two variables into a single equation 
with only one variable. After solving for this variable, we will substitute the value of 
that variable into one of the original equations and solve for the other variable. 


The Substitution Method 


Objective 1 Solve systems of linear equations by using the substitution 
method. Consider the following system of equations: 


y=x-5 
2x + 3y = 20 


Looking at the first equation, y = x — 5, we see that y is equal to the expression 
x — 5. We can use this fact to replace y with x — 5 in the second equation 
2x + 3y = 20. We are substituting the expression x — 5 for y, because the two ex- 
pressions are equivalent. The first example will solve this system through use of the 
substitution method. 


The Substitution Method 


To solve a system of equations by using the substitution method, we solve one 
of the equations for one of the variables and then substitute that expression for 
the variable in the other equation. 


Solve the system by substitution. 
y=x-5 
2x + 3y = 20 


SOLUTION Because the first equation is solved for y in terms of x, we can substi- 
tute x — 5 for y in the second equation. 


oT 


2x + 3y = 20 
This will produce a single equation with only one variable, x. 


2x + 3y = 20 
2x + 3(x — 5) = 20 Substitute x — 5 for y. 
2x + 3x — 15 = 20 Distribute. 
5x — 15 = 20 Combine like terms. 
5x =35 Add 15. 
x =7 Divide both sides by 5. 
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Quick Check 1 


Solve the system by 
substitution. 


Saal aes) 
7x — 4y = 27 


Quick Check 2 
Solve the system by 


substitution. 
x-y=-4 
3x + Sy = 36 


We are now halfway to the solution. We know that the x-coordinate of the solution 
is 7,and we now need to find the y-coordinate. 


A WORD OF CAUTION The solution of a system of equations in two variables is an 
ordered pair (x, y), not a single value. 


We can find the y-coordinate by substituting 7 for x in either of the original equa- 
tions. It is easier to substitute the value into the equation y = x — 5, because y is 
already isolated in this equation. In general, it is a good idea to substitute back into 
the equation that was used to make the original substitution. 


y=x-5 
y = (7) — 5. Substitute 7 for x. 
y=2 Subtract. 


The solution to this system is (7, 2). This solution can be checked by substituting 7 
for x and 2 for y in the equation 2x + 3y = 20. The check is left to the reader. 


In the first example, one of the equations was already solved for y. To use the sub- 
stitution method, we often have to solve one of the equations for x or y. When 
choosing which equation to work with or which variable to solve for, look for an 
equation that has an x or y term with a coefficient of 1 or —1 (x, —x, y, or —y). 
When we find one of those terms, solving for that variable can be done easily 
through addition or subtraction. 


Solve the system by substitution. 


x+2y=7 
4x —3y = —16 


SOLUTION The first equation can easily be solved for x by subtracting 2y from 
both sides of the equation. This produces the equation x = 7 — 2y. We can now 
substitute the expression 7 — 2y for x in the second equation 4x — 3y = —16. 


A WORD OF CAUTION Do not substitute 7 — 2y into the equation it came from, 
xX + 2y = 7, as the resulting equation will be 7 = 7. Substitute it into the other equa- 
tion in the system. Never substitute back into the same equation. 

4x — 3y = —16 

4(7 — 2y) — 3y = -16 Substitute 7 — 2y for x. 
28 — 8y — 3y = —16 Distribute 4. 
28 — 11y = -16 Combine like terms. 
—1ly = —44 Subtract 28 from both sides. 
y= Divide both sides by —11. 


Because the y-coordinate of the solution is 4, we can substitute this value for y into 
the equation x = 7 — 2y to find the x-coordinate. 


x = 7—2(4) Substitute 4 for y. 

x=-1 Simplify. 
The solution of this system of equations is (—1, 4). We could check this solution by 
substituting —1 for x and 4 for y in the equation 4x — 3y = —16. This is left to the 


reader. Although the first coordinate we solved for was y, keep in mind that the 
ordered pair must be written in the order (x, y). 


Quick Check 3 
Solve the system by 


substitution. 
se oP Wy = 8) 
8x — 4y = 10 


Quick Check 4 
Solve the system by 


substitution. 
x-6y=4 
By Sys ale 
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Inconsistent Systems 


Objective 2 Use the substitution method to identify inconsistent sys- 
tems of equations. Recall from the previous section that a linear system of equations 
with no solution is called an inconsistent system. The two lines associated with the equa- 
tions of an inconsistent system are parallel lines. The next example shows how to deter- 
mine that a system is an inconsistent system while using the substitution method. 


Solve the system by substitution. 


x=3y-7 
3x — 9y = 18 


SOLUTION Because the first equation is solved for x, substitute 3y — 7 for x in 
the second equation. 


3x — 9y = 18 
3(3y — 7) — 9y = 18 Substitute 3y — 7 for x. 
9y — 21 — 9y = 18 Distribute. 
—21 =18 Combine like terms. 


The resulting equation is false because —21 is not equal to 18. Because this equa- 
tion can never be true, the system of equations has no solution (©) and is an 
inconsistent system. 


Dependent Systems 


Objective 3 Use the substitution method to identify dependent systems 
of equations. A dependent system of linear equations has two equations with 
identical graphs and is a system with infinitely many solutions. When using the sub- 
stitution method to solve a dependent system, we obtain an identity, such as 3 = 3, 
after making the substitution. 


Solve the system by substitution. 


4x —-y=3 
—8x + 2y = —-6 


SOLUTION | Solve the first equation for y. 


4x-—y=3 
—y = —4x + 3 Subtract 4x. 
y=4x-3 Divide both sides by —1. 


Now substitute 4x — 3 for yin the second equation. 
—8x + 2y = —-6 
—8x + 2(4x — 3) = —6 Substitute 4x — 3 for y. 
—8x + 8x — 6 = —6 Distribute 2. 
—6 = —-6 Combine like terms. 


This equation is an identity that is true for all values of x. This system of equations 
is a dependent system with infinitely many solutions. 

Because we have already shown that y = 4x — 3, the ordered pairs that are 
solutions have the form (x, 4x — 3). The solutions are shown in the graph at the 
right, which is the graph of the line y = 4x — 3. 
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Objective 4 Solve systems of equations without variable terms with a 
coefficient of 1 or —1 by the substitution method. All of the examples in 
this section thus far had at least one equation containing a variable term with a co- 
efficient of 1 or —1. Such equations are easy to solve for one variable in terms of the 
other. In the next example, we will learn how to use the substitution method when 
this is not the case. 


Solve the system by substitution. 


3x + 2y = -2 
—2x + Ty = 43 


SOLUTION There are no variable terms with a coefficient of 1 or —1 (x, —x, y, or 
—y). We will solve the first equation for y, although this selection is completely ar- 
bitrary. We could solve either equation for either variable and still find the same 
solution of the system. 


3x + 2y = -2 
2y = —3x —2 Subtract 3x. 


3 
a a 1 Divide both sides by 2. 


Now substitute —}x — 1 for y in the second equation. 
—2x + Ty = 43 
3 
—2x + (3x = 1) = 43 Substitute —}x — 1 for y. 


2x a x-7= 43 Distribute 7. 


21 
2( 2x 7 7) = 2°43 Multiply both sides by 2 to clear fractions. 


1/21 
2(-2x) 2( 7 x} 2°7 = 2-43 Distribute and divide out common factors. 
I 


4x — 21x — 14 = 86 Multiply. 
—25x — 14 = 86 Combine like terms. 
—25x = 100 Add 14. 
x =-4 Divide both sides by —25. 


We know that the x-coordinate of the solution is —4. We will substitute this value 
for x in the equation y = —}x — 1. 


3 
y= —5(-4) — 1 Substitute —4 for x. 


y=5 Simplify. 
Quick Check 5 The solution to this system is (—4, 5). 
Solve the system by 
substitution. 
one = shy = iy 


2x + 4y = -14 
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Before turning our attention to an application of linear systems of equations, we 
present the following general strategy for solving these systems: 


Solving a System of Equations by Using 

the Substitution Method 

1. Solve one of the equations for either variable. If an equation has a variable 
term whose coefficient is 1 or —1, try to solve that equation for that variable. 


2. Substitute this expression for the variable in the other equation. At this 
point, we have an equation with only one variable. 


3. Solve this equation. This gives us one coordinate of the ordered-pair solu- 
tion. (If the equation is an identity, the system is dependent. If the equation 
is a contradiction, the system is inconsistent.) 

4. Substitute this value for the variable into the equation from Step 1. After 
simplifying, this will give us the other coordinate of the solution. 


. Check the solution. 


Applications 


Objective 5 Solve applied problems by using the substitution method. 
A college performed a play. There were 75 people in the audience. If admission was 
$6 for adults and $2 for children and the total box office receipts were $310, how 
many adults and how many children attended the play? 


SOLUTION There are two unknowns in this problem: the number of adults and the 
number of children. We will let A represent the number of adults and C represent 
the number of children. 

Because there are two variables, we need a system of two equations. The first 
equation comes from the total attendance of 75 people. Because all of these peo- 
ple are either adults or children, the number of adults (A) plus the number of chil- 
dren (C) must equal 75. The first equation is A + C = 75. 

The second equation comes from the amount of money paid. The amount of 
money paid by adults ($6A) plus the amount of money paid by children ($2C) 
must equal the total amount of money paid. The second equation is 
6A + 2C = 310. Here is the system of equations we need to solve. 


A+C=75 
6A + 2C = 310 


Before we solve this system of equations, let’s look at a table that contains all of 
the pertinent information for this problem. 


Number of Attendees Cost per Ticket ($) Money Paid ($) 
Adults A 6 6A 
Children E€ 2 2C 
Total ds 310 


Notice that the first equation in the system A + C = 75 can be found in the first 
column of the table labeled “Number of Attendees”. The second equation in the 
system 6A + 2C = 310 can be found in the last column in the table labeled 
“Money Paid ($)”. 

The first equation in this system can be solved for A or C; we will solve it for 
C. This produces the equation C = 75 — A, so the expression 75 — A can be sub- 
stituted for C in the second equation. 
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6A + 2C = 310 
6A + 2(75 — A) = 310 Substitute 75 — A for C. 
6A + 150 — 2A = 310 Distribute. 
4A + 150 = 310 Combine like terms. 
4A = 160 Subtract 150. 
A=40 Divide both sides by 4. 


There were 40 adults. We now substitute this value for A in the equation C = 75 — A. 


C = 75 — (40) Substitute 40 for A. 
C = 35 Subtract. 


There were 40 adults and 35 children at the play. 

We should check the solution for accuracy. If there were 40 adults and 35 chil- 
dren, that is a total of 75 people. Also, each of the 40 adults paid $6, which is $240. 
Each of the 35 children paid $2, which is another $70. The total paid is $310, so the 
solution checks. 


Quick Check 6 


A small business owner bought 15 new computers for his company. He paid $700 
for each desktop computer and $1000 for each laptop computer. If he paid 
$11,700 for the computers, how many desktop computers and how many laptop 
computers did he buy? 


BUILDING YOUR STUDY STRATEGY 


Doing Your Homework, 2 Neat and Complete Two important words to keep 
in mind when working on your homework exercises are neat and complete. 
When your homework is neat, you can check your work more easily and your 
homework will be easier to understand when you review prior to an exam. 


Be as complete as you can when working on the homework exercises. By 
listing each step, you are increasing your chances of being able to remember 
all of the steps necessary to solve a similar problem on an exam or a quiz. 
When you review, you may have difficulty remembering how to solve a prob- 


Vocabulary 


1. To solve a system of equations by substitution, be- 


gin by solving 


2. Once one of the equations has been solved for one 


of the variables, that expression is 


that variable in the other equation. 
3. If substitution results in an equation that is an iden- 


tity, the system is a(n) 


4. If substitution results in an equation that is a contra- 


diction, the system is a(n) 


uu Nisthiab <=> [A G ea & 


lem if you did not write down all of the necessary steps. 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Solve the system by substitution. If the system is inconsis- 
tent and has no solution, state this. If the system is de- 
pendent, write the form of the solution for any real 


number x. 

5. y =3x—-5 

oe x+3y = 15 

6.x =4y +3 
2x + 5y=-7 

system. 7.x = 2—5y 
7x + 10y = 89 

8. x =1-4y 


system. 
4x +2y =—-17 


10. 


11. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


» y=5x- 10 
—10x + 2y = 20 
y=2x+7 
6x —3y = —-21 
18x + 6y = -12 
y=-3x-2 
2 3 
ee a 
a A 
12x + 8y = 
-»y=11—5x 
—7x —2y = 14 
~x = 2y—- 15 
3x + 14y =5 
~ y= 2.2x — 68 
3x + 2y = 16 


.x = 4.7y — 40.6 


5x — 2y = —31 


Lx =ay- 4 


6x + Ty = 75 


3x + 12y = 10 
x+4y=7 


2x -y=-l1 
8x + 2y =17 
9x — 6y = 19 
-x+ 8y=4 


50. 


51. 


4.2 Exercises 


~x=4y—5 


2x + 2y = 90 


.y=2x-17 


2x + 2y = 38 


~x + y = 40 


0.10x + 0.25y = 8.50 


~x + y = 200 


6.75x + 4.25y = 1150 


» x + y = 5000 


0.04x + 0.07y = 260 


. x + y = 9000 


0.06x + 0.15y = 1215 


.y =x + 100 


0.02x + 0.025y = 22.75 


.y=x— 120 


0.015x + 0.04y = 15 


.x + y = 80 


0.18x + 0.33y = 0.24(80) 


»x + y= 50 


0.25x + 0.75y = 0.60(50) 


6x + y=21 


—18x — 3y = —63 


.~ 10x — y = —23 


—20x + 2y = —46 


.x + 2.8y = 3.4 


2x — 9y = —37 


. —3.4x + y = —30.8 


2.1x + 3.2y = 57.2 
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. 3x +y=-7 
—3x + 2y = 34 
a ee 3y = 24 
16x — lly = —24 
~-4x + 2y = 10 
5x — 4y = 6 
. 9x + 3y = 36 
7x — 6y = 78 
» 3x + 5y = 14 
6x — Sy = —32 
9x + 4y = 23 
5x — 2y = -2 
A college basketball team charges $5 admission to the 


general public for its games, while students at the col- 
lege pay only $2. If the attendance for last night’s 
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52. 


game was 1200 people and the total receipts were 
$5250, how many of the people in attendance were 
students and how many were not students? 


Kenny walks away from a blackjack table with a total 
of $62 in $1 and $5 chips. If Kenny has 26 chips, how 


56. The following equations give the number of college 


faculty (y) by gender in a particular year, where x rep- 
resents the number of years after 1987. 


Men: = y = 10,045x + 502,183 
Women: y = 16,475x + 247,693 


If the current trend continues, in what year will the 


many are $1 chips and how many are $5 chips? number of male and female faculty members be 


equal? (Source: U.S. Department of Education) 

53. A sorority set up a charity dinner to help raise money 

for a local children’s support group. The sorority sold 

chicken dinners for $8 and steak dinners for $10. If 

142 people ate dinner at the fund-raiser and the 

sorority raised $1326, how many people ordered 
chicken and how many people ordered steak? 


v===- Writing in Mathematics 
Answer in complete sentences. 


57. In your own words, explain how to solve a system of linear 
equations using the substitution method. 

54. Jeannie has some $10 bills and some $20 bills. If she 
has 273 bills worth a total of $4370, how many of the 
bills are $10 bills and how many are $20 bills? 58. When using the substitution method, how can you tell 
that a system of equations is inconsistent and has no 
solutions? How can you tell that a system of equa- 
tions is dependent and has infinitely many solutions? 
Explain your answer. 


55. The following equations give the median age (y) for 
men and women at their first marriage in a particular 
year, where x represents the number of years after 
1995. 

59. Solutions Manual Write a solutions manual page for 
the following problem. 


Men: = y = 0.05x + 26.7 
Women: y = 0.10x + 24.6 
Solve the system of equations 
by the substitution method. 


y=3x-7 


If the current trend continues, in what year will the 
5x —7y = -15 


median age at first marriage be equal for men and 
women? (Source: U.S. Census Bureau) 


OBJECTIVES 


‘1 Solve systems of equations by using the addition method. 


‘2. Use the addition method to identify inconsistent and dependent systems 
of equations. 


& Solve systems of equations with coefficients that are fractions or 
decimals by using the addition method. 


4 Solve applied problems by using the addition method. 


The Addition Method 


Objective 1 Solve systems of equations by using the addition method. 
In this section, we will examine the addition method for solving systems of linear 
equations. (This method also is known as the elimination method.) 


The Addition Method 


The addition method is an algebraic alternative to the substitution method. The 
two equations in a system of linear equations will be combined into a single 
equation with a single variable by adding them together. 


Quick Check 1 
Solve the system by addition. 


4x + 3y = 31 
“eae a) = 28) 
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In the last section, we saw that solving a system of equations by substitution is fairly 
easy when one of the equations contains a variable term with a coefficient of 1 or 
—1. The substitution method can become quite tedious for solving a system when 
this is not the case. 

As with the substitution method, the goal of the addition method is to combine 
the two given equations into a single equation with only one variable. This method 
is based on the addition property of equality from Chapter 2, which says that when 
we add the same number to both sides of an equation, the equation remains true. 
(For any real numbers a, b, and c, if a = b, then a + c = b + c.) This property can 
be extended to cover adding equal expressions to both sides of an equation: if a = b 
andc = d,thena+c=b+d. 

Consider the following system: 


3x + 2y = 20 
5x —2y=—-4 


If we add the left side of the first equation (3x + 2y) to the left side of the second 
equation (5x — 2y), this expression will be equal to the total of the two numbers 
on the right side of the equations. Here is the result of this addition. 


3x + 2y = 20 
5x — 2y= —4 
8x = 16 


Notice that when we added these two equations, the two terms containing y 
were opposites and summed to zero, leaving an equation containing only the 
variable x. Next, we solve this equation for x and substitute this value for x in ei- 
ther of the two original equations to find y. The first example will walk through 
this entire process. 


Solve the system by addition. 


3x + 2y = 20 
5x —2y= —-4 


SOLUTION Because the two terms containing y are opposites, we can use addi- 
tion to eliminate y. 


3x + 2y = 20 
5x — 2y = —4 Add the two equations. 
8x = 16 


x =2 Divide both sides by 8. 


The x-coordinate of the solution is 2. We now substitute this value for x in the first 
original equation. (We could have chosen the other equation, because it will pro- 
duce exactly the same solution.) 


3(2) + 2y = 20 Substitute 2 for x. 
6+ 2y = 20 Multiply. 
2y = 14 Subtract 6. 
y= Divide both sides by 2. 
The solution of this system is the ordered pair (2, 7). We could check this solution 


by substituting 2 for x and 7 for y in the equation 5x — 2y = —4. This is left to the 
reader. 


If the two equations in a system do not contain a pair of opposite variable terms, we 
can still use the addition method. We must first multiply both sides of one or both 


216 CHAPTER4 Systems of Equations 


Quick Check 2 

Solve the system by addition. 
2x — Dy = 33 
4x + 3y =3 


equations by a constant(s) in such a way that two of the variable terms become op- 
posites. Then we proceed as in the first example. 
Solve the system by addition. 


2x — 3y = —16 
—6x + 5y = 32 


SOLUTION Adding these two equations at this point would not be helpful, as the 
sum would still contain both variables. If we multiply the first equation by 3, the 
terms containing x will be opposites. This allows us to proceed with the addition 
method. 


Multiply by 3 
Eee 


2x — 3y = -16 6x — Dy = —48 
—6x + Sy = 32 —6x + Sy = 32 
6x — Dy = —48 
—6x + 5y = 32 Add. 
—4y = -16 


y=4 Divide both sides by —4. 


A WORD OF CAUTION Be sure to multiply both sides of the equation by the same num- 
ber. Do not multiply just the side containing the variable terms. 


Now substitute 4 for y in the equation 2x — 3y = —16 and solve for x. 


2x — 3(4) = -16 Substitute 4 for y. 
2x —12=-16 Miultiply. 
2x =-4 Addi12. 
x = -—2 Divide both sides by 2. 


The solution of this system is (—2, 4). (Be sure to write the x-coordinate first in the 
ordered pair even though we solved for y first.) 


Before continuing, let’s outline the basic strategy for using the addition method to 
solve systems of linear equations. 


Using the Addition Method 


1. Write each equation in standard form (Ax + By = C). For each equation, 
gather all variable terms on the left side and all constants on the right side. 


2. Multiply one or both equations by the appropriate constant(s). The goal of this 
step is to make the terms containing x or the terms containing y opposites. 

3. Add the two equations together. At this point, we should have one equation 
containing a single variable. 

4. Solve the resulting equation. This will give us one of the coordinates of the 
solution. 

5. Substitute this value for the appropriate variable in either of the original 
equations and solve for the other variable. Choose the equation that you be- 
lieve will be easier to solve. When we solve this equation, we find the other 
coordinate of the solution. 

6. Write the solution as an ordered pair. 

. Check your solution. 


Quick Check 3 
Solve the system by addition. 


3x + 2y = —26 
Sy = 2x +11 
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Solve the system by addition. 


5x + 8y — 22 =0 
7x =6y+5 


SOLUTION To use the addition method, we must write each equation in standard 
form. 


5x + 8y = 22 
7x —-6y=5 


Then we must decide which variable to eliminate. A wise choice for this system is 
to eliminate y, as the two coefficients already have opposite signs. If we multiply 
the first equation by 3 and the second equation by 4, the terms containing y will be 
24y and —24y. Note that 24 is the LCM of 8 and 6. 


5x + 8y = 22 wy. 15x + 2dy = 66 
Ix — 6y =5 MultplyPy4 . 28x — 24y = 20 
15x + 24y = 66 
28x — 24y = 20 Add to eliminate y. 
43x = 86 


x =2 Divide both sides by 43. 


The x-coordinate of the solution is 2. Substituting 2 for x in the equation 
5x + 8y = 22 will allow us to find the y-coordinate. 


5(2) + 8y = 22 Substitute 2 for x. 
10 + 8y = 22 Multiply. 
8y = 12 Subtract 10. 
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y= Divide both sides by 8. 


Simplify. 


8 
_3 
a) 


3 
The solution to this system is (2, >) The check is left to the reader. 


Objective 2 Use the addition method to identify inconsistent and de- 
pendent systems of equations. Recall from the previous section that when 
solving an inconsistent system (no solution), we obtain an equation that is a contra- 
diction, such as 0 = —6. When solving a dependent system (infinitely many solu- 
tions), we end up with an equation that is an identity, such as 7 = 7. The same is true 
when applying the addition method. 


Solve the system by addition. 


3x + Sy =15 
6x + 10y = 30 


SOLUTION Suppose we chose to eliminate the variable x. We can do so by multi- 
plying the first equation by —2. This produces the following system: 
Multiply by —2 


3x + Sy=15 —6x — 10y = —30 

6x + 10y = 30 6x + 10y = 30 
—6x — 10y = —30 

6x + 10y = 30 Add to eliminate x. 


0 = O 
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Because the resulting equation is an identity, this is a dependent system with infi- 
nitely many solutions. To determine the form of the solutions, we can solve the 
equation 3x + Sy = 15 for y. 
3x + Sy = 15 
5y = —3x + 15 Subtract 3x to isolate Sy. 


3 
ya-5e +3 Divide both sides by 5 and simplify. 


The ordered pairs that are solutions have the form (x, —2x + 3). We also could 
display the solutions by graphing the line 3x + Sy = 15, or y = —2x +3. 


Quick Check 4 
Solve the system by addition. 


2x — 3y = 12 
—4x + 6y = —24 
Solve the system by addition. 
6x —3y=7 
—2x + y=-3 
SOLUTION To eliminate the variable y, multiply the second equation by 3. The 
variable term containing y in the second equation would then be 3y, which is the 
opposite of —3y in the first equation. 
6x —3y=7 6x —3y=7 
—2r+ y= —3 —Muboyhys . 6x + 3y = 9 
6x -—3y= 7 
—6x + 3y = —9 Add to eliminate y. 
0 = -2 
Quick Check 5 Because the resulting equation is false, this is an inconsistent system with no solution. 


Solve the system by addition. 
3x =4y +11 
9x — 12y = 30 7 . ae 
Systems of Equations with Coefficients 


That Are Fractions or Decimals 


Objective 3 Solve systems of equations with coefficients that are frac- 
tions or decimals by using the addition method. If one or both equations in 
a system of linear equations contain fractions or decimals, we can clear the fractions 
or decimals first and then solve the resulting system. 
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Solve the system by addition. 


5 1 

ie 

3 5 — 13 
g° 7B 2 


SOLUTION The LCM of the denominators in the first equation is 12; so if we mul- 
tiply both sides of the first equation by 12, we can clear the equation of fractions. 


5 1 
(3x + sy) = 12+3 Multiply both sides by 12. 
3 4 1 

AZ Ae 3 y = 12-3 Distribute and divide out common factors. 


4 
1 1 


15x + 4y = 36 Simplify. 


Multiplying both sides of the second equation by 24 will clear the fractions from 
that equation. 


3 5 13 
24( a v) = 24: 5 Multiply both sides by 24. 
) ee 1S oo ex 
"ye 24: Pa 24: 5 Distribute and divide out common factors. 
1 1 


1 
9x — 20y = 156 Simplify. 


Re 


Here is the resulting system of equations. 


15x + 4y = 36 
9x — 20y = 156 


Because the coefficient of the term containing y in the second equation is a multi- 
ple of the coefficient containing y in the first equation, we will eliminate y. This can 
be done by multiplying the first equation by 5. 


15x + 4y=36 —Wobpyeye 75x + 20y = 180 


9x — 20y = 156 9x — 20y = 156 
75x + 20y = 180 


9x — 20y = 156 Add to eliminate y. 
84x = 336 


x = 4 Divide both sides by 84. 


The x-coordinate of the solution is 4. To solve for y, we can substitute 4 for x in ei- 
Quick Check 6 ther of the original equations, or we can substitute into either of the equations that 


Solve the system by addition was created by clearing the fractions. We will use the equation 15x + 4y = 36. 


2 5 15(4) + 4y = 36 Substitute 4 for x. 
= ie or Sy = Il . 

3 2 60+ 4y = 36 = Multiply. 
eee 4y = -24 Subtract 60. 

2; 4 2; 


y=-6 __ Divide both sides by 4. 


The solution of this system is the ordered pair (4, —6). 


If one or both equations in a system of linear equations contain decimals, we can 
clear the decimals by multiplying by the appropriate power of 10 and then solve the 
resulting system. 
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Quick Check 7 
Solve the system by addition. 


0.03x + 0.05y = 29.5 
x + y = 700 


Solve the system by addition. 


0.3x + 2y = 7.5 
0.04x + 0.07y = 0.41 


SOLUTION If we multiply both sides of the first equation by 10, we can clear the 
equation of decimals. 
10(0.3x + 2y) = 10(7.5) Multiply both sides by 10. 
3x + 20y = 75 Distribute and multiply. 


For the second equation, multiply both sides by 100 to clear the decimals. 


100(0.04x + 0.07y) = 100(0.41) Multiply both sides by 100. 
4x + Ty = 41 Distribute and multiply. 


Here is the resulting system of equations. 


3x + 20y = 75 
4x + 7y = 41 


Eliminate x by multiplying the first equation by 4 and the second equation by —3. 


Bee sb 20y =75 Multiply by 4 


4x + 7y = 41 


12x + 80y = 300 
12x — 21ly = —123 Add to eliminate x. 
59y = 177 
y= 3 Divide both sides by 59. 


12x + 80y = 300 


Multiply by —3 . 12x 21y _ 123 


The y-coordinate of the solution is 3. To solve for x, substitute 3 for y in either of 
the original equations or in either of the equations that was created by clearing the 
decimals. The equation 3x + 20y = 75 is a good choice, as it will be easier to solve 
for x in an equation that does not contain decimals. 


3x + 20(3) = 75 Substitute 3 for y. 
3x + 60 = 75 Multiply. 


3x = 15 Subtract 60. 
x= 5 Divide both sides by 3. 


The solution to this system is the ordered pair (5, 3). 


Which method is more efficient to use: substitution or addition? 


The substitution and addition methods for solving a system of equations will solve 
any system of linear equations. There are certain times when one method is more 
efficient to apply than the other, and knowing which method to choose for a partic- 
ular system of equations can save time and prevent errors. In general, if one of the 
equations in the system is already solved for one of the variables, such as y = 3x or 
x = —4y + 5, using the substitution method is a good choice. The substitution 
method also works well when one of the equations contains a variable term with a 
coefficient of 1 or —1 (such as x + 6y = 17 or 7x — y = 14). Otherwise, consider 
using the addition method. 


Applications 


Objective 4 Solve applied problems by using the addition method. We 
conclude this section with an application of solving systems of equations using the 
addition method. 


Quick Check 8 


Erica has $5.35 in change in her 
pocket. Each coin is either a 
nickel or a dime. If Erica has 75 
coins in her pocket, how many 
are nickels and how many are 
dimes? 
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Dylan has $3.20 in change in his pocket. Each coin is either a dime 
or a quarter. If Dylan has 17 coins in his pocket, how many are dimes and how 
many are quarters? 


SOLUTION There are two unknowns in this problem: the number of dimes and 
the number of quarters. We will let d represent the number of dimes and q repre- 
sent the number of quarters. 

The first equation in the system comes from the fact that Dylan has 17 coins. 
Because all of these coins are either dimes or quarters, the number of dimes (d) 
plus the number of quarters (q) must equal 17. The first equation is d + gq = 17. 

The second equation comes from the amount of money Dylan has in his 
pocket. The amount of money in dimes ($0.10d) plus the amount of money in quar- 
ters ($0.25q) must equal the total amount of money he has. The second equation is 
0.10d + 0.25q = 3.20. 


Number of Coins Value per Coin ($) Money in Pocket ($) 
Dimes d 0.10 0.10d 
Quarters qd O25 0.25q 
Total 17 B20 


Here is the system of equations that we need to solve. 
d+ q=17 
0.10d + 0.25q = 3.20 


Multiplying both sides of the second equation by 100 will clear the equation of dec- 
imals, producing the following system: 


d+ q#=17 
10d + 25q = 320 


Now we can eliminate d by multiplying the first equation by —10. 
Multiply by —10 : 


d+ q#=17 
10d + 25q = 320 
10d — 10g = —170 


10d — 10g = —170 
10d + 25q = 320 


10d + 25q = 320 Add to eliminate d. 
15q = 150 
q= 10 Divide both sides by 15. 


There are 10 quarters in Dylan’s pocket. To find the number of dimes he has, we 
can substitute 10 for q in the equation d + q = 17 and solve for d. 


d+ (10) = 17 Substitute 10 for q. 
d=7 Subtract 10. 


Dylan has 7 dimes and 10 quarters in his pocket. You can verify that the total 
amount of money in his pocket is $3.20. 
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BUILDING YOUR STUDY STRATEGY 


Doing Your Homework, 3 Difficult Problems Eventually, there will be a 
homework exercise that you cannot answer correctly. Rather than giving up, 
here are some options to consider. 


e Review your class notes. A similar problem may have been discussed in class. 

e Review the related section in the text. You may be able to find a similar ex- 
ample, or there may be a Word of Caution warning you about typical errors 
on that type of problem. 

e Call someone in your study group. A member of your study group may be 
able to help you figure out what to do. 


If you still cannot solve the problem, move on and try the next problem. Ask 
your instructor about the problem at your next class. 


umuiay >| FS) S| =| & 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary 12. 8x — 3y = 34 
mens —2x + Dy = 8 
1. Ifan equation in a system of equations contains fractions, 


you can clear the fractions by multiplying both sides of 13. x + 4y om a 
the equation by the of the denominators. ae Ny = 
2. If an equation in a system of equations contains dec- 14, ene -_ ie 
imals, you can clear the decimals by multiplying is y= 
both sides of the equation by the appropriate power 15. 12x + 9y = —69 
3. If the addition method results in an equation that is 16. 2x + 3y = 13 
an identity, the system is a(n) ___________ system. 10x + 15y = 26 
4. If the addition method results in an equation that is 17. 5x + 6y = —9 
a contradiction, the system is a(n) —__ =e Dye 
system. 18. 8x + 3y = —33 
9x — y= —59 
- -_ . 19. 7x + 4y = 85 
Solve the system by addition. If the system is inconsistent 11x — 6y = -63 


and has no solution, state this. If the system is dependent, 


write the form of the solution for any real number x. Al, 8% Sy Bi 


—10x + 9y = —59 


5. 5x + 4y = —56 21. —8x + 5y = —28 
3x —4y = -8 3x + 8y = —29 
6. 7x + Sy = 39 22. 5x — Sy = 45 
—7Tx + 2y = —53 —4x + 4y = —36 
7. —3x + 6y = 36 23. 4x — 3y = —6 
3x —- lly = —-S1 6x + Sy = 29 
8. 9x — 8y = 25 24. -7x + 4y = —25 
—3x + 8y = 29 5x + 14y = 60 
9.4x +3y=1 25. —6x + 9y = 17 
13x — 6y = 82 —4x + oy = 12 
10. 8x + 7y = —26 26. 3x — lly = 43 
—4x + Dy = 138 2x — Ty = 27 
11. 2x —4y=11 27. 5x + 7y = 16 


—4x + By = —22 4x + 8y = 14 


28. 


30. 


32. 


34. 


36. 


37. 


42. 


43. 


45. 


47. 


29, dy = 3x — 13 


6x + Sy = 52 


31. 5x = 3y 4+ 21 


—S5x + 4y = —23 
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x + y = 3600 
0.03x + 0.07y = 144 


. x + y = 6000 


0.04x + 0.06y = 330 


.x + y = 120 


8.50x + 5.75y = 827.50 


. x + y = 100 


0.25x + 0.17y = 23.40 


.-x + y = 100 


0.36x + 0.48y = 0.45(100) 

x + y = 60 

0.42x + 0.22y = 0.36(60) 

A man bought roses and carnations for his wife on 
Valentine’s Day. Each rose cost $6, and each carna- 
tion cost $4. If the man spent $68 for a total of 15 


roses and carnations, how many of each type of flower 
did he buy? 


. For matinees, a movie theater charges $7 per adult 


and $4 per child. If 84 people attended a matinee and 
paid a total of $432, how many adults and how many 
children were there? 


A family purchased 7 trees and 4 shrubs from a local 
nursery and paid a total of $312. Another family pur- 
chased 4 trees and 15 shrubs for a total of $280. How 
much does the nursery charge for each tree and each 
shrub? 


. A large group at Maxine’s Pizzeria purchased 6 pizzas 


and 4 pitchers of soda for $114. Another group 
bought 9 pizzas and 7 pitchers of soda for $175.50. 
How much does the pizzeria charge for each pizza 
and each pitcher of soda? 


Alycia opens her piggy bank to find only dimes and 
nickels inside. She counts the coins and finds that she has 
81 coins totaling $6.50. How many dimes and how many 
nickels were in the piggy bank? 
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4.3 Exercises 


48. Charlotte has 24 postage stamps. Some of the stamps 


49. 


50. 


are 28¢ stamps, and the rest are 44¢ stamps. If the to- 
tal value of the stamps is $9.12, how many of each 
type of stamp does Charlotte have? 


Jessica has a handful of nickels and quarters worth 
a total of $6.95. If she has seven more nickels than 
quarters, how many of each type of coin does she 
have? 


The cash box at a bake sale contains nickels, dimes, 
and quarters. The number of quarters is four more 
than three times the number of dimes. The number 
of nickels is the same as the number of dimes. If the 
cash box contains $16.30 in coins, how many of each 
type of coin are in the box? 


Mixed Practice, 51-62 


Solve by substitution or addition. 


51. 5x — 2y = 47 52. x = 4y + 12 
3x + 4y = 23 3x + 2y = —34 
53. y = 2x + 20 54. 7x — 4y = —81 
8x — Sy = —86 4x + Sy = -141 
55 ge mp 
ae a a 
3x + 8y = 116 =a a. 
ia 8 
57. y= 4x — 8 
—12x + 3y = —24 
58. 14x + 21y = 28 
12x + 18y = —24 
59. 13x — 8y = 20 
9x + 10y = —126 
60. x = —2y + 1 
—3x + 17y = -72 
61. y = 6x — 14 
4x + 5y = —19 
62. 2x — 6y = 13 
115 
8x + Dy = — 
x y 5 


e===- Writing in Mathematics 


63 


. Newsletter Write a newsletter explaining how to 
solve a system of two linear equations by using the 
addition method. 
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Quick Check 1 


At a community college, there 
are 68 instructors who teach 
math or English. The number of 
English instructors is 12 more 
than the number of math 
instructors. How many English 
instructors are there? 


OBJECTIVES 


1 Solve applied problems involving systems of equations by using the 
substitution method or the addition method. 

@ Solve geometry problems by using a system of equations. 

3 Solve interest problems by using a system of equations. 

4 Solve mixture problems by using a system of equations. 

‘5 Solve motion problems by using a system of equations. 


Objective 1 Solve applied problems involving systems of equations by 
using the substitution method or the addition method. This section focuses 
on applications involving systems of linear equations with two variables. We will use 
both the substitution and addition methods to solve these systems. When trying to 
solve a system, use the method you believe will be more efficient. 

We begin to solve an applied problem by identifying the two unknown quanti- 
ties and choosing a variable to represent each quantity. We then need to find two 
equations that relate these quantities. 


Ross and Carolyn combined their DVD collection when they got 
married. Ross had 42 more DVDs than Carolyn had. Together, they have 148 
DVDs. How many DVDs did each person have? 


SOLUTION The two unknown quantities in this problem are the number of DVDs 
that Ross had and the number of DVDs that Carolyn had. We will let r represent 
the number of Ross’s DVDs and c represent the number of Carolyn’s DVDs. We 
choose the variables r and c as a reminder that they stand for Ross’s DVDs (r) and 
Carolyn’s DVDs (c). One sentence in the problem tells us that Ross had 42 more 
DVDs than Carolyn had. This translates to the equation r = c + 42. We need a 
second equation, and this can be found from the sentence that tells us that together 
Ross and Carolyn have 148 DVDs. This translates to the equation r + c = 148. 
Here is the system of equations we need to solve. 


r=c+ 42 
r+c= 148 


We will solve this system of equations using the substitution method because the 
first equation has already been solved for r. We will substitute the expression 
c + 42 for the variable r in the second equation. 
r+c= 148 
(c + 42) + c = 148 Substitute c + 42 for r. 
2c + 42 = 148 Combine like terms. 
2c = 106 Subtract 42. 
c = 53 Divide both sides by 2. 


Carolyn had 53 DVDs. To find out how many DVDs Ross had, we can substitute 
53 for c in the equation r = c + 42. 


r = (53) + 42 Substitute 53 for c. 
r= 95 Add. 


Ross had 95 DVDs, and Carolyn had 53 DVDs. Combined, this is a total of 148 
DVDs. 


The setup for the previous example can be used for any problem in which we know 
the sum and difference of two quantities. The same system of equations would be 
used to find two numbers whose difference was 42 and whose sum was 148. 


Quick Check 2 


A rectangular concrete slab is 
being poured for a new house. 
The perimeter of the slab is 230 
feet, and the length of the slab 
is 35 feet longer than the width. 
Find the dimensions of the con- 
crete slab. 
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Geometry Problems 


Objective 2 Solve geometry problems by using a system of equations. 
In Section 2.3, we solved problems involving the perimeter of a rectangle. We will now 
use a system of two equations in two variables to solve the same type of problem. 


The length of a rectangle is 5 feet more than twice its width. If the 
perimeter of the rectangle is 124 feet, find the length and width of the rectangle. 


SOLUTION The two unknowns are the length and the width of the rectangle. We 
will use the variables / and w for the length and width, respectively. 

We are told that the length is 5 feet more than twice the width of the rectangle. 
We express this relationship in an equation as / = 2w + 5. The second equation in 
the system comes from the fact that the perimeter is 124 feet. Because the perime- 
ter of a rectangle is equal to twice the length plus twice the width, the second equa- 
tion can be written as 2/ + 2w = 124. Here is the system we are solving. 


1=2w+5 

21 + 2w = 124 
We will use the substitution method to solve this system, as the first equation is al- 
ready solved for /. We begin by substituting the expression 2w + 5 for / in the 
equation 2/ + 2w = 124. 

2(2w + 5) + 2w = 124 Substitute 2w + 5 for /. 
4w + 10 + 2w = 124 Distribute. 
6w + 10 = 124 Combine like terms. 
6w = 114 Subtract 10. 
w=19 Divide both sides by 6. 


The width of the rectangle is 19 feet. To solve for the length, substitute 19 for w in 
the equation / = 2w + S. 


i= 2(19) + 5 Substitute 19 for w. 
1 = 43 Simplify. 


The length of the rectangle is 43 feet, and the width is 19 feet. 


Interest Problems 


Objective 3 Solve interest problems by using a system of equations. For 
certain problems, it’s easier to set up a system of equations in two variables than to 
try to express both unknown quantities in terms of the same variable. For example, 
the mixture and interest problems covered in Section 2.4 are often easier to solve 
when working with a system of equations in two variables. We will begin with a 
problem involving interest. 


Serena invested $8000 in two certificates of deposit (CDs). Some 
of the money was deposited in a CD that paid 7% annual interest, and the rest was 
deposited in a CD that paid 6% annual interest. If Serena earned $530 in interest 
in the first year, how much did she invest in each CD? 


SOLUTION The two unknowns are the amount invested at 7% and the amount in- 
vested at 6%. We will let x represent the amount invested at 7% and y represent 
the amount invested at 6%.To determine the interest earned, we multiply the prin- 
cipal (the amount of money invested) by the interest rate by the time in years. 


226 CHAPTER4 Systems of Equations 


If the first account earns 7% interest, we can represent the interest earned in one year 
by 0.07x. In a similar fashion, we can represent the interest earned in one year from 
the investment at 6% as 0.06y. The following table summarizes this information: 


Account Principal Interest Rate Time (years) Interest Earned 
CD 1 x 0.07 1 0.07x 
EDe, y 0.06 1 0.06y 
Total 8000 530 


The first equation in the system comes from the fact that the amount invested at 
7% plus the amount invested at 6% is equal to the total amount invested. As an 
equation, this can be represented as x + y = 8000. This equation can be found in 
the table in the column labeled “Principal.” The second equation comes from the 
amount of interest earned and can be found in the column labeled “Interest 
Earned.” We know that Serena earned 0.07x in interest from the first CD and 0.06y 
in interest from the second CD. Because the total amount of interest earned comes 
from these two CDs, the second equation in the system is 0.07x + 0.06y = 530. 
Here is the system we must solve. 


x + y = 8000 
0.07x + 0.06y = 530 


We will clear the second equation of decimals by multiplying both sides of the 
equation by 100. 


x+ y = 8000 x+ y= _ 8000 
0.07x + 0.06y = 539 —MpbtyI) 7x + 6y = 53,000 


To solve this system of equations, we can use the addition method. (The substitu- 
tion method would work just as well.) If we multiply the first equation by —6, the 
variable terms containing y will be opposites. 


xt y= 3000 —Mulpytys -6x — 6y = —48,000 


7x + 6y = 53,000 7x + 6y = 53,000 
—6x — 6y = —48,000 
7x + 6y = 53,000 Add to eliminate y. 
x = 5,000 


Because x represented the amount invested at 7% interest, we know that Serena 
invested $5000 at 7%. To find the amount invested at 6%, we substitute 5000 for x 
in the original equation x + y = 8000. 


(5000) + y = 8000 Substitute 5000 for x. 
y = 3000 Subtract 5000. 


Serena invested $5000 at 7% interest and $3000 at 6% interest. 


Quick Check 3 


Annika invested $4200 in two certificates of deposit (CDs). Some of the money 
was deposited in a CD that paid 5% annual interest, and the rest was deposited 
in a CD that paid 4% annual interest. If Annika earned $200 in interest in the 
first year, how much did she invest in each CD? 


Quick Check 4 


Hannibal is making 48 pounds 
of a mixture of almonds and 
cashews that his nut shop will 
sell for $6 per pound. If the nut 
shop sells almonds for $5 per 
pound and cashews for $8 per 
pound, how many pounds of al- 
monds and cashews should 
Hannibal mix together? 
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Mixture Problems 


Objective 4 Solve mixture problems by using a system of equations. 


Gunther works at a coffee shop that sells Kona coffee beans for $40 
per pound and Colombian coffee beans for $15 per pound. The coffee shop also 
sells a blend of Kona coffee and Colombian coffee for $20 per pound. If Gunther’s 
boss tells him to make 30 pounds of this blend, how much Kona coffee and Colom- 
bian coffee must be mixed together? 


SOLUTION The two unknowns are the number of pounds of Kona coffee (k) 
and the number of pounds of Colombian coffee (c) that need to be mixed to- 
gether to form the blend. Because Gunther needs to make 30 pounds of coffee 
with a value of $20 per pound, the total value of this mixture can be found by 
multiplying 30 by 20. The total cost of this blend is $600. The following table sum- 
marizes this information: 


Coffee Pounds Cost per Pound Total Cost 
Kona k 40 40k 
Colombian G 15 15c 
Blend 30 20 600 


The first equation in the system comes from the fact that the weight of the Kona 
coffee plus the weight of the Colombian coffee must equal 30 pounds. As an equa- 
tion, this can be represented by k + c = 30. This equation can be found in the 
table in the column labeled “Pounds.” The second equation comes from the total 
cost of the coffee. We know that the total cost is $600, so the second equation in the 
system is 40k + 15c = 600. This equation can be found in the column labeled 
“Total Cost.” Here is the system we must solve. 


k+c= 30 
40k + 15c = 600 


To solve this system of equations, we can use the addition method. If we multiply 
the first equation by —15, the variable terms containing c will be opposites. 


Re g2 39 eee 15k — 15¢ = —450 


40k + 15c = 600 40k + 15c = 600 
15k — 15c = —450 


40k + 15¢c = 600 Add to eliminate c. 
25k = 150 


k= 6 Divide both sides by 25. 


We know that Gunther must use 6 pounds of Kona coffee. To determine how much 
Colombian coffee Gunther must use, we substitute 6 for k in the equation 
k+c = 30. 


(6) + c = 30 Substitute 6 for k. 
c = 24 Subtract 6. 


Gunther must use 6 pounds of Kona coffee and 24 pounds of Colombian coffee. 


The previous example is a mixture problem in which two items of different values 
or costs are combined into a mixture with a specific cost. In other mixture prob- 
lems, two liquid solutions of different concentration levels are mixed together to 
form a single solution with a given strength, as in the next example. 
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Quick Check 5 


A chemist has one solution that 
is 60% acid and a second solu- 
tion that is 50% acid. She wants 
to combine the solutions to 
make a new solution that is 
54% acid. If she needs to make 
400 milliliters of this new solu- 
tion, how many milliliters of the 
two solutions should be mixed? 


Woody has one solution that is 28% alcohol and a second solution 
that is 46% alcohol. He wants to combine these solutions to make 45 liters of a so- 
lution that is 40% alcohol. How many liters of each original solution need to be 
used? 


SOLUTION The two unknowns are the volume of the 28% alcohol solution and 
the volume of the 46% alcohol solution that need to be mixed together to make 
45 liters of a solution that is 40% alcohol. 


Volume of % Concentration | Volume of 
Solution Solution of Alcohol Alcohol 
28% ae 0.28 0.28x 
46% y 0.46 0.46y 
Mixture (40%) 45 0.40 18 


The first equation in the system comes from the fact that the volume of the two so- 
lutions must equal 45 liters. As an equation, this can be represented by 
x + y = 45. This equation can be found in the table in the column labeled “Vol- 
ume of Solution.” The second equation comes from the total volume of alcohol, 
under the column labeled “Volume of Alcohol.” We know that the total volume of 
alcohol is 18 liters (40% of the 45 liters in the mixture is alcohol), so the second 
equation in the system is 0.28x + 0.46y = 18. Here is the system we must solve. 


x+y=45 
0.28x + 0.46y = 18 


We begin by clearing the second equation of decimals. This can be done by multi- 
plying both sides of the second equation by 100. 


x + y=45 x+ y= 45 
0.28x + 0.46y = 18 —Mulliply by 100 28x + 46y = 1800 


To solve this system of equations, we can use the addition method. If we multiply 
the first equation by —28, the variable terms containing x will be opposites. 


Multiply by —28 
45 ae Wr 


28y = —1260 
28x + 46y = 1800 


X-F yo 
28x + 46y = 1800 

28x — 28y = —1260 

28x + 46y = 1800 

18y = 540 

y= 30 


Add to eliminate x. 


Divide both sides by 18. 


We know that Woody must use 30 liters of the solution that is 46% alcohol. To de- 
termine how much of the 28% alcohol solution Woody must use, we substitute 30 
for yin the equation x + y = 45. 


x + (30) = 45 Substitute 30 for y. 
x = 15 Subtract 30. 


Woody must use 15 liters of the 28% alcohol solution and 30 liters of the 46% 
alcohol solution. 


Quick Check 6 


On a trip to Las Vegas, Fong 
drove at an average speed of 
70 miles per hour except for a 
period when he was driving 
through a construction zone. In 
the construction zone, Fong’s 
average speed was 40 miles per 
hour. If it took Fong 5 hours to 
drive 335 miles, how long was 
he in the construction zone? 
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Motion Problems 


Objective 5 Solve motion problems by using a system of equations. 
Now we will turn our attention to motion problems, which were introduced in Sec- 
tion 2.3. Recall that the equation for motion problems is d = r:t, where r is the 
rate of speed, tis the time, and d is the distance traveled. For example, if a car is 
traveling at a speed of 50 miles per hour for 3 hours, the distance traveled is 50: 3, 
or 150, miles. 


Efrain is finishing his training for the Shaver Lake Triathlon. Yes- 
terday he focused on running and biking, spending a total of 5 hours on the two ac- 
tivities. Efrain runs at a speed of 10 miles per hour and rides his bike at a speed of 
30 miles per hour. If Efrain covered a total of 120 miles yesterday, how much time 
did he spend running and how much time did he spend riding? 


SOLUTION The two unknowns in this problem are the amount of time Efrain 
ran and the amount of time he rode his bike. We will let x represent the time Efrain ran 
and y represent the amount of time he rode his bike. All of the information is dis- 
played in the following table: 


Rate Time Distance (d = r- t) 
Running 10 x 10x 
Biking 30 y 30y 
Total 5 120 


We know that Efrain spent a total of 5 hours on these two activities,so x + y = 5. 
We also know that the total distance traveled was 120 miles. This leads to the equa- 
tion 10x + 30y = 120. Here is the system of equations we must solve. 


xt+ty=5 
10x + 30y = 120 
We can solve the first equation for x (x = 5 — y), so we will use the substitution 
method to solve this system of equations. We substitute the expression 5 — y for 
the variable x in the equation 10x + 30y = 120. 
10(5 — y) + 30y = 120 Substitute 5 — y for x. 
50 — 10y + 30y = 120 Distribute. 
50 + 20y = 120 Combine like terms. 
20y = 70 Subtract 50. 


t= 5 Divide both sides by 20 and simplify. 


Writing the fraction i as a mixed number, we find that Efrain spent 34 hours riding 
his bike. To find out how long he was running, we substitute 35 for y in the equa- 
tion x = 5 — yand solve for x. 
1 ; il 
x=5- 35 Substitute 35 for y. 


1 
x= 15 Subtract. 


Efrain spent 15 hours running and 35 hours riding his bike. 
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Quick Check 7 


An airplane traveling with a 
tailwind can make a 2250-mile 
trip in 45 hours. However, trav- 
eling into the same wind would 
take 5 hours to fly 2250 miles. 
What is the speed of the plane 
in calm air, and what is the 
speed of the wind? 


Suppose a boat travels at a speed of 15 miles per hour in still water. The boat will 
travel faster than 15 miles per hour while heading downstream because the speed 
of the current is pushing the boat forward as well. The boat will travel slower than 
15 miles per hour while heading upstream because the speed of the current is push- 
ing the boat back. If the speed of the current is 3 miles per hour, this boat will travel 
18 miles per hour downstream (15 + 3) and 12 miles per hour upstream (15 — 3). 
The speed of an airplane is affected in a similar fashion depending on whether it is 
flying with or against the wind. 


Juana’s motorboat can take her downstream from her campsite to 
the nearest store, which is 27 miles away, in 1 hour. Returning upstream from the 
store to the campsite takes 3 hours. How fast is Juana’s boat in still water, and what 
is the speed of the current? 


SOLUTION The two unknowns in this problem are the speed of the boat in still 
water and the speed of the current. We will let b represent the speed of the boat in 
still water, and we will let c represent the speed of the current. The information for 
this problem can be summarized in the following table: 


Rate Time Distance (d = r- t) 
Downstream i) ar eC 1 l(b+c)=bt+e 
Upstream | b-c | 3 | 3(6-c)=3b-3¢ 


Because the distance in each direction is 27 miles, we know that both b + c and 
3b — 3c are equal to 27. Here is the system we need to solve. 


b+c=27 
3b — 3c = 27 
We will solve this system of equations by using the addition method. Multiplying 


both sides of the first equation by 3 will help us eliminate the variable c. 
Multiply by 3 


b+ c=27 3b + 3c = 81 
3b — 3c = 27 3b — 3c = 27 
3b+3c= 81 

3b — 3c = 27 Add to eliminate c. 

6b = 108 


b= 18 Divide both sides by 6. 


The speed of the boat in still water is 18 miles per hour. To find the speed of the 
current, we substitute 18 for b in the original equation b + c = 27. 


(18) +c = 27 Substitute 18 for b. 
c=9 Subtract 18. 


The speed of the current is 9 miles per hour. 


BUILDING YOUR STUDY STRATEGY 


Doing Your Homework, 4 Homework Diary Once you finish the last exer- 
cise of a homework assignment, it is not necessarily time to stop. Use a home- 
work diary to try summarizing what you just accomplished. In this diary, you 


can list the types of problems you solved, the types of problems you struggled 
with, and important notes about these problems. When you begin preparing for 
a quiz or an exam, this diary will help you to decide where to focus your atten- 
tion. If you are using note cards as a study aid, this would be a good time to cre- 
ate a set of study cards for this section. 


Vocabulary 


1 


10. 


11. 


. State the formula for the perimeter of a rectangle. 
. State the formula for calculating simple interest. 


. State the formula for calculating distance. 

. A chemist is mixing a solution that is 35% alcohol 
with a second solution that is 55% alcohol to create 
80 milliliters of a solution that is 40% alcohol. Which 
system of equations can be used to solve this problem? 


a) x + y = 40 

0.35x + 0.55y = 80 
b) x + y = 80 

0.35x + 0.55y = 0.40 
c) x + y = 80 


0.35x + 0.55y = 0.40(80) 


. A mathematics instructor is teaching an elementary 
algebra class and a statistics class. She has 17 more 
students in her statistics class than she has in her ele- 
mentary algebra class. The two classes have a total of 
93 students. How many students does she have in 
each class? 


. A hardcover math book is 289 pages longer than a pa- 
perback math book. If the total number of pages in 
these two books is 1691, how many pages are in each 
book? 


. Andre’s father is 28 years older than Andre. If you 
added Andre’s age to his father’s age, the total would 
be 98. How old is Andre? How old is his father? 


. Maggie’s ma tells everyone that she is 14 years 
younger than she actually is. If you add her actual age 
to the age that she tells people she is, the total is 122. 
What is the actual age of Maggie’s ma (as reported by 
Bob Dylan)? 


. Two baseball players hit 79 home runs combined last 
season. The first player hit 7 more home runs than 
twice the number of home runs the second player hit. 
How many home runs did each player hit? 


A piece of wire 240 centimeters long was cut into two 
pieces. The longer of the two pieces is 25 centimeters 
longer than four times the length of the shorter piece. 
How long is each piece? 


In football, a team gets 3 points when its kicker makes 
a field goal attempt and 1 point when he makes an ex- 
tra point attempt. Last season a team scored 77 points 
from a total of 47 successful kicks. How many field 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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goals and how many extra points did the team’s 
kicker make last year? 


. A salesperson earns a $10 commission for each 


printer he sells and a $15 commission for each com- 
puter he sells. Last month the salesperson made 42 
sales that resulted in a total commission of $590. How 
many printers and how many computers did he sell? 


On an exam, students earn 5 points for each correct 
response and lose 2 points for each incorrect re- 
sponse. Arturo answered 27 questions on the exam 
and earned a score of 93 points. How many of his re- 
sponses were correct? 


In Pai-Gow poker, a player earns a profit of $9.50 for 
each hand won, loses $10 for each hand lost, and 
breaks even in case of a tie. Moriko played 82 hands 
and tied 46 times. Of the remaining hands, she made a 
profit of $88.50. How many hands did she win? 


Benedita has a jar containing 55 coins. Some are 
dimes, and the rest are nickels. If the value of the 
coins is $4.50, how many dimes does she have? 


A movie theater charges $9.50 for an adult and $7.75 
for a child to see a movie. If 92 people were at the 
9:20 P.M. show and the total admission paid was 
$837.25, how many adults were at the movie? 


Last week a softball team ordered three pizzas and 
two pitchers of soda after a game, and the bill was 
$41. This week they ordered five pizzas and three 
pitchers of soda, and the bill was $67. What is the 
price of a single pizza, and what is the price of a 
pitcher of soda? 


Two business colleagues went shopping together. The 
first bought three shirts and one tie for a total of $182. 
The second bought two shirts and five ties for a total 
of $273. If the price for each shirt was the same and 
the price for each tie was the same, what is the cost of 
one shirt and what is the cost of one tie? 


The perimeter of a rectangle is 92 inches. The width of 
the rectangle is 8 inches less than the length of the 
rectangle. Find the dimensions of the rectangle. 


An oil painting is in the shape of a rectangle. The 
perimeter of the painting is 127.4 inches, and the length 
of the painting is 1.6 times the width of the painting. 
Find the dimensions of the painting. 


The Woodbury vegetable garden is in the shape of a 
rectangle, surrounded by 330 feet of fence. The length 
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22. 


23. 


24. 


25. 


26. 


27. 


of the garden is 75 feet more than twice the width of 
the garden. Find the dimensions of this garden. 


Tina needs 302 inches of fabric to use as binding 
around a rectangular quilt she is making. The width of 
the quilt is 10 inches less than the length of the quilt. 
Find the dimensions of the quilt. 


The perimeter of a rectangular table is 500 centime- 
ters. If the length of the table is 25 centimeters more 
than twice the width of the table, find the dimen- 
sions of the table. 


Bjorn is building a tennis court in his backyard. He 
poured a rectangular concrete slab for the court and 
surrounded it with 360 feet of fencing. If the width of 
the slab is half the slab’s length, find the dimensions 
of the concrete slab. 


A swimming pool is in the shape of a rectangle. The 
length of the pool is 15 feet more than the width. A 
concrete deck 6 feet wide is added around the pool, 
and the outer perimeter of the deck is 178 feet. 


for 


6 ft 6 ft 


Jor 


Find the dimensions of the swimming pool. 


Next to a building, a farmer fences in a rectangular 
area as a pasture for her horses, using the existing 
building as the fourth side of the rectangle, as shown 
in the following diagram: 


Building 


Fence Fence 


Fence 


The side of the fence parallel to the building is 35 feet 
longer than either of the other two sides. If the farmer 
used 170 feet of fencing, find the dimensions of the 
pasture. 


Corrine invested a total of $2000 in two mutual funds. 
One fund earned a 6% profit, while the other fund 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


36. 


earned a 3% profit. If Corrine’s total profit was $84, 
how much was invested in each mutual fund? 


Angela deposited a total of $5200 in two different cer- 
tificates of deposit (CDs). One CD paid 3% annual in- 
terest, and the other paid 4% annual interest. At the end 
of one year, she had earned $203 in interest from the 
two CDs. How much did Angela invest in each CD? 


Mark deposited a total of $25,000 in two different 
CDs. One CD paid 4.25% annual interest, and the 
other paid 3.5% annual interest. At the end of one 
year, he had earned $1025 in interest from the two 
CDs. How much did Mark invest in each CD? 


Maria invested $5500 in two mutual funds. One fund 
earned an 8% profit, while the other earned a 1.5% 
profit. Between the two accounts, Maria made a profit 
of $180. How much was invested in each account? 


Fernando invested a total of $7500 in two mutual 
funds. While one fund earned a 4% profit, the other 
fund had a loss of 13%. Despite the loss, Fernando 
made a profit of $45 from the two funds. How much 
was invested in each fund? 


Colin has had a bad run of luck in the stock market. 
He invested a total of $40,000 in two mutual funds. 
The first fund had a loss of 11%, and the second fund 
had a loss of 30%. Between the two funds, Colin lost 
$10,100. How much did he invest in each fund? 


Jelani has two types of granola. One with dried fruit sells 
for $11.50 per pound, and one without dried fruit sells 
for $9.00 per pound. If Jelani wants to mix these two gra- 
nolas to make 40 pounds of granola that can be sold for 
$10 per pound, how many pounds of each should she 
mix? 

A feed store sells two types of cattle feed. One sells 
for $180 per ton, and another sells for $210 per ton. If 
the store manager wants to mix these two feeds to 
produce 60 tons of a mixture that can be sold for $200 
per ton, how much of each feed should be mixed? 


. A coffee shop has pure Kona beans that sell for $45 


per pound. The owner wants to create 80 pounds of a 
Kona blend mixture that can be sold for $20 per 
pound by mixing the Kona beans with some regular 
beans that sell for $5 per pound. How many pounds of 
each bean should the owner use? 


Raheem can buy peanuts for $0.40 per pound and 
cashews for $1.05 per pound. How many pounds of 
each type should he buy to produce 120 pounds of a 
mixture that costs him $0.66 per pound? 


37. 


38. 


39. 


41. 


42. 


43. 


A chemist has one solution that is 80% acid and a sec- 
ond solution that is 44% acid. She wants to combine 
the solutions to make a new solution that is 53% acid. 
If she needs to make 320 milliliters of this new solu- 
tion, how many milliliters of the two solutions should 
be mixed? 


A metallurgist has one brass alloy that is 65% copper 
and a second brass alloy that is 41% copper. He needs 
to melt and combine these alloys in such a way to 
make 60 grams of an alloy that is 47% copper. How 
much of each alloy should he use? 


A bartender has two liquors—one that is 20% alcohol 
and another that is 50% alcohol. She needs to mix 
these liquors in such a way that she has 18 ounces of a 
mixture that is 30% alcohol. How much of each type 
of liquor does she need to mix together? 


. A farmer has two types of feed—one that is 12% pro- 


tein and another that is 18% protein. How many 
pounds of each need to be combined to make a mix- 
ture of 36 pounds of feed that is 13.5% protein? 


A bartender mixes a batch of vodka (40% alcohol) 
and tonic (no alcohol). How much of each needs to be 
mixed to make 4 liters of vodka and tonic that is 22% 
alcohol? 


An auto mechanic has an antifreeze solution that is 
10% antifreeze. He needs to mix this solution with pure 
antifreeze to produce 5 liters of a solution that is 19% 
antifreeze. How much of each does he need to mix? 


George and Tina drove from their house to Palm 
Springs for a vacation. During the first part of the trip, 
George drove at a speed of 70 miles per hour. They 
switched drivers, and Tina drove the rest of the way at 
a speed of 85 miles per hour. It took them 6 hours to 
reach Palm Springs, which was 480 miles away. Find 
the length of time George drove as well as the length 
of time Tina drove. 


. Matt was driving to a conference in Salt Lake City, 


Utah. During the first day of driving, he averaged 
72 miles per hour. On the second day, he drove at an 
average speed of 80 miles per hour in order to arrive 
before sundown. If his total driving time for the 2 days 
was 15 hours and the distance traveled was 1148 miles, 
what was Matt’s driving time each day? 


45. 


49. 
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A racecar driver averaged 160 miles per hour over the 
first part of the Sequoia 500, but engine trouble 
dropped her average speed to 130 miles per hour for 
the rest of the race. If the 500-mile race took the driver 
3.5 hours to complete, after what period did her engine 
trouble start? 


. A truck driver started for his destination at an average 


speed of 60 miles per hour. Once snow began to fall, 
he had to drop his speed to 40 miles per hour. It took 
the truck driver 9 hours to reach his destination, which 
was 425 miles away. How many hours after the driver 
started did the snow begin to fall? 


. A kayak can travel 18 miles downstream in 3 hours, 


while it would take 9 hours to make the same trip up- 
stream. Find the speed of the kayak in still water as 
well as the speed of the current. 


. A rowboat would take 3 hours to travel 6 miles up- 


stream, while it would take only } hour to travel 
6 miles downstream. Find the speed of the rowboat 
in still water as well as the speed of the current. 


An airplane traveling with a tailwind can make a 
3000-mile trip in 5 hours. However, traveling into the 
same wind would take 6 hours to fly 3000 miles. What 
is the speed of the plane in calm air, and what is the 
speed of the wind? 


. With a tailwind behind it, a small plane can fly 240 


miles in 3 hours. Flying the same distance into the 
same wind would take 4 hours. Find the speed of the 
plane with no wind. 


a=—- Writing in Mathematics 


51. 


52. 


Write a word problem whose solution is “The 
length of the rectangle is 15 meters and the width is 
8 meters.” 


Write a word problem whose solution is “$5000 at 6% 
and $3000 at 5%.” 


. Write a word problem whose solution is “80 milliliters 


of 40% acid solution and 10 milliliters of 58% acid so- 
lution.” 
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Quick Review Exercises 


Section 4.4 
Graph. Label any x- and y-intercepts. 
1 
1x-4y=6 3. y= ge 2 
2. y =2x—5 4,y =3 


OBJECTIVES 


@ Solve a system of linear inequalities by graphing. 
2 Solve a system of linear inequalities with more than two inequalities. 


In addition to systems of linear equations, we can have a system of linear inequali- 
ties. A system of linear inequalities is made up of two or more linear inequalities. 
As with systems of equations, an ordered pair is a solution to a system of linear in- 
equalities if it is a solution to each linear inequality in the system. 


Solving a System of Linear Inequalities 

by Graphing 

Objective 1 Solve a system of linear inequalities by graphing. To find the 
solution set to a system of linear inequalities, we begin by graphing each inequality 


separately. If the solutions to the individual inequalities intersect, the region of in- 
tersection is the solution set to the system of inequalities. 


Graph the system of inequalities. 


y2=2x-5 
y<3x-7 


SOLUTION 


Begin by graphing the inequality 
y = 2x —5. To do this, graph the 
line y = 2x — Sasa solid line. Recall 
that we use a solid line when the 
points on the line are solutions to the 
inequality. Because this equation is 
in slope—intercept form, an efficient 
way to graph it is by plotting the y- 
intercept at (0,—5) and then using 
the slope of 2 to find additional 
points on the line. 
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Because the origin is not on this line, 
we can use (0, 0) as a test point. Sub- 
stitute 0 for x and 0 for y in the in- 
equality y = 2x — 5. 

0 = 2(0) — 5 

020-5 

0=-5 
Substituting these coordinates into 
the inequality y = 2x — 5 produces a 


true statement; so we shade the half- 
plane containing (0, 0). 


Now we turn our attention to the second inequality in the system. To graph the in- 
equality y < 3x — 7, we use a dashed line to graph the equation y = 3x — 7. Recall 
that the dashed line is used to signify that no point on the line is a solution to the in- 


equality. Again, this equation is in 
slope-intercept form, so we graph the 
line by plotting the y-intercept at 
(0, —7) and using the slope of 3 to find 
additional points on the line. 

We can use the origin as a test 
point for this inequality as well. Sub- 
stituting 0 for x and 0 for y produces a 
false statement. 


0 < 3(0) -7 
0<0-7 
0<+7 


We shade the half-plane on the op- 
posite side of the line from the origin. 
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The solution of the system of linear inequalities is the region where the two 
solutions intersect. 


Quick Check 1 
Graph the system of 
inequalities. 
y= gap 8 
fie a> By) <= (9 


a 
ap 
a 


ol 


Graph the following system of inequalities: 


2x+y=s4 
y > 3x 


SOLUTION Begin by graphing the line 
2x + y = 4 using a solid line. This equation 
is in standard form, so we can graph the line 
by finding its x-intercept (2,0) and its y- 
intercept (0,4). Now we determine which 
half-plane to shade. Because the line does 
not pass through the origin, we can choose 


(0, 0) as a test point. 72 7 ita 
2(0) + (0) = 4 
0s4 
Because the test point produced a true statement, 
we shade the half-plane containing the origin. 
Now we turn our attention to the inequal- 
ity y > 3x. We begin by graphing the line y 
y = 3x as a dashed line. The y-intercept is at Snr 
the origin, and the slope of the line is 3. We ieee 
must choose a point that is clearly not on the clita 
line to use as a test point, such as (5, 0). all i 
a 
a 
0 > 3(5) Hi 
0 s 15 FZ ! =) ! ° 5} | gly x 
ay 
The test point produced a false statement, so Pr 
we shade the half-plane that does not contain ¥ Bal 


the test point. v 
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Quick Check 2 The solution of the system of inequalities is the region where the two shaded 


Graph the system of inequalities. EGE ORS MC Nae el 


—=—3ie sp ay = 8 
y=0 


Solving a System of Linear Inequalities 
with More than Two Inequalities 


Objective 2 Solve a system of linear inequalities with more than two 
inequalities. The next example involves a system of three linear inequalities. 
Regardless of the number of inequalities in a system, we still find the solution in the 
same manner. Graph each inequality individually and then find the region where 
the shaded regions intersect. 


Graph the system of inequalities. 


3x + 4y > 12 
x <6 
y>4 


SOLUTION Begin by graphing the line 3x + 4y = 12 with a dashed line. This is 
the line associated with the first inequality. Because the equation is in standard 
form, we can graph it by finding its x- and y-intercepts. 


3x + 4y = 12 
x-intercept (y = 0) y-intercept (x = 0) 
3x + 4(0) = 12 3(0) + 4y = 12 
She 1) 4y = 12 
x=4 y=3 
(4, 0) (0, 3) 


The x-intercept is at (4, 0). The y-intercept of the line is at (0, 3). Because the line 
does not pass through the origin, we can use (0, 0) as a test point. When we substi- 
tute 0 for x and 0 for y in the inequality 3x + 4y > 12, we obtain a false statement. 


3(0) + 4(0) > 12 
O= 12 
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Because this statement is not true, 
we shade the half-plane on the side 
of the line that does not contain the 
point (0, 0). 


Quick Check 3 
Graph the system of 
inequalities. 
ear Ws es 
se = il 


Vv = = 


To graph the second inequality, begin For the third inequality, graph the 
with the graph of the vertical line dashed horizontal line y = 4. The so- 
x = 6. This line also is dashed. The lutions of this inequality are above 
solutions of this inequality are to the the horizontal line y = 4. 

left of this vertical line. 
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Now display the solutions to the system of inequalities by finding the region of 
intersection for these three inequalities, shown in the graph below. 
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BUILDING YOUR STUDY STRATEGY 


Doing Your Homework, 5 Homework Schedule Try to establish a regular 
schedule for doing your homework. Some students find it advantageous to 
work on their homework as soon as possible after class, while the material is 


still fresh in their minds. You may be able to find other students in your class 
who can work with you in the library. 

It is crucial that you complete an assignment before the next class. Because 
math skills build on previous concepts, if you do not understand the material 
one day, you will have difficulty understanding the next day’s material. 
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Pee by CansCoge nd Ma Z> = a, 
MyMathiab\) Te: | es | $a TEA a 


ll. y<5x+5 12. y=3x+3 
y>5x-5 y=3x-1 


Vocabulary 
1. A(n) is made up of 


two or more linear inequalities. 

2. A linear inequality is graphed with a(n) 
line if it involves either of the symbols < or >. 

3. A linear inequality is graphed with a(n) 
line if it involves either of the symbols = or =. 

4. When solving a system of linear inequalities, shade 
the region where the solutions of the individual in- 
equalities 


Graph the system of inequalities. 


5. y=5x-2 6. y > 4x - 3 
ys-x+1 ys2x-1 
13. x + 4y <8 14.5x + 2y = 10 
3x -—2y <6 —3x+y>5 


7 ys3x-1 8 y<2x +2 
> =2 
y>-ixt6 Meas 


15. —7x + 3y > 21 16. 8x + y=-8 
4x + Dy = 36 3x + 4y < -12 


9 x+y2=5 10. x-y=T7 
xy = x+ysl1 
17.y=5 18. —4x + y <6 
5x +2y <0 4x -—y<2 
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19. y = 3x 20. x < —4 
y>3 2x + 6y > 12 
3 
21. y > --x+6 22. x <4 
2 
y2-7 
4x —3y =-6 
23.x >1 24. 3x + 10y > 15 
8x — 4y > 12 5 
- - ys 2x7] 
2 
25. y < 2x 26. y>x-4 
y<6 y<-2x+5 
x>2 y> 2 


27. 


28. 


29. 


30. 


31. 


32. 


3x — 2y = -10 
y< —4x - 6 
—x + 3y < 12 


x 


IN WV 
bh 


Write a system of linear y 
inequalities whose solu- 10 
tion is the entire first 
quadrant, as shown in 
the graph to the right. 


Write a system of linear in- 
equalities whose solution is the 
entire third quadrant. 


Find the area of the region defined by the following 
system of linear inequalities: 

x22 

y= 1 

ys-x+9 

Write a system of 
linear inequalities 
whose solution set is 
shown on the fol- 
lowing graph: 
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CHAPTER 4 SUMMARY 


Section 4.1 Systems of Linear Equations; Solving Systems by Graphing 


Systems of Linear Equations, p. 198 


A system of linear equations consists of two or more 7x + Sy = 62 
linear equations. 3x — 2y = 10 


Solutions of a System of Linear Equations, p. 199 


A solution of a system of linear equations is an ordered Is (5, -2) a solution of 4x + 3y = 14, 
pair (x, y) that is a solution of each equation in the : x+2y=1 ° 
system. 
4x + 3y = 14 x+2y=1 
4(5) + 3(-2) = 14 (5) + 2(-2) = 1 
20-6= 14 5-4=1 
14= 14 1=1 


(5, —2) is a solution. 


Solving a System of Linear Equations Graphically, pp. 199-202 

To solve a system of linear equations graphically, begin : y=3x-7 
by graphing each line. A solution of the system is Solve Me system emaphivally: 2x + 3y = 12 
an ordered pair that is on both lines. 


y 
A 
6-L 


2x + 3y =12.. 


Independent Systems, p. 202 

A system of equations that has a single ordered pair 
as its solution is called an independent system. 
Graphically, a system of linear equations is an 
independent system if the lines associated with 
the system intersect at a single point. 
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Inconsistent Systems, pp. 202-203 

A system of equations that has no solution is called 
an inconsistent system. 

Graphically, a system of linear equations is an 
inconsistent system if the lines associated with the 
system are distinct parallel lines. 


Dependent Systems, pp. 202-204 

A system of equations that has infinitely many solutions 
is called a dependent system. 

Graphically, a system of linear equations is a dependent 
system if the two lines associated with the system are 


the same line. “4 122 


Section 4.2 Solving Systems of Equations by Using the Substitution Method 


Solving a System of Equations by Using the Substitution Method, pp. 207-211 


1. Solve one of the equations for either variable. y=2x+7 


2. Substitute this expression for the variable in the Rolve: 3x — 4y = -18 


y=4x-6 
—8x + 2y =-12 
Same Line 


other equation. — 4(2x + 7) = -18 
3. Solve this equation. on ao _ = 18 


4. Substitute this value for the variable in the equation —5x — 28 = -18 


from Step 1. 5 
5. Write the solution as an ordered pair. 
6. Check your solution. (2:3) 


Section 4.3 Solving Systems of Equations by Using the Addition Method 


Solving a System of Equations by Using the Addition Method, pp. 214-220 


1. Write each equation in standard form 3x +2y=4 
(Ax + By =C). x— 6y =8 

2. Multiply one or both equations by the 
appropriate constant(s). 

3. Add the two equations together. 

4. Solve the resulting equation. 

5. Substitute this value for the appropriate variable 
in either of the original equations and solve for the 3(2) 4 
other variable. 

6. Write the solution as an ordered pair. 

7. Check your solution. 


Solve: 


Multiply by 3 
———— 


ll 


12 


20 
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Section 4.4 Applications of Systems of Equations 


Solving Applied Problems by Using a System of Equations, pp. 224-230 


1. Choose a variable for each unknown quantity. Adults are charged $6 and children are charged $4 to see a 
2. Find two equations that relate the two unknown play. Last night 103 people saw a play, paying a total of $532. 
quantities. How many adults and how many children were at the play? 


3. Solve the system using substitution or addition. 
Unknowns: 


Number of adults: A; number of children: C 
System of Equations 


A+ C= 103 
6A + 4C = 532 
Solve by Addition 
—4A — 4C = —412 
6A + 4C = 532 
2A = 120 
A = 60 
60 + C = 103 
C = 43 


There were 60 adults and 43 children at the play. 


Perimeter of a Rectangle 


The length of a rectangle is 3 inches more than twice its width. If the 
perimeter of the rectangle is 96 inches, find its length and width. 


Unknowns: 

Length: /; width: w 

System of Equations 
1=2w+3 
21 + 2w = 96 


Solve by Substitution 
2(2w + 3) + 2w = 96 
4w + 6 + 2w = 96 


6w + 6 = 96 
6w = 90 
w= 15 
1 = 2(15) + 3 
1 = 33 


The length is 33 inches, and the width is 15 inches. 


Interest 

Manny deposited a total of $4000 in two bank accounts. One 
account paid 3% annual interest, and the other account paid 
4% annual interest. If Manny earned $145 interest in one year, 
how much was invested in each account? 


Unknowns: 
Principal at 3%: x; principal at 4%: y 
System of Equations 

x + y = 4000 

0.03x + 0.04y = 145 


Solve by Addition 
x+ oy 4000 
3x + 4y = 14,500 
—3x — 3y = —12,000 
3x +4y = 14,500 


lll 


y= 2500 
x + 2500 = 4000 
x= 1500 


Manny invested $1500 at 3% and $2500 at 4%. 
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Section 4.5 Systems of Linear Inequalities 


Systems of Linear Inequalities, p. 234 


A system of linear inequalities is made up of two or more Is (6, 8) a solution of the system of inequalities? 
linear inequalities. An ordered pair is a solution to a system 2x + Sy > 40 
of linear inequalities if it is a solution to each linear ys2xt+3 


inequality in the system. 


2(6) + 5(8) > 40 (8) = 2(6) + 3 
52 > 40 8 =< 15 
(6, 8) is a solution. 
Solving a System of Linear Inequalities by Graphing, pp. 234-238 
To find the solution set to a system of linear inequalities, Solve: 2 =x75 
begin by graphing each inequality separately. If the OINe: 3y + 2y > 18 
solutions to the individual inequalities intersect, the Graph y <x +5. Graph 3x + 2y > 18. 
region of intersection is the solution set to the system ‘ y 
of inequalities. A * 
6 | 
k: 
ih 3x + 2y > 18 
6 * 
| Test Point r ‘ 
< = 1_¢—1_1_t ao% 4- . 
= [— i. 
2+ 2- % 
v . % 
Test Point - ‘ 
! ! ! 1 ! | sl ! 
“3 7 + 2 4 Gym” 
_oL “ 
v 
Graph the system. 


SUMMARY OF CHAPTER 4 STUDY STRATEGIES 


You should not view a homework assignment as a chore to be completed; rather, you 
should consider it an opportunity to increase your understanding of mathematics. Here is 
a summary of the ideas presented in this chapter. 


e Review your notes and the text before beginning a ° Call a classmate for help. 
homework assignment. ° Get help from a tutor. 


° Be neat and complete when doing a homework as- ° Ask your instructor for help at the first opportunity. 
signment. If your work is neat, you will be able to spot = Complete a homework session by summarizing your 
errors more easily. When you are reviewing for an work. Prepare notes on difficult problems or concepts. 
exam, your homework will be easier to review if it is These hints will be helpful when you begin to review 
neat. Do not skip any steps, even if you think that for an exam. 


showing them is not necessary. e Keep up to date with homework assignments. Falling 


e Strategies for homework problems you cannot answer: behind will make it difficult to learn the new material 
° Look in your notes and the text for similar problems presented in class. 
or suggestions about this type of problem. 


CHAPTER 4 REVIEW 


Find the solution of the system of equations shown on 
each graph. If there is no solution, state this. [4.1] 


1 2. 


, it 
>< 


Solve the system by graphing. If the system is inconsis- 
tent and has no solution, state this. If the system is de- 
pendent, write the form of the solution for any real 
number x. [4.1] 


5.y=x-5 
Sa og 
aa) 
it 
ee oa 
y=-x 


7.y=—-2x +8 
1 
Paes a 


8. 2x — y= -8 
—3x + 2y = 10 


Worked-out solutions to Review Exercises marked with 


Solve the system by substitution. If the system is inconsis- 
tent and has no solution, state this. If the system is de- 
pendent, write the form of the solution for any real 
number x. [4.2] 


9.x =2y+1 
2x —-Sy=4 

10. y= —-x-3 
3x + 4y = —-5 

11. 4x + y=—-5 
5x —3y =15 

12. —4x + 2y = 18 
2x -y=3 

2 

13. y= Gx - 9 

3x — 4y = 23 


Solve the system by addition. If the system is inconsistent 
and has no solution, state this. If the system is dependent, 
write the form of the solution for any real number x. [4.3] 


14. 3x + 2y = 15 


Sx —2y =17 
15. 6x + 7y = —66 
—3x + 4y = —27 
16. 2x — y= 
—4x + 2y = -8 
17y=4x +5 
Sx —2y = —-4 
1 2 
wax tiy= 
18 7% 3) 2 
1 
—-zy=-l 
3x 7 5 


Solve the system using the most efficient method (substi- 
tution or addition). If the system is inconsistent and has 
no solution, state this. If the system is dependent, write 
the form of the solution for any real number x. [4.2, 4.3] 


19. 4x — 3y = 20 


—x + 6y = —26 
20.x+y=4 

—5x + 4y = 43 
21. y=2x-1 

3x — 7y = 29 


can be found on page AN-15. 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


8x — 9y = 67 
x=5 
y=3x-2 
—9x + 3y = -6 
xty=-4 
4x —-6y = —-1 
3x — 2y = 12 
y=ir-6 
x+2y=-5 
ergy 
—Sxt2y=3 
2x —-8y = -9 
7x — Sy = —46 
6x + 7y =17 
y = 0.3x + 2.4 
3x — 2y = 7.2 
x + y = 8000 


0.04x + 0.05y = 340 


The sum of two numbers is 87. One number is 18 
more than twice the other number. Find the two num- 
bers. [4.4] 


Hal has 284 more baseball cards in his collection than 
his brother Mac does. Together they have 1870 baseball 
cards. How many cards does Hal have? [4.4] 


A hockey team charges $10 for tickets to its games. 
On Wednesday nights, the team has a Ladies’ Night 
promotion where women of any age are admitted for 
half price. If total attendance on the last Ladies’ Night 
was 1764 fans and the team collected $13,470, how 
many women were at the game? [4.4] 


A movie theater charges $7.50 to see a movie, but 
senior citizens are admitted for only $4. If 206 people 
paid a total of $1384 to see a movie, how many were 
senior citizens? [4.4] 

Jackie’s home is on a rectangular lot. The fence that 
runs around the entire yard is 1320 feet long. If the 
length of the yard is 140 feet more than the width, 
find the dimensions of the yard. [4.4] 


Jiana has a front door that lets in cold drafts. The 
height of the door is 4 inches more than twice its 
width. If she uses 224 inches of weather stripping 
around the entire door, how tall is her door? [4.4] 


Juan deposits a total of $4000 in two different CDs. 
One CD pays 5% annual interest, while the other 
pays 4.25% annual interest. If Juan earned $179 inter- 
est during the first year, how much did he put in each 
CD? [4.4] 


38. 


39. 


40. 


42. 


Marcia bought shares in two mutual funds, investing a 
total of $2500. One fund’s shares went up by 20%, 
while the other fund went up in value by 8%. This was 
a total profit of $320 for Marcia. How much did she 
invest in each mutual fund? [4.4] 


One type of cattle feed is 4% protein, while a second 
type is 13% protein. How many pounds of each type 
must be mixed together to make 45 pounds of a mix- 
ture that is 10% protein? [4.4] 


A kayak can travel 12 miles upstream in 6 hours. It 
takes only 14 hours for the kayak to travel the same 
distance downstream. Find the speed of the kayak in 
still water. [4.4] 


Solve the system of inequalities. [4.5] 
41. 


ys2x+7 
y>x-5 


3x + 4y < 24 
5x + y= 10 
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1 
43. y= —-4x +7 44.y>5x-3 


3 
y=5e y> —2 


For Extra Help 


Cc HAPT E R 4 T EST A, est Prep Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 


on DVD, in MyMathLab | _and on Youffi) (search “WoodburyElemIntAlg” and click on “Channels"). 


1. Find the solution of the system of equations shown 4. Solve the system that follows by addition. If the sys- 
on the graph. If there is no solution, state this. tem is inconsistent and has no solution, state this. If 
the system is dependent, write the form of the solu- 
tion for any real number x. 
5x 4 2y = 22 
2x —S5y = —-3 


Solve the given system by the method of your choice. If 
the system is inconsistent and has no solution, state this. 
If the system is dependent, write the form of the solution 
for any real number x. 


5. -x + 4y = 11 


3x —4y = -17 
6. 4x +2y =9 
y = —2x + 18 
7x+y=t11 
2. Solve the system that follows by graphing. If the sys- ae a= Is 
tem is inconsistent and has no solution, state this. If 8. 7x — lly = —47 
the system is dependent, write the form of the solu- 9x + 2y = 101 
tion for any real number x. 9. 13x + 6y = 52 
y= -2x4+3 x= Ty +4 
y=-3x+7 10. 4x — 6y = 18 
3. Solve the system that follows by substitution. If the =10x + Iby = =45 
system is inconsistent and has no solution, state this. 11. Last season a baseball player had 123 more walks 
If the system is dependent, write the form of the solu- than he had home runs. If you add the number of 
tion for any real number x. times he walked to the number of times he hit a home 
x+4y=-9 run, the total is 237. How many walks did the player 


2x — 5y = 21 have? 
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12 


14. 


Mathematicians in History see 


H patia of 


. Admission to an amusement park is $20, but children 


under 8 years old are admitted for $5. If 13,900 peo- 
ple were at the amusement park yesterday and they 
paid a total of $197,000 for admission, how many chil- 
dren under 8 years old were at the park? 


. Steve’s vegetable garden is in the shape of a rectan- 


gle, and it requires 66 feet of fencing to surround it. 
The length is 1 foot more than three times the width. 
Find the dimensions of Steve’s garden. 


Emma bought shares in two mutual funds, investing a 
total of $32,000. One fund’s shares went up by 7%, 
while the other fund went up in value by 3%. This was 
a total profit of $1760 for Emma. How much did she 
invest in each mutual fund? 


and her accomplishments. 


In 


teresting issues: 
Where and when was Hypatia born? 
Who was Hypatia’s father? In what fields was he involved? 


Hypatia lectured on the philosophy of Neoplatonism. What are the principal ideas 


of Neoplatonism? 
What was Hypatia’s relationship to Cyril and Orestes? 


Alexandria was one of the first women known 
to make major contributions to the field of mathematics. She also was active in the 
fields of astronomy and philosophy. One quote attributed to her is the following: “Re- 
serve your right to think, for even to think wrongly is better than not to think at all.” 
Write a one-page summary (or make a poster) of the life of Hypatia of Alexandria 


15. Solve the system of inequalities. 
1 
y< a> +4 


5x + 2y > -16 


In the year A.D. 415, Hypatia was murdered. Describe the circumstances of her death. 


CUMULATIVE REVIEW CHAPTERS 1-4 


Write the appropriate symbol, < or >, between the 
following integers. [1.1] 


1. —3 —8 


Simplify. [1.2] 
2. —9 — 25 
4. —234 + (-18) 


3. 15(—11) 


Write the prime factorization of the following number. 
(If the number is prime, state this.) [1.3] 


5. 72 


Simplify. Your answer should be in lowest terms. [1.4] 


6 5 a6, 
. 7,.—+ — 
. 35 21 4 10 


Simplify the following decimal expressions. [1.5] 


8. 9.8 — 3.72 9. 4.7 X 3.8 


10. A group of 32 baseball fans decided to attend a game 
together. If each ticket cost $14, how much did the 
group spend on tickets? [1.2] 

11. If one recipe calls for 13 cups of flour and a second 
recipe calls for 23 cups of flour, how much flour is 
needed to make both recipes? [1.4] 


Simplify the given expression. [1.7] 
12.9+3-4- 2° 
13. 7 + 2(9 — 4-5) — 6(-S) 


Evaluate the following algebraic expression under the 
given conditions. [1.8] 


14. 5x — 8forx = —4 


Simplify. [1.8] 


15. 8x —11—3x+8 
16. 3(3x — 8) — 5(4x + 9) 


Solve. [2.1, 2.2] 


17. 3x — 4 = —31 

19. 3x + 17 = 6x — 25 
20. 2(2x + 5) — 3(x — 8) = 20 

21. The width of a rectangle is 9 feet shorter than its 


length, and the perimeter is 70 feet. Find the length 
and the width of the rectangle. [2.3] 


18. —2x +15 =8 


22. Celia has $5 and $10 bills in her purse, worth a total of 
$205. She has 8 more $5 bills than $10 bills. How many 
$5 bills does Celia have? [2.3] 


23. Twenty percent of 125 is what number? [2.4] 
24. What percent of 275 is 66? [2.4] 


25. Monisha bought a new house for $220,000. The house 
increased in value by 13% in one year. How much 
was the house worth after one year? [2.4] 


Solve the proportion. [2.4] 


n 27 
26. —- = — 
8 36 


27. At a community college, 5 out of every 9 students 
plan to transfer to a four-year university. If the college 
has 8307 students, how many plan to transfer to a 
four-year university? [2.4] 


Solve. Graph your solution on a number line and express 
it in interval notation. [2.5] 


28.2x —-5 =3x-8 


29. -7 =3x+8=11 


Find the x- and y-intercepts and use them to graph the 
equation. [3.2] 


30.2x —y=6 


31. —3x + 4y = —24 
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Find the slope of the line that passes through the given 
points. [3.3] 


32. (—3, —7) and (3, 5) 


Find the slope and the y-intercept of the given line. [3.3] 
33. 2x + 3y = 21 


Graph using the slope and y-intercept. Find the x-intercept 
and label it on the graph. [3.3] 


3 
34. y= 2x -3 Ce a 


Are the two given lines parallel, perpendicular, or 
neither? [3.5] 


36. 5x + 3y = 9 
3x —S5y = —-5 
37. Bruce is saving his money to buy a new guitar. So far 


he has saved $220, and he plans to save $40 each 
month. [3.4] 


a) Create a function f(x) for the amount of money 
Bruce has saved after x months. 


b) Use the function from part a to determine how 
much money Bruce will have saved after 8 months. 


c) Use the function from part a to determine how 
many months it will take until Bruce has saved 
enough to buy the guitar, which will cost $800. 


Evaluate the given function. [3.4] 


38. f(x) = 24x + 55, f(14) 
39. g(x) = —7x + 905, g(—32) 


Find the slope-intercept form of the equation of a 
line with the given slope that passes through the given 
point. [3.6] 


40. Slope —2 through (3, —4) 


Find the slope-intercept form of the equation of a line 
that passes through the two given points. [3.6] 


41. (2,1) and (4, —5) 


Graph the inequality on a plane. [3.7] 
42. 3x —2y > 12 


Solve the system by the method of your choice. If the sys- 
tem is inconsistent and has no solution, state this. If the 
system is dependent, write the form of the solution for any 
real number x. [4.2, 4.3] 


43. 4x + y = 22 44.y=3x-2 
—3x + 8y=1 2x —3y = -15 

45. 9x + 8y = 25 46. 4x + y=6 
5x — 6y = -7 3. 42 a 
Se 


47. A minor league baseball team charges admission of 
$5 for adults and $4 for children. If 1050 people paid a 
total of $5000 to see last night’s game, how many chil- 
dren were at the game? [4.4] 


48. Bill’s backyard is rectangular. The fence that runs 
around the backyard is 130 feet long. If the length of 
the backyard is 10 feet less than twice the width, find 
the dimensions of the backyard. [4.4] 


49. Mya deposits a total of $15,000 in two different CDs. 
One CD pays 3% annual interest, while the other 
pays 2.5% annual interest. If Mya earned $430 in in- 
terest during the first year, how much did she put in 
each CD? [4.4] 


Solve the system of inequalities. [4.5] 


50.y<x+4 
y2=4x-2 


3:2 


5:3 


5.4 
De) 


Exponents 


Negative Exponents; 
Scientific Notation 


Polynomials; Addition 
and Subtraction of 
Polynomials 


Multiplying Polynomials 
Dividing Polynomials 
Chapter 5 Summary 


Exponents and 
Polynomials 


The expressions and equations we have examined to this point in the 
text have been linear. In this chapter, we begin to examine expressions and func- 
tions that are nonlinear, including polynomials such as —16t* + 32t + 128 and 
x? — 3x* + 8x? — 9x + 7. After learning some basic definitions, we will learn to 
add, subtract, multiply, and divide polynomials. We will introduce properties for 
working with expressions containing exponents that make using these operations 
easier. We also will cover scientific notation, which is used to represent very large 


and very small numbers and to perform arithmetic calculations with them. 


STUDY STRATEGY 


Test Taking To be successful in a math class, understanding the material is 
important, but you also must be a good test taker. In this chapter, we will dis- 
cuss the test-taking skills necessary for success in a math class. 


OBJECTIVES 


@ Use the product rule for exponents. 

@ Use the power rule for exponents. 

@ Use the power of a product rule for exponents. 
4 Use the quotient rule for exponents. 


Use the zero exponent rule. 


6 Use the power of a quotient rule for exponents. 


Evaluate functions by using the rules for exponents. 


We have used exponents to represent repeated multiplication of a particular factor. 
For example, the expression 3’ is used to represent a product in which 3 is a factor 
7 times. 


37 = 3+3+3+3+3-3+3 


Recall that in the expression 3’, the number 3 is called the base and the number 7 is 
called the exponent. 
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Quick Check 2 


Simplify (a — 6)!°- (a — 6)". 


In this section, we will introduce several properties of exponents and learn how 
to apply these properties to simplify expressions involving exponents. 


Product Rule 


Objective 1 Use the product rule for exponents. 


Product Rule 
| For any base x, x""*x" = x™*", | 


When multiplying two expressions with the same base, keep the base and add the expo- 
nents. Consider the example x? + x’. 


w= xXONX and x)= XO KKK KON 


So x*+ x7 can be rewritten as (x+x+x)+(x+xe xe xe xe XX). 
Because x is being repeated as a factor 10 times, this expression can be rewrit- 
ten as x!° 
geal Sere 
A WORD OF CAUTION When multiplying two expressions with the same base, keep the 
base and add the exponents. Do not multiply the exponents. 


x3+x’ = x not x2 


Simplify x? x°. 


SOLUTION Because we are multiplying and the two bases are the same, we keep 
the base and add the exponents. 


xx =X Keep the base and add the exponents. 
x4 Add. 


Simplify 2 - 2° +24. 


SOLUTION In this example, we are multiplying three expressions that have the 
same base. To do this, we keep the base and add the three exponents. Keep in mind 
that if an exponent is not written for a factor, the exponent is a 1. 


2+2°+24 = 24 Keep the base and add the exponents. 
=o Add. 
= 1024 Raise 2 to the 10th power. 


Quick Check 1 
Simplify. 
a) x°- x4 b) 3°-37-3 


Simplify (x + y)*+(x + y)’. 
SOLUTION _ The base for these expressions is the sum x + y. 


(x + y)*+(x + y)? = (x + y)*? Keep the base and add the exponents. 
=(x+y)® Add. 


Quick Check 3 
Simplify (a°b°)(a°b°). 


Quick Check 4 
Simplify (x°)’. 


Quick Check 5 
Simplify (x*)°(x°)’. 
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Simplify (x*y’)(x*y). 


SOLUTION When we have a product involving more than one base, we can use the 
associative and commutative properties of multiplication to simplify the product. 


(x’y’)(x3y) = x*y’x3y Write without parentheses. 
= x’x3y’y Group like bases together. 


=a For each base, add the exponents and 
keep the base. 


In future examples, we will not show the application of the associative and com- 
mutative properties of multiplication. Look for bases that are the same, add their 
exponents, and write each base to the calculated power. 


Power Rule 


Objective 2 Use the power rule for exponents. The second property of ex- 
ponents involves raising an expression with an exponent to a power. 


Power Rule 
For any base x, (x”)"” = x’™", 


In essence, this property says that when we raise a power to a power, we keep 
the base and multiply the exponents. To show why this is true, consider the ex- 
pression (x*)’. 

Whenever we raise an expression to the 7th power, the expression is repeated 
as a factor seven times. So (x°)’ = x3+x3+x3+x3+x3+x3+ x3. Applying the first prop- 
erty from this section, x?+ 2° > 42+ x%7+47+ 47023 = gt or x7. This expo- 


nent could be found by multiplying 3 by 7. 
(x3)7 = 337 = x21 


A WORD OF CAUTION When raising an expression with an exponent to another power, 
keep the base and multiply the exponents. Do not add the exponents. 


Gey =s 5 notx” 


Simplify (x°)*. 


SOLUTION _ In this example, we are raising a power to another power, so we keep 
the base and multiply the exponents. 


(x°)* = x°4 Keep the base and multiply the exponents. 


= x9 Multiply. 


Simplify (x*)?(x’)*. 


SOLUTION To simplify this expression, we must use both properties introduced 
in this section. 


(x3)?(x7)8 = x3°x78 ~~ Apply the power rule. 
= x*7x% = Multiply. 


Se Keep the base and add the exponents. 
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Quick Check 6 
Simplify (a°b*)°. 


Quick Check 7 
Simplify (4a’b*)?(a‘*b’c’)?. 


Power of a Product Rule 


Objective 3 Use the power of a product rule for exponents. The third 
property introduced in this section involves raising a product to a power. 


Power of a Product Rule 
| For any bases x and y, (xy)" = x"y". | 


This property says that when we raise a product to a power, we may raise each factor 
to that power. Consider the expression (xy)°. We know that this can be rewritten as 
xy-*xy+xy+xy-xy. Using the associative and commutative properties of multiplica- 
tion, we can rewrite this expression as x*-x+x*x*x+y*y*y* yy, which simplifies 
tory. 


Simplify (x?y)°. 


SOLUTION This example combines two properties. When we raise each factor to the 
6th power, we are raising a power to a power; therefore, we multiply the exponents. 
(x?y3)® = (x”)®(y?)® Raise each factor to the 6th power. 

=x "y Keep the base and multiply the exponents. 


Simplify (x?y*)7(3x°)*. 
SOLUTION _ In this example, begin by raising each factor to the appropriate power. 
Then multiply expressions with the same base. 
(x*y3)7(3x°)? = xl4y?!-3?x!0 Raise each base to the appropriate power. 
= On” Simplify. 
It is a good idea to write the variables in an expression in alphabetical order, as 


shown in this example, although it is not necessary. 


A WORD OF CAUTION This property applies only when we raise a product to a power, not 


a sum or a difference. Although (xy)* = x’y*, a similar approach does not work for 
2 


(x + y)* or (x — y)?. 
(xt+yP4xXr+y 
(x- yee —y? 

For example, let x = 12 and y = 5. In this case, (x + y)? is equal to 17%, or 289, but 


x’ + y? is equal to 12* + 5”, or 169. This shows that (x + y)? is not equal to x* + y? in 
general. 


Quotient Rule 
Objective 4 Use the quotient rule for exponents. The next property in- 


volves fractions containing the same base in their numerators and denominators. It 
also applies to dividing exponential expressions with the same base. 


Quotient Rule 


x” 
For any base x, — 
< 


Quick Check 8 
Simplify. (Assume that x # 0.) 


b) x24 as x8 
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Note that this property has a restriction; it does not apply when the base is 0. This 

is because division by 0 is undefined. This property tells us that when we are di- 

viding two expressions with the same base, we subtract the exponent of the 
vi 


: : : x : 
denominator from the exponent of the numerator. Consider the expression —. This 
x 
. Ke MOK Kew He x . : 
can be rewritten as . From our previous work, we know that this 
ae ae a 
fraction can be simplified by dividing out common factors in the numerator and 
denominator. 


Ke 8X EX 4 
=X 
XXX 


One way to think of this is that the number of factors in the numerator has been 
reduced by three because there were three factors in the denominator. The prop- 
erty says that we can simplify this expression by subtracting the exponents, which 
produces the same result. 


9 
Simplify (Assume that y # 0.) 
y 


SOLUTION 
exponents. 


Because the bases are the same, keep the base and subtract the 


y 9-2 
f= 27 Keep the base and subtract the exponents. 


= y’ — Subtract. 


Simplify a*! + a*. (Assume that a # 0.) 


21 
equivalent to 7 Keep the base and subtract the exponents. 
a 
a’! + a? = a"'3 Keep the base and subtract the exponents. 
=a Subtract. 
A WORD OF CAUTION When dividing two expressions with the same base, keep the base 
and subtract the exponents. Do not divide the exponents. 


+@=a"® nota’ 


x09 
Simplify oak (Assume that x, y # 0.) 
xy 


SOLUTION Although we will subtract the exponents for the bases x and y, we will 
not subtract the numerical factors 16 and 2. We simplify numerical factors the same 
way we did in Chapter 1;so 18 = 8. 


16x'°y? 3.5 simplify 1 Keep the variable bases and 
2x"y" subtract the exponents. 


Quick Check 9 
20apecb 


. (Assume that a, b,c # 0.) 
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Quick Check 10 
Simplify. (Assume that x # 0.) 


a) 124° b) (3x’)° e) 9x° 


Zero Exponent Rule 


dia aie : cee 
Objective 5 Use the zero exponent rule. Consider the expression aa WE 
2 


know that any number (except 0) divided by itself is equal to 1. The previous 
property also tells us that we can subtract the exponents in this expression; so 
27 7-7 0 
37 =2 = 2°. 

27 
Because we have shown that af is equal to both 2° and 1, the expression 2° must be 


equal to 1. The following property involves raising a base to the power of zero. 


Zero Exponent Rule 
| For any base x, x° = 1 (x # 0). | 


Simplify 7°. 


SOLUTION By applying the zero exponent rule, we see that 7° = 1. 


A WORD OF CAUTION When we raise a nonzero base to the power of zero, the result is 
1, not 0. 


7° = 1, notO 
The expressions (4x)° and 4x° are different (x # 0). In the first expression, the base 
being raised to the power of zero is 4x. So (4x)° = 1 because any nonzero base raised 


to the power of zero is equal to 1. In the second expression, the base being raised to 
the power of zero is x, not 4x. The expression 4x” simplifies to be 4-1, or 4. 


Power of a Quotient Rule 


Objective 6 Use the power of a quotient rule for exponents. The power 
of a quotient rule is similar to the property that involves raising a product to a power. 


Power of a Quotient Rule 


n 


For any bases x and y, (=) = ~ (y # 0). 
y y 


To raise a quotient to a power, we raise both the numerator and denominator to 
that power. The restriction y # 0 is again due to the fact that division by 0 is 


undefined. Consider the expression (2), where s # 0. The property tells us that 


ee : r : 
this is equivalent to —, and here is why. 
s 


3 
r rrr r : 
() Ses Repeat — as a factor three times. 
s - 


s 
rerer Se ae : 

= ——— Use the definition of multiplication for fractions. 
sss 
Ps 


Rewrite the numerator and denominator using exponents. 
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A WORD OF CAUTION When raising a quotient to a power, raise both the numerator and 
denominator to that power. Do not raise just the numerator to that power. 


r 3 r r 
(5) = =, not — (Assume that s # 0.) 
s Ss 


xy 


Zz 


8 
Simplify ( ) . (Assume that z # 0.) 


SOLUTION Begin by raising each factor in the numerator and denominator to the 
8th power; then simplify the resulting expression. 


(=) = Caen y Raise each factor in the numerator and 


Z 2"? denominator to the 8th power. 
x 1624 
= a Keep the bases and multiply the exponents. 


Quick Check 11 
ab’ 5 
Simplify (=) . (Assume that c,d # 0.) 
c 
Here is a brief summary of the properties introduced in this section. 


Properties of Exponents 


m+n 


. Product Rule For any base x, x""+ x” = x 


- Power Rule For any base x, (x’")" = x’"". 


n 


. Power of a Product Rule For any bases x and y, (xy)" = x”y", 
x” 


- Quotient Rule For any base x, — = x'""" (x # 0). 
Xx 


. Zero Exponent Rule For any base x, x” = 1 (x # 0). 


Nn an FP &B NY = 


. Power of a Quotient Rule For any bases x and y, («) 


Objective 7 Evaluate functions by using the rules for exponents. We 
conclude this section by investigating functions containing exponents. 


For the function f(x) = x*, evaluate f(3). 


SOLUTION Substitute 3 for x and simplify the resulting expression. 
f(3) = (3)* Substitute 3 for x. 
= 81 Simplify. 


Quick Check 12 
For the function f(x) = x°, evaluate f(—4). 
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For the function f(x) = x°, evaluate f(a’). 


SOLUTION Substitute a° for x and simplify. 


f(a’) = (a°)? Substitute a° for x. 
=a? _ Simplify using the power rule. 
=a — Multiply. 


Quick Check 13 
For the function f(x) = x’, evaluate f(a’). 


BUILDING YOUR STUDY STRATEGY 


Test Taking, 1 Prepare Completely The first test-taking skill is preparing 
yourself completely. As legendary basketball coach John Wooden once said, 
“Failing to prepare is preparing to fail.” Begin preparing for the exam well in 
advance; do not plan to study (or cram) the night before the exam. 

Review your old homework assignments, notes, and note cards, spending 
more time on problems or concepts that were difficult for you. Work through 


the chapter review and chapter test in the text to identify any areas of weakness 
for you. 

Create a practice test and take it under test conditions without using your 
text or notes. Allow yourself the same amount of time you will be given for the 
actual test so you know whether you are working fast enough. 

Finally, get a good night’s sleep the night before the exam. Tired students do 
not think as well as students who are rested. 


MyMathLab\ <zp| [fs G | Es | Sl | 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary 11. m?!+m” 12,0" n® 
1. The product rule states that for any base x, 13, b°+ b°+ B? 14, x°+x°+x 
15. (2x — 3)*- (2x — 3)” 
16. (4x + 1)'?+ (4x + 1)? 
ee iG ey) 
3. The power of a product rule states that for any 18. (5x8y8)(2x5y!1) 
bases x and y, 


2. The power rule states that for any base x, 


4. The quotient rule states that for any nonzero base x . rer 
q y i Find the missing factor. 


———— 19.399? =a 20..4727) = 
5. The zero exponent rule states that for any nonzero 21. 2+ b> = pS 99 da qit = gr 
base x, 
6. The power of a quotient rule states that for any Simplify. 
bases x and y, where y # 0, 
23. (x*)® 24. (x°)° 
25. (a’)? 26. (b"*)* 
Simplify. 27. (2°) 28. (33)3 
7. 24-2? 8. 52-53 29. (x°)"(x4)? 30. (x°)*(x°)? 


9, x8+x° 10. a’-a‘* 


Find the missing exponent. 


31. sy = x42 32. (pr = po 

33, (x P(x)" = x4 34, Can cal tal = x 195 
Simplify. 

35. (3x)* 36. (7m)* 

a7. (8x) 38. (—5n°)* 

39. (m*n°)’ 40. (a*b'')° 

41. (3x*y)4 42, (2x°y°)® 

43. (yr) (cy 

44. (a'b'5¢2)1(q"b71c3)8 

Find the missing exponent(s). 

45. (x54)? = x35 y?8 46. (c7d"!)? = cq 
AT. (287)? = 16s" 48. (m’n’)? = m™*n?"° 


Simplify. (Assume that all variables are nonzero.) 


#2 42 
49, oc 50. a 
51,7 = 7 52.20 > E° 
16x'° 119x74 
53. j 54. "I 
2% 7x 
= (a + 5b) PP (2x — 17)" 
“(a + 5b)! * (2x — 17) 
57 a®b® 58 28r°s't? 
* ab * 7735718 


Find the missing exponent(s). (Assume that all variables 


are nonzero.) 


14 2 


59, ~ = 60. 2, = y° 
x? y 


Simplify. (Assume that all variables are nonzero.) 


63. 9° 64, —8° 
65. (—16)° 66. 5° 
61. > 68. (<) 
7 13 
69. (13x)° 70. (22x°y'?z°)° 


Simplify. (Assume that all variables are nonzero.) 


nym) 
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8 
73 ( ) 74. ( 

4\5 8 
€ 76. (™) 
2a° 3 
) 7 ( 

Spt 9 17 5,,19_24 \ 0 
79. (S | 80. (5) 

b*c A a ke oa 
Find the missing exponent(s). (Assume that all variables 
are nonzero.) 


77. 


3\’ 81 xt\? x? 
g1. (=) =— mal) Se 
(§) 256 (5) y7 
- (ey _ a5” a & ) _ '5p120 
A 2 Od? 754135 


Evaluate the given function. 


85. f(x) = x’, f(4) 86. g(x) = x°, 2(9) 
87. g(x) = x4, g(—2) 88. f(x) = x", f(-1) 
89. f(x) = x5 flat) 90. f(x) = 25, (67) 


Mixed Practice, 91-104 


Simplify. 
91. (a’)° 92. (13a)° 
5 4\3 ‘ 
93. =) 94, (x°y2z?)7 
xb 100 
95, ~— 96. 9 
8p 5 
97. (<2) 98. +c? 
C 
8,13 
99. (b!)? eae 
xy® 
101. (x')° 102. 2x? yz") 
3 2p9 4 
103. (2) 104. (6x7y°z)3 


The number of feet traveled by a free-falling object in 
t seconds is given by the function f(t) = 16°. 


105. Ifa ball is dropped from the top of a building, how 
far will it fall in 3 seconds? 
106. How far will a skydiver fall in 7 seconds? 


The area of a square with side x is given by the function 


A(x) = x. 
107. Use the function to find the area of a square if each 
side is 90 feet long. 


108. Use the function to find the area of a square if each 
side is 17 meters long. 
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The area of a circle with radius r is given by the function — rm===»-- Writing in Mathematics 


A(r) = ar’. 


109. Use the function to find the area of the base of a cir- 
cular storage tank if the radius is 14 feet long. Use 11. Which expression is equal to x”: (x°)* or x°+x*? 


110. 


Answer in complete sentences. 


Explain your answer. 


Columbus Circle in New York City is a traffic circle. a’ 
The radius of the inner circle is 107 feet. Use the 
function to find the area of the inner circle. Use and = 


112. Explain the difference between the expressions ri 
3 


OBJECTIVES 


1 Understand negative exponents. 


@ Use the rules of exponents to simplify expressions containing negative 
exponents. 


3 Convert numbers from standard notation to scientific notation. 

‘4 Convert numbers from scientific notation to standard notation. 

& Perform arithmetic operations using numbers in scientific notation. 
6 Use scientific notation to solve applied problems. 


Negative Exponents 


Objective 1 Understand negative exponents. In this section, we introduce 
the concept of a negative exponent. 


Negative Exponents 


For any nonzero base x, x" 


1 


7 1 
For example, 23 = = ors. 


24 
Let’s examine this definition. Consider the expression ~-. If we apply the property 


m 4 


Xx . : De cece 7 
—, = x” from the previous section, we see that — simplifies to 2°. 
x 


n 


I. a. Ae 
2 2-2:2:2 
2! PDP 22 222 
Td 2 7 
_ 1 
a 
2 1 1 
Because 7 is equal to 27 and 53 a= 3B 


Quick Check 1 


Rewrite 4 * without using nega- 
tive exponents and simplify. 


Quick Check 2 

Rewrite the expression a°b~ 
without using negative 
exponents. (Assume that b # 0.) 


4 
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A WORD OF CAUTION Raising a positive base to a negative exponent is not the same as 
raising the opposite of that base to a positive power. 


1 
23 = 33 not —2? 


Rewrite the expression 7 * without using negative exponents and 
simplify. 


SOLUTION When raising a number to a negative exponent, we begin by rewriting 
the expression without negative exponents. We finish by raising the base to the ap- 
propriate positive power. 


il 
77S a Rewrite without negative exponents. 
1 Bia its 
= 79 Simplify. 


Rewrite the expression 9x ° without using negative exponents. 
(Assume that x # 0.) 


SOLUTION The base in this example is x. The exponent does not apply to the 9 
because there are no parentheses. When we rewrite the expression without a 
‘ . ah iL 
negative exponent, the number 9 is unaffected. Rather than writing x ° as me 
x 
first, we can move the factor directly to the denominator of a fraction whose nu- 
merator is 9 by changing the sign of its exponent. 


9 

9x7§ = — 

xo 
Note the difference between the expressions 9x ° and (9x) °. In the first expres- 
sion, the base x is being raised to the power of —6, leaving 9 in the numerator when 


the expression is rewritten without negative exponents. The base in the second 


expression is 9x, so we rewrite (9x) © as 


1 
(9x)° 


8 

: : x : F : 
Rewrite the expression —z without using negative exponents. 
(Assume that z # 0.) = 


SOLUTION Begin by rewriting the denominator as Zs. 


8 8 
x x ; ‘ : ‘ 
i Ts Rewrite the denominator without negative exponents. 
z Zz 
1 : — 
= x8 + —; Rewrite as division. 
Zz 
Pe 
=. 1 Invert the divisor and multiply. 
=x2 Simplify. 


When an expression has a factor in the denominator with a negative exponent, we can 
change its exponent to a positive number by moving the factor to the numerator. 
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Quick Check 4 


13 6 


Simplify the expression x + x”. 


Write the result without using 
negative exponents. (Assume 


that x # 0.) 


Quick Check 5 

Simplify the expression (x °)~’. 
Write the result without using 
negative exponents. (Assume 
that x # 0.) 


ip -3 


Rewrite the expression ——,, without using negative exponents. 
c 


d: 


(Assume that all variables are nonzero.) 


SOLUTION Of the four factors in this example, two of them (b° and c °) need 
to be rewritten without using negative exponents. This can be done by changing 
the sign of their exponents and rewriting the factors on the other side of the frac- 
tion bar. 

i ac 


cd” 


b3d” 
Quick Check 3 


Rewrite without using negative exponents. (Assume that all variables are 
nonzero.) 


Using the Rules of Exponents with 
Negative Exponents 


Objective 2 Use the rules of exponents to simplify expressions contain- 
ing negative exponents. All of the properties of exponents described in the pre- 
vious section hold true for negative exponents. When we are simplifying expressions 
involving negative exponents, we can take two general routes. We can choose to ap- 
ply the appropriate property first, then rewrite the expression without negative ex- 
ponents. On the other hand, in some circumstances it will be more convenient to 
rewrite the expression without negative exponents before attempting to apply the 
appropriate property. 


Simplify the expression x''+ x °. Write the result without using 
negative exponents. (Assume that x # 0.) 


m+n 


SOLUTION This example uses the product rule x”"+ x” = x 
Keep the base and add the exponents. 

=x Simplify. 
An alternative approach is to rewrite the expression without using negative exponents. 


11 


xx = __ 


; Rewrite without negative exponents. 


Xx 
x° Keep the base and subtract the exponents. 


Use the approach that seems clearer to you. 


Simplify the expression (y*) *. Write the result without using nega- 
tive exponents. (Assume that y # 0.) 


SOLUTION This example uses the power rule (x’")” = x". 


y° Keep the base and multiply the exponents. 
1 


=— Rewrite without using negative exponents. 


y 


Quick Check 6 

Simplify the expression 

(9ab °c?) *. Write the result 
without using negative 
exponents. (Assume that a, b, 


c #0.) 


Quick Check 8 
Simplify the expression 
“4 


(4) . Write the result 


vy 
without using negative 


exponents. (Assume that x, 


y #0.) 


5.2 Negative Exponents; Scientific Notation 263 


Simplify the expression (2a ’b’) +. Write the result without using 
negative exponents. (Assume that a,b # 0.) 


ny 


SOLUTION This example uses the power of a product rule (xy)" = x"y”. 


(2a~’b’) 4 = 24a" bX) Raise each factor to the power of —4. 


2°" a Simplify each exponent. 
28 
= or Rewrite without using negative exponents. 
a 
3 
Simplify the expression 7 Write the result without using negative 


exponents. (Assume that x # 0.) 


; . x™ 
This example uses the quotient rule — = x 
x 


m-n 


SOLUTION 


Xx 
—~ =x" Keep the base and subtract the exponents. 


Rewrite without using negative exponents. 


Quick Check 7 


8 
Simplify the expression a Write the result without using negative exponents. 


(Assume that x # 0.) 


r4 


Simplify the expression (5) ", Write the result without using 
s 


negative exponents. (Assume that r,s # 0.) 


Raise the numerator and the denominator to the power of —3. 


— Multiply. 


ry Rewrite without using negative exponents. 


Scientific Notation 


Objective 3 Convert numbers from standard notation to scientific no- 
tation. Scientific notation is used to represent numbers that are very large, such as 
93,000,000, or very small, such as 0.0000324. 
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Rewriting a Number in Scientific Notation 


To convert a number to scientific notation, rewrite it in the form a X 10’, where 
1 =a < 10and bis an integer. 


First, consider the following table listing several powers of 10: 


10° 10* | 10? |107 |10'|10° | 10~' | 10-2 | 10-3 | 1074 1075 


100,000 | 10,000 | 1000 |100 | 10 | 1 | 0.1 | 0.01 | 0.001 | 0.0001 | 0.00001 


Notice that all of the positive powers of 10 are numbers that are 10 or higher. All of 
the negative powers of 10 are numbers between 0 and 1. 

To convert a number to scientific notation, we first move the decimal point so 
that it immediately follows the first nonzero digit in the number. Count the number 
of decimal places the decimal point moves. This gives us the power of 10 when the 
number is written in scientific notation. If the original number is 10 or larger, the 
exponent is positive, but if the original number is between 0 and 1, the exponent is 
negative. 


Convert 0.000321 to scientific notation. 


SOLUTION Move the decimal point so that it follows the first nonzero digit, which 
is 3. 


0.000321 
4 


To do this, move the decimal point four places to the right. Because 0.000321 is less 
than 1, this exponent must be negative. 


0.000321 = 3.21 x 104 


Convert 24,000,000,000 to scientific notation. 


SOLUTION Move the decimal point so that it follows the digit 2. To do this, move 
the decimal point 10 places to the left. Because 24,000,000,000 is 10 or larger, the 
exponent will be positive. 


24,000,000,000 = 2.4 x 10! 
Quick Check 9 
Convert to scientific notation. 


a) 0.0046 
b) 3,570,000 


Objective 4 Convert numbers from scientific notation to standard 
notation. 


Convert 5.28 X 104 from scientific notation to standard notation. 


SOLUTION 


5.28 X 10* = 5.28 X 10,000 Rewrite 10* as 10,000. 
= 52,800 Multiply. 


To multiply a decimal number by 10* or 10,000, move the decimal point four places 
to the right. Note that the power of 10 is positive in this example. 
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Convert 2.0039 X 107 from scientific notation to standard notation. 


SOLUTION 


2.0039 x 10° = 2.0039 x 0.00001 Rewrite 10° as 0.00001. 
= 0.000020039 Multiply. 


To multiply a decimal number by 10~, or 0.00001, move the decimal point five 
places to the left. Note that the power of 10 is negative in this example. 


Quick Check 10 
Convert from scientific notation to standard notation. 


a) 3.2 x 10° b) 7.21 x 1074 


If you are unsure about which direction to move the decimal point, think about 
whether you are making the number larger or smaller. Multiplying by positive pow- 
ers of 10 makes the number larger; so move the decimal point to the right. Multi- 
plying by negative powers of 10 makes the number smaller; so move the decimal 
point to the left. 


Objective 5 Perform arithmetic operations using numbers in scientific 
notation. When we are performing calculations involving very large or very small 
numbers, using scientific notation can be convenient. 


Multiply (2.2 x 10’)(2.8 x 10%). Express your answer using sci- 
entific notation. 


SOLUTION When multiplying two numbers that are in scientific notation, we may 
multiply the two decimal numbers first. We then multiply the powers of 10 using 
the product rule, x”+ x" = x", 


(2.2 X 107)(2.8 x 1019) = (2.2)(2.8)(107)(10"*) Reorder the factors. 
= 6,16 « 10” Multiply decimal numbers. 


Add the exponents for the 
base 10. 


Quick Check 11 


Multiply (5.8 x 10*)(1.2 x 10°). Express your answer using scientific 
notation. 


Using Your Calculator The TI-84 can help you perform calculations with num- 
bers in scientific notation. To enter a number in scientific notation, use the second func- 
tion EE above the key labeled (,]. For example, to enter the number 2.2 X 10’, key 2.2 
(.) 7. Here is the screen shot showing how to multiply (2.2 x 10’)(2.8 x 101%). 


Se a 


16e28 
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Divide (1.2 x 10°) by (2.4 x 10°). Express your answer using 
scientific notation. 


SOLUTION To divide numbers that are in scientific notation, begin by dividing the 
decimal numbers. Then divide the powers of 10 separately, using the property 


he oe 
x 
tie «2 j L210 , : 
(1.2 x 10%) + (2.4 x 10°) = —~——_,___ Rewrite as a fraction. 
2.4 x 10 
— 12 10-9 Divide the decimal numbers. 
54% Subtract the exponents for the 


powers of 10. 


=0.5 X10 Divide 1.2 by 2.4. Simplify the 
exponent. 


Although this is the correct quotient, the answer is not in scientific notation, as the 
number 0.5 does not have a nonzero digit to the left of the decimal point. To 
rewrite 0.5 as 5.0, move the decimal point one place to the right. This will decrease 


Quick Check 12 the exponent by one, from —15 to —16. (1.2 x 10°) + (2.4 x 10’) = 5.0 x 10°° 


Divide (9.9 x 10°) by 
(3.3 X 107’). Express your 
answer using scientific notation. Application cS 


Objective 6 Use scientific notation to solve applied problems. We finish 
with an applied problem using scientific notation. 


At its farthest point, the planet Mars is 155 million miles from the 
sun. How many seconds does it take light from the sun to reach Mars if the speed 
of light is 1.86 < 10° miles per second? 


SOLUTION To determine the length of time a trip takes, we divide the distance 
traveled by the rate of speed. To solve this problem, we need to divide the distance 
of 155 million (155,000,000) miles by the speed of light. We will convert the dis- 
tance to scientific notation, which is 1.55 x 10°. 


155 * 10° | 0.833 x 403 Divide the decimal numbers; approximate with 
186x110 — a calculator. Subtract the exponents for the 


powers of 10. 


To write this result in scientific notation, we move the decimal point one place to 
the right. This decreases the exponent by one. The light will reach Mars in approxi- 
mately 8.33 X 107, or 833, seconds, or 13 minutes and 53 seconds. 


Quick Check 13 


How many seconds does it take light to travel 1,488,000,000 miles? (The speed of 
light is 1.86 < 10° miles per second.) 


BUILDING YOUR STUDY STRATEGY 


Test Taking, 2 Write Down Information As soon as you receive your test, 
write down any formulas, rules, or procedures that will help you. Once you 


have written these down, you can refer to them as you work through the test. 
By writing all of this information on your test, you will not have to worry about 
recalling everything you memorized for the test. 


Vocabulary 


1. For any nonzero base x, x" = 


2. A number is in if it is in the 
form a X 10’,where 1 = a < 10 and bis an integer. 


Rewrite the expression without using negative expo- 
nents. (Assume that all variables represent nonzero real 
numbers.) 


3.52 4, 82 

5.43 6. 7° 

7. -13? 8. -3~ 

9. b 10. a? 

11. 12x° 12. 6x* 

13. —S5m” 14. -—12m° 

15 3 16. — 

17. = 18. *. 

19. S 20. ‘ 

21. ae 22. oe 
(6 va 

23. ae 24, = 


Simplify the expression. Write the result without using 
negative exponents. (Assume that all variables represent 
nonzero real numbers.) 


26. x8 x7 
28. bB- b* 


a0. Pen 


32. (x!1)4 
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Ps 3 
39. “0 40. ci 

xu x8 
41. — 42. — 

x° x8 

—8 —2 
4B. 44, 

a a 

x! x? 
45. 7 46. YP 

yb. ctl x3 
47. 48. 

x? xl P x! 


Convert the given number to standard notation. 


53. 3.07 x 10°” 
54, 2.3 x 10° 
55. 8.935 x 10° 
56. 6.001 x 10°8 
57. 9.021 x 104 
58. 7.0 x 10!° 


Convert the given number to scientific notation. 


59. 0.00027 

60. 0.00000621 

61. 8,600,000 

62. 92,000 

63. 420,000,000,000 
64. 0.0000000023 


Perform the following calculations. Express your answer 
using scientific notation. 

65. (4.1 x 10°)(2.3 x 10") 

66. (3.6 x 10°19)(1.6 x 10°) 

67. (1.598 X 107!) = (4.7 x 10°) 

68. (3.286 x 10") + (6.2 x 1077) 

69. (5.32 X 10°'°)(7.8 x 10°) 
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70. 
71. 
72. 
73. 


74. 


75. 


76. 


77. 


(6.0 x 10%) + (7.5 x 10°”) 

(87,000,000,000) (0.000002) 

0.0000000064 + 160,000,000,000 

If a computer can perform a calculation in 


0.0000000008 second, how long will it take to perform 
42,000,000,000,000 calculations? 


If a computer can perform a calculation in 0.0000000008 
second, how many calculations can it perform in 2 min- 
utes (120 seconds)? 


The speed of light is 1.86 <x 10° miles per second. 
How far can light from the sun travel in 10 minutes? 


The speed of light is 1.86 X 10° miles per second. At 
its farthest point, Pluto is 4,555,000,000 miles from the 
sun. How many seconds does it take light from the sun 
to reach Pluto? 


If the mass of a typical star is 2.2 x 10°? grams and 
there are approximately 500,000,000,000 stars in the 
Milky Way galaxy, what is the total mass of these 
stars? 


78. 


79. 


80. 


81. 


82. 


The speed of light is 1.86 X 10° miles per second. 
How far can light from the sun travel in one year? 
(This distance is often referred to as a light-year.) 


For the 12-month period ending March 31, 2009, Mi- 
crosoft showed total revenues of $6.118 x 10'° and 
Apple showed total revenues of $3.369 x 10'°. What 
was the combined revenue for the two companies? 
(Source: Capital IQ/Yahoo! Finance) 


Each day Burger King restaurants serve 1.57 X 10’ 
customers worldwide. How many customers do 
Burger King restaurants serve in one year? (Source: 
Burger King Corporation) 


Approximately 3.3 x 10° high school students gradu- 
ated in 2008. If 70% of these graduates attended col- 
lege in the fall, how many attended college in the fall? 
(Source: U.S. Department of Education) 


In the 2003-2004 school year, there were approxi- 
mately 1.73 x 10’ U.S. college students. If 63% of 
these students received some type of financial aid, 
how many received some type of financial aid? 
(Source: U.S. Department of Education) 


=== - Writing in Mathematics 
Answer in complete sentences. 


83. 


Explain the difference between the expressions 4 * 
and (—4)?. 


84. Describe three real-world examples of numbers using 


scientific notation. 


Section 5.2 
Simplify. 


1. 
2. 


8x + 3x 
9a — 16a 


OBJECTIVES 


describe them. 


3. 


@ Evaluate polynomials. 
(3 Add and subtract polynomials. 
‘4 Understand polynomials in several variables. 


—9x* + 4x + 3x? + 7x 
4.10y? — y’ + 5y + 13 + 2y? + Gy’ — 18y — 50 


1. Identify polynomials and understand the vocabulary used to 


Quick Check 1 

Classify as a monomial, 
binomial, or trinomial. List the 
degree of each term. 

a) x°-—9x +20 b) x - 81 
c) —92x’ 
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Polynomials in a Single Variable 


Objective 1 Identify polynomials and understand the vocabulary used 
to describe them. Many real-world phenomena cannot be described by linear 
expressions and linear functions. For example, if a car is traveling at x miles per 
hour on dry pavement, the distance in feet required for the car to come to a com- 
plete stop can be approximated by the expression 0.06x? + 1.1x + 0.02. This non- 
linear expression is an example of a polynomial. 


Polynomials 


A polynomial in a single variable x is a sum of terms of the form ax”, where a is 


a real number and n is a whole number. 


Here are some examples of a polynomial in a single variable x. 
x — 9x + 14 4x — 13 x’ — 4x9 + 8x? + 13x 


An expression is not a polynomial if it contains a term with a variable that is raised 
to a power other than a whole number (such as x*/* or x~’) or if it has a term with a 


: : . 5 
variable in a denominator (sucn ass |: 
x 


Degree of a Term 


The degree of each term in a polynomial in a single variable is equal to the vari- 
able’s exponent. 


For example, the degree of the term 8x° is 9. A constant term does not contain a 
variable. The degree of a constant term is 0 because a constant term such as —15 can 
be rewritten as —15x°. The polynomial 4x° — 9x4 + 2x7 — 7x — 11 has five terms, 
and their degrees are 5, 4, 3, 1, and 0, respectively. 


Term 4x° —9x4 2x3 —7x -11 


Degree 5 4 3 1 0 


A polynomial with only one term is called a monomial. A binomial is a polynomial 
that has two terms, while a trinomial is a polynomial that has three terms. (We do 
not have special names to describe polynomials with four or more terms.) Here are 
some examples. 


Monomial Binomial Trinomial 
2% x? — 25 x? — 15x — 76 
9x? The ar 3 4x? + 12x + 9 
—4x3 5x3 — 135 x® + 11x° — 26x4 


Classify the polynomial as a monomial, binomial, or trinomial. List 
the degree of each term. 
a) 16x* — 81 b) —13x’ c) x° — 7x? — 18x 


SOLUTION 


a) 16x* — 81 has two terms, so it is a binomial. The degrees of its two terms are 4 
and 0. 

b) —13x’ has only one term, so it is a monomial. The degree of this term is 7. 

c) x° — 7x* — 18x is a trinomial as it has three terms. The degrees of those terms 
are 6,3, and 1, respectively. 
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Quick Check 3 

Rewrite the polynomial 

x + 9+ 4x’ — x3 in descend- 
ing order and identify the 
leading term, the leading 
coefficient, and the degree 

of the polynomial. 


Quick Check 4 


Evaluate 
x* — 5x3 — 6x? + 10x — 21 
for x = —3. 


The coefficient of a term is the numerical part of a term. When determining the coeffi- 
cient of a term, be sure to include its sign. For the polynomial 8x* — 6x” — 5x + 13, 
the four terms have coefficients 8, —6, —5, and 13, respectively. 


Term 8x? —6x? —5x 13 
Coefficient 8 —6 —5 13 


For the trinomial x* — 9x + 18, determine the coefficient of 


each term. 


SOLUTION The first term of this trinomial, x’, has a coefficient of 1. Even though 
we do not see a coefficient in front of the term, the coefficient is 1 because 
x’ = 1+x*. The second term, —9x, has a coefficient of —9. Finally, the coefficient of 
the constant term is 18. 


Quick Check 2 
For the polynomial x* — 6x* — 11x + 32, determine the coefficient of each 
term. 


We write polynomials in descending order, writing the term of highest degree 
first, followed by the term of next highest degree, and so on. For example, the polyno- 
mial 3x” — 9 — 5x° + 7x is written in descending order as —5x° + 3x* + 7x — 9. 
The term of highest degree is called the leading term, and its coefficient is called the 
leading coefficient. 


Degree of a Polynomial 
| The degree of the leading term also is called the degree of the polynomial. | 


Rewrite the polynomial 7x? — 9 + 3x° — x in descending order 
and identify the leading term, the leading coefficient, and the degree of the 
polynomial. 


SOLUTION To write a polynomial in descending order, write the terms according 
to their degree from highest to lowest. In descending order, this polynomial is 
3x° + 7x? — x — 9. The leading term is 3x°, and the leading coefficient is 3. The 
leading term has degree 5, so this polynomial has degree 5. 


Evaluating Polynomials 
Objective 2 Evaluate polynomials. To evaluate a polynomial for a particular 


value of a variable, we substitute the value for the variable in the polynomial and 
simplify the resulting expression. 


Evaluate 4x° — 7x? + 12x? — 13x for x = —2. 


SOLUTION 
4(-2)° — 7(-2)? + 12(-2)? — 13(-2) Substitute —2 for x. 


= 4(—32) — 7(-8) + 12(4) — 13(-2) Perform operations involving 
exponents. 
= —128 + 56 + 48 + 26 Multiply. 


=2 Simplify. 


Quick Check 5 


For the polynomial function 
f(x) = x? + 12x — 21x, find 
f(—S). 


Quick Check 7 


Subtract (5x” + 6x + 27) — 
(3x3 + 6x? — 9x + 22). 
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A polynomial function is a function that is described by a polynomial, such as 
f(x) = x° — 5x? — 5x + 7. Linear functions of the form f(x) = mx + bare first- 
degree polynomial functions. 


For the polynomial function f(x) = x? — 9x + 16, find f(3). 


SOLUTION Recall that the notation f(3) says to substitute 3 for x in the function. 
After substituting, simplify the resulting expression. 


f(3) = (3)? — 9(3) + 16 Substitute 3 for x. 


= 9 — 9(3) + 16 Perform operations involving exponents. 
=9-— 27+ 16 Multiply. 
= -2 Simplify. 


Adding and Subtracting Polynomials 


Objective 3 Add and subtract polynomials. Just as we can perform arith- 
metic operations combining two numbers, we can perform operations combining 
two polynomials, such as adding and subtracting. 


Adding Polynomials 


| To add two polynomials, combine their like terms. | 


Recall that two terms are like terms if they have the same variables with the same 
exponents. 


Add (7x? — 5x — 8) + (4x? — 9x — 17). 


SOLUTION _ To add these polynomials, drop the parentheses and combine like terms. 


(7x2 — 5x — 8) + (4x* — 9x - 17) 
= 7x? — 5x —8 + 4x? -—9x-—17 Rewrite without using parentheses. 
= 11x* — 14x — 25 Combine like terms. 7x* + 4x? = 11x’, 
=o2.— 0x = —144,=—8 — 17 = =25 
Quick Check 6 
Add (x? — x? — 9x + 25) + (x? + 12x + 144). 


A WORD OF CAUTION The terms 11x* and —14x are not like terms, as the variables do 
not have the same exponents. 


To subtract one polynomial from another, such as (x? + 5x — 9) — (3x? — 2x + 15), 
change the sign of each term that is being subtracted and combine like terms. 
Changing the sign of each term in the parentheses being subtracted is equivalent to 
applying the distributive property with —1. 


Subtract (x? + 5x — 9) — (3x* — 2x + 15). 


SOLUTION Remove the parentheses by changing the sign of each term in the 
polynomial that is being subtracted. Then combine like terms as follows: 

(GP 43% = 9) = Gx? = 25 + 15) 

= x? + 5x — 9 — 3x* + 2x — 15 Distribute to remove parentheses. 

= —2x? + Tx — 24 Combine like terms. 
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Quick Check 9 

Evaluate the polynomial 

b? — 4ac for a = 1,b = —9, 
andc = —52. 


Quick Check 10 


Find the degree of each 

term in the polynomial 

x° — 3x7y® + 8x°y. In addition, 
find the degree of the 
polynomial. 


A WORD OF CAUTION When subtracting one polynomial from another polynomial, be 
sure to change the sign of each term in the polynomial that is being subtracted. 


Given the polynomial functions f(x) = x? + Sx + 7 and 
g(x) = 2x” — 7x + 11, find f(x) — g(x). 


SOLUTION Substitute the appropriate expressions for f(x) and g(x) and simplify 
the resulting expression. 


f(x) — g(x) = (x° + 5x +7) — (2x7 - 7x +11) Substitute. 
=x*°+5x+7-—2x°+ 7x -11 Distribute to remove 
parentheses. 
=—-x?+ 12x -4 Combine like terms. 


Quick Check 8 


Given the polynomial functions f(x) = 4x + 30x — 45 and 
g(x) = —2x? + 17x + 52, find f(x) — g(x). 


Polynomials in Several Variables 


Objective 4 Understand polynomials in several variables. While the poly- 
nomials we have examined to this point contained a single variable, some polyno- 
mials contain two or more variables. Here are some examples. 


xy? + 3xy — 10 Ta’ — 8a’b + 3ab? — 15b° x +2xh +h? + 5x4 5h 


We evaluate polynomials in several variables by substituting values for each vari- 
able and simplifying the resulting expression. 


Evaluate the polynomial x? — 8xy + 2y’ for x = 5and y = —4. 


SOLUTION Substitute 5 for x and —4 for y. Be careful to substitute the correct 
value for each variable. 


x? — 8xy + 2y’ 

(5)? — 8(5)(—4) + 2(-4)? Substitute 5 for x and —4 for y. 

= 25 — 8(5)(—4) + 2(16) Perform operations involving exponents. 
= 25 + 160 + 32 Multiply. 

= 217 Add. 


For a polynomial in several variables, the degree of a term is equal to the sum of the 
exponents of its variable factors. For example, the degree of the term 3x’y is 2 + 5, 
or 7. 


Find the degree of each term in the polynomial a*b? — 3a7b° + 9ab°. 
In addition, find the degree of the polynomial. 


SOLUTION The first term, a*b*, has degree 7. The second term, —3a’b”, has degree 
12. The third term, 9ab°, has degree 7. The degree of a polynomial is equal to the 
highest degree of any of its terms, so the degree of this polynomial is 12. 


To add or subtract polynomials in several variables, we need to combine like terms. 
Two terms are like terms if they have the same variables with the same exponents. 
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Add 4xy? + 7x7y° and 9x’y — 3x3y°. 


SOLUTION 


(4xy? + 7x*y°) + (9x’y — 3x3y°) Write as a sum. 
= 4xy’ + 7x3y°? + 9x’y — 3x3y° Rewrite without parentheses. 
= 4xy? + 4x°y? + 9x?y Combine like terms (7x°y° and —3x°y°). 


Quick Check 11 
Add 5x*y? — 6x*y? and 
8x4y? + 2x3. 


BUILDING YOUR STUDY STRATEGY 


Test Taking, 3 Read the Test In the same way you begin to solve a word prob- 
lem, you should begin to take a test by briefly reading through it. This will give 
you an idea of how many problems you must solve, how many word problems 
there are, and roughly how much time you can devote to each problem. Keep 


an eye on the clock to be sure you are working fast enough. 

Not all problems are assigned the same point value. Identify those problems 
that are worth more points. You do not want to have to rush through problems 
that have higher point values because you did not notice them until you got to the 
end of the test. 


M Nizthiab\y «zp, [5 | | = %| | 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary List the coefficient of each term in the given polynomial. 
1. A(n) _________ in a single variable x is a sum 13. 7x? + x — 15 
of terms of the form ax”, where a is a real number 14. 3x3 + x? — 8x — 13 


and n is a whole number. 15. 102? = 174 4G = 42 


2. For a polynomial in a single variable x, the 16 $e) = 10 — 5¢ = 4 
of a term is equal to its exponent. 

. A pol ial with is call 
2 polynenialyadionc te unisealled/aQt) Identify the given polynomial as a monomial, binomial, 


or trinomial. 
4. A polynomial with two terms is called a(n) 
17. x? — 9x + 20 


5. A polynomial with three terms is called a(n) 18. 15x” 
——Ss 19. 4x — 7 

6. The _______ of a term is the numerical part of a 20. 2x° + 13x* 
term. 21. —8x? 

7. When the terms of a polynomial are written from 22, 5x° = 8x? + 17x 


highest degree to lowest degree, the polynomial is 
said to be in 


Rewrite the polynomial in descending order. Identify the 


8. The ____________ of a polynomial is the term that leading term, the leading coefficient, and the degree of the 
has the greatest degree. polynomial. 
23. 8x — 7 + 3x? 
List the degree of each term in the given polynomial. IA. 13 — 9x — x 
9, 9x4 — 7x? + 3x - 8 25. 6x? — 11x + 2x4 + 10 
10. —4x° + 10x? + 5x +4 
11. 13x — 8x7 — 11x4 26. 2x° — x®° + 24 — 3x9 + x — 5x? 


12. 5x° — 3x4 +2074 x? — 15 
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Evaluate the polynomial for the given value of the For the given functions f(x) and g(x), find f(x) + g(x) 


variable. and f(x) — g(x). 

27, x? + 3x — 10forx =5 51. f(x) = 7x? + 10x + 3, g(x) = 5x? — 9x + 6 

28. 2x? — 7x — 32 forx = 8 

29. x* — 8x3 — 48 for x = —2 52. f(x) = 2x? + 11x — 5, g(x) = —x” — 5x + 20 
30. x7 + 16x” + 23 for x = —3 ; ae 

3. —x? + 7x + 22 forx = 10 53. f(x) = x° — 8x — 31, g(x) = 40° + x° + 3x + 25 


=r = hee = 
32, —3x a al 54, f(x) = 2x9 — 4x? + 8x — 16, g(x) = x° + 12x? — 15 


Evaluate the given polynomial function. 


33. f(x) = x* — 7x — 10, f(8) Evaluate the polynomial. 
34, f(x) = x + 12x — 13, f(—9) 55. x? — 7xy + 10y’ for x = 2and y = 5 
35-2(x) = 3x" = Bx" + Sx + 9.2(—5) 56. 3x2 + llxy + y’ for x = 4and y = 3 
36. g(x) = —2x° — 5x? + 10x + 35, 8(6) 57. b? — 4ac for a = —9,b = —2,andc = 4 
58. b? — 4ac for a = 5,b = —1,andc = 6 
Add or subtract. 59. 3x*yz? — 4xy’z — 6x4yz for x = 4, y =5,andz = —2 


37. (5x? + 8x — 11) + (3x? — 14x + 14) 
60. 7x’yz + 9xy’z — 10xyz*forx = 9,y = 3,andz = —2 
38. (2x? — 9x — 35) + (8x? — 6x + 17) 


39. (4x? — 7x + 30) — (2x? + 10x — 50) For each polynomial, list the degree of each term and the 
degree of the polynomial. 
40. (x? + 12x — 42) — (6x? — 19x — 23) 61. 6x5y° — 7x3y3 + 9x2y 


62. —4x®y® + 3x3y7 + x5yl! 


. 3 fe 2 ae 2 + _ 
41. (2x 7x 19x) + (x 5x — 11) 63. xSy2z — 5x3y323 + 6x2y5z4 


42, (9x4 + 7x? — 6x — 15) + (3x3 — 7x? + 6x — 15) 64 adic! + 2alble® + 4ahbNe° 
43, (x? + 5x? — 16) — (6x? — 5x — 19) 
Add or subtract. 
44,.(4x? > 9x" = 6x) = (2° = 9x" = 17) 65. (15x*y + 8xy* — 7x*y3) + (—8x’y + 3xy? + 4x’y’) 
45, (2x? — 5x* + 7x?) — (—7x® + 4x° -— 12) 66. (xty — 5x’y> — 14y*) — (6x4y + 11x7y3 — 7y5) 
46. (9x3 + x? — x — 13) — (9x? + x* — x — 13) 67. (a°b* + 11a°b + 24a*b*) — 


(19a*b* — 2a°b + 15a°b’) 
Find the missing polynomial. 
68. (9min? — 13m3n? + 11m?n*) + 


3.3 


47, (3x? + 8x +11) +? =7x? + 5x -2 (—4m2n' — 3m‘n2 — min?) 


3 2 _ 
48. (2x° — 4x° — 7x +19) +2? = x° + 3x + 24 69. (2x3 yz? — xy4z3 — 10x?y?z5) — 


(4x?yz3 + 14xy4z3 — 3x*y"z) 


49, (3x4 — 5x3 + 6x + 12) -? 
4 3 2 
x 2x = xe — OX 1 70. (22x3y9 — 21x5y4 — 7x8y2) — 
(22x*y? = 2ix®y*? = 7x®y") 
71. The manager of an amusement park is considering 
raising the price of admission to increase revenues. 


50. 2? — (6x? — 11x? — 16x + 22) = 
—x3 + 19x? — 12x + 9 


72. 


73. 


74. 


She determines that if she raises the admission price 
by x dollars, the total daily revenues for the park can 
be approximated by the function R(x) = —400x? + 
13,600x + 1,230,000. Find the daily revenues if she 
increases the cost of admission by $6. 


The average cost per shirt, in dollars, to produce x 
T-shirts is given by the function f(x) = 0.00015x? — 
0.06x + 10.125. What is the average cost per shirt to 
produce 250 T-shirts? 


The number of students earning master’s degrees in 
mathematics or statistics in the United States in a par- 
ticular year can be approximated by the function 
g(x) = 6x? — 224x + 4941, where x represents the 
number of years after 1971. Use the function to esti- 
mate the number of students who earned a master’s 
degree in mathematics or statistics in the United States 
in 2010. (Source: U.S. Department of Education) 


The number of births, in thousands, in the United 
States in a particular year can be approximated by the 
function f(x) = 6x” — 72x + 4137, where x repre- 
sents the number of years after 1990. Use the function 
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to estimate the number of births in the United States in 
2010. (Source: National Center for Health Statistics, U.S. 
Department of Health and Human Services) 


a==<=- Writing in Mathematics 


Answer in complete sentences. 


75. 


76. 


‘1 Multiply monomials. 
@ Multiply a monomial by a polynomial. 
Ss Multiply polynomials. 
‘4 Find special products. 


Explain why it is a good idea to use parentheses when 
evaluating a polynomial for negative values of a vari- 
able. Do you believe that using parentheses is a good 
idea for evaluating any polynomial? 


A classmate made the following error when subtract- 

ing two polynomials. 

(3x? + 2x — 7) — (x? — x +9) 
=3x*74+2x-7-x7-x4+9 

Explain the error to your classmate and give advice 

on how to avoid making this error. 


Multiplying Monomials 


Objective 1 Multiply monomials. Now that we have learned how to add and 
subtract polynomials, we will explore multiplication of polynomials. We begin by 
learning how to multiply monomials. 


= 15x 


= 15x? 


Quick Check 1 
Multiply 7x - 8x. 


Multiplying Monomials 
When multiplying monomials, begin by multiplying their coefficients. Then mul- 
tiply the variable factors using the property of exponents that states that for 
any real number 4, x”"* x” = x 


Multiply variables using the property x’"+ x" = x 


m+n 


Multiply 3x - 5x. 
SOLUTION Multiply the coefficients first; then multiply the variables. 


3x*5x = 3+5+x+x Multiply coefficients, then variables. 


m+n 


Simplify the exponent. 
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Quick Check 2 
Multiply 5x®°yz’ + 12x%z°, 


Quick Check 3 


Multiply 
4x(7x? — 6x? + 5x — 8). 


Multiply 2x*y? + 3x?y’z". 


SOLUTION The procedure for multiplying monomials containing more than one 
variable is the same as multiplying monomials containing a single variable. After 
multiplying the coefficients, multiply the variables one at a time. 


2x4y>-3x7y"zt = 6x®yz4 Multiply coefficients, then variables. 


Notice that the variable z was a factor of only one of the monomials. The exponent 
of z was not changed. 


Multiplying a Monomial by a Polynomial 


Objective 2 Multiply a monomial by a polynomial. We now advance to 
multiplying a monomial by a polynomial containing two or more terms, such as 
3x(2x? — 5x + 2).To do this, we use the distributive property a(b + c) = ab + ac. 
To find the product 3x(2x? — 5x + 2), we multiply the monomial 3x by each term 
of the polynomial 2x? — 5x + 2. 


Multiplying a Monomial by a Polynomial 


To multiply a monomial by a polynomial containing two or more terms, multi- 
ply the monomial by each term of the polynomial. 


Multiply 3x(2x* — 5x + 2). 
SOLUTION Begin by distributing the monomial 3x to each term of the polynomial. 


3x(2x? — 5x + 2) = 3x-2x” — 3x-5x + 3x-2 Distribute 3x. 
= 6x3 — 15x? + 6x Multiply. 


Although we will continue to show the distribution of the monomial, your goal 
should be to perform this task mentally. 


Multiply —8x3(x° — 4x* — 9x’). 


SOLUTION Notice that the coefficient of the monomial being distributed is nega- 
tive. We must distribute —8x°*, and multiplying by this negative term changes the 
sign of each term in the polynomial. 


8x3(x° — 4x4 — 9x7) = (—8x°)(x>) — (-8x°)(4x*) -— (-8x3)(9x7) 
Distribute —8x°. 

= —8x° — (—32x’) — (—72x>) Multiply. 

= —8x® + 32x’ + 72x? Simplify. 


Quick Check 4 
Multiply —3x°(—2x* + x? — x? — 15x + 21). 


A WORD OF CAUTION When multiplying a polynomial by a term with a negative coeffi- 
cient, be sure to change the sign of each term in the polynomial. 
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Multiplying Polynomials 
Objective 3 Multiply polynomials. 
Multiplying Two Polynomials 


To multiply two polynomials when each contains two or more terms, multiply 
each term in the first polynomial by each term in the second polynomial. 


Suppose we wanted to multiply (x + 9)(x + 7). We could distribute the factor 
(x + 9) to each term in the second polynomial as follows: 


(x + 9)(x + 7) = (x + 9)+x + (x + 9)+7 


We could then perform the two multiplications by distributing x in the first product 
and distributing 7 in the second product. 


(x + 9)(x + 7) = (x + 9)+x + (x + 9)+7 
xextOexntxe7+9°7 
=x? + 9x + 7x + 63 

x? + 16x + 63 


We end up with each term in the first polynomial being multiplied by each term in 
the second polynomial. 


Multiply (x + 6)(x + 4). 


SOLUTION Begin by taking the first term in the first polynomial, x, and multiply- 
ing it by each term in the second polynomial. Then repeat this for the second term 
in the first polynomial, 6. 


(x + 6)(x + 4) = x°x + x°44+6:x+ 6:4 Distribute the term x from the 
first polynomial; then distribute 
the 6 from the first polynomial. 


x? + 4x + 6x + 24 Multiply. 
= x7 + 10x + 24 Combine like terms. 


Quick Check 5 
Multiply (x + 11)(x + 9). 


We often refer to the process of multiplying a binomial by another binomial as 
“FOIL.” FOIL is an acronym for First, Outer, Inner, Last, which describes the four 
multiplications that occur when we multiply two binomials. Here are the four multi- 
plications performed in the previous example. 


First Outer Inner Last 
ax x4 
(4+ G24) | Gs OG4d)| Gs Os +4)| 4 Mee 4) 
4 . 


FOIL applies only when we multiply a binomial by another binomial. If we are mul- 
tiplying a binomial by a trinomial, six multiplications must be performed and FOIL 
cannot be used. Keep in mind that each term in the first polynomial must be multi- 
plied by each term in the second polynomial. 
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Multiply (x — 6)(4x — 5). 


SOLUTION When multiplying polynomials, we must be careful with the signs. 
When we distribute the second term of x — 6 to the second polynomial, we must 
distribute a negative 6. 


(x — 6)(4x — 5) = x-4x — x-5 — 6:4x + 6-5 Distribute (FOIL). The product 
of two negative numbers is 
positive: (—6)(—5) = 6-5. 
= 4x? — 5x — 24x + 30 Multiply. 
Quick Check 6 = 4x7 — 29x + 30 Combine like terms. 
Multiply (Sx — 2)(2x — 9). 
Given the functions f(x) = 3x — 2 and g(x) = x? + 4x — 7, find 


f(x) g(x). 


SOLUTION We will substitute the appropriate expressions for f(x) and g(x) in 
parentheses and simplify the resulting expression. We need to multiply each term 
in the first polynomial by each term in the second polynomial. 


f(x) + e(x) = Gx — 2)(? + 4x = 7) Substitute for f(x) 
and g(x). 
= 3x-x? + 3x-4x — 3x+7 — 2+x* — 2-4x +2°7 Distribute. 
= 3x3 + 12x? — 21x — 2x? — 8x + 14 Multiply. 
= 3x> + 10x? — 29x + 14 Combine like terms. 


Quick Check 7 
Given the functions f(x) = x + 8 and g(x) = 3x? + 6x — 2, find f(x)- g(x). 


Special Products 


Objective 4 Find special products. We finish this section by examining some 
special products. The first special product is of the form (a + b)(a — b). In words, this 
is the product of the sum and the difference of two terms. Here is the multiplication. 
(a + b)(a — b) = @ — ab + ab — b’ Distribute. 
=a-b Combine like terms. 
Notice that when we were combining like terms, two of the terms were opposites. 


This left only two terms. We can use this result whenever we multiply two binomials 
of the form (a + b)(a — b). 


(a+ b)(a-b)=a-P 


Multiply (x + 7)(x — 7). 


SOLUTION 


(x + 7)(x — 7) =x? -— 7 Multiply using the pattern 
(a+ b)\(a—b) =a —- B’. 
= x*— 49 Simplify. 


Quick Check 8 
Multiply (x + 10)(x — 10). 


Quick Check 9 
Multiply (2x + 7)(2x — 7). 


Quick Check 10 
Multiply (5x — 8). 


Quick Check 11 
Multiply (x + 6). 
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Multiply (3x — 5)(3x + 5). 


SOLUTION Although the difference is listed first, we can still multiply using the 
same pattern. 
(3x — 5)(3x + 5) = (3x)? — 5% Multiply using the pattern 
(a+ b)la—b)=¢ — &. 
= 9x? —25 — Simplify. 


The other special product we will examine is the square of a binomial, such as 
(x + 3)? and (9x + 4)*. Here are the patterns for squaring binomials of the form 
a+ banda — b. 


(a+ b)? = a? + 2ab+ B’ 
(a — b)? =a? — 2ab+ DB’ 


Let’s derive the first of these patterns. 


(a+ bP? = (a+ b)(a +b) To square a binomial, multiply it by itself. 
=a’ +ab+ab+b’ Distribute (FOIL). 
=a’ +2ab+ Bb’ Combine like terms. 


The second pattern can be derived in the same fashion. 


Multiply (x — 3)’. 


SOLUTION We can use the pattern (a — b)* = a”? — 2ab + b’, substituting x for 
aand 3 for b. 

a’ — 2ab + Bb? 

x? — 2+x+3 +3? Substitute x for a and 3 for b. 

=x*-—6x+9 Multiply. 


Multiply (2x + 5)”. 


SOLUTION We can use the pattern (a + b)? = a’ + 2ab + b’, substituting 2x for 
aand 5S for b. 


a’ + 2ab + b? 
(2x)? + 2+(2x)-5 +5? Substitute 2x for a and 5 for b. 
= 4x* + 20x + 25 Multiply. 


Although the patterns developed for these three special products may save us time 
when multiplying, keep in mind that we can find these types of products by multi- 
plying as we did earlier in this section. When we square a binomial, we can start by 
rewriting the expression as the product of the binomial and itself. For example, we 
can rewrite (8x — 7)* as (8x — 7)(8x — 7) and then multiply. 


BUILDING YOUR STUDY STRATEGY 


Test Taking, 4 Solve Easier Problems First When you take a test, work on 
easier problems first, saving more difficult problems for later. One benefit to 


this approach is that you will gain confidence as you progress through the test, 
making you confident when you attempt to solve a difficult problem. You also 
will save time to spend on the few difficult problems. 
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Myniathiab'y 


Vocabulary 


1. To multiply a monomial by another monomial, mul- 
tiply the coefficients and the exponents 
of the variable factors. 


2. To multiply a monomial by a polynomial, 
the monomial to each term in the polynomial. 


3. To multiply a polynomial by another polynomial, 
each term in the first polynomial by 
each term in the second polynomial. 


4. The acronym can be used when you are 
multiplying a binomial by another binomial. 


Multiply. 
5. 4x-9x4 
3 Bx Tx? 
. 9m'(—6m'') 
. —6n>+10n? 
. 13a’? Tarb 
. 20ab’ - 16a'*b'° 
« —5x°y?z*-14xz5w4 
. 3a°b®c * 9be’d* 
a 2 86 TC 


. —12x8- 5x19 6x? 


Find the missing monomial. 


15, 5<°*? = 30x” 

16. —7x°+? = —28x'® 

17. 2x°+? = —24x'8 

18. —6x'°-? = 84x 

Multiply. 

19. 5(3x — 4) 20. 3(7x + 6) 

21. —2(6x — 9) 22. —4(3x + 11) 

23. 6x(3x + 5) 24. 9x(4x — 13) 

25. x7(3x? — 4x + 7) 26. —x3(2x° + 9x4 — 6x) 


27. 2xy?(3x? — 6xy + Ty”) 


28. 11x4y3(2xy — 5x4y? -— 7x) 


aq» §B, &| =| & 
Multiply. 
29. (x + 7)(x — 9) 
30. (x + 6)(x + 8) 
31. (x — 3)(x — 9) 
32. (x — 5)(x + 10) 
33. (4x + 3)(x — 6) 
34. (5x — 7)(2x + 3) 
35. (x — 8)(x + 9) 
36. (x + 6)(x — 3) 
37. (2x + 3)(2x — 13) 
38. (2x — 9)(3x — 4) 
39. (x + 6)(3x — 5) 
40. (Sx + 8)(4x + 1) 
Al, (3x + 2)(x? — 5x — 9) 
42. (7x — 4)(49x2 + 28x + 16) 
- ( 


. (2x? — 5x — 8)(x? + 3x + 9) 
. (x + 2y)(x — 4y) 
» (x — 6y)(x — Ty) 
( (S5xy + 6) 
( ( 


3xy — 2) 


- (4xy + 3 
. (2xy +7 


Find the missing factor or term. 


49. 
50. 


2(2x” — 7x — 10) = 6x° — 21x* — 30x° 
2(3x4 + 9x? + 16) = 18x? + 54x? + 96x° 


51, 4x*(?) = 12x’ — 20x° — 48x* 

52. 8x°(?) = 56x"? + 104x"* — 96x"! 
53. (x + 2)(x +5) =x? + 8x + 15 
54, (x — 7)(x + ?) = x? + 3x — 70 
55. (x + 2)(x + 7?) = x? + 9x + 18 
56. (2? — 5)(2 + 3) = 2x? + x — 15 


For the given functions f(x) and g(x), find f(x) « g(x). 


57. f(x) =x — 9, g(x) =x+2 
58. f(x) = 4x7, g(x) = x? — 8x — 14 


59. f(x) 


= 6x, g 
60. f(x) = 2x’, ¢ 


i) = 119" 
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61. f(x) = x? — 5x” + 8x + 3, g(x) = —-4x° 80. (x — 7)? 

81. —5x°(—4x°) 
62. f(x) = 7x + 4, g(x) = 6x — 13 82. (2x + 15)(3x — 7) 

83. (5x + 3)(5x — 3) 
Find the special product using the appropriate formula. 84. —3x2(x2 — 10x — 13) 
63. (x + 9)(x — 9) 85. (x + 13)? 
64. (x — 6)(x + 6) 86. (x + 8)(3x* + 7x — 6) 
65. (3x — 7)(3x + 7) 87. 2x’y(3x? — x*ty>? — Ty) 
66. (2x + 11)(2x — 11) 88. 9x7(—6x°) 
67. (x + 7)? 89. (4x — 9) 
68. (x — 10)? 90. (6 + 5x)? 
69. (4x — 3) 91. (x? + 3x 4 4)? = 5x4 4) 
70. (9x + 5)? 


92. —6x°(-x° + 3x? — 11) 


Find the missing factor or term. 
a= Writing in Mathematics 


TL. (x + 9)-(?) = x? - 81 
72. (Sx + 7)*(2) = 25x? — 49 Answer in complete sentences. 
9\2 — y2 — 
as wo) . tea 0 93. Explain the difference between simplifying the ex- 
74. (2)? = 4x° + 20x + 25 pression 8x* + 3x? and simplifying the expression 


(8x")(3x*). Discuss how the coefficients and expo- 
nents are handled differently. 


Mixed Practice, 75—92 


Multiply. 94. To simplify the expression (x + 8)’, you can multi- 
75. (x + 7)(x — 1) ply (x + 8)(x + 8) or use the special product for- 
mula (a + b)? = a’? + 2ab + b’?. Which method do 


76. 2x? +3x? , 
you prefer? Explain your answer. 
77. 5x(x” — 8x — 9) 
78. (x + 2)(x — 2) 95. Newsletter Write a newsletter explaining how to mul- 
79. —Tx’y>-4x4y° tiply two binomials. 


OBJECTIVES 


@® Divide a monomial by a monomial. 

2 Divide a polynomial by a monomial. 

ey Divide a polynomial by a polynomial using long division. 

‘4 Use placeholders when dividing a polynomial by a polynomial. 


Dividing Monomials by Monomials 


Objective 1 Divide a monomial by a monomial. In this section, we will 

learn to divide a polynomial by another polynomial. We will begin by reviewing how 
des ; ; 4x°  30a°b* 

to divide a monomial by another monomial, such as x2 or Gab?” 

a a 
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Dividing a Monomial by a Monomial 
To divide a monomial by another monomial, divide the coefficients first. Then 


m 


aoe : : ‘i x 3 
divide the variables using the quotient rule — = x’"”. Assume that no variable 
x 


in the denominator is equal to 0. 


18x° 
Divide = (Assume that x # 0.) 
x 


SOLUTION 


18x° 


o 6x°3 Divide coefficients. Subtract exponents of x. 
Xx 


= 6x? Simplify the exponent. 


18x° 
We can check the quotient by using multiplication. If 3 “ = 6x’, we know that 
x 


3x? + 6x? should equal 18.x°. 
Check 


3x3+6x* = 18x Multiply coefficients. Keep the base and add the exponents. 
= 18x° Simplify the exponent. 


Quick Check 1 The quotient of 6x? checks. 


2 oO) 
Divide = 
4x 34,2 


. ., 24x 
Divide — 
3xy 


(Assume that x # 0.) (Assume that x, y # 0.) 


SOLUTION When there is more than one variable, as in this example, divide the 
coefficients and then divide the variables one at a time. 


24x? y? oe. eee - 
Ax = 8x*y’ Divide coefficients and subtract exponents. 
xy 
Quick Check 2 = 8x’ _— Rewrite without y as a factor. (y® = 1) 
Bayi 
Divide > (Assume that ga ee A F 
ee Dividing Polynomials by Monomials 
x,y #0.) 


Objective 2 Divide a polynomial by a monomial. Now we move on to 
3x° — 9x? — 18x? 
3x , 


dividing a polynomial by a monomial, such as 


Dividing a Polynomial by a Monomial 


To divide a polynomial by a monomial, divide each term of the polynomial by 
the monomial. 


2 
+ — 
Divide ea = 2 : 


SOLUTION Divide each term in the numerator by 5. 
15x? + 10x -— 5 _ 15x° nm 10x 5 
5 5 5 5 

= 3x? +2x-1 Divide. 


Divide each term in the numerator by 5. 
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yp — =) 9 2 5p 4 50x? 498 1) should equal 5x2 toe = & 
We can use this to check our work. 
Check 
5(3x2 + 2x — 1) = 5-3x?+5-2x — 5-1 Distribute. 
= 15x? + 10x -—5 Multiply. 
Quick Check 3 The quotient of 3x? + 2x — 1 checks. 
TB eae 
: Divide ae 2s — a (Assume that x # 0.) 


SOLUTION _ In this example, divide each term in the numerator by 3x. 


3x° — 9x3 — 18x? 
3x 
ay 8x TBR ns : 
== = ~ Divide each term in the numerator by 3x. 
3x 3x 3x 


= x* — 3x? — 6x Divide. 


Quick Check 4 

48x!° + 12x7 + 30x° 
6x? ; 

(Assume that x # 0.) 


Divide 
Dividing a Polynomial by a Polynomial 
(Long Division) 


Objective 3 Divide a polynomial by a polynomial using long division. 
To divide a polynomial by another polynomial containing at least two terms, we use 
a procedure similar to long division. Before outlining this procedure, let’s review 
some of the terms associated with long division. 


aa Quotient 


Divisor ——> 2)6 ~x—_Dividend 


x? — 10x + 16 
x-—2 
is the dividend, and the polynomial in the denominator is the divisor. We may 


rewrite this division as x — 2)x? — 10x + 16. We must be sure to write both the 
divisor and the dividend in descending order. We perform the division using the 
following steps: 


Suppose we were asked to divide . The polynomial in the numerator 


Division by a Polynomial 


1. Divide the term in the dividend with the highest degree by the term in the 
divisor with the highest degree. Add this result to the quotient. 


2. Multiply the monomial obtained in Step 1 by the divisor, writing the result 
underneath the dividend. (Align like terms vertically.) 

3. Subtract the product obtained in Step 2 from the dividend. (Recall that to 
subtract a polynomial from another polynomial, we change the signs of its 
terms and then combine like terms.) 

4. Repeat Steps 1-3 with the result of Step 3 as the new dividend. Keep repeat- 
ing this procedure until the degree of the new dividend is less than the 

degree of the divisor. 
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x? — 10x + 16 


Divid 
ivide =o 


SOLUTION Begin by writing x — 2)x? — 10x + 16. Divide the term in the divi- 
dend with the highest degree (x”) by the term in the divisor with the highest 
2 


degree (x). Because — = x, write x in the quotient and multiply x by the divisor 


x — 2, writing this product underneath the dividend. 


x 
x —2)x?— 10x + 16 Multiply x by (x — 2). 


x -— 2x 


To subtract, change the signs of the second polynomial and combine like terms. 


Change the signs and combine like terms. 


x 
Kos 2)x — 10x + 16 
x? ~ 2x ‘ 


—8x + 16 


Begin the process again by dividing —8x by x, which equals —8. Multiply —8 by 
x — 2 and subtract. 

= 8 

x — 2)x? — 10x + 16 

x2 2x J 

— 8x + 16 

~ 8x ¥ 16 

0 


Multiply —8 by (x — 2). 
Subtract the product. 


The remainder of 0 says that we are finished because its degree is less than the de- 
gree of the divisor x — 2. The expression written above the division box (x — 8) is 
the quotient. 


x? — 10x + 16 
x—-2 


x-8 


We can check our work by multiplying the quotient (x — 8) by the divisor 
(x — 2), which should equal the dividend (x? — 10x + 16). 


Check 


(x — 8)(x — 2) = x? — 2x — 8x + 16 
= x? — 10x + 16 


The division checks; the quotient is x — 8. 


Quick Check 5 
x? + 13x + 36 


Divid 
ivide re 


In the previous example, the remainder of 0 also says that x — 2 divides into 
x’ — 10x + 16 evenly;so x — 2 is a factor of x? — 10x + 16. The quotient, x — 8, 
also is a factor of x? — 10x + 16. 

In the next example, we will learn how to write a quotient when there is a 
nonzero remainder. 
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Divide x? — 10x + 9 by x — 3. 


SOLUTION Because the divisor and dividend are already written in descending 
order, we may begin to divide. 


me 
x — 3)x? — 10x + 9 
“23x | Multiply x by x — 3 and subtract. 
ne 7x+ 9 
77x #21 Multiply —7 by x — 3 and subtract. 
—12 


The remainder is —12. After the quotient, we write a fraction with the remainder 
in the numerator and the divisor in the denominator. Because the remainder is 
negative, we subtract this fraction from the quotient. If the remainder had been 
positive, we would have added this fraction to the quotient. 


x*> — 10x + 9 12 
=x 
x=3 x-3 


Quick Check 6 
x? — 3x — 8 


ge ap 7/ 


Divide 


Divide 6x? + 17x + 17 by 2x + 3. 


SOLUTION Because the divisor and dividend are already written in descending 
order, we may begin to divide. 


3x + 4 
2x + 3)6x? + 17x + 17 
6x2 # 9x | Multiply 3x by 2x + 3 and subtract. 
8x + 17 
8x #12 Multiply 4 by 2x + 3 and subtract. 
5 


The remainder is 5. We write the quotient and add a fraction with the remainder in 
the numerator and the divisor in the denominator. 


6x7 + 17x +17 If A oe 
= 3x 
2x + 3 2x + 3 


Quick Check 7 
12x? — 7x + 4 


Divi 
ivide wie 


Using Placeholders When Dividing a Polynomial 
by a Polynomial 


Objective 4 Use placeholders when dividing a polynomial by a polyno- 
mial. Suppose we wanted to divide x* — 12x — 11 by x — 3. Notice that the divi- 
dend is missing an x* term. When this is the case, we add the term Ox’ as a 
placeholder. We add placeholders to dividends that are missing terms of a particu- 
lar degree. 
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Divide (x? = 124 = 11) = (x = 3). 


SOLUTION. The degree of the dividend is 3, and each degree lower than 3 must be 
represented in the dividend. We will add the term 0.x’ as a placeholder. The divisor 
does not have any missing terms. 


x? + 3x-—3 
x — 3)x3 + Ox? — 12x - 11 
“xian {Multiply x? by x — 3 and subtract. 


3x? — 12x - 11 
3x2 9x | Multiply 3x by x — 3 and subtract. 
—3x- 11 
~3x ¥ 9 Multiply —3 by x — 3 and subtract. 
—20 
Quick Check 8 (P = y= 1) + (e-3) = 43r-3- 


x3 — 3x7 — 9 
=») y 


Divide 
BUILDING YOUR STUDY STRATEGY 


Test Taking, 5 Review Your Test Try to leave yourself enough time to review 
the test at the end of the period. Check for careless errors, which can cost you a 
fair number of points. Also check that your answers make sense in the context 
of the problem. For example, if the question asks how tall a person is and your 


answer is 68 feet, chances are that something has gone astray. 

Check for problems or parts of problems you may have skipped and left 
blank. 

Take all of the allotted time to review the test. There is no reward for turn- 
ing in a test early, and the more you work on a test, the more likely you are to 
find a mistake or a problem where you can gain points. 


PRACTICE WATCH DOWNLOAD READ REVIEW 


MyNiaihiab «zm» [fF | G | =| &@ 


Vocabulary : —48n° ‘ 26a’b° ‘i 35x°y" 
1. To divide a polynomial by a monomial, divide 3n 2ab* 5x°y? 
each ______ by the monomial. 11,154") = Gx) 12. (70x") = (10x°) 
2. To divide a polynomial by another polynomial 12x° 58 fs as 
oe 13. 14. 15. — 
containing at least two terms, use ——_. 8x4 25x5 21x4 
3. If one polynomial divides evenly into a second 3x6 
polynomial, the first polynomial is a(n) ——___ 18x? 


of the second polynomial. 
4. If a polynomial in the dividend is missing a term 


of a particular degree, use a(n) i Find the missing monomial. Assume that x # 0. 
the dividend. 9 9 
17. ae = 2x! 18. ae: = —15x8 
5x 3x 
Divide. Assume that all variables are nonzero. 24x? ee ee 20x” = Sxt 
19. ‘ 6x 20. - 3 
24x74 : 16x!6 ‘ ~30n'! , 


3x3 * 4x4 * 6n'* 


Divide. Assume that all variables are nonzero. 


21 


22. 
23. 


24. 


25. 


26. 


27. 


28. 
29. 
30. 


Find the missing dividend or divisor. Assume that x # 0. 


31. 24x73 — 48x? + 36x 


15x? — 25x — 40 
' 5 
8x° — 2x7 + 6x? 
2 
24x* + 30x? — 27x 
3x 
32x41 + 44x73 + 60x? 
4x 
(6x7 + 9x® + 15x°) + (3x) 


(—14x8 + 21x° + 7x*) + (7x) 


20x° — 30x4 
—10x? 
—8x° + 2x4 — 6x3 — 2x? 


—2x? 


x5yo — x4y5 4 x2y4 
xy? 
2a'b’ — 8a*b® — 10a°b 


2a*b 


? 
10x’ — 50x° + 35x? 


32. ? 
? 

33. —, = 3x*- 4x° - 9 
2x 
? 

oS 3 i = Oe 
Tx° 


Divide using long division. 


35. 


36. 


37. 


38. 


39. 
40. 


41. 


x? + 13x + 40 
x+8 
x? + 10x + 21 
x +3 
x? — 8x — 84 
x— 14 
xv—x-72 
x—-9 
(x? — 13x + 36) + (x — 4) 
(x? — 20x + 91) + (x - 7) 
x? — 4x — 29 
x—8 


= 4x? — 8x + 6 


= 2x° — 10x°3 + 7x 


42. 


43. 


52. 


53. 


54. 


5.5 Exercises 


x + 7x —7 
x+5 
x? — 11x? — 37x + 14 
baer aaa 


x? — x? — 24x — 19 
x +3 


2x7 + 3x — 32 
ees 
3x? + 26x + 24 
x+9 


6x? + 25x + 10 


2x +7 
10x” — 53x + 28 
5x —4 
x? — 169 
x + 13 
9x? — 25 
3x —5 
xt + 2x? — 15x + 32 
x — 3 


x» — 9x7 — 17x27 + x — 15 
x+8 


x? — 125 
x-—5 
x? + 343 
x+7 


Find the missing dividend or divisor. 


; =x-3 
55 are x 
? 

56. =x-11 

ro 

24 10x — 3 

? 

6x? — 35x + 49 
58, == = 3x - 7 
59. Is x + 9a factor of x* + 28x + 171? 
60. Is x — 6a factor of x7 + 4x — 54? 
61. Is 2x — 5a factor of 4x” — 8x — 15? 


. Is 3x + 4a factor of 9x* + 24x + 16? 
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Mixed Practice, 63-80 44 8x — 10x — 63 
Divide. Assume that all denominators are nonzero. 2x — 7 
3 5 8x> — 38x — 39 
63 x° + 12x —9 or are a 
ile 16a‘b*c? 
> 4+ 3x — 15 16. 
64, == — 4ab'c! 
are 6x? — 37x? + 11x + 153 
ge FRR 71. —~ ae 
. x+4 7 
. 6x° — 12x* + 18x3 
8x 78. - 
66. 555 4x° 
21x yoz 
12x® — 8x* + 20x? — 4x? 79. — = 
67. ee ~7x7y5z22 
4 
-¢ SEs 2 = 
. x +15 x—3 
69 8x? + 42x — 25 
: 246 o===- Writing in Mathematics 
70. aa ee 100 Answer in complete sentences. 
x—-8 
2 81. Solutions Manual Write a solutions manual page for 
20x- — 51x — 6 : 
71. a oa the following problem: 
ws 
2 _ = 
” 6x? — 19x + 30 Divide ©x —17* — 19 
° 2x —7 
2x = 5 


27x? — 18x’ — 6x° — 3x3 


—3x7 


73. 
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CHAPTER 5 SUMMARY 


Section 5.1 Exponents 


Product Rule, pp. 252-253 


For any base x, x”"* x" = x7", 7x7 + 4x? = 28x7*? = 28x19 
Power Rule, p. 253 
For any base x, (x’")"” = x”"". (x)6 = x95 = x 


Power of a Product Rule, p. 254 


For any bases x and y, (xy)" = x"y". (4x7)? = 43(x7)? = 64x?! 
Quotient Rule, pp. 254-255 

x” x16 
For any base x, — = x""""(x # 0). = = xo = xl? 

x x 


Zero Exponent Rule, p. 256 


For any base x, x° = 1 (x # 0). 9 =1 
Power of a Quotient Rule, pp. 256-257 
HNP oP xt\3 #3 2 
For any bases x and y, (=) =—(y #0). (5) == 
y y y yo ys 


Section 5.2 Negative Exponents; Scientific Notation 


Negative Exponents, pp. 260-262 


1 1 1 
For any nonzero base x, x" = oA (x # 0). 52 = aT xT = y 
Rules for Negative Exponents, pp. 262-263 
1 
The rules for positive exponents apply to negative exponents as well. mem? = m3tC) = mW = — 
m 
Converting to Scientific Notation, pp. 263-264 
Move the decimal point so it follows the first nonzero digit. The number 320,000,000 = 3.2 x 10° 
of places the decimal point moves is the power of 10. a 
If the original number is greater than 10, the exponent is positive. i 
If the original number is less than 1, the exponent is negative. 0.000294 = 2.94 x 10 
\f 
4 places 
Converting from Scientific Notation, pp. 264-265 
If the exponent for 10 is positive, move the decimal point that number of 5.2 x 10° = 5,200,000 
places to the right. 
If the exponent for 10 is negative, move the decimal point that number of 2.13 x 10% = 0.000213 
places to the left. 
Calculations with Scientific Notation, pp. 265-266 
Perform arithmetic on decimal numbers first; then use the properties of (3.2 x 10'°)(1.4 x 108) = (3.2-1.4) x 105*8 
exponents for the powers of 10. = 4.48 x 10% 
Section 5.3 Polynomials; Addition and Subtraction of Polynomials 
Polynomials, p. 269 
A polynomial in a single variable x is a sum of terms of the form ax”, 3x° — 4x9 — 8x? + x45 
where a is a real number and n is a whole number. 
Degree of a Term, p. 269 
For a polynomial in a single variable, the degree of a term is equal to Polynomial: 4x’ — 2x? + 9x + 12 
the variable’s exponent. 
Term 4x’ 2x? 9x 12 


Degree 7 3 1 0 
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Monomial, Binomial, Trinomial, p. 269 


Monomial: A polynomial with only one term Monomial: —9.x* 
Binomial: A polynomial with two terms Binomial: x2 — 49 
Trinomial: A polynomial with three terms Trinomial: 3x7 — 2x — 15 
Coefficients, p. 270 
The coefficient of a term is the numerical part of a Polynomial: 4x7 — 2x? + 9x + 12 
term, including its sign. 
Term 4x’ —2x3 9x 12 
Coefficient 4 =2 9 12 
Degree of a Polynomial, p. 270 
The degree of a polynomial is equal to the degree of the term with the x° — 4x4 + 9x3 -—x—-—5 Degree = 6 
highest degree. 
Evaluating a Polynomial, p. 270 
Substitute the value for the variable in the polynomial and simplify Evaluate x? + 5x + 22 for x = -8. 
the resulting expression. (—8)? + 5(—8) + 22 = 64 — 40 + 22 = 46 
Evaluating Polynomial Functions, p. 271 
Substitute the value for the variable in the function and simplify For f(x) = x7 — 7x? + 40, find f(6). 
the resulting expression. f(6) = (6)° — 7(6)? + 40 
= 216 — 7(36) + 40 
= 216 — 252 + 40 
=4 
Adding Polynomials, p. 271 
To add two polynomials together, combine like terms. x? + 9x — 7) + (3x? — 4x - 11) 
=x? + 9x -74+ 3x7 -4x-11 
= 4x? + 5x — 18 
Subtracting Polynomials, pp. 271-272 
To subtract one polynomial from another, change the sign of each (4x? + x + 6) — (2x? + 7x — 24) 
term that is being subtracted and combine like terms. = 4x? + x + 6 — 2x? — 7x + 24 
= 2x" — 6x + 30 
Section 5.4 Multiplying Polynomials 
Multiplying Monomials, pp. 275-276 
Multiply the coefficients; then multiply the variable factors by adding Txt 3x? = 21x4*? = 21x 
exponents. a?b?5a’b® = Sal?*7b?tB = Sab? 


Multiplying a Monomial by a Polynomial, p. 276 

Apply the distributive property. 3x7(4x" — 5x — 10) 
= 3x?+ 4x? — 3x?-5x — 3x7-10 
= 12x* — 15x? — 30x? 


Multiplying Polynomials, pp. 277-278 


Multiply each term in the first polynomial by each term in the second (2x — 7)(3x + 4) 
polynomial. Combine any like terms. =2x+3x + 2x-4—7:3x — 7:4 
= 6x’ + 8x — 21x — 28 
= 6x’ — 13x — 28 
Special Products, pp. 278-279 
(a+ b\(a-b)=a-b (4x + 5)(4x — 5) = (4x)? — 5? = 16x? — 25 
(a + b)? = a + 2ab + Bb? (x + 3)? = x? + 2(x)(3) + 37 = x? + 6x +9 


(a — b)? = a — 2ab + Bb? 
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Section 5.5 Dividing Polynomials 


Dividing Monomials, pp. 281-282 


Divide the coefficients; then divide the variable factors by subtracting 20x? 8 ‘5 
exponents. ie Sx" = 5x 


Dividing a Polynomial by a Monomial, pp. 282-283 


Divide each term of the polynomial by the monomial. Rar = 125" 36x? Be 12a. 36x" 
4x? 4x? 4x? © 4x? 
= 2x7 - 3x +9 


Dividing Polynomials, pp. 283-286 
1. Divide the term in the dividend with the highest degree by the term — 2. 6x? + 11x + 15 

in the divisor with the highest degree. Add this result to the quotient. Divide: “Hee 

2. Multiply the monomial obtained in Step 1 by the divisor, writing the 


result underneath the dividend. 3x 13 

3. Subtract the product obtained in Step 2 from the dividend. (Change 2x — 5)6x2 + 11x + 15 
the signs of the product’s terms and combine like terms.) “6x2 & 15x ‘| 
Repeat Steps 1-3 with the result of Step 3 as the new dividend. Keep 26x + 15 
repeating this procedure until the degree of the dividend is less than “26x ~ 65 
the degree of the divisor. an) 

6x? + 11x + 15 80 
+ 13 4 
2x — 5 a 2x — 5 


SUMMARY OF CHAPTER 5 STUDY STRATEGIES 


Attending class each day and doing all of your homework does not guarantee that you 
will earn a good grade when you take the exam. Through careful preparation and the 
adoption of the test-taking strategies introduced in this chapter, you can maximize your 
grade on a math exam. Here is a summary of the points that were introduced: 


e Make the most of your time before the exam. e Begin by solving easier problems first. 


e Write down important facts as soon as you get your test. | ¢ Review your test as thoroughly as possible before 


e Briefly read through the test before you work any turning it in. 
problems. 


CHAPTER 5 REVIEW 


Simplify the expression. Write the result without using Rewrite in scientific notation. [5.2] 


negative exponents. (Assume that all variables represent 
nonzero real numbers.) [5.1-5.2] 


1 


22. 
23. 


24. 


Worked-out solutions to Review Exercises marked with 


err an 


Oo 


. (—6a°b*c°)? 


15° — 3x° 


E ye 


x16 
6 
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25. 1,400,000,000 
26. 0.0000000000021 
27. 0.000005002 


Convert from scientific to standard notation. [5.2] 


28. 1.23 x 1074 
29. 4.075 x 107 
30. 6.1275 x 10!2 


Perform the following calculations. Express your answer 
using scientific notation. [5.2] 

31. (2.5 X 107)(6.0 X 10°) 

32, (3.0 X 1073) + (1.2 x 105) 


33. The mass of a hydrogen atom is 1.66 x 10 ™ grams. 
What is the mass of 1,500,000,000,000 hydrogen 
atoms? [5.2] 


34. If a computer can perform a calculation in 
0.000000000005 second, how many seconds would it 
take to perform 3,000,000,000,000,000 calculations? 
[5.2] 


Evaluate the polynomial for the given value of the 
variable. [5.3] 

35. x? — 8x + 15 forx = —5 

36. x* — 11x — 29 for x = 2 

37, —x”? + 16x — 30 for x = 6 

38. —3x* — 4x + 7 for x = —7 

39. 5x* + 10x + 12 for x = —3 

40. 7x? — 14x + 35 for x = 8 


Add or subtract. [5.3] 

GD (x? + 3x — 15) + (x? — 9x + 6) 
a2. (3x7 = 31) + (5x? = 19% = 19) 

GS) (x? — 6x — 13) — (x* — 14x + 8) 

44, (2x? + 8x = 7) = Ge =e 4-15) 

45, (3x° + x? — 10) — (6x? — 13x + 20) 

46. (10x? — 21x — 35) — (4x3 + 6x? — 15x + 80) 


Evaluate the given polynomial function. [5.3] 


AT) f(x) = x* — 25, f(-A4) 

48. f(x) = 2x? — 6x + 17, f(5) 

49. f(x) = x* — 7x + 10, f(a‘) 

50. f(x) = x* + 3x — 30, f(2a°) 
can be found on page AN-18. 


Given the functions f(x) and g(x), find f(x) + 
f(x) — g(x). [5.3] 


GD f(x) = 3x? — 8x — 9, g(x) = 7x” + 6x + 40 


g(x) and 


52. f(x) = x* + 5x — 30, g(x) = —8x* — 15x + 6 


Multiply. [5.4] 


53. (x — 5)? 

54. (x — 4)(x + 13) 
ES) 4x(3x* — 7x — 16) 
56) (2x — 7)? 

EM 5x’ -3x° 


58. (x — 8)(x + 8) 

59. (3x + 10)(2x — 13) 
60. —9x° + 2x 

61. (6x + 5)(6x — 5) 

62. (x + 10) 

63. (4x +7) 

64, —8x7(3x° — 7x‘ — 6x°) 


65. (x 
66. (x 
67. (1085)(~3x)(4x5) 

68. —2x*(—5x? — 11x + 12) 


ise — 6x + 12) 
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Chapter 5 Test 


Given the functions f(x) and g(x), find f(x) « 
69. f(x) =x + 10, g(x) =x-7 


g(x). [5.4] 
70. f(x) = —6x°, g(x) = —4x? — 9x + 20 


Divide. Assume that all denominators are nonzero. [5.5] 


71. 6x* — 8x3 + 20x? 
2x? 
3x? — 8x — 25 
x-4 
4x5y7 
—2x°y 
x3 + 3x? — 15 
x+5 
x* + 81 
x+3 
18x3y7z° 
3x3 y%z 
8x? + 87x + 171 
x+9 
6x? — 30x — 84 
Eee | 
15x” — 43x — 238 
5x + 14 
16x? + 2x + 20 
8x — 3 


72. 


73. 


74, 


75. 


76. 


77. 


78. 


79. 


80. 


For Extra Help 
A Test Prep 


CHAPTER 5 TEST 


Simplify the expression. Write the result without using 
negative exponents. (Assume that all variables represent 
nonzero real numbers.) 


ea 


Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 


on DVD, in MyMathLab | 


_ and on You{ffi) (search “WoodburyElemIntAlg” and click on “Channels"). 


a 


8. (3xy 2°)? 


Rewrite in scientific notation. 


9, 23,500,000 


Convert to standard notation. 


10. 4.7 x 10% 


Perform the following calculations. Express your answer 
using scientific notation. 


11. (4.3 x 10°)(1.8 x 10°°) 
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Evaluate the polynomial for the given value of the variable. 


12. x* + 12x — 38 for x = —8 


Add or subtract. 
13. (x? — 6x — 32) — (5x? + 8x — 33) 


14, (4x? — 3x — 15) + (-2x” + 17x — 49) 


Evaluate the given polynomial function. 


15. f(x) = x? + 3x — 14, f(-7) 


Mathematicians in History 


Card Friedrich G 


greatest enjoyment.” 


Write a one-page summary (or make a poster) of the life of Carl Friedrich Gauss and 


AUMSS was a German mathematician who 
lived in the 18th and 19th centuries and was one of the most prominent and prolific 
mathematicians of his day. Gauss made significant contributions to the fields of analy- 
sis, probability, statistics, number theory, geometry, and astronomy, among others. 
The Prussian mathematician Leopold Kronecker once said of him, “Almost everything, 
which the mathematics of our century has brought forth in the way of original scien- 
tific ideas, attaches to the name of Gauss.” Gauss once said, “It is not knowledge, but 
the act of learning, not possession but the act of getting there, which grants the 


Multiply. 

16. 5x3(6x” + 8x — 17) 
17. (x + 6)(x — 6) 

18. (Sx — 9)(4x + 7) 


Divide. Assume that all denominators are nonzero. 


19. 21x7 + 33x® — 15x° 
3x? 
6x? — 11x + 38 


20. 
. x+3 


his accomplishments. Also look up Gauss’s most famous quotes and list your favorite. 


Interesting issues: 
Where and when was Carl Friedrich Gauss born? 


3 years of age. 


Gauss displayed incredible genius at an early age. Relay the story of how Gauss found his father’s accounting error at only 


At what age did Gauss find a shortcut for summing the integers from 1 to 100? 
Gauss’s motto was “Few, but ripe.” In your own words, explain the meaning of this motto. 
In 1798, Gauss showed that it is possible to construct a regular 17-gon by ruler and compass. This was the first major 


advance in the area of regular polygons in approximately 2000 years. What is a regular 17-gon? 


Gauss earned his doctorate in 1799 with a proof of what major mathematical theorem? 
Gauss gained notoriety in the field of astronomy by accurately predicting the orbit of the newly discovered asteroid Ceres 


by inventing the method of least squares. Describe the method of least squares. 


Describe the circumstances that led to Gauss’s death. 


In 1821, Gauss built the first heliotrope. What is a heliotrope? 


CHAPTER 


Factoring and 
Quadratic Equations 


6.1 An Introduction to 
Factoring; the Greatest 
Common Factor; 
Factoring by Grouping are real numbers and a # O. To solve a quadratic equation, we will attempt to 

6.2 Factoring Trinomials 
of the Form x? + bx + ¢ 


In this chapter, we will begin to learn how to solve quadratic equations. A 
quadratic equation is an equation of the form ax? + bx + c = 0, where a, b, and c 


rewrite the quadratic expression ax? + bx + c as a product of two expressions. 


6.3 Factoring Trinomials of In other words, we will factor the quadratic expression. The first five sections of 
the Form ax? + bx + ¢, : ; ; 
Wineries this chapter focus on factoring techniques. 

6.4 Factoring Special Once we have learned how to factor polynomials, we will learn how to solve 
Binomials quadratic equations and to apply quadratic equations to real-world problems. We 


6.5 Factoring Polynomials: 
A General Strategy 

6.6 Solving Quadratic ax’ + bx + c, where a # 0. 
Equations by Factoring 

6.7 Quadratic Functions 

6.8 Applications of 

Quadratic Equations and 
Quadratic Functions 
Chapter 6 Summary 


also will examine quadratic functions, which are functions of the form f(x) = 


STUDY STRATEGY 


Overcoming Math Anxiety In this chapter, we will focus on how to over- 
come math anxiety, a condition that many students share. Math anxiety can 
prevent a student from learning mathematics, and it can seriously impact a 
student’s performance on quizzes and exams. 


OBJECTIVES 


1 Find the greatest common factor (GCF) of two or more integers. 
2. Find the GCF of two or more variable terms. 

@ Factor the GCF out of each term of a polynomial. 

‘4 Factor a common binomial factor out of a polynomial. 

® Factor a polynomial by grouping. 


In the previous chapter, we learned about polynomials; in this section, we will begin 
to learn how to factor a polynomial. A polynomial has been factored when it is rep- 
resented as the product of two or more polynomials. Being able to factor polynomi- 
als will help us solve quadratic equations such as x* — 11x + 30 = 0, as well as 
x? + 3x — 10 


simplify rational expressions such as , 
vee . x — 9x4 14 
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Greatest Common Factor 


Objective 1 Find the greatest common factor (GCF) of two or more 
integers. Before we begin to learn how to factor polynomials, we will go over the 
procedure for finding the greatest common factor (GCF) of two or more integers. 
The GCF of two or more integers is the largest whole number that is a factor of 
each integer. 


Finding the GCF of Two or More Integers 


Find the prime factorization of each integer. 
Write the prime factors that are common to each integer; the GCF is the prod- 
uct of these prime factors. 


Find the GCF of 30 and 42. 


SOLUTION The prime factorization of 30 is 2+ 3-5, and the prime factorization of 
42 is 2+3-7. (For a refresher on finding the prime factorization of a number, refer 
back to Section 1.3.) The prime factors they have in common are 2 and 3; so the 
GCF is 2-3, or 6. (This means that 6 is the greatest number that divides evenly into 


Quick Check 1 both 30 and 42.) 


Find the GCF of 16 
and 20. Find the GCF of 108, 504, and 720. 
SOLUTION Begin with the prime factorizations. 

108 = 27-33 504 = 27+3?-7 720 = 2*+3*+5 


The only primes that are factors of all three numbers are 2 and 3. The smallest 
power of 2 that is a factor of any of the three numbers is 2”, and the smallest power 


Quick Check 2 of 3 that is a factor is 3”. The GCF is 27+ 3”, or 36. 


Find the GCF of 48, 120, 
and 156. Note that if two or more integers do not have any common prime factors, their GCF 


is 1. For example, the GCF of 8, 12, and 15 is 1 because no prime numbers are fac- 
tors of all three numbers. 


Objective 2 Find the GCF of two or more variable terms. We also can find 
the GCF of two or more variable terms. For a variable factor to be included in the 
GCF, it must be a factor of each term. As with prime factors, the exponent for a vari- 
able factor used in the GCF is the smallest exponent that can be found for that vari- 
able in any one term. 


Find the GCF of 6x? and 15x’. 


SOLUTION The GCF of the two coefficients is 3. The variable x is a factor of each 
term, and its smallest exponent is 2. The GCF of these two terms is 3x’. 

Quick Check 3 
Find the GCF. 


a) 12x° and 28x° 


b) x sy4z?, xo y2z10 Arla 


Find the GCF of a°b*c?,_ a’b*, a®b’c?, and a®b®c’. 


SOLUTION Only the variables a and b are factors of all of the terms. (The vari- 
able c is not a factor of the second term.) The smallest power of a in any one term 
is 3, which is the case for the variable b as well. The GCF is a*b*. 
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Factoring Out the Greatest Common Factor 


Objective 3 Factor the GCF out of each term of a polynomial. The first 
step for factoring a polynomial is to factor out the GCF of all of the terms. This 
process uses the distributive property, and you may think of it as “undistributing” 
the GCF from each term. Consider the polynomial 4x? + 8x + 20. The GCF of 
these three terms is 4, and the polynomial can be rewritten as the product 
4(x*? + 2x + 5). Notice that the GCF has been factored out of each term and that 
the polynomial inside the parentheses is the polynomial we would multiply by 4 to 
equal 4x” + 8x + 20. 


A(x? + 2x +5) = 4+x? + 4-2x + 4-5 Distribute. 
= 4x? + 8x + 20 Multiply. 


Factor 5x° — 30x” + 10x by factoring out the GCF. 


SOLUTION Begin by finding the GCF, which is 5x. The next task is to fill in the 
missing terms of the polynomial inside the parentheses so that the product of 5x 
and that polynomial is 5x* — 30x” + 10x. 


5x(? — ? + 2) 
To find the missing terms, we can divide each term of the original polynomial by 5x. 
5x? — 30x? + 10x = S5x(x* — 6x + 2) 


We can check the answer by multiplying 5x(x? — 6x + 2), which should equal 
5x? — 30x? + 10x. The check is left to the reader. 


Quick Check 4 
Factor 6x* — 42x* — 90x? by factoring out the GCF. 


Factor 6x° + 8x* + 2x? by factoring out the GCF. 


SOLUTION The GCF for these three terms is 2x*. Notice that this is also the third 
term. 


6x° + 8x4 + 2x3 = 2x3(3x3 + 4x +1) Factor out the GCF. 


When a term in a polynomial is the GCF of the polynomial, factoring out the GCF 
leaves a 1 in that term’s place. Why? Because we need to determine what we mul- 
tiply 2x* by to equal 2x7, and 2x7-1 = 2x°. 


Quick Check 5 
Factor 15x’ — 30x° + 3x‘ by factoring out the GCF. 


A WORD OF CAUTION When factoring out the GCF from a polynomial, be sure to write a 
1 in the place of a term that was the GCF. 


Objective 4 Factor a common binomial factor out of a polynomial. Occ- 
asionally, the GCF of two terms will be a binomial or some other polynomial with 
more than one term. Consider the expression 8x(x — 5) + 3(x — 5), which con- 
tains the two terms 8x(x — 5) and 3(x — 5). Each term has the binomial x — 5 asa 
factor. This common factor can be factored out of this expression. 
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Quick Check 6 


Factor by factoring out the 
GCF. 


Factor x(x + 3) + 7(x + 3) by factoring out the GCF. 


SOLUTION The binomial x + 3 is acommon factor for these two terms. Begin by 
factoring out this common factor. 


= (x + 3)(? + 2) 


After factoring out x + 3, what factors remain in the first term? The only factor 
that remains is x. Using the same method, we see that the only factor remaining in 
the second term is 7. 


x(x + 3) + 7(x + 3) = (x + 3)(x +7) 


Factor 9x(2x + 3) — 8(2x + 3) by factoring out the GCF. 


SOLUTION The GCF of these two terms is 2x + 3, which can be factored out as 
follows: 


9x(2x + 3) — 8(2x + 3) = (2x + 3)(9x — 8) Factor out the common 
factor 2% + 3. 


Notice that the second term was negative, which led to 9x — 8, rather than 9x + 8, 
as the other factor. 


Again, factoring out the GCF will be the first step in factoring a polynomial. Often 
this will make the factoring easier, and sometimes the expression cannot be fac- 
tored without factoring out the GCF. 


Factoring by Grouping 


Objective 5 Factor a polynomial by grouping. We now turn our attention 
to a factoring technique known as factoring by grouping. Consider the polynomial 
3x° + 33x? + 7x + 77. The GCF for the four terms is 1, so we cannot factor the 
polynomial by factoring out the GCF. However, the first pair of terms has a com- 
mon factor of 3x* and the second pair of terms has a common factor of 7. If we fac- 
tor 3x? out of the first two terms and 7 out of the last two terms, we produce the 
following: 


3x*(x + 11) + 7(x + 11) 


Notice that the two resulting terms have a common factor of x + 11. This common 
binomial factor can then be factored out. 


3x3 + 33x? + 7x +77 
= 3x7(x +11) + 7(x + 11) Factor 3x? from the first two terms and 
7 from the last two terms. 
= (x + 11)(3x? + 7) Factor out the common binomial 
factor x + 11. 


Factoring a Polynomial with Four Terms by Grouping 


Factor a common factor out of the first two terms and another common fac- 
tor out of the last two terms. If the two “groups” share a common binomial 
factor, this binomial can be factored out to complete the factoring of the 
polynomial. 
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If the two “groups” do not share a common binomial factor, we can try rearranging 


the terms of the polynomial in a different order. If we cannot find two “groups” that 
share a common factor, the polynomial cannot be factored by this method. 


Factor 5x* — 30x” + 4x — 24 by grouping. 


SOLUTION | First, check for a factor that is common to each of the four terms. 
Because there is no common factor other than 1, proceed to factoring by grouping. 


5x? — 30x? + 4x — 24 = 5x*(x — 6) + 4x — 24 Factor 5x’ out of the first 


two terms. 

= 5x*(x — 6) + 4(x — 6) Factor 4 out of the last 
two terms. 

= (x — 6)(5x? + 4) Factor out the common 


factor x — 6. 


As was the case earlier, we can check our factoring by multiplying the two factors. 


Quick Check 7 The check is left to the reader. 


Factor x? + 4x? + 7x + 28 by 
ee Factor 8x” + 32x — 7x — 28 by grouping. 

SOLUTION Because the four terms have no common factors other than 1, we fac- 
tor by grouping. After factoring 8x out of the first two terms, we must factor a 
negative 7 out of the last two terms. If we factored a positive 7 rather than a nega- 
tive 7 out of the last two terms, the two binomial factors would be different. 


8x? + 32x — 7x — 28 = 8x(x + 4) — 7(x + 4) Factor the common factor 
8x out of the first two terms 
and the common factor —7 
out of the last two terms. 


= (x + 4)(8x — 7) Factor out the common factor 
x + 4, 


When the third of the four terms is negative, a negative common factor often needs 


Quick Check 8 to be factored from the last two terms. 


Factor 2, — 10, — 9% 4 by 


grouping. A WORD OF CAUTION Factoring a negative common factor from two terms when factor- 
ing by grouping is often necessary. 


Factor 10x? + 50x? + x + 5 by grouping. 


SOLUTION Again, the four terms have no common factor other than 1,so we may 
proceed to factor this polynomial by grouping. Notice that the last two terms have 
no common factor other than 1. When this is the case, we factor out the common 
factor of 1 from the two terms. 


10x37 + 50x? + x + 5 = 10x*(x + 5) + 1(x +5) Factor the common factors 
of 10x? and 1 from the first 
two terms and the last 
two terms, respectively. 


= (x + 5)(10x? + 1) Factor out the common 


Quick Check 9 factor x + 5. 


Factor 4x° — 36x* + x — 9 by 


: In the next example, the four terms have a common factor other than 1. We will fac- 
grouping. 


tor out the GCF from the polynomial before attempting to use factoring by grouping. 
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Factor 2x* — 6x” — 20x + 60 completely. 


SOLUTION The four terms share a common factor of 2, and we will factor this out 
before proceeding with factoring by grouping. 


2x? — 6x* — 20x + 60 = 2(x? — 3x” — 10x + 30) Factor out the common 
factor 2. 


= 2[x?(x — 3) — 10(x — 3)] Factor out the common 
factor x? from the first 
two terms. Factor out the 
common factor —10 from 
the last two terms. 


= 2(x — 3)(x? - 10) Factor out the common 
factor x = 3: 


If we had not factored out the common factor 2 before factoring this polyno- 
mial by grouping, we would have factored 2x* — 6x* — 20x + 60 to be 
(x — 3)(2x? — 20). If we stop here, we have not factored this polynomial com- 


Quick Check 10 pletely because 2x? — 20 has a common factor of 2. 


Factor 3x? + 24x — 12x — 96 


by grouping. Occasionally, despite our best efforts, a polynomial cannot be factored. Here is an 
example of just such a polynomial. Consider the polynomial x? — 5x + 3x + 15. 
The first two terms have a common factor of x, and the last two terms have a com- 
mon factor of 3. 


x? — 5x + 3x +15 = x(x — 5) + 3(x + 5) 


Because the two binomials are not the same, we cannot factor a common factor out 
of the two terms. Reordering the terms —5x and 3x leads to the same problem. The 
polynomial cannot be factored. 

There are instances when factoring by grouping fails, yet the polynomial can be 
factored by other techniques. For example, the polynomial x? + 2x? — 7x — 24 
cannot be factored by grouping. However, it can be shown that x? + 2x? — 7x — 24 
is equal to (x — 3)(x* + 5x + 8). 


BUILDING YOUR STUDY STRATEGY 


Overcoming Math Anxiety, 1 Understanding Math Anxiety If you have 
been avoiding taking a math class, if you panic when asked a mathematical 
question, or if you think you cannot learn mathematics, you may have a condi- 
tion known as math anxiety. Like many other anxiety-related conditions, math 
anxiety may be traced back to an event that first triggered the negative feelings. 
If you are going to overcome your anxiety, the first step is to understand the 
cause of your anxiety. 

Were you ridiculed as a child when you couldn’t solve a math problem? Were 
you expected to be a mathematical genius like a parent or an older sibling but 
were not able to measure up? One negative event can trigger math anxiety, and 
the journey to overcome math anxiety can begin with a single success. If you are 
able to complete a homework assignment or show improvement on a quiz or an 
exam, celebrate your success. Let this be your vindication and consider your 
slate to have been wiped clean. 


Vocabulary 
i 


. The 


A polynomial has been when it is 
represented as the product of two or more 
polynomials. 


a of tw OF 
more integers is the largest whole number that is a 
factor of each integer. 


. The exponent for a variable factor used in the GCF 


is the exponent that can be found for 
that variable in any one term. 


. The process of factoring a polynomial by first break- 


ing the polynomial into two sets of terms is called 
factoring by 


Find the GCF. 
5. 6,8 6. 15, 21 
7. 30,42 8. 5,50 
9. 16, 40, 60 10. 8,24, 27 
i. x, x" ayy 
13. a’b?, arb” 14. a’b*c*, abe’, a*b*c? 
15. 4x*, 6x° 16. 27x°, 24x!" 
17. 15a°b’c, 25a’c*, 5a*bc? 


« 30x yz, 12x® ye, 24y"z 


Factor the GCF out of the given expression. 


19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 


32. 
33. 
34. 
35. 


7x — 14 

3a + 12 

5x* + 4x 

9x? — 20x 

8x? + 20x 

11x? = 33%" 

60x? + 36x + 6 
15x” — 9x — 3 

20x° — 35x* — 50x7 

36x° — 9x4 — 45x? 

mn — nent + mn 
a’b® + ab® — ab’ 
10x°y° — 30x7y* + 80x7y"? 


6 


20x°y? — 16xy? + 24x3y3 
—8x3 + 12x? — 16x 
—18a° — 30a? + 24a’ 
5x(2x — 7) + 8(2x — 7) 
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———— Pp 
WATCH DOWNLOAD READ REVIEW 


. Ox(x — 8 
. 5x(4x + 7) — 
. 3x(7x — 2) + (7x — 2) 


x(4x +3) + 


) 4x + 3) 
x(3x — 4) — 
i= 


4( 

9(3x — 4) 
5(x — 8) 
( 
( 


4x + 7) 


Factor by grouping. 


41. 


> + 10x + 3x + 30 
2 — 7x + 5x — 35 
3 — Ox? + 6x — 54 
34+ 4x? + 11x + 44 
2 _ 5x — 12x + 60 
24+ 3x — 9x — 27 


. 3x7 + 15x + 4x + 20 
. 4x? — 24x + Tx — 42 
. 7x? + 28x — 6x — 24 
. 5x? — 25x — 12x + 60 
. 3x7 + 21x 
. 4x? — 48x 
2x7 — 10x —x 4 5 

~ 9x7 — 8lx -—x +9 
.x° + 8x? + 6x + 48 

. 2x* — 12x7 + 5x — 30 
~ 4x9 + 12x + 3x? +9 
. 7x2 + 49x + 4x? + 28 
. 2x7 + 10x + 6x + 30 
. 3x7 + 27x + 21x + 189 


x +7 


+ 
+x-— 12 


Find a polynomial that has the given factor. 


61. 
62. 
63. 
64. 


x= 95 
x+3 
2x +9 
3x — 4 


e===- Writing in Mathematics 


66. 


Answer in complete sentences. 


65. 


When you are factoring a polynomial, how do you 
check your work? 

Explain why it is necessary to factor a negative com- 
mon factor from the last two terms of the polynomial 
x? — 5x? — 7x + 35 to factor it by grouping. 
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Section 6.1 
Multiply. 
1. (x + 7)(x + 4) 
2. (x — 9)(x — 11) 


OBJECTIVES 


Factor a trinomial of the form x? + bx + c when cis positive. 
® Factor a trinomial of the form x” + bx + c when cis negative. 
3 Factor a perfect square trinomial. 

4 Determine that a trinomial is prime. 

® Factor a trinomial by first factoring out a common factor. 

‘6 Factor a trinomial in several variables. 


In this section, we will learn how to factor trinomials of degree 2 with a leading co- 
efficient of 1. Some examples of this type of polynomial are x* + 12x + 32, 
x? — 9x + 14, x7 + 8x — 20, and x* — x — 12. 


Factoring Trinomials of the Form x? + bx + c 


If x’ + bx + c, where b and c are integers, is factorable, it can be factored as 
the product of two binomials of the form (x + m)(x + n), where m and n are 
integers. 


We will begin by multiplying two binomials of the form (x + m)(x + n) and using 
the result to help us learn to factor trinomials of the form x* + bx + c. 
Multiply the two binomials x + 4 and x + 8. 


(x + 4)(x + 8) = x? + 8x + 4x + 32 Distribute. 
= x7 + 12x + 32 Combine like terms. 


The two binomials have a product that is a trinomial of the form x* + bx + c with 
b = 12 andc = 32. Notice that the two numbers 4 and 8 have a product of 32 and a 
sum of 12;in other words, their product is equal to c and their sum is equal to b. 
4-8 = 32 
4+8=12 
We will use this pattern to help us factor trinomials of the form x* + bx + c. We 


will look for two integers m and n with a product equal to c and a sum equal to b. If 
we can find two such integers, the trinomial will factor as (x + m)(x + n). 


Factoring x? + bx + c When cls Positive 


Objective 1 Factor a trinomial of the form x? + bx + cwhen cis positive. 


Quick Check 1 
Factor. 


a) x7 + 7x + 10 
b) x? — 11x + 30 
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Factor x7 + 9x + 18. 


SOLUTION. We begin, as always, by looking for common factors. The terms in this 
trinomial have no common factors other than 1. We are looking for two integers m 
and n whose product is 18 and whose sum is 9. Here are the factors of 18. 


Factors 1-18 2:9 3-6 
Sum 19 11 9 


The pair of factors that have a sum of 9 are 3 and 6. The trinomial x* + 9x + 18 
factors to be (x + 3)(x + 6). Be aware that this also can be written as 
(x + 6)(x + 3). 

We can check our work by multiplying x + 3 by x + 6. If the product equals 
x? + 9x + 18, we have factored correctly. The check is left to the reader. 


Factor x? — 11x + 24. 


SOLUTION The major difference between this trinomial and the previous one is 
that the x term has a negative coefficient. We are looking for two integers m and n 
whose product is 24 and whose sum is —11. Because the product of these two inte- 
gers is positive, they must have the same sign. The sum of these two integers is neg- 
ative, so each integer must be negative. Here are the negative factors of 24. 


Factors (—1)(-24) (—2)(—12) (-3)(-8) (—4)(-6) 
Sum —25 -14 ait —10 


The pair that has a sum of —11 is —3 and —8. x” — 11x + 24 = (x — 3)(x — 8). 


From the previous examples, we see that when the constant term c is positive, such 
as in x? + 9x + 18 and x” — 11x + 24, the two numbers we are looking for (m and n) 
will have the same sign. Both numbers will be positive if b is positive, and both num- 
bers will be negative if b is negative. 


Factoring x? + bx + c When c Is Negative 


Objective 2 Factor a trinomial of the form x? + bx + cwhen cis negative. 
If the product of two numbers is negative, one of the numbers must be negative and 
the other number must be positive. So if the constant term c is negative, 
mand n must have opposite signs. 


Factor x? + 8x — 33. 


SOLUTION These three terms do not have any common factors, so we look for 
two integers m and n with a product of —33 and a sum of 8. Because the product is 
negative, we are looking for one negative number and one positive number. Here 
are the factors of —33, along with their sums. 


Factors —1-°33 —3-11 -11:°3 —33°-1 


The pair of integers we are looking for are —3 and 11. x* + 8x — 33= 
(x — 3)(x + 11). 


304 CHAPTER 6 Factoring and Quadratic Equations 


Factor x? — 3x — 40. 


SOLUTION Because there are no common factors to factor out, we are looking 
for two integers m and n that have a product of —40 and a sum of —3. Here are the 
factors of —40. 


Quick Check 2 The integers m and n are —8 and 5. x* — 3x — 40 = (x — 8)(x + 5). 


Factor. 
a) x? + 9x — 36 It is not necessary to list each set of factors as in the previous examples. We can 
[ee often find the two integers m and n quickly through trial and error. 


Factor. 
a) x? — 10x — 24 
SOLUTION The two integers whose product is —24 and sum is —10 are —12 and 2. 


x? — 10x — 24 = (x — 12)(x + 2) 


b) x7 + 10x + 24 


SOLUTION _ This example is similar to the last example, but we are looking for two 
integers that have a product of positive 24 instead of —24. Also, the sum of these 
two integers is 10 instead of —10. The two integers whose product is 24 and whose 
sum is 10 are 4 and 6. 


2 = 
Quick Check 3 x” + 10x + 24 = (x + 4)(x + 6) 


Factor. c) x7 + 10x — 24 


a) x7 + 5x —6 
b) x7 + 5x +6 
ce) x — 5x +6 
d) x? — 5x -6 


SOLUTION The two integers that have a product of —24 and a sum of 10 are —2 
and 12. 


x? + 10x — 24 = (x — 2)(x + 12) 
d) x? — 10x + 24 


SOLUTION The integers —4 and —6 have a product of 24 and a sum of —10. 


x? — 10x + 24 = (x — 4)(x — 6) 


Factoring a Perfect Square Trinomial 


Objective 3 Factor a perfect square trinomial. 


Factor x7 — 6x + 9. 


SOLUTION We begin by looking for two integers that have a product of 9 anda 
sum of —6. Because the product of —3 and —3 is 9 and their sum is —6, 
x’ — 6x + 9 = (x — 3)(x — 3). Notice that the same factor is listed twice. We can 
Quick Check 4 rewrite this as (x — 3)’. 
Factor x? + 10x + 25. 


When a trinomial factors to equal the square of a binomial, we call it a perfect 


square trinomial. 


Quick Check 5 
Factor x? + 9x — 20. 


Quick Check 6 
Factor 5x? + 40x + 60. 


Quick Check 7 
Factor —x? + 14x — 48. 
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Trinomials That Are Prime 


Objective 4 Determine that a trinomial is prime. Not every trinomial of the 
form x? + bx + ccan be factored. For example, there may not be a pair of integers 
that have a product of c and a sum of D. In this case, we say that the trinomial can- 
not be factored; it is prime. For example, x” + 9x + 12 is prime because we cannot 
find two numbers with a product of 12 and a sum of 9. 


Factor x? + 11x — 18. 


SOLUTION As there are no common factors to factor out, we are looking for two 
integers m and n that have a product of —18 and a sum of 11. Here are the factors 
of —18. 


No two integers have a product of —18 and a sum of 11, so the trinomial 
x? + 11x — 18 is prime. 


Factoring a Trinomial Whose Terms 
Have a Common Factor 


Objective 5 Factor a trinomial by first factoring out a common factor. 
We now turn our attention to factoring trinomials whose terms contain common 
factors other than 1. After we factor out a common factor, we will attempt to factor 
the remaining polynomial factor. 


Factor 4x? + 48x + 80. 
SOLUTION The GCF of these three terms is 4. 


A WORD OF CAUTION When factoring a polynomial, begin by factoring out the GCF of 
all of the terms. 


After factoring out the GCF, we have 4(x* + 12x + 20). We now try to factor the 
trinomial x? + 12x + 20 by finding two integers that have a product of 20 and a 
sum of 12. The integers that satisfy these conditions are 2 and 10. 


Ax? + 48x + 80 = 4(x? + 12x + 20) Factor out the GCF 4. 
= 4(x + 2)(x +10) Factor x? + 12x + 20. 


A WORD OF CAUTION When a common factor is factored out of a polynomial, that common 
factor must be written in all following stages of factoring. Do not “lose” the common factor! 


Factor —x? — 7x + 60. 


SOLUTION The leading coefficient for this trinomial is —1, but to factor the trino- 
mial using our technique, the leading coefficient must be a positive 1. We begin by 
factoring out a —1 from each term, which will change the sign of each term. 


—x* — 7x + 60 = —(x? + 7x — 60) Factor out —1 so that the leading 
coefficient is 1. 
= —(x — 5)(x +12) Factor x* + 7x — 60 by finding 
two integers whose product is —60 
and whose sum is 7. 
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If a trinomial’s leading coefficient is not 1 or if the degree of the trinomial is not 2, 
we should factor out a common factor so that the trinomial factor is of the form 
x’ + bx + c. At this point in the text, this is the only type of trinomial we know how 
to factor. We will learn techniques to factor other trinomials in the next section. 


Factoring Trinomials in Several Variables 


Objective 6 Factor a trinomial in several variables. Trinomials in several 
variables also can be factored. In the next example, we will explore the similarities 
and differences between factoring trinomials in two variables and trinomials in one 
variable. 


Factor x” + 13xy + 36y’. 


SOLUTION These three terms have no common factors, and the leading coeffi- 
cient is 1. Suppose the variable y were not included; in other words, suppose we 
were asked to factor x” + 13x + 36. After looking for two integers whose product 
is 36 and whose sum is 13, we would see that x? + 13x + 36 = (x + 4)(x + 9). 
Now we can examine the changes that are necessary because of the second vari- 
able y. Note that 4:9 = 36, not 36y*. However, 4y-9y does equal 36y and 


Quick Check 8 x-9y + x+4y does equal 13xy. This trinomial factors to be (x + 4y)(x + 9y). 


Factor x? — 4xy — 32y’. 
We can factor a trinomial in two or more variables by ignoring all of the variables 
except the first variable. After determining how the trinomial factors for the first 
variable, we can determine where the rest of the variables appear in the factored 
form of the trinomial. We can check that our factoring is correct by multiplying, 
making sure the product is equal to the trinomial. 


Factor p’r? — 9pr — 10. 


SOLUTION | If the variable r did not appear in the trinomial and we were factoring 
p’ — 9p — 10, we would look for two integers that have a product of —10 and a 
sum of -—9. The two integers are -—10 and 1, so the polynomial 
p’ — 9p — 10 = (p — 10)(p + 1). Now we work on the variable r. Because the 
first term in the trinomial is p’r’, the first term in each binomial must be pr. 


pr 9pr — 10 = (pr — 10)(pr + 1). 


Quick Check 9 
Factor x*y? + 10xy — 24. 


BUILDING YOUR STUDY STRATEGY 


Overcoming Math Anxiety, 2 Mathematical Autobiography One effective 
tool for understanding your past difficulties in mathematics and how they hin- 
der your ability to learn mathematics today is to write a mathematical autobi- 
ography. Write down your successes and failures as well as the reasons you 


think you succeeded or failed. Go back to your mathematical past as far as you 
can remember. Write down how friends, relatives, and teachers affected you. 

Let your autobiography sit for a few days and then read it over. Read it on 
an analytical level as if another person had written it, detaching yourself from 
it personally. Look for patterns, think about strategies to reverse the bad pat- 
terns, and continue any good patterns you can find. 


Vocabulary 


1. 


Factor completely. If the polynomial cannot be factored, 


A polynomial of the form x* + bx + cis a second- 
degree trinomial with a(n) 


. A(n) 


. A polynomial is 


. Before attempting to factor a second-degree 
trinomial, it is wise to factor out any 


=) «xm BF, GG 
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P. 
J 


MyMathLab\) 


trinomial is a trinomial whose 
two binomial factors are identical. 


if it cannot be factored. 


write prime. 


ct. Ot. i. Oi. Oi. i. i. On. Or. i i. Oh OO OO, a On Oe oer 


N 


— 8x — 20 
—2x—-15 
+ 5x — 36 
— 10x — 39 
+ 12x + 24 
— 12x + 36 
+ 14x + 48 
+ 14x — 33 
+ 13x — 30 
— 13x + 30 
— 5x + 36 
— 15x + 54 
— 17x — 60 
— 17x + 60 
+ 11x — 12 
+ 15x + 56 
+ 14x + 49 
—4x—- 12 
+ 20x + 91 
+ 14x + 13 
— 24x + 144 
+ 5x —- 14 
— 13x + 40 
— 5x — 24 
— 13x — 30 
+ 18x + 81 
— 9x + 20 
— 11x — 28 
* — 16x + 60 


N 


N 


nN 


N 


N 


N 


NO 


N 


N 


N 


N 


nN 


N 


No 


N 


N 


N 


N 


nN 


N 


nN 


No 


N 


N 


N 


nN 


nN 


. x? + 16x + 48 


PRACTICE 


35. 
36. 


WATCH DOWNLOAD 


6x? — 54x + 120 
Ax? — 28x — 72 


. 5x”? + 35x — 150 

. 9x? + 126x + 432 

. —x’ + 3x + 70 

. —x? + 8x — 15 

x9 + 8x? + 16x 

~ —xt + x9 + 30x? 

. —3x° — 6x4 + 240x3 
. 2x3 — 42x? + 196x 

. 10x° + 20x’ = 990x* 
io aaa = Oe? ee 5 
2x? + xy — 42y’ 

. 3x? — 36xy — 84y? 

. x? — Sxy — 36y* 

. x? — xy — 30y* 

. x’y? + 17xy + 72 

. x’y? — Oxy + 8 

. 5x° + 50x4y + 105x7y* 
. x’y? + 11xy — 60 


Mixed Practice, 55—72 


Factor completely using the appropriate technique. 
If the polynomial cannot be factored, write prime. 


55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 
65. 
66. 
67. 
68. 
69. 
70. 
71. 
72. 


x*++ 9x3 + 5x + 45 
x? — 26x + 169 
x7 + x + 30 
x? — 17x + 42 
x? + 22x + 40 
x? + 10x 

x? + 40x + 400 

x? + 4x — 60 

4x* + 8x — 96 

x? + 16x + 15 

xt = 15x3 

x? + 2x — 120 

x? — 16x + 63 

x? — 7x — 78 

x? + 10x — 25 

x? — 12x? — 6x + 72 
x? — 21x — 100 

—x? + 17x — 60 


REVIEW 
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Find the missing value such that the given binomial is a 75.x7 + 11x -—2,x-4 
factor of the given polynomial. 0 os ee ee, 
73. x7 + 10x +?,x +2 
74. x7 —- 16x +2,x —7 


Section 6.2 


Multiply. 3 
1. (2x + 5)(x + 4) 4, (4x — 3)(2x + 9) 
2. (3x — 8)(2x — 7) 


OBJECTIVES 


@® Factor a trinomial of the form ax? + bx + c, where a ¥ 1, by grouping. 
2 Factor a trinomial of the form ax? + bx + c, where a ¥ 1, by trial and error. 


In this section, we continue to learn how to factor second-degree trinomials, focus- 
ing on trinomials with a leading coefficient that is not 1. Some examples of this type 
of trinomial are 2x? + 13x + 20, 8x? — 22x — 21, and3x* — 11x + 8. 

We will examine two methods for factoring this type of trinomial: factoring by 
grouping and factoring by trial and error. Your instructor may prefer one of these 
methods to the other or an altogether different method and may ask you to use one 
method only. However, if you are allowed to use either method, use the one with 
which you are most comfortable. 


Factoring by Grouping 


Objective ‘1 Factor a trinomial of the form ax? + bx + c where a # 1, 
by grouping. We begin with factoring by grouping. Consider the product 
(3x + 2)(2x + 5). 


(3x + 2)(2x + 5) = 6x? + 15x + 4x + 10 Distribute. 
= 6x7 + 19x + 10 Combine like terms. 


Because (3x + 2)(2x + 5) = 6x* + 19x + 10, we know that 6x”? + 19x + 10 can 
be factored as (3x + 2)(2x + 5). By rewriting the middle term 19x as 15x + 4x, 
we can factor by grouping. The important skill is being able to determine that 
15x + 4x is the correct way to rewrite 19x, instead of 16x + 3x, 9x + 10x, 
22x — 3x, or any other two terms whose sum is 19x. 


Factoring ax? + bx + c, Where a # 1, by Grouping 
1. Multiply a-c. 
2. Find two integers with a product of a-c anda sum of b. 


3. Rewrite the term bx as two terms, using the two integers found in Step 2. 


4. Factor the resulting polynomial by grouping. 


Quick Check 1 
Factor 3x? + 13x + 12 by 
grouping. 


Quick Check 2 


Factor 4x? — 25x + 36 by 
grouping. 
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To factor the polynomial 6x? + 19x + 10 by grouping, we begin by multiplying 
6-10, which equals 60. Next, look for two integers with a product of 60 and a sum 
of 19; those two integers are 15 and 4. We can then rewrite 19x as 15x + 4x. (These 
terms could be written in the opposite order and would still lead to the correct fac- 
toring.) We then factor the polynomial 6x? + 15x + 4x + 10 by grouping. 


6x? + 19x + 10 = 6x? + 15x + 4x + 10 Rewrite 19x as 15x + 4x. 
= 3x(2x + 5) + 2(2x + 5) Factor the common factor 3x 
from the first two terms and 
the common factor 2 from the 
last two terms. 
= (2x + 5)(3x + 2) Factor out the common factor 
2S ae Os 


Now we will examine several examples using this technique. 


Factor 2x” + 7x + 6 by grouping. 


SOLUTION We first check to see whether there are any common factors; in this case, 
there are not. We proceed with factoring by grouping. Because 2-6 = 12, we look for 
two integers with a product of 12 and a sum of 7, which is the coefficient of the mid- 
dle term. The integers 3 and 4 meet those criteria, so we rewrite 7x as 3x + 4x. 


2x7 + 7x + 6 = 2x? + 3x +4x +6 Find two integers with a product of 
12 and a sum of 7. Rewrite 7x as 
Bx a, 


x(2x + 3) + 2(2x + 3) Factor the common factor x from the 
first two terms and the common fac- 
tor 2 from the last two terms. 


(2x + 3)(x + 2) Factor out the common factor 
2H Bs 


We check that this factoring is correct by multiplying 2x + 3 by x + 2, which 
should equal 2x? + 7x + 6. The check is left to the reader. 


Factor 5x” — 7x + 2 by grouping. 


SOLUTION We begin by multiplying 5-2 as there are no common factors other 
than 1. We look for two integers with a product of 10 and a sum of —7. The inte- 
gers are —5 and —2, so we rewrite —7x as —5x — 2x and then factor by grouping. 


5x? — 7x +2 = 5x? - 5x -—-2x+2 Find two integers with a product of 10 
and asum of —7. Rewrite —7x as 
=o = 2a: 
= 5x(x — 1) — 2(x — 1) Factor the common factor 5x from the 
first two terms and the common factor 
—2 from the last two terms. 


= (x — 1)(Sx -— 2) Factor out the common factor x — 1. 


Factor 12x” + 11x — 15 by grouping. 


SOLUTION Because the terms have no common factor other than 1, we begin by 
multiplying 12(—15), which equals —180. We need to find two integers with a prod- 
uct of —180 and a sum of 11. We can start by listing the different factors of 180. Be- 
cause we know that one of the integers will be positive and one will be negative, 
we look for two factors in this list that have a difference of 11. 


1-180 2:90 3:60 4°45 5:36 6°30 9:20 10°18 12-15 
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Quick Check 3 


Factor 16x” — 38x + 21 by 
grouping. 


Notice that the pair 9 and 20 has a difference of 11. The two integers are —9 and 
20; their product is —180, and their sum is 11. We rewrite 11x as —9x + 20x and 
then factor by grouping. 


12x? + 11x — 15 = 12x? - 9x + 20x -—15 Find two integers with a product 
of —180 and a sum of 11. 
Rewrite 11x as —9x + 20x. 


= 3x(4x — 3) + 5(4x — 3) Factor the common factor 3x 
out of the first two terms and 
the common factor 5 out of the 
last two terms. 


= (4x — 3)(3x + 5) Factor out the common factor 
4x = 3. 


Factoring by Trial and Error 


Objective 2 Factor a trinomial of the form ax? + bx + c, where a # 1, 
by trial and error. We now turn our attention to the method of trial and error. 
We need to factor a trinomial ax” + bx + c into the following form: 


(Variable Term + Constant)(Variable Term + Constant) 


The product of the variable terms will be ax’, and the product of the constants will 
equal c. We will use these facts to get started by listing all of the factors of ax? and c. 

Consider the trinomial 2x? + 7x + 6, which has no common factors other than 1. 
We begin by listing all of the factors of 2x? and 6. 

Factors of 2x7: x:2x Factorsof6: 1°6, 2:3 

Because there is only one pair of factors with a product of 2x”, we know that if 
this trinomial is factorable, it will be of the form (2x + ?)(x + ?). We will substi- 
tute the different factors of 6 in all possible orders in place of the question marks, 
satisfying the following products: 


We will keep substituting factors of 6 until the middle term of the product of the 
two binomials is 7x. Rather than fully distributing for each trial, we need to look 
only at the two products shown in the following graphic: 


Po] 
(2x + ?)(x + ?) 
L_| 


When the sum of these two products is 7x, we have found the correct factors. 

We begin by using the factors 1 and 6, which leads to the binomial factors 
(2x + 1)(x + 6). Because the middle term for these factors is 13x, we have not found 
the correct factors. We then switch the positions of 1 and 6 and try again. However, 
when we multiply (2x + 6)(x + 1), the middle term equals 8x, not 7x. We need to try 
another pairing, so we try the other factors of 6, which are 2 and 3. When we multiply 
(2x + 3)(x + 2), the middle term is 7x, so these are the correct factors. 


4x 


Deane. 
(2x + 3)(x + 2) 
L_| 


ae 
Therefore, 2x? + 7x + 6 = (2x + 3)(x +2). 


Quick Check 4 


Factor 2x” + x — 28 by trial 
and error. 


Quick Check 5 


Factor 20x? + 17x — 24 by trial 
and error. 
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Factor 10x? + 13x — 3 by trial and error. 


SOLUTION There are no common factors other than 1, so we begin by listing the 
factors of 10x* and —3. 


Factors of 10x72: x:10x, 2x-5x 
Factors of —3: —1:3, —3:1 


We are looking for two factors that produce the middle term 13x when multi- 
plied. We will begin by using x and 10x for the variable terms and —1 and 3 for 
the constants. 


Factors Middle Term 
(Ge = (Glee se 3) =k 
(ee 3\(0x =) | 29x 


Neither of these middle terms is equal to 13x, so we have not found the correct fac- 
toring. Also, because neither middle term is the opposite of 13.x, switching the signs 
of the constants 1 and 3 will not lead to the correct factors either. So 
(x + 1)(10x — 3) and (x — 3)(10x + 1) are not correct. We switch to the pair 2x 
and 5x. 


Factors Middle Term 
(xe = i)\(Gre se 3) x 
CO iee =] 13x 


The second of these middle terms is the one we are looking for,so 10x” + 13x — 3 = 
(2x + 3)(5x — 1). 


Now we will try to factor another trinomial by trial and error using a trinomial with 
terms that have more factors. 


Factor 12x* + 11x — 15 by trial and error. 


SOLUTION Because there are no common factors to factor out, we begin by list- 
ing the factors of 12x? and —15. 


Factors of 12x?: x-12x, 2x-6x, 3x-°4x 
Factors of -15: —1:15, —-15-1, -—3-5, -—5-3 


At first glance, this may seem like it will take a while, but we can shorten the 
process. For example, we may skip over any pairings resulting in a binomial factor 
in which both terms have a common factor other than 1, such as 3x — 3. If the 
terms of a binomial factor had a common factor other than 1, the original polyno- 
mial also would have a common factor, but we know that 12x* + 11x — 15 does 
not have a common factor that can be factored out. 

If the pair of constants —1 and 15 does not produce the desired middle term and 
does not produce the opposite of the desired middle term, we do not need to use the 
pair of constants —15 and 1. Instead, we move on to the next pair of constants. Even- 
tually, through trial and error, we find that 12x” + 11x — 15 = (3x + 5)(4x — 3). 


A WORD OF CAUTION Tf a trinomial has a leading coefficient other than 1, be sure to 
check whether the three terms have a common factor. If there is a common factor, we 
may be able to factor a trinomial using the techniques from Section 6.2. 
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Factor 8x? + 40x + 48. 


SOLUTION The three terms have a common factor of 8. After we factor out this 
common factor, the trinomial factor will be x? + 5x + 6, which is a trinomial with 
a leading coefficient of 1. We look for two integers with a product of 6 and a sum 
of 5. Those two integers are 2 and 3. 


8x? + 40x + 48 = 8(x? + 5x +6) Factor out the common factor 8. 


= 8(x + 2)(x + 3) To factor x* + 5x + 6, we need to find 
two integers with a product of 6 and asum 
of 5. The two integers are 2 and 3. 


Quick Check 6 
Factor 9x7 + 27x — 162. 


Factoring out the common factor in the previous example makes factoring the trino- 
mial more manageable. If we were to try factoring by grouping without factoring out 
the common factor, we would begin by multiplying 8 by 48, which equals 384. We 
would look for two integers with a product of 384 and a sum of 40, which would 
be challenging. If we tried to factor by trial and error, we would find that 8x” has 
two pairs of factors (x°8x,2x-4x) but that 48 has several pairs of factors 
(1-48, 2-24,3+16, 4-12, 6-8). Factoring by trial and error would be tedious at best. 


BUILDING YOUR STUDY STRATEGY 


Overcoming Math Anxiety, 3 Test Anxiety Many students confuse test anxi- 
ety with math anxiety. If you believe you can learn mathematics and you under- 


stand the material but you freeze up when taking tests, you may have test 
anxiety, especially if this is true in your other classes. Many colleges offer semi- 
nars or short-term classes about how to reduce test anxiety. Ask your counselor 
whether such a course would be appropriate for you. 


many =| |) G| | e 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary 13. 12x? = 25x + 12 


2 = 
1. A second-degree trinomial with a leading Beige = ee 


coefficient not equal to 1 can be written in the form 15. 2x? + 13x +7 
: 16. 18x? + 93x — 16 
2. The two techniques for factoring trinomials of the Waa +e 10 
form ax’ + bx + c,where a # 1, are called 18. 4x2 + 18x — 15 
———— 19. 12x? + 11x — 56 
20. 24x + 55x — 24 
Factor completely. 1. 16x2 — 24x +9 
3. 5x7 + 16x +3 22. 16x + 66x — 27 
4, 3x7 + 16x +5 23. 15x? — 24x — 12 
5. 4x7 + 24x + 35 24, 15x* + 32x — 60 
6. 4x7 + 4x -— 3 25. 16x? + 24x — 40 
7. 6x? — 19x + 10 26. 15x + 45x — 150 
8. 9x? + 3x — 20 27. 16x* — 64x + 64 
9. 14x? + 15x — 9 28. 40x — 100x — 60 
10. 8x? — 34x + 21 29, 15x? — 25x — 560 
11, 12x? + 8x — 15 30. —12x” — 36x + 120 


12. 12x* + 28x —5 


Mixed Practice, 31-66 


Factor completely using the appropriate technique. If the 


polynomial cannot be factored, write prime. 


31. x? + 14x + 13 
32. x7 — 10x — 11 
33. 18x — 9 

34, 3x? + 33x + 48 
35. 2x? — 7x + 6 
36. x’ + 30x + 225 
37. 3x7 + 2x -4 
38. 32x” — 20x — 25 


39. x — 6x4 
40. x? — 8x — 48 
41. 6x” — 48x 


42. x* + 15x + 60 

43. —x° —4x +77 

44, 2x? — 3x — 54 

45. 4x” — 7x — 10 

46. 3x” — 25x — 18 

47, x° — Tx? + 4x? — 28 
48. 45x + 30x” — 75x — 50 
49, x° + 6x? — 15x — 90 
50. x? + 25x + 156 

51. x’ — 24x + 144 

52. x7 -3x+2 

53. 9x — 45x — 54 


Section 6.3 

Multiply. 
1. (x + 8)(x — 8) 
2. (4x + 3)(4x — 3) 


OBJECTIVES 


1 Factor a difference of squares. 
@ Factor a difference of cubes. 


54. 
55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 
65. 
66. 


6.4 Factoring Special Binomials 


3x? — 30x? — 7x + 70 
—5x* + 28x + 12 
x? — 6x — 5 

2x* — 15x — 27 
x? + 8x + 16 

x? + 12x — 45 
3x° + 6x4 

—3x* — 12x + 96 
x? — 17x + 60 
15x? + 16x — 15 
18x? + 51x +8 
2x7 + 9x +4 

x? — 7x — 44 


== Writing in Mathematics 


Answer in complete sentences. 
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67. Compare the two factoring methods for trinomials of 
the form ax? + bx + c, where a ¥ 1: factoring by 
grouping and factoring by trial and error. Which method 


do you prefer? Explain your reasoning. 


68. Explain why it is a good idea to factor out a common 
factor from a trinomial of the form ax? + bx + c be- 


binomials 3 Factor a sum of cubes. 


fore trying other factoring techniques. 


3. (x + 8)(x” — 8x + 64) 
4. 


(2x — 5)(4x2 + 10x + 25) 


Difference of Squares 


Objective 1 Factor a difference of squares. Recall the special product 
(a + b)(a — b) = a — Bb’ from Section 5.4. The binomial a” — b’ is a difference of 
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squares. Based on this special product, a difference of squares factors in the follow- 
ing manner: 


Difference of Squares 
| a’ — b* = (a + b)(a — b) | 


To identify a binomial as a difference of squares, we must verify that each term is a 
perfect square. Variable factors must have exponents that are multiples of 2 such as 
x’, y*, and a°. Any constant also must be a perfect square. Here are the first ten per- 
fect squares. 


rei Ped Bas £16 FH 25 
6 = 36 7=49 8 =64 9 =81 10 = 100 


Factor x? — 49. 


SOLUTION This binomial is a difference of squares, as it can be rewritten as 


(x)? — (7). Rewriting the binomial in this form helps us use the formula 
a’ — b’ = (a + b)(a— D). 


x? — 49 = (x)? - (7) Rewrite each term as a square. 


= (x + 7)(x — 7) Factor using the formula for a difference of 
squares, a? — b* = (a + b)(a — b). 


We can check our work by multiplying x + 7 by x — 7, which should equal 


Quick Check 1 x* — 49. The check is left to the reader. 


Factor, = 25: 
Although we will continue to write each term as a perfect square, if you can factor a 
difference of squares without writing each term as a perfect square, do not think 
that you must rewrite each term as a perfect square before proceeding. 


Factor 64a! — 255+. 


SOLUTION | The first term of this binomial is a square, as 64 is a square and the ex- 
ponent for the variable factor a is even. The first term can be rewritten as (8a°)*. 
In a similar fashion, 25b* can be rewritten as (5b’)*. This binomial is a difference of 
squares. 


64a! — 25b* = (8a°)* — (5b*)* Rewrite each term as a square. 


Quick Check 2 = (8a° + 5b*)(8a° — 5b”) Factor as a difference of squares. 


Factor 81x” — 100y"*. 
This binomial 8x? — 81 is not a difference of squares because the coefficient of the 
first term (8) is not a square. Because there are no common factors other than 1, this 
binomial cannot be factored. 


Factor 3x? — 108. 


SOLUTION Although this binomial is not a difference of squares (3 and 108 are 
not squares), the common factor of 3 can be factored out. After we factor out the 
common factor 3, we have 3x” — 108 = 3(x? — 36). The binomial in parentheses 
is a difference of squares and can be factored accordingly. 


Guiek Gheeka 3x" — 108 7 . ‘ ‘_ a out ne ene 7 
ee Pa = 3[(x) (6)"] ewrite each term in the binomial factor 
as a square. 


= 3(x + 6)(x — 6) Factor asa difference of squares. 


Quick Check 4 
Factor x* — y*. 
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If a binomial is a sum of squares, it cannot be factored unless the two terms have a 
common factor. Some examples of a sum of squares are x* + 49, 4a” + 9b’, and 
64a'° + 25b*. 


Sum of Squares 
| A sum of squares, a? + b’, cannot be factored. | 


Occasionally, after you have factored a difference of squares, one or more of the 
factors may still be factorable. For example, consider the binomial x* — 81, which 
factors to be (x* + 9)(x* — 9). The first factor, x? + 9, is a sum of squares and can- 
not be factored. However, the second factor, x” — 9, is a difference of squares and 
can be factored further. 


Factor x* — 81 completely. 


SOLUTION This is a difference of squares, and we factor it accordingly. After we 
factor the binomial as a difference of squares, one of the binomial factors (x? — 9) 
is a difference of squares and must be factored as well. 


x* — 81 = (x)? — (9) Rewrite each term as a perfect square. 
= (x? + 9)(x? - 9) Factor as a difference of squares. 
= (x? + 9)[(x)? - (3)7] Rewrite each term in the binomial 


x’ — 9 as asquare. 


= (x* + 9)(x + 3)(x — 3) Factor x* — 9 asa difference of squares. 


A WORD OF CAUTION When factoring a difference of squares, check the binomial factor 
containing a difference to see if it can be factored. 


Difference of Cubes 
Objective 2 Factor a difference of cubes. Another special binomial that can 


be factored is a difference of cubes. In this case, both terms are perfect cubes rather 
than squares. Here is the formula for factoring a difference of cubes. 


Difference of Cubes 
| a’ — Db? = (a — b)(a’ + ab + DB’) | 


Before proceeding, let’s multiply (a — b)(a* + ab + b’) to show that it does equal 
a — Bb. 


(a — b)(a + ab+ BD’) =aa + acabt+a:b’ — ba Distribute. 
—b-ab — bb’ 
=a +a’b + ab’ — a’b — ab’ — BD Multiply. 
=@-b Combine like terms. 


We see that the formula is correct. 

For a term to be a cube, its variable factors must have exponents that are multi- 
ples of 3, such as x*,y°, and z’. Also, each constant factor must be a perfect cube. 
Here are the first ten perfect cubes. 


fe=1 Pes =27 = 64 S15 
6=216 7=343 8=512 9 =729 10° = 1000 
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We need to memorize the formula for factoring a difference of cubes. Some pat- 
terns can help us remember the formula. A difference of cubes, a* — b*, has two fac- 
tors: a binomial (a — b) and a trinomial (a’ + ab + b’). The binomial looks just 
like the difference of cubes without the cubes, including the sign between the terms. 
The signs between the three terms in the trinomial are addition signs. To find the ac- 
tual terms in the trinomial factor, the following diagram may be helpful: 


Ist 2nd 


a — b? = (a — b)(a* + ab + Bb’) 


t ft 


Ist: 1st | 2nd-2nd 
Ist > 2nd 


Factor x? — 27. 


SOLUTION We begin by looking for common factors other than 1 that the two 
terms share, but there are none. This binomial is not a difference of squares, as the 
exponent of the variable term is not a multiple of 2 and the constant 27 is not a 
square. However, the binomial is a difference of cubes. We can rewrite the term x° 
as (x)°, and we can rewrite 27 as (3)*. Rewriting x* — 27 as (x)* — (3)? will help 
us identify the terms in the binomial and trinomial factors. 


x? — 27 = (x) - (3)° Rewrite each term as a perfect cube. 


= (x — 3)\(x-x + x*3.+ 3-3) Factor as a difference of cubes. The 
binomial factor is the same as 
(x)? — (3) without the cubes. When 
x is treated as the 1st term in the 
binomial factor and 3 is treated as the 
2nd term, the terms in the trinomial 
are Ist: Ist + 1st - 2nd + 2nd : 2nd. 

= (x — 3)(x? + 3x + 9) Simplify each term in the trinomial 


Quick Check 5 factor. 
Factor x° — 125. 


A WORD OF CAUTION A difference of cubes x* — y? cannot be factored as (x — y)’. 


Factor y® — 64. 


SOLUTION Although the number 64 is a square, this binomial is not a difference 
of squares because y'> is not a square. For a term to be a square, its variable factors 
must have exponents that are multiples of 2. This binomial is a difference of cubes. 
The exponent in the first term is a multiple of 3, and the number 64 is equal to 4°. 


y — 64 = (y*)? — (4)° Rewrite each term as a perfect 
cube. 
=(y —4)(y?+y + y-4+ 4-4) Factor asa difference of cubes. 
= (y — 4)(y" + 4y° + 16) Simplify each term in the 


Quick Check 6 
Factor x” — 8. 


trinomial factor. 


A WORD OF CAUTION When factoring a difference of cubes a® — b°, do not attempt to 
factor the trinomial factor a* + ab + b*. 


Quick Check 7 
Factor x? + 216. 
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Sum of Cubes 


Objective @ Factor a sum of cubes. Unlike a sum of squares, a sum of cubes 
can be factored. Here is the formula. 


Sum of Cubes 
| a’ + b? = (a + b)(a’ — ab + Db’) | 


Notice that the terms in the factors are the same as the factors in a difference of 
cubes, with the exception of some of their signs. When a sum of cubes is factored, 
the binomial factor is a sum rather than a difference. The sign of the middle term in 
the trinomial is negative rather than positive. The last term in the trinomial factor is 
positive, just as it was in the formula for a difference of cubes. The diagram shows 
the differences between the formula for a difference of cubes and a sum of cubes. 


a — b° = (a — b)(a* + ab + Bb’) 
a+ b? = (a+ b)(a* — ab + b’*) 


Factor z*> + 125. 


SOLUTION This binomial is a sum of cubes and can be rewritten as (z)* + (5)*. 
Then we can factor the sum of cubes using the formula. 


z+ 125 = (z)? + (5) Rewrite each term as a perfect cube. 
= (z+ 5)(z-z— z°5 +5+5) Factor asa sum of cubes. 
= (z + 5)(2? — 5z + 25) Simplify each term in the trinomial 
factor. 


A WORD OF CAUTION A sum of cubes x? + y? cannot be factored as (x + y)?. 


We finish this section by summarizing the strategies for factoring binomials. 


Factoring Binomials 


e Factor out the GCF if there is a common factor other than 1. 


e Determine whether both terms are perfect squares. 


If the binomial is a sum of squares, it cannot be factored. 


If the binomial is a difference of squares, factor it by using the formula 
a’ — b* = (a + b)(a — b). Keep in mind that some of the resulting factors 
can be differences of squares as well, which need to be factored further. 


e If both terms are not perfect squares, determine whether both are perfect 
cubes. 
If the binomial is a difference of cubes, factor using the formula 
a — b? = (a — b)(a? + ab + bB’). 
If the binomial is a sum of cubes, factor using the formula 
a+b = (a+ b)(a* — ab+ Bb’). 
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BUILDING YOUR STUDY STRATEGY 


Overcoming Math Anxiety, 4 Taking the Right Course Many students think 
they have math anxiety because they constantly feel as though they are in over 
their heads, when in fact they may not be prepared for their particular class. 


Taking a course without having the prerequisite skills is not a good idea, and 
success will be difficult to achieve. Your instructor will be able to advise you 
about whether you should be taking another course or whether you have the 
skills to be successful in the course you are currently taking. 


WATCH DOWNLOAD READ REVIEW 


myc >| |B GB) =) & 


Vocabulary 22. 6x" — 486 
1. A binomial of the form a* — b’ is a(n) aia 
x? +1 
2. A numerical factor is a(n) if it can 25, 5x° + 20 
be written as n” for some integer n. 26. 4x° + 100y’ 
3. A variable factor is a perfect square if its exponents 27. x" — 16 
ape. 9 28. x4 -1 
4, A binomial of the form a* + b’ is a(n) 29. x* — 81y? 
. 30. x® — 64y' 
5. A binomial of the form a? — b° is a(n) 31. x° -1 
: 32.7 - yy 
6. A binomial of the form a* + b? is a(n) a3 2 2 8 
34, a> — 216 
35. 1000 — y? 
Factor completely. If the polynomial cannot be factored, 36. 343 — x3 
write prime. 
37. a* — 64b° 
Te 38. m> — 3437 
8. x — 81 39, 125x3 — By? 
Bee = 1) 40. 729x3 — 1000y" 
10. x? -— 1 41.8 + 3 
11. 25a? — 49 42. x3 +27 
12. 16a* — 9 43. 348 
13. x? = 20 MA EGA 
14, x? — 27 45. x6 + 27 
15. a* — 16b’ 46. y!2 + 125 
16. mi” — Sn? 47. 648 +n 
17. 25x? — 64y? 48. x3 + 343y° 
18. 36x? — 1Ziy 49. 3x3 — 375 
Pale l 50. 7x° — 189 
20. 144 — x? 51. 320a° + 13503 


a 
21. 4x 196 52. 27a'b® + ath? 


Mixed Practice, 53-88 
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82. 2x7 + 17x + 26 


Factor completely using the appropriate technique. 83. x° + 12x* — 6x — 72 
If the polynomial cannot be factored, write prime. 84. x’ + 16y’ 
53. x? — 16x + 64 85. x7 + 125y3 
54. 3x° + 24x77 + x48 86. 125x° — 64y° 
55. x2 + 16x + 28 87. 4x7 + 12x° + 9x 
56. 4x? + dx — 168 88. xe = 5x7 + 2x — 10 
57. 22x* — 55x? 
58. x2 — 8x + 33 Determine which factoring technique is appropriate for 
50. 6x2 — Sx — 25 the given polynomial. 
60. —18x* — 69x + 12 89. Se = ox + Is a. factor out GCF 
61. x° — 16x* + 60x? 90. 9a’b? + 6a‘b? — 15a%b* _ b. factoring by 
62. x? + 18x +77 ; nick 
63. —9x2 — 225 91. x 121 c. trinomial, leading 
5 coefficient of 1 
“2 , - 92. = 2x = 4 d. trinomial, leading 
65. —6x" + 60x — 144 coefficient other 
66. x? — 81x than 1 
67. x? — 10x — 39 93. 125x? — 216 e. difference of 
68. x? + 4x — 140 squares 
69. 25x? — 36y° 94. eo aay f. sum of squares 
0. x2 + 3x — 40 95. x? — 3x? — 18x + 54 — g, difference of cubes 
M24 x-13 96. x? — 64 h. sum of cubes 
72. x? — 216y° 
73. x” — 64y° e===- Writing in Mathematics 
3 6 
Tae Ghy Answer in complete sentences. 
ee 97. Explain how to identify a binomial as a diff f 
a. . Explain how to identify a binomial as a difference o 
76. 20x" — 61x + 36 suuares 
77. 5x? + 45 
78. 60x” — 470x + 900 98. Explain how to identify a binomial as a difference of 
79, x? + 12x + 35 cubes or as a sum of cubes. 
80. 343x° — 8y°z? 
81. 3x” — 13x — 38 


Objective 1 Understand the strategy for factoring a general polyno- 
mial. In this section, we will review the different factoring techniques introduced 
in this chapter and develop a general strategy for factoring any polynomial. Keep in 
mind that a polynomial must be factored completely, meaning each of its polyno- 
mial factors cannot be factored further. For example, if we factored the trinomial 
4x* + 24x + 32 to be (2x + 4)(2x + 8), this would not be factored completely be- 
cause the two terms in each binomial factor have a common factor of 2 that must 
be factored out as follows: 


Ax? + 24x + 32 = (2x + 4)(2x + 8) 
(x + 2)+2(x + 4) 


=2 
= 4(x + 2)(x + 4) 
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Quick Check 1 


Factor —6x” + 54x + 60 
completely. 


If we factor out all common factors as the first step when factoring a polynomial, we 
can avoid having to factor out common factors at the end of the process. We could 
have factored out the common factor of 4 from the polynomial 4x* + 24x + 32 at 
the very beginning. In addition to ensuring that the polynomial has been factored 
completely, factoring out common factors often makes our work easier and occa- 
sionally allows us to factor polynomials that we would not have been able to factor 
otherwise. 
Here is a general strategy for factoring any polynomial. 


Factoring Polynomials 


1. Factor out any common factors. 


2. Determine the number of terms in the polynomial. 


(a) If there are only two terms, check to see if the binomial is one of the spe- 
cial binomials discussed in Section 6.4. 


¢ Difference of Squares: a* — b* = (a + b)(a — b) 
e Sum of Squares: a” + b? is not factorable. 
¢ Difference of Cubes: a* — b* = (a — b)(a* + ab + b’) 
¢ Sum of Cubes: a? + b* = (a + b)(a* — ab + b’) 
(b) If there are three terms, try to factor the trinomial using the techniques 
of Sections 6.2 and 6.3. 
ex° + bx +c = (x + m)(x + n): find two integers m and n with a 
product of c and a sum of b. 


° ax* + bx + c, where a # 1: factor either by grouping or by trial and 
error. 


To use factoring by grouping, refer to objective 1 in Section 6.3. 


To factor by trial and error, refer to objective 2 in Section 6.3. 


(c) If there are four terms, try factoring by grouping, discussed in Section 6.1. 


3. After the polynomial has been factored, make sure that any factor with two 
or more terms does not have any common factors other than 1. If there are 
common factors, factor them out. 


4. Check your factoring through multiplication. 


We will now factor several polynomials of various forms. Some of the examples will 
have twists that we did not see in the previous sections. The focus will be on identi- 
fying the best technique. 


Factor —8x? — 80x + 192 completely. 


SOLUTION These three terms have a common factor of —8, and after we factor it 
out, we have —8(x? + 10x — 24). This is a quadratic trinomial with a leading coef- 
ficient of 1,so we factor it using the method introduced in Section 6.2. 


—8x? — 80x + 192 = —8(x* + 10x — 24) Factor out the GCF —8. 


—8(x + 12)(x — 2) Find two integers with a product 
of —24 and a sum of 10. The 
integers are 12 and —2. 


Factor 3437? — 64s°r'* completely. 


OLUTION There are no common factors other than 1, so we begin by noticing 
that this is a binomial. This is not a difference of squares, as 343r° cannot be rewrit- 
ten as a perfect square. It is, however, a difference of cubes. All of the variable fac- 
tors have exponents that are multiples of 3, and the coefficients are perfect cubes. 
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(Recall the list of the first ten perfect cubes given in Section 6.4: 343 = 7° and 
64 = 4°.) We begin by rewriting each term as a perfect cube. 


343r? — 645°’? = (7r°)3 — (4s’t*)? Rewrite each term as a perfect cube. 
= (7°? — 48°t*)(77? + 7r? + Tr? +4s7t* + 45°t* + 4st") 
Factor as a difference of cubes. (Recall 


the pattern for the trinomial factor: 
Ist: 1st + 1st-2nd + 2nd- 2nd.) 

= Cir = 4s*t*)(49r° + 28r3s*tt + 16s*t°) 
Simplify each term in the trinomial 
factor. 


For a difference or sum of cubes, check that the binomial factor cannot be factored 
further as one of the special binomials. 


Quick Check 2 
Factor 216x’y*! + 125 completely. 


Factor 2x? — 22x” — 8x + 88 completely. 


SOLUTION The four terms have a common factor of 2, so we will factor out the 
GCE. Then we will try to factor by grouping. If we have trouble factoring the poly- 
nomial as written, we can rearrange the order of its terms. 


2x? — 22x? — 8x + 88 = 2(x? — 11x? — 4x + 44) Factor out the GCF. 


= 2[x?(x — 11) — 4(x — 11)] Factor the common factor 
x’ from the first two 
terms and factor the 
common factor —4 from 
the last two terms. 


= 2(x — 11)(x? - 4) Factor out the common 
factor 4% = 11). 


Notice that the factor x* — 4 is a difference of squares and must be factored further. 


2(x — 11)(x? — 4) = 2(x — 11)(x + 2)(x — 2) Factor the difference 
of squares. 

Quick Check 3 x? — 4 = (x + 2)(x — 2) 

Factor x* + 5x3 — 8x — 40 


If a binomial is both a difference of squares and a difference of cubes, such as 
completely. 


x° — 64, to factor it completely, we must start by factoring it as a difference of 
squares. The next example illustrates this. 


Factor x° — 64 completely. 


SOLUTION There are no common factors to factor out, so we begin by factoring 
this binomial as a difference of squares. 
x° — 64 = (x°)? - (8)? Rewrite each term as a perfect square. 
= (x? + 8)(x? — 8) Factor asa difference of squares. 

Notice that each factor can be factored further. The binomial x* + 8 is a sum of 
cubes, and the binomial x? — 8 is a difference of cubes. We use the fact that 
x3 +8 = (x + 2)(x? -—2x +4) and x3 — 8 = (x — 2)(x? + 2x + 4) to com- 
plete the factoring. 


x® — 64 = (x + 2)(x? — 2x + 4)(x — 2)(x? + 2x + 4) 
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Note what would have occurred if we had first factored x° — 64 as a difference of 
cubes. 


x® — 64 = (x’)? - (4)° Rewrite each term as a perfect cube. 
= (x? — 4)(x* + 4x? + 16) Factor the difference of cubes. 
(x + 2)(x — 2)(x4 + 4x? + 16) Factor the difference of squares. 


Quick Check 4 
Factor x'* — y® completely. 


At this point, we do not know how to factor x* + 4x? + 16, so the technique of 
Example 4 has factored the binomial x° — 64 more completely. 


Factor x'* + 1 completely. 


SOLUTION The two terms do not have a common factor other than 1, so we need 
to determine whether this binomial matches one of the special forms. The binomial 
can be rewritten as a sum of cubes, (x*)? + (1). 


x? +1 = (x*)3 + (1) Rewrite each term as a perfect cube. 


Quick Check 5 = (x* + 1)(x® — x4 +1) Factor as a sum of cubes. 


Factor x° + 64 completely. 


Factor 15x° — 55x* + 40x° completely. 


SOLUTION The three terms have a common factor of 5x°, so we begin by factor- 
ing this out of the trinomial. After we have done this, we can factor the trinomial 
factor 3x? — 11x + 8 using either of the techniques in Section 6.3. We will factor it 
by grouping, although you may prefer to use trial and error. 


15x° — 55x* + 40x? = 5x3(3x? — 11x + 8) Factor out the common 

factor 5x°. 

= 5x3(3x” — 3x — 8x + 8) To factor by grouping, we 
need to find two integers 
whose product is equal to 
3-8 = 24 and whose sum is 
—11. The two integers are 
—3 and —8, so we rewrite 
the term —ll vas =34 = 8% 

= 5x*[3x(x — 1) — 8(x — 1)] Factor the common factor 
3x from the first two terms 
and factor the common factor 
—8 from the last two terms. 

= 5x3(x — 1)(3x - 8) Factor out the common 
factor x — 1. 


Quick Check 6 


Factor 8x” + 42x — 36 
completely. 


BUILDING YOUR STUDY STRATEGY 


Overcoming Math Anxiety, 5 Study Skills Many students who perform poorly 
in their math class attribute their performance to math anxiety, when, in reality, 
poor study skills are to blame. Make sure you are giving your best effort, including 


e Working with a study group. 
e Reading the text before the material is covered in class. 


e Rereading the text after the material is covered in class. 

¢ Completing each homework assignment. 

e Making note cards for particularly difficult problems or procedures. 

¢ Getting help if there is a problem you do not understand. 

e Asking your instructor questions when you do not understand something. 
e Seeing a tutor. 


MyMathiab\) 
Vocabulary 
1. The first step for factoring a trinomial is to factor 
out ,if there are any. 
2. A binomial of the form a? — b* is a(n) 
3. A binomial of the form a? + b’ is a(n) 
4, A binomial of the form a* — 5° is a(n) 
5. A binomial of the form a* + b? is a(n) 
6. Factoring can be checked by ______ the 


factors. 


Factor completely. If the polynomial cannot be factored, 


write prime. 
7. x’ + 18x° — 36x 
8. x? — 11x7 + 37x4 
9. 84x? + 4x — 20 
10. 12x + 20 
11. a°b’ — 3a‘*b® + 8a’b’ 
12. 9m'n° + 12mnt + 21mbn® 
13. x° + 6x7 + 5x + 30 
14. x° — 9x7 + 10x — 90 
15. x° — 7x? — 3x + 21 
16. x° + 13x? — 11x — 143 
17. x? — 8x — 65 
18. x? — 18x + 45 
19. x? + 13x + 42 
20. x* — 10x + 20 
21. x? + 4x — 165 
22. x7 + 13x — 14 
23. x? + 17x — 30 
24. x* — 6x — 280 
25. x’ — 23x + 42 
26. x? — 3x — 154 
27. x’ + 20x + 100 
28. x7 — 14x + 49 
29. x? + Txy — 60y’ 
30. x? — 12xy + 32y? 


. x’y? + 17xy + 16 
. x2y? + 10xy — 11 
. 4x? + 56x + 192 


E> 


2 


$d | 
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PRACTICE 


34. 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44, 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 
55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 
65. 
66. 
67. 
68. 
69. 
70. 
71. 
72. 
73. 
74, 
75. 
76. 


WATCH 


9x? + 54x + 72 

3x? — 42x + 135 
4x? + 4x — 224 
—10x? + 70x + 180 
—6x’ — 6x + 72 
3x? + 10x — 48 

6x? — 29x — 5 

21x? + 31x + 4 

6x? — 13x + 6 

2x? + 7x + 14 

6x? + 11x — 10 
12x” — 41x + 22 
2x? — 3x — 12 

9x? — 30x + 25 

4x? — 28x + 49 
18x? — 60x + 42 
6x? + 75x + 225 

x? — 64 

x? — 49 

x8 — 16y® 

49x* — 81y" 

x? — 36x? 

5x? — 125 

x4 + 81y? 

16x! + 49y° 

x? — 1000 

vt 

27x3 — 8y? 

x5 — 64y)5 

x? + 216 

xh +8 

x® + 729y3 

27x? + 125y' 

7x3 + 189 

3x? — 648 

x? — 9x? — 4x + 36 
x? + 5x? — 36x — 180 
4x3 — 28x77 —x+7 
9x3 + 18x? — 4x — 8 
x* + 16x37 + x + 16 
x* + 7x37 + 8x + 56 
xe 1 


xi — y4 


DOWNLOAD 


REVIEW 
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77. 


78. 
79. 
80. 
81. 
82. 
83. 
84. 


Mixed Practice, 85-116 


x5 — y6 
x®-—1 

(x + 4)? - y? 
(227 = a 

(x? — 10x + 25) — y’ 


(x? + 16x + 64) = 7 


x +6x+9- y? 


x? — 20x + 100 — y’ 


102. x? + 15xy — 54y? 
103. x° + 4x? — 25x — 100 
104, 2x° — 8x7 — 3x + 12 
105. 729x? — 512y? 

106. x° + 1331 

107. x’y? — 15xy + 54 
108. x? — 2x + 48 

109. 3x? — 28x — 20 

110. 6x? — 35x + 49 

V1. 2x? + 19x + 25 

112. 8x* + 24x + 32 


Factor completely. If the polynomial cannot be factored, 13. SAP a 20R — 35x" 


write prime. 

85. 4x7 + 8x — 5 

86. x’ — 100 

87. x° — 6x” + 8x — 48 
88. x° + 7x? — 9x — 63 
89. x? + 11x — 60 

90. 4x7 + 28x + 48 

91. x? + 13x — 36 

92. 2x7 + 17x + 18 

93. 8x° + 343 

94. 25x* — 497? 

95. x? + 21x + 98 

96. 6x? + 23x + 15 

97. 16x* — 81 

98. x? — 3x — 180 

99. 6x? + 78x + 240 
100. x* — 1296 

101. 9x” — 121y° 


114, x? — 25x + 144 
115. 64x? — 169 
116. 27x° — 512 


«= Writing in Mathematics 
Answer in complete sentences. 


117. Newsletter Write a newsletter explaining the follow- 
ing strategies for factoring polynomials. Include a 
brief example of each. 


e Factoring out the GCF 

e Factoring by grouping 

¢ Factoring trinomials of the form x* + bx + c 

¢ Factoring polynomials of the form ax? + bx + c, 
where a # 1, by grouping 

¢ Factoring polynomials of the form ax” + bx + c, 
where a # 1, by trial and error 

e Factoring a difference of squares 

e Factoring a difference of cubes 

e Factoring a sum of cubes 


Section 6.5 
Solve. 
lex = 7 =0 
2x+3=0 


3.5x -— 12 =0 
4.2x +29=0 


OBJECTIVES 


1 Solve an equation by using the zero-factor property of real numbers. 
2 Solve a quadratic equation by factoring. 

3 Solve a quadratic equation that is not in standard form. 

4 Solve a quadratic equation with coefficients that are fractions. 

5S Find a quadratic equation, given its solutions. 


Quick Check 1 

Use the zero-factor property to 
solve the equation. 

a) (x — 2)(x + 8) =0 

b) x(4x + 9) =0 
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Quadratic Equations 


A quadratic equation is an equation that can be written as ax’ + bx + c = 0, 
where a, b, and c are real numbers and a # 0. This form is the standard form of 
a quadratic equation. 


We have already learned to solve linear equations (ax + b = 0). The difference be- 
tween these two types of equations is that a quadratic equation has a second-degree 
term, ax’. Because of the second-degree term, the techniques used to solve linear 
equations do not work for quadratic equations. 


The Zero-Factor Property of Real Numbers 


Objective 1 Solve an equation by using the zero-factor property of real 
numbers. To solve a quadratic equation, we will use the zero-factor property of 
real numbers. 


Zero-Factor Property of Real Numbers 


| Ifa-b = 0, then a = Oorb = 0. | 


The principle behind this property is that if two or more unknown numbers have a 
product of zero, then at least one of the numbers must be zero. This property holds 
true only when the product is equal to 0, not for any other numbers. 


Use the zero-factor property to solve the equation 
(x + 3)(x — 7) =0. 


SOLUTION In this example, the product of two unknown numbers, x + 3 and 
x — 7, is equal to 0. The zero-factor property says that either x + 3 = 0 or 
x — 7 = 0. Essentially, we have taken an equation that we do not know how to 
solve, (x + 3)(x — 7) = 0, and have rewritten it as two linear equations that we 
do know how to solve. 


(x + 3)(x — 7) =0 
x+3=0 or x —7=0 Set each factor equal to 0. 


x= -3 or x =7 Solve each linear equation. 


There are two solutions to this equation: —3 and 7. We write these solutions in a 
solution set as {—3, 7}. 


Use the zero-factor property to solve the equation x(3x — 5) = 0. 


SOLUTION Applying the zero-factor property gives us the equations x = 0 and 
3x — 5 = 0. The first equation, x = 0, is already solved, so we need to solve only 
the equation 3x — 5 = 0 to find the second solution. 


x(3x — 5) =0 
x=0 or 3x —5=0 Set each factor equal to 0. 
x =0 or 3x =5 Solve each linear equation. 
x =0 or x= =: 

3 


The solution set for this equation is {0, 3}. 
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If an equation has the product of more than two factors equal to 0, such as 
(x + 4)(x + 1)(x — 2) = 0, we set each factor equal to 0 and solve. The solution 
set to this equation is {—4, —1, 2}. 


Solving Quadratic Equations by Factoring 


Objective 2 Solve a quadratic equation by factoring. To solve a quadratic 
equation, we will use the following procedure: 


Solving Quadratic Equations by Factoring 


1. Write the equation in standard form: ax? + bx + c = 0. We need to collect 
all of the terms on one side of the equation. It helps to collect all of the terms 
so that the coefficient of the squared term is positive. 


2. Factor the expression ax* + bx + c completely. If you are struggling with 
factoring, refer back to Sections 6.1-6.5. 


3. Set each factor equal to 0 and solve the resulting equations. Each of these 
equations should be a linear equation. 


4. Finish by checking the solutions. This is an excellent opportunity to catch mis- 
takes in factoring. 


Solve x7 + 7x — 30 = 0. 


SOLUTION This equation is already in standard form, so we begin by factoring 
the expression x? + 7x — 30. 


x° + 7x —30=0 


(x + 10)(x — 3) =0 Factor. 
x+10=0 or x —3=0 Set each factor equal to 0. 
x = —10 or x =3 Solve each equation. 


The solution set is {—10, 3}. Now we will check the solutions. 


Check (x = —10) Check (x = 3) 
x? + 7x — 30=0 x? + 7x — 30=0 
(-10)? + 7(-10) — 30 =0 (3)? + 7(3) — 30 =0 
100 + 7(-10) — 30 = 0 9 + 7(3) — 30=0 
100 — 70 — 30 = 0 9+21- 30=0 
0=0 0=0 


The check shows that the solutions are correct. 


Quick Check 2 
Solve x? — x — 20 = 0. 


A WORD OF CAUTION Pay close attention to the instructions to a problem. If you are 
asked to solve a quadratic equation, do not just factor the quadratic expression and stop. 
If you are asked to factor a quadratic expression, do not set each factor equal to 0 and 
solve the resulting equations. 
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Solve 3x2 — 18x — 48 = 0. 


SOLUTION The equation is in standard form. To factor 3x? — 18x — 48, begin by 
factoring out the common factor 3. 


3x? — 18x — 48 = 0 
3(x”? — 6x — 16) = 0 Factor out the GCF. 
3(x — 8)(x + 2) =0 Factor x? — 6x — 16. 


x-8=0 or x+2=0 — Set each factor containing a variable 
equal to 0. You can ignore the numerical 
factor 3. 


x=8 or x = -—2 Solve each equation. 
The solution set is {—2, 8}. The check is left to the reader. 
We do not need to set a numerical factor equal to 0 because such an equation 
will not have a solution. For example, the equation 3 = 0 has no solution. The zero- 


factor property says that at least one of the three factors must equal 0; we just 
know that it cannot be the factor 3 that is equal to 0. 


Quick Check 3 
Solve 4x? + 60x + 224 = 0. 


A WORD OF CAUTION A common numerical factor does not affect the solutions of a 
quadratic equation. 


Solve 2x? — 7x — 15 = 0. 


SOLUTION When the expression 2x? — 7x — 15 is factored, there is no common 
factor other than 1 that can be factored out. So the leading coefficient of this trino- 
mial is not 1. We can factor by trial and error or by grouping. We will use factoring 
by grouping. We look for two integers whose product is equal to (2)(—15), or —30, 
and whose sum is —7. The two integers are —10 and 3, so we can rewrite the term 
and then factor by grouping. (Refer to Section 6.3 to review this technique.) 


2x* — 7x —15=0 
2x? — 10x + 3x —15=0 Rewrite —7x as —10x + 3x. 


2x(x — 5) + 3(x — 5) =0 Factor the common factor 2x from the 
first two terms and factor the common 
factor 3 from the last two terms. 


(x — 5)(2x + 3) =0 Factor out the common factor x — 5. 
x-5=0 or 2x +3 =0 — Set each factor equal to 0. 
x= or 2x = —3 Solve each equation. 
3 
=5 = 25 
x or x 5 


The solution set is {-3, 5\, The check is left to the reader. 


Quick Check 4 
Solve 6x? — 23x + 7=0. 


Objective 3 Solve a quadratic equation that is not in standard form. We 
now turn our attention to equations that are not already in standard form. In each 
of the examples that follows, the check of the solutions is left to the reader. 
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Solve x? = 49. 


SOLUTION Begin by rewriting this equation in standard form. This can be done 
by subtracting 49 from each side of the equation. Once this has been done, the ex- 
pression to be factored is a difference of squares. 


x? = 49 
x? — 49 =0 Subtract 49. 
(x + 7)(x — 7) =0 Factor. 
x+7=0 or x —7=0 Set each factor equal to 0. 
x=-7 or x =7 Solve each equation. 


The solution set is {—7, 7}. 


Solve x7 + 25 = 10x. 


SOLUTION _ To rewrite this equation in standard form, we need to subtract 10x so 
that all terms will be on the left side of the equation. When we subtract 10x, we 
must write the terms in descending order. 


x? + 25 = 10x 
x’? — 10x + 25 =0 Subtract 10x. 
(x — 5)(x — 5) =0 Factor. 
x-5=0 or x —5=0 Set each factor equal to 0. 
x=5 or x = 5 Solve each equation. 


Notice that both solutions are identical. In this case, we need to write the repeated 


Quick Check 5 solution only once. The solution set is {5}. 


Solve x? + 4x = 45. 
Occasionally, we need to simplify one or both sides of an equation to rewrite the 
equation in standard form. For instance, to solve the equation x(x + 9) = 10, we 
must first multiply x by x + 9. You may be wondering why we would want to multi- 
ply out the left side because it is already factored. Although it is factored, the prod- 
uct is equal to 10, not 0. 


Solve x(x + 9) = 10. 


SOLUTION As mentioned, first multiply x by x + 9. Then rewrite the equation in 
standard form. 


x(x + 9) = 10 
x’ + 9x = 10 Multiply. 
x? + 9x -10=0 Subtract 10. 
(x + 10)(x - 1) =0 Factor. 
x+10=0 or x —1=0 Set each factor equal to 0. 
x = —-10 or x =1 Solve each equation. 


Quick Check 6 
Solve x(x — 3) = 70. 


The solution set is {—10, 1}. 


A WORD OF CAUTION Make sure the equation you are solving is written as a product 
equal to 0 before you set each factor equal to 0 and solve. 


Objective 4 Solve a quadratic equation with coefficients that are frac- 
tions. If an equation contains fractions, clearing those fractions makes it easier to 
factor the quadratic expression. We can clear the fractions by multiplying both sides 
of the equation by the LCM of the denominators. 


Quick Check 7 


DY eek 
Solve gx° + 75x 


6 
f= 


0. 
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Solve x2 +x +4=0. 


SOLUTION The LCM for these two denominators is 6,so we can clear the frac- 
tions by multiplying both sides of the equation by 6. 


4 
“x +x+>=0 
ae sae 
if 4 Multiply both sides by 6, which is the 
6-(+x2+x+—)=6-0 Ply ¥ 9 
(2 . 7 +) LCM of the denominators. 
6: - xt 6ext 6 ae 6-0 Distribute and divide out common 
6 3 factors. 
x>+6x+8=0 Multiply. 
(x + 2)(x + 4) =0 Factor. 
x+2=0 or x+4=0 — Set each factor equal to 0. 
x=-2 or x = —4 Solve each equation. 


The solution set is {—4, —2}. 


Finding a Quadratic Equation, 
Given Its Solutions 


Objective 5 Find a quadratic equation, given its solutions. If we know the 
two solutions to a quadratic equation, we can determine an equation with these 
solutions. The next example illustrates this process. 


Find a quadratic equation in standard form, with integer coeffi- 
cients, that has the solution set {—9, 4}. 


SOLUTION We know that x = —9 is a solution to the equation. This says that 
x + 9is a factor of the quadratic expression. Similarly, knowing that x = 4 is a so- 
lution tells us that x — 4 is a factor of the quadratic expression. Multiplying these 
two factors will give us a quadratic equation with these two solutions. 


x=-9 or x =4 Begin with the solutions. 
x+9=0 or x —4=0 Rewrite each equation so the right 
side is equal to 0. 
(x + 9)\(x — 4) =0 Write an equation that has these 
two expressions as factors. 
x? + 5x —- 36=0 Multiply. 


A quadratic equation that has the solution set {—9, 4} is x7 + 5x — 36 = 0. 


Quick Check 8 


Find a quadratic equation in standard form, with integer coefficients, that has the 
solution set {—6, 8}. 


Notice that we say a quadratic equation rather than the quadratic equation. There 
are infinitely many quadratic equations with integer coefficients that have this solu- 
tion set. For example, multiplying both sides of the equation by 2 gives the equation 
2x? + 10x — 72 = 0, which has the same solution set. 


330 CHAPTER 6 Factoring and Quadratic Equations 


BUILDING YOUR STUDY STRATEGY 


Overcoming Math Anxiety, 6 Relaxation Learning to relax in stressful sit- 
uations will keep your anxiety under control. By relaxing, you will be able to 
avoid the physical symptoms associated with math anxiety, such as feeling 


tense and uncomfortable, sweating, feeling short of breath, and experiencing 
an accelerated heartbeat. 

Many students use deep-breathing exercises. Close your eyes and take a 
deep breath. Try to clear your mind and relax your entire body. Slowly exhale; 
then repeat the process until you feel relaxed. 


Myniaihiab «zp lf | = & 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary 21. x? — 16x + 64 =0 
1. A(n) is an equation that can be 22, x° + 12x + 36 = 0 
written as ax” + bx + c = 0, where a, b, and c are 23. x? — 81 =0 
real numbers and a # 0. 24.x7-4=0 
2. A quadratic equation is in standard form if it is in 25. x7 + 7x = 0 
the form , where a # 0. a 2 = 10% = 0 
3. The _______ property of real numbers states 27. 5x2 — 22x = 0 


that if a:b = 0,then a = Oorb = 0. 
4. Once a quadratic expression has been set equal to 0 
and factored you set each equal to 0 and 


28. 14x? + 13x =0 
29. 3x? — 3x — 270 = 0 


solve. 30. 4x? + 16x — 308 = 0 
31. —x? + 12x —- 35 =0 
Solve. 32. -x? —4x + 12 =0 
5. (x + 7)(x — 100) -0 33. 3x2 + 22x —-16=0 
6. (x — 2)(x — 10) =0 34, 2x” — 17x + 35 =0 
7. x(x — 12) =0 35, 27x? — 3x —-2 =0 
8. x(x + 5) =0 36. 6x? + 7x — 68 = 0 
9. 7(x + 8)(x — 6) =0 37. x” — 2x = 35 
10. —4(x + 5)(x — 12) =0 38. x° + 8x = —15 
39. x2 = 8x — 16 
11. (x + 7)(3x + 4) =0 40. x2 — 13x = 48 
41. x7 + 12x = 3x — 18 
pee aOR ee 8 42. x2 + 11x + 20 = 10x + 76 
13. x? — 11x + 18 =0 43. x° — 3x -—7=4x4+ 11 
14. x7 — 13x + 422=0 44, 2x7 + 7x — 25 = x7 + 23x — 40 
15. x7 + 15x + 44=0 45. x7 =9 
16. x7 + 14x + 48 =0 46. x? = 25 
17. x2 + 6x — 40=0 47. x2 + 11x = 11x + 36 
18. x? — 3x — 88 =0 48. x? — 3x = —3x + 100 
19. x? — 12x — 45 =0 49, x(x + 4) = 4(x + 16) 


20. x7 + 7x —- 44=0 50. x(x + 7) = (4x + 3) + (3x + 13) 


51. x(x — 7) = 30 
52. x(x + 4) = 96 
53. (x — 5)(x + 6) = —18 
54. (x + 7)(x + 2) = 84 
55. (x + 2)(x + 3) = (x + 7)(x — 4) 
56. (x — 6)(x — 4) = (x + 12)(x — 10) 
Ls 3 
a 
57. 6* a* 3=0 
ee | 
a an 
58 gt tat 6=0 
ls. 3 Or 
as a G4 0 
Tg El 1 
Wax? + += 
60 a 12" 0 
a 
: — +i 
61 15° 107° 3 0 
3, 3 5 
62. 7% a” % =0 


Find a quadratic equation with integer coefficients that has 
the given solution set. 


63. {4,5} 
64. {—-10, 7} 
65. {0, 6} 


69. 


70. 
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6.6 Exercises 


71. Use the fact that x = i is a solution to the equation 
6x? + 7x — 98 = 0 to find the other solution to the 
equation. 


72. Use the fact that x = 4 is a solution to the equation 
3x? — 28x + 65 = 0 to find the other solution to the 
equation. 


For the given quadratic equation, one of its solutions 
has been provided. Use it to find the other solution. 


73. x? + 6x — 667 = 0,x = 23 
74, x? — 78x + 1517 = 0,x = 41 


75. 15x? + 11x — 532 = 0,x = = 
76. 48x” — 154x — 735 = 0,x = = 


a= Writing in Mathematics 
Answer in complete sentences. 


77. Explain the zero-factor property of real numbers. 
Describe how this property is used when solving 
quadratic equations by factoring. 


78. Explain why the common factor of 2 has no effect on 
the solutions of the equation 2(x — 7)(x + 5) = 0. 


79. Solutions Manual Write a solutions manual page for 
the following problem: 


1 1 
Solve =x? — aot 4=0. 


6 


Section 6.6 
Evaluate the given function. 
1. f(x) = 3x + 8, f(5) 
2. f(x) = —10x + 21, f(-8) 


3. f(x) = -—7x — 19, f(2b + 3) 
4, f(x) = x? + 7x — 20, f(6) 
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Quick Check 1 


For the function 
f(x) = x? — 9x + 405, 
find f(—6). 


OBJECTIVES 


1 Evaluate quadratic functions. 
@ Solve equations involving quadratic functions. 
® Solve applied problems involving quadratic functions. 


We first investigated linear functions in Chapter 3. A linear function is a function of 
the form f(x) = mx + b. In this section, we turn our attention to quadratic functions. 


Quadratic Functions 


A quadratic function is a function of the form f(x) = ax? + bx + c, where 


a#0. 


Evaluating Quadratic Functions 


Objective 1 Evaluate quadratic functions. We begin our investigation of 
quadratic functions by learning to evaluate these functions for particular values of 
the variable. For example, if we are asked to find f(3), we are being asked to evalu- 
ate the function f(x) at x = 3. To do this, we substitute 3 for the variable x and sim- 
plify the resulting expression. 


For the function f(x) = x’ — 5x — 8, find f(—4). 
SOLUTION Substitute —4 for the variable x and then simplify. 


f(-4) = (-4)? — 5(-4) — 8 — Substitute —4 for x. 


= 16 — 5(-4) - 8 Square —4. (—4)(—4) = 16 
=16+20-8 Multiply. 
= 28 Simplify. 


Solving Equations Involving Quadratic Functions 


Objective 2 Solve equations involving quadratic functions. Now that we 
have learned to solve quadratic equations, we can solve equations involving quad- 
ratic functions. Suppose we were trying to find all values x for which some function 
f(x) was equal to 0. We replace f(x) with its formula and solve the resulting quad- 
ratic equation. 


Let f(x) = x? + 11x — 26. Find all values x for which f(x) = 0. 


SOLUTION Begin by replacing the function with its formula; then solve the result- 
ing equation. 


f(x) =0 
x? + 11x — 26 =0 Replace f(x) with its formula 
x? + 11x — 26. 
(x + 13)(x — 2) =0 Factor. 
x+13=0 or x -2= Set each factor equal to 0. 


x=-13 or x= Solve each equation. 
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two values x for which f(x) = 0 are —13 and 2. 


Quick Check 2 
Let f(x) = x? — 17x + 72. Find all values x for which f(x) = 0. 


Let f(x) = x* — 24. Find all values x for which f(x) = 25. 


SOLUTION After setting the function equal to 25, we need to rewrite the 
equation in standard form in order to solve it. 


f(x) = 25 
x? — 24 = 25 Replace f(x) with its formula. 
x?- 49 =0 Subtract 25. 
(x + 7)(x — 7) =0 Factor. 
x+7=0 or x-—7=0_ Seteach factor equal to 0. 
x=-7 or x =7 Solve each equation. 


The two values x for which f(x) = 25 are —7 and 7. 


Quick Check 3 
Let f(x) = x* — 6x + 20. Find all values x for which f(x) = 92. 


Applications 


Objective 3 Solve applied problems involving quadratic functions. We 
conclude the section with an applied problem that requires interpreting the graph 
of a quadratic function, a U-shaped curve called a parabola. Here are some exam- 
ples. Note that these graphs are not linear. 


f(x) =x? - 6x +8 f(x) = -x? + 4x 
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A rocket is fired into the air from the ground at a speed of 96 feet per 
second. Its height, in feet, after t seconds is given by the function A(t) = —162? + 961, 
which is graphed as follows: 


h(t) 


Use the graph to answer the following questions: 
a) How high above the ground is the rocket after 5 seconds? 


SOLUTION To answer this question, we need to find the function’s value when 
t = 5. Looking at the graph, we see that it passes through the point (5, 80). The 
height of the rocket is 80 feet after 5 seconds have passed. 


b) How long will it take for the rocket to land on the ground? 


SOLUTION. When the rocket lands on the ground, its height is 0 feet. We need to 
find the values of ¢ for which h(t) = 0. There are two such values, = 0 andt = 6. 
The time ¢ = 0 represents the instant the rocket was fired into the air, so the time 
the rocket takes to land on the ground is represented by t = 6. It takes the rocket 
6 seconds to land on the ground. 


c) After how many seconds does the rocket reach its greatest height? 


SOLUTION On the graph, we are looking for the point at which the function 
reaches its highest point. (This point where the parabola changes from rising to 
falling is called the vertex of the parabola.) We see that this point corresponds to a 
t value of 3, so it reaches its greatest height after 3 seconds. 


d) What is the greatest height the rocket reaches? 


SOLUTION From the graph, the best we can say is that the maximum height is be- 
tween 140 feet and 150 feet. However, because we know the object reaches its 
greatest height after 3 seconds, we can evaluate the function h(t) = —16t? + 96r at 
t = 3. 
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h(t) = —16t? + 96¢ 

h(3) = —16(3)? + 96(3) Replace ¢ with 3. 
—16(9) + 96(3) Square 3. 

—144 + 288 Multiply. 

= 144 Simplify. 


The rocket reaches a height of 144 feet. 


Quick Check 4 


A ball is thrown into the air from the top of a building 48 feet above the ground 
at a speed of 32 feet per second. Its height, in feet, after t seconds is given by the 
function h(t) = —16t? + 32¢ + 48, which is graphed as follows. 


h(t) 
80 
64 
48 
32 
16 


ff 
0 1 23 4 


Use the graph to answer the following questions. 


a) How high above the ground is the ball after 2 seconds? 

b) How long will it take for the ball to land on the ground? 

c) After how many seconds does the ball reach its greatest height? 
d) What is the greatest height the ball reaches? 


BUILDING YOUR STUDY STRATEGY 


Overcoming Math Anxiety, 7 Positive Attitude Math anxiety causes many 
students to think negatively about math. A positive attitude will lead to more 
success than a negative attitude. Jot down some of the negative thoughts you 
have about math and your ability to learn and understand mathematics. Write 
each of these thoughts on a note card; then on the other side of the card, write 


the opposite statement. 

A little confidence will go a long way toward improving your performance in 
class. Have the confidence to sit in the front row and ask questions during class, 
knowing that having your questions answered will increase your understanding 
and your chances for a better grade on the next exam. Finally, each time you ex- 
perience success, no matter how small, reward yourself. 
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MyMathLab |) 
Vocabulary 
1. A(n) is a function that can be 


2. 


expressed as f(x) = ax? + bx + c, where a # 1. 
The graph of a quadratic function is a U-shaped 
curve called a(n) 


Evaluate the given function. 


3. f(x) = x? + 8x + 20, f(6) 
4, f(x) = x? + 5x + 40, f(10) 
5. f(x) = x? + 7x — 33, f(-3) 
6. f(x) = x? + 8x + 6, f(-5) 
7. f(x) = x? — 7x + 10, f(5) 
8. f(x) = x? — 10x — 39, f(8) 
9. g(x) = x? + 12x — 45, g(-15) 
10. g(x) = x” — 11x + 22, g(-10) 
M1. g(x) = 3x? + 2x — 14, 2(7) 
12. g(x) = 5x? — 4x + 8, g(-9) 
13. f(x) = —2x? — 9x + 8, f(-3) 
14, f(x) = —4x? + 16x + 13, f(4) 
15. h(t) = —162? + 96t + 32, h(4) 
16. h(t) = —4.9t? + 26t + 10, h(2) 
17. f(x) = x? + 4x — 20, f(4a) 
18. f(x) = x? — 3x — 18, f(9a) 
19. f(x) = x* — 7x — 25, f(a + 5) 
20. f(x) = x? + 2x - 17, f(a — 4) 
21. Let f(x) = x’ + x — 42. Find all values x for which 
f(x) = 0. 
22. Let f(x) = x’ — 7x — 60. Find all values x for which 
f(x) = 0. 
23. Let f(x) = x? — 9x + 20. Find all values x for which 
f(x) = 0. 
24. Let f(x) = x’ + 16x + 63. Find all values x for 
which f(x) = 0. 
25. Let f(x) = x? — 23x + 144. Find all values x for 
which f(x) = 18. 
26. Let f(x) = x’ + 14x + 14. Find all values x for 
which f(x) = —31. 
27. Let f(x) = x* + 11. Find all values x for which 
f(x) = 60. 
28. Let f(x) = x? + 27. Find all values x for which 
F(x) = 108. 


<=> 


% 
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PRACTICE 


WATCH DOWNLOAD REVIEW 


A fixed point for a function f(x) is a value a for 
which f(a) = a. For example, if f(5) = 5, x = 5 is 
a fixed point for the function f(x). 


Find all fixed points for the following functions by 
setting the function equal to x and solving the result- 
ing equation for x. 


29. 
30. 
31. 
32. 
33. 


34. 


f(x) = x* + 7x — 16 
f(x) =x? — 5x +8 

f(x) = x? + 14x + 40 
f(x) = x* — 9x + 25 


A ball is dropped from an h(t) 
airplane flying at an alti- t 
tude of 400 feet. The ball’s 400F 
height above the ground, 3507 
in feet, after t seconds is 300 
given by the function  94s59/ 
h(t) = 400 — 167, whose — 4p 
graph is shown. isd: 
Use the function and its 5 
100- 
graph to answer the fol- + 
lowing questions. a 
a) How long will it take crs ses 


for the ball to land on 
the ground? 


b) How high above the ground is the ball after 
2 seconds? 


A football is kicked up 
with an initial velocity of 
64 feet/second. The foot- 
ball’s height above the 
ground, in feet, after ¢ sec- 
onds is given by the func- 


h(t) 
A 
70- 
60 
50 
40 


tion h(t) = —16t? + 64t, 30 
whose graph is shown. 20 
Use the function and its 10 


graph to answer the follow- 
ing questions. 


a) Use the function to 
determine how high 
above the ground 
the football is after 
1 second. 


35. 


36. 


b) How long will it take for the football to land on 
the ground? 


c) After how many seconds does the football reach 
its greatest height? 


d) What is the greatest height the football reaches? 


A man is standing on a cliff 240 feet above a beach. 
He throws a rock up off the cliff with an initial ve- 
locity of 32 feet/second. The rock’s height above 
the beach, in feet, after t seconds is given by the 
function h(t) = —16t? + 32¢ + 240, whose graph is 
shown. 


Use the function and its graph to answer the follow- 
ing questions. 


a) Use the function to determine how high above the 
beach the rock is after 3 seconds. 

b) How long will it take for the rock to land on the 
beach? 

c) After how many seconds does the rock reach its 
greatest height above the beach? 


d) What is the greatest height above the beach the 
rock reaches? 


The average cost in dollars to produce x lawn chairs is 


given by the function f(x) = 0.00000016x? — 
0.0024x + 14.55, whose graph is shown. 
fx) 
6h 
14h 
12h 
10f 
gE 
6b 
a 
ot 
PLititpiiririiipiiiiiiiiiriysy 
PPE SESE SEE 


Use the function and its graph to answer the follow- 
ing questions. 


a) Use the function to determine the average cost to 
produce 3000 lawn chairs. 


37. 


38. 


300,000- 
250,000 
200,000 
150,000 


1 
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6.7 Exercises 


b) What number of lawn chairs corresponds to the 
lowest average cost of production? 


c) What is the lowest average cost that is possible? 


A teenager starts a company selling personalized cof- 
fee mugs. The profit function, in dollars, for producing 
and selling x mugs is f(x) = —0.4x* + 16x — 70, 
whose graph is shown. 
fx) 
toot 
80 
60 


Lf.10..20..30.\40 


a) What are the start-up costs for the teenager’s com- 
pany? 

b) How many mugs must the teenager sell before she 
breaks even? 


c) How many mugs will give the maximum profit? 


d) What will the profit be if she sells 25 mugs? 

A peach farmer must determine how many peaches to 
thin from his trees. After he thins the peaches, the trees 
will produce fewer peaches, but they will be larger and 
of better quality. The expected profit, in dollars, if x per- 
cent of the peaches are removed during thinning is given 
by the function f(x) = —38x? + 2280x + 244,625, 
whose graph is shown. 


Sx) 
A 


00,000 
50,000 


; 


Lt} | {| | | | | 
0 20 40 60 80> 
Use the function and its graph to answer the follow- 
ing questions. 


a) What will the profit be if the farmer does not thin 
any peaches? 


b) Use the function to determine the profit if 10% of 
the peaches are thinned. 


c) What percent of the peaches must be thinned to 
produce the maximum profit? 


d) What is the maximum potential profit? 
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Quick Check 1 


The product of two consecutive 
positive integers is 132. Find the 
two integers. 


OBJECTIVES 


i Solve applied problems involving consecutive integers. 

@ Solve applied problems involving the product of two unknown numbers. 
3 Solve applied geometry problems. 

4 Solve applied problems involving projectile motion. 

® Solve applied problems involving the sum of the first n natural numbers. 


In this section, we will learn to solve applied problems that involve quadratic equa- 
tions. When problems become more complex, solving them by trial and error be- 
comes difficult at best, so it is important to have a procedure to use. Even though 
some of the examples may be simple enough to solve by trial and error, they help 
us learn the new procedure. 


Consecutive Integer Problems 


Objective 1 Solve applied problems involving consecutive integers. We 
will begin with problems involving consecutive integers. Recall that consecutive in- 
tegers follow the pattern x, x + 1, x + 2, and so on. Consecutive even integers, as 
well as consecutive odd integers, follow the pattern x, x + 2,x + 4, and so on. 


The product of two consecutive positive integers is 56. Find the two 
integers. 


SOLUTION We begin by creating a table of unknowns. It is important to represent 
each unknown in terms of the same variable. In this problem, we are looking for 
two consecutive positive integers. We can let x represent the first integer. Because 
the integers are consecutive, we can represent the second integer by x + 1. 


Unknowns 


First: x 
Second: x + 1 


We know the product is 56, which leads to the equation x(x + 1) = 56. 


x(x + 1) = 56 
+x = 56 Multiply x by x + 1. 
x+x-56=0 Subtract 56. 
(x + 8)(x — 7) =0 Factor. 
x+8=0 or x —7=0 Set each factor equal to 0. 
x= —8 or x = 7 Solve each equation. 
Because we know the integers are positive, we omit the solution x = —8. We use 


the table of unknowns with the solution x = 7 to find the solution to the problem. 


First: x = 7 
Second:x +1=7+1=8 


The two integers are 7 and 8. The product of these two integers is 56. 
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A WORD OF CAUTION Make sure you check the practicality of your answers to an applied 
problem. In the previous example, the integers we were looking for were positive, so we 
omitted a solution that led to negative integers. 


Problems Involving the Product of Two 
Unknown Numbers 


Objective 2 Solve applied problems involving the product of two un- 
known numbers. 


The sum of two numbers is 16, and their product is 55. Find the two 
numbers. 


SOLUTION There are two unknowns in this problem: the two numbers. We let x 
represent the first number. If two numbers have a sum of 16 and we know the first 
number, we can find the second number by subtracting the first number from 16. 
Because the first number is x, the second number can be represented by 16 — x. 


Unknowns 
First Number: x 
Second Number: 16 — x 


Knowing that the product of these two numbers is 55 leads to the equation 
x(16 — x) = 55, which we now solve for x. 


x(16 — x) = 55 
16x — x? = 55 Multiply. 
0 = x? — 16x + 55 Collect all terms on the right side of the 


equation. This makes the leading 
coefficient positive. 


0 = (x — 5)(x — 11) Factor. 
x-5=0 or x-—11=0 — Set each factor equal to 0. 
x =5 or x =11 Solve each equation. 


We return to the table of unknowns with the first solution, x = 5. 


First Number: x = 5 
Second Number: 16 — x = 16-5 = 11 


For this solution, the two numbers are 5 and 11. If we use the second solution, 
x = 11, we find the same two numbers. 


First Number: x = 11 
Second Number: 16 — x = 16-11 =5 


The two numbers are 5 and 11, and their product is indeed 55. 


Quick Check 2 
The sum of two numbers is 21, and their product is 108. Find the two numbers. 
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Geometry Problems 


Objective 3 Solve applied geometry problems. The next example involves 
the area of a rectangle. Recall that the area of a rectangle is equal to the product of 
its length and width. 


Area = Length: Width 


The area of a rectangle is 108 square meters. If the length of the 
rectangle is 3 meters more than its width, find the dimensions of the rectangle. 


SOLUTION For this problem, the unknowns are the length and the width of the 
rectangle. Because the length is defined in terms of the width, we let w represent 
the width. The length can be represented by the expression w + 3 as it is 3 meters 
longer than the width. 


Unknowns 
Length: w + 3 
Width: w 


Because the product of the length and the width is equal to the area of the rectan- 
gle, the equation we need to solve is (w + 3)-w = 108. 


(w + 3):w = 108 


w? + 3w = 108 Multiply. 
w? + 3w — 108 = 0 Subtract 108. 
(w + 12)(w — 9) = 0 Factor. 
w+12=0 or w—9=0 Set each factor equal to 0. 
w= —12 or w =9 Solve each equation. 
We omit the solution w = —12 because a rectangle cannot have a negative width 


or length. We can use the solution w = 9 and the table of unknowns to find the 
length and the width of the rectangle. 


Length: w +3 =9+3=12 


Width: w = 9 


The length of the rectangle is 12 meters, and the width is 9 meters. We can verify 


Quick Check 3 that the area of a rectangle with these dimensions is 108 square meters. 


The area of a rectangle is 

105 square feet. If the width of 
the rectangle is 8 feet less than 
its length, find the dimensions 
of the rectangle. 


A homeowner has installed an inground spa in the backyard. The 
spa is rectangular in shape, with a length that is 4 feet more than its width. The 
homeowner put a 1-foot-wide concrete border around the spa. If the area covered 
by the spa and the border is 96 square feet, find the dimensions of the spa. 


SOLUTION 


$1 ft 


$1 ft 
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The unknowns are the length and width of the rectangular spa. We will let x repre- 
sent the width of the spa. 


Unknowns 
Length: x + 4 
Width: x 


Because we know the area covered by the spa and the border, the equation must 
involve the outer rectangle in the picture. The width of the border can be repre- 
sented by x + 2 because we need to add 2 feet to the width of the spa (x). The 
width of the spa is increased by 1 foot on both sides. In a similar fashion, the length 
of the border is x + 6 because we add a foot to the length of the spa on both sides. 


|1|\ x+4 >| 1 | 
Dante 


>| 


1 ft 


< 


= 
> 
a wel 


|e kk— » ——>| + | 


len x+4 >| 
+ Vit 
|}«—_—_—____— x + 6 ———_> 


The equation we will solve is (x + 6)(x + 2) = 96 because the area covered is 
96 square feet. 


(x + 6)(x + 2) = 96 


x? + 2x + 6x + 12 = 96 Multiply. 
x? + 8x + 12 = 96 Combine like terms. 
x* + 8x — 84=0 Subtract 96. 
(x + 14)(x - 6) =0 Factor. 
x+14=0 or x —6=0 Set each factor equal to 0. 
x=-14 or x =6 Solve each equation. 
We will omit the solution x = —14 because the dimensions of the spa cannot be 


negative. We use the solution x = 6 and the table of unknowns to find the length 
and the width of the rectangle. 


Length:x + 4=6+4= 10 
Width: x = 6 


The length of the spa is 10 feet, and the width of the spa is 6 feet. We can verify that 
the area covered by the spa and border is indeed 96 square feet. 


Quick Check 4 
A homeowner has poured a rectangular concrete slab in her backyard to use as 
a barbecue area. The length is 3 feet more than its width. There is a 2-foot-wide 
flower bed around the barbecue area. If the area covered by the barbecue area 
and the flower bed is 270 square feet, find the dimensions of the barbecue area. 
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Projectile Problems 


Objective 4 Solve applied problems involving projectile motion. The 
height, in feet, of a projectile after ¢ seconds can be found using the function 
h(t) = —16t* + vot + s, where vo is the initial velocity of the projectile and s is the 
initial height. 


h(t) = -16¢? + vot + s 
t: Time (seconds) 
Vo: Initial Velocity (feet/second) 
s: Initial Height (feet) 


This formula does not cover projectiles that continue to propel themselves, such as 
a rocket with an engine. 


A cannonball is fired from a platform that is 256 feet above the 
ground. The initial velocity of the cannonball is 96 feet per second. 


a) Find the function h(t) that gives the height of the cannonball in feet after 
t seconds. 


SOLUTION Because the initial velocity is 96 feet per second and the initial height 
is 256 feet, the function is h(t) = —16t? + 96t + 256. 


b) How long will it take for the cannonball to land on the ground? 


SOLUTION The cannonball’s height when it lands on the ground is 0 feet; so we 
set the function equal to 0 and solve for the time f in seconds. 


—16t? + 96t + 256 = 0 Set h(t) equal to 0. 


0 = 16? — 96t — 256 Collect all terms on the right side 
of the equation so the leading 
coefficient is positive. 


0 = 16(t? — 6t — 16) Factor out the GCF (16). 
0 = 16(t — 8)(t + 2) Factor r* — 6t — 16. 


t—8=0 . or t+2=0 Set each variable factor equal to 0. 
t=8 or t= -2 Solve each equation. 
We will omit the negative solution t = —2, as the time must be positive. It takes the 


cannonball 8 seconds to land on the ground. 


c) What is the domain of the function h(t)? 


SOLUTION Because the cannonball lands on the ground after 8 seconds, any 
length of time greater than 8 seconds does not apply. The domain of the function is 
0 < t S 8, which can be written in interval notation as [0, 8]. 


Quick Check 5 
A model rocket is launched from the ground with an initial velocity of 144 feet 
per second. 


a) Find the function h(t) that gives the height of the rocket in feet after 
t seconds. 

b) How long will it take for the rocket to land on the ground? 

c) What is the domain of the function h(t)? 
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Problems Involving the Sum 
of the First n Natural Numbers 


Objective 5 Solve applied problems involving the sum of the first n nat- 
ural numbers. The famous German mathematician Carl Gauss found a function 
for totaling the natural numbers from 1 to n, which is f() = sn + ait. We use this 
function in the last example of the section. 


a) Use Gauss’s function to find the sum of the natural numbers 
from 1 to 46. 


SOLUTION Evaluate Gauss’s function at n = 46. 


(46)? + —(46) Substitute 46 for n. 


f(46) = 5(46)? + 5 


$(2116) + (46) Square 46. 


1058 + 23 Simplify each term. 
= 1081 Add. 


The sum of the first 46 natural numbers is 1081. 


b) Find a natural number n such that the sum of the first n natural numbers is 78. 


SOLUTION Begin by setting the function f() equal to 78 and solving for n. 


1 1 
ae ae 78 Set the function equal to 78. 
a(S a sn) = 2-78 Multiply both sides of the equation by 2 
to clear the fractions. 
n +n=156 _ Distribute and simplify each term. 
nw+n-—156=0 Collect all terms on the left side 

of the equation. 

(n + 13)(n — 12) =0 Factor. 


n+13=0 or n—12=0 _— Seteach factor equal to 0. 
n= —13 or n= 12 Solve each equation. 
We omit the solution n = —13 because —13 is not a natural number. The sum of 


the first 12 natural numbers is 78. 


Quick Check 6 
a) Use Gauss’s function to find the sum of the natural numbers from 1 to 100. 
b) Find a natural number n such that the sum of the first n natural numbers is 45. 


BUILDING YOUR STUDY STRATEGY 


Overcoming Math Anxiety, 8 Procrastination Some students put off doing 
their math homework or studying due to negative feelings for mathematics. 
Procrastination is your enemy. Convince yourself that you can do the task and 


get started. If you wait until you are tired, you will not be able to give your 
best effort. If you do not complete the homework assignment, you will have 
trouble following the next day’s material. Try scheduling a time to devote to 
mathematics each day and stick to your schedule. 
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Vocabulary 


1. 


10. 


11. 


13. 


14. 


15. 


16. 


17. 


18. 


. The function 


Three consecutive integers can be represented by 
eS and 


. Three consecutive odd integers can be represented 


by ‘ , and 


. State the formula for the area of a rectangle. 


gives the 
height of a projectile with initial velocity v, and 
initial height s in feet after t seconds. 


. Two consecutive positive integers have a product of 


132. Find the integers. 


. Two consecutive positive integers have a product of 


272. Find the integers. 


. Two consecutive positive even integers have a prod- 


uct of 528. Find the integers. 


. Two consecutive positive even integers have a prod- 


uct of 168. Find the integers. 


. Two consecutive positive odd integers have a product 


of 255. Find the integers. 

Two consecutive positive odd integers have a product 
of 99. Find the integers. 

The product of two consecutive positive integers is 
27 more than five times the larger integer. Find the 
integers. 


. The product of two consecutive odd positive integers 


is 14 more than three times the larger integer. Find 
the integers. 


The product of two consecutive even positive integers 
is 398 more than the sum of the two integers. Find the 
integers. 


The product of two consecutive positive integers is 
131 more than the sum of the two integers. Find the 
integers. 


One positive number is 5 more than a second num- 
ber, and their product is 66. Find the two numbers. 


One positive number is 9 more than a second num- 
ber, and their product is 112. Find the two numbers. 


One positive number is 4 less than three times a sec- 
ond number, and their product is 84. Find the two 
numbers. 


One positive number is 3 more than twice a second 
number, and their product is 189. Find the two 
numbers. 


«zp 


Pp. 
JI 


2, G| = 


PRACTICE 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


WATCH DOWNLOAD REVIEW 


The sum of two numbers is 29, and their product is 
210. Find the two numbers. 


The sum of two numbers is 27, and their product is 
140. Find the two numbers. 


The sum of two numbers is 25, and their product is 66. 
Find the two numbers. 


The sum of two numbers is 70, and their product is 
1200. Find the two numbers. 


The difference of two positive numbers is 3, and their 
product is 88. Find the two numbers. 


The difference of two positive numbers is 9, and their 
product is 220. Find the two numbers. 


Gabriela is 5 years older than her sister Zorayda. If the 
product of their ages is 126, how old is Gabriela? 


Marco is 8 years younger than his brother Paolo. If 
the product of their ages is 105, how old is Marco? 


Clyde’s age is 5 years more than twice Bonnie’s age. If 
the product of their ages is 168, how old is Clyde? 


Edith’s age is 1 year less than three times Archie’s 
age. If the product of their ages is 70, how old is 
Edith? 

The length of a rectangle is 7 inches more than its 
width. If the area of the rectangle is 120 square inches, 
find the length and width of the rectangle. 


The length of a rectangular rug is twice its width. If 
the area of the rug is 450 square feet, find the 
length and width of the rug. 


The length of a rectangular picture frame is 2 cen- 
timeters more than twice its width. If the area of the 
frame is 420 square centimeters, find the length and 
width of the frame. 


The length of a rectangular room is 1 foot more than 
twice its width. If the area of the room is 300 square 
feet, find the length and width of the room. 


Jose has a rectangular garden that covers 105 square 
meters. The length of the garden is 1 meter more 
than twice its width. Find the dimensions of the 
garden. 


The height of a doorway is 7 feet less than five times 
its width. If the area of the doorway is 24 square feet, 
find the dimensions of the doorway. 


35. The area of a rectangular lawn is 960 square feet. If 
the length of the lawn is 8 feet less than twice its 
width, find the dimensions of the lawn. 


36. A rectangular soccer field has an area of 8800 square 
meters. If the length of the field is 30 meters more 
than its width, find the dimensions of the field. 


37. The width of a photo is 3 inches less than its length. A 
border of 1 inch is placed around the photo, and the 
area covered by the photo and its border is 70 square 
inches. Find the dimensions of the photo itself. 


38. The length of a rectangular quilt is 4 inches more than 
its width. After a 2-inch border is placed around the 
quilt, its area is 320 square inches. Find the original di- 
mensions of the quilt. 


39. A rectangular flower garden has a length that is 1 foot 
less than twice its width. A 2-foot brick border is 
added around the garden, and the area of the garden 
and brick border is a total of 117 square feet. Find the 
dimensions of the garden without the brick border. 


40. Adjacent to his barn, Larry has a rectangular pen for 
his pet goats as shown in the following diagram: 


The side opposite the barn is 5 feet less than the side 
that projects out from the barn. He decides to expand 
the pen by 5 feet in all three directions, as shown in 
the following diagram: 


This expansion makes the area of the pen 625 square 
feet. Find the dimensions of the original pen. 
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6.8 Exercises 


For the following exercises, recall that the area of a 
square with side s is s? and that the area of a triangle with 
base b and height h is }bh. 


41. The area of the floor in a square room is 64 square 
meters. Find the length of a wall of the room. 


42. A dartboard is enclosed in a square that has an area 
of 1600 square centimeters. Find the length of a side 
of the square. 


43. The height of a triangular sail is 5 feet more than 
twice its base. If the sail is made of 84 square feet of 
fabric, find the base and height of the triangle. 


44, The three towns of Visalia, Hanford, and Fresno form 
a triangle. The base of the triangle extends from 
Visalia to Hanford, and the height of the triangle ex- 
tends from Visalia to Fresno, as shown in the follow- 
ing diagram: 


Fresno 


Hanford Visalia 
The distance from Visalia to Fresno is twice the dis- 
tance from Visalia to Hanford. If the area of the trian- 
gle formed by these three cities is 400 square miles, 
find the distance from Visalia to Fresno. 


For problems 45-54, use the following function: 
h(t) = —16t? + vot +s. 


45. A projectile is launched from a building 320 feet tall. 
If the initial velocity of the projectile was 128 feet per 
second, how long will it take the projectile to land on 
the ground? 


46. Standing on a platform, Eesaeng throws a softball up- 
ward from a height 48 feet above the ground at a 
speed of 32 feet per second. How long will it take for 
the softball to land on the ground? 


47. Standing on the edge of a cliff, Fernando throws a 
rock upward from a height 80 feet above the water at 
a speed of 64 feet per second. How long will it take 
for the rock to land in the water? 


48. A projectile is launched from the top of a building 
384 feet tall with an initial velocity of 160 feet per sec- 
ond. How long will it take for the projectile to land on 
the ground? 


346 CHAPTER 6 Factoring and Quadratic Equations 


49. 


50. 


51. 


52. 


53. 


54. 


A projectile is launched from a platform 40 feet 
above the ground with an initial velocity of 64 feet per 
second. After how many seconds is the projectile at a 
height of 88 feet? 


Standing atop a building, Angela throws a rock up- 
ward from a height 55 feet above the ground with an 
initial velocity of 32 feet per second. How long will it 
take before the rock is 7 feet above the ground? 


A projectile is launched from the ground with an ini- 
tial velocity of 128 feet per second. How long will it 
take for the projectile to land on the ground? 


A projectile is launched from the ground with an ini- 
tial velocity of 176 feet per second. How long will it 
take for the projectile to land on the ground? 


A projectile is launched upward from the ground, and 
it lands on the ground after 5 seconds. What was the 
initial velocity of the projectile? 

A projectile is launched upward from an initial height 
of 192 feet, and it lands on the ground after 6 seconds. 
What was the initial velocity of the projectile? 


The height, in feet, of a free-falling object t seconds after 
being dropped from an initial height s can be found using 
the function h(t) = —16t? + s. 


55. 


An object is dropped from a helicopter 144 feet above 
the ground. How long will it take for the object to 
land on the ground? 


56. An object is dropped from an airplane that is 400 feet 


above the ground. How long will it take for the object 
to land on the ground? 


Use Gauss’s function to total the natural numbers from 
1 ton, f(n) = in? + in, in the following exercises. 


57. Find a natural number n such that the sum of the first 


n natural numbers is 36. 


58. Find a natural number n such that the sum of the first 


n natural numbers is 55. 


59. Find a natural number n such that the sum of the first 


n natural numbers is 210. 


60. Find a natural number n such that the sum of the first 


n natural numbers is 325. 


==- Writing in Mathematics 
Answer in complete sentences. 


61. Write a word problem involving a rectangle that leads 


to the equation (x + 9)(x + 5) = 192. Explain how 
you created your problem. 


62. Write a word problem involving a rectangle with a 


length of 24 feet and width of 16 feet. Your problem 
must lead to a quadratic equation. 
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CHAPTER 6 SUMMARY 


Section 6.1 An Introduction to Factoring; the Greatest Common Factor; Factoring by Grouping 


Greatest Common Factor (GCF), p. 296 


The greatest common factor of two or more integers is the largest whole Find the GCF: 35x*, 14.x°, 49x? 
number that is a factor of each integer. GCF of 35, 14, and 49: 7 

For a variable factor to be included in the GCF, it must be a factor of GCF: 7x2 
each term. 


Factoring Out the Greatest Common Factor, pp. 297-298 


The first step for factoring any polynomial is to factor out the GCF of Factor out the GCF: 8x° — 10x* + 14x? 
all of the terms. 
8x° — 10x4 + 14x? = 2x7(4x3 — 5x? + 7) 


Factoring by Grouping, pp. 298-300 


To factor a polynomial with four terms by grouping, split the polynomial Factor by grouping: 2x7 — 6x? + 7x - 21 
into two groups. 5 5 

Factor a common factor out of the first two terms and another common 2x° — 6x" + Tx — 21 = 2x*(x — 3) + 7(x — 3) 
factor out of the last two terms. If the two “groups” share a common bi- (4 Sa +7) 


nomial factor, this binomial can be factored out to complete the factor- 
ing of the polynomial. 


Section 6.2 Factoring Trinomials of the Form x? + bx + c 


Factoring x”? + bx + c, pp. 302-304 
To factor a trinomial of this form, look for two integers m and n Factor: x* — 3x — 54 


that have a product equal to c and a sum equal to b. Multiply to equal —54; add to equal —3. 
If you can find two such integers, the trinomial factors to be x2 — 3x ; 54 = (x — 9)(x + 6) 
(x + m)(x +n). 


Prime Polynomials, p. 305 


A polynomial that cannot be factored is said to be Factor: x7 + 7x — 10 


prime or unfactorable. Multiply to equal —10; add to equal 7. 


x? + 7x — 10 is prime. 


Section 6.3 Factoring Trinomials of the Form ax* + bx + c, Where a # 1 


ax? + bx + c (a # 1): Factoring by Grouping, pp. 308-310 


1. Multiply a-c. Factor: 2x? + 15x + 28 
2. Find two integers whose product is a: c and whose sum is b. 92 = =. : ; 
3. Rewrite the term bx as two terms, using the two integers found in ae = Minliply va Sou of; adeeoeauel >: 
Step 2. 2x° + 15x + 28 = 2x° + 7x + 8x + 28 
4. Factor the resulting polynomial by grouping. x(2x + 7) + 4(2x + 7) 
& poly y grouping are nies 
ax? + by + c(a # 1): Factoring by Trial and Error, pp. 310-312 
If the trinomial ax* + bx + c is factorable, it will be the product Factor: 3x? — 17x + 10 
of two binomials that consist of a variable term and a constant. 3x2: x-3x 10: 1-10.2°5 
The product of the variable terms will be ax’, and the product of , Fi 
the constants will equal c. Use trial and error to find the pair e _ ree ao : . * ae ic 


of factors that has a product whose middle term is bx. 


( 
(x — 2)(3x — 5) = 3x? — 11x + 10 
(x — 5)(3x — 2) = 3x7 — 17x + 10<— 
Section 6.4 Factoring Special Binomials 
Difference of Squares, pp. 313-315 
A difference of squares factors in the following manner: Factor: x” — 49 
a —b =(at+b)(a—b) x2 — 49 = (x)? - (79 
= (x + 7)(x — 7) 
Sum of Squares, p. 315 
A sum of squares, a” + b’, is not factorable. Factor: x? + 64 


This is a sum of squares and is not factorable. 
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Difference of Cubes, pp. 315-316 
A difference of cubes factors in the following manner: Factor: x* — 125 
a’ — b? = (a— b)(a* + ab + Bb’) : 
x3 — 125 = (x)? — (5) 


Sum of Cubes, p. 317 
A sum of cubes factors in the following manner: Factor: x? + 216 
a+b = (a+ b)(a — ab + b’) P é P 
x”? + 216 = (x) + (6) 
(x + 6)(x? — 6x 


36) 


Section 6.5 Factoring Polynomials: A General Strategy 


Factoring Polynomials, pp. 319-322 


1. Factor out any common factors. 
2. Determine the number of terms in the polynomial. 
a) If there are only two terms, check to see if the binomial is one 
of the special binomials. 
e Difference of Squares: 
a — b? = (a+ b)(a— b) 
e Sum of Squares: 
a’ + b’ is not factorable. 
e Difference of Cubes: 
a — b’ = (a— b)(a? + ab + B’) 
e Sum of Cubes: 
a’ + BD? = (a + b)(a’ — ab + b’) 
b) If there are three terms, try to use one of the following techniques: 
ex? + bx + c = (x + m)(x + n): Find two integers m and n whose 
product is c and whose sum is b. 
e ax’? + bx + c(a # 1): Factor by grouping or by trial and error. 
c) If there are four terms, try factoring by grouping. 

3. After the polynomial has been factored, make sure that any factor with 
two or more terms does not have a common factor other than 1. If there 
are common factors, factor them out. 

4. Check your factoring through multiplication. 


Section 6.6 Solving Quadratic Equations by Factoring 


Zero-Factor Property of Real Numbers, pp. 325-326 
Ifa-b = 0, thena = Oorb = 0. Solve: (x — 4)(3x + 5) =0 


3x +5=0 
3x = —-5 


x-4=0 
x=A4 


x=-> 


Solving Quadratic Equations by Factoring, pp. 326-329 
1. Write the equation in standard form: ax* + bx + c = 0 Solve: x? + 9x — 36 = 0 
2. Factor the expression ax” + bx + c completely. 5 
3. Set each factor equal to 0 and solve the resulting equations. 

4. Finish by checking the solutions. 


Finding a Quadratic Equation Given Two Solutions, p. 329 
If x = aand x = bare solutions to a quadratic equation, the Find a quadratic equation with this solution set: 
equation must be of the form (x — a)(x — b) = 0. {—4, 13} 
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Section 6.7 Quadratic Functions 


Quadratic Functions, p. 332 


A quadratic function is a function of the form: f(x) = x° + 37x — 205 
f(x) = ax? + bx + c(a #0). 


Evaluating Quadratic Functions, p. 332 


To evaluate a function for a particular value of the variable, For f(x) = 2x* + 7x — 19, find f(8). 
substitute that value for the variable in the function’s formula 3 
and simplify the resulting expression. f(8) = 2(8)" + 7(8) — 19 
= 2(64) + 7(8) — 19 
= 128 + 56-19 
= 165 


Solving Equations Involving Quadratic Functions, pp. 332-333 


To solve an equation involving a quadratic function, replace the For f(x) = x? + 8x — 12, solve f(x) = 36. 
function with its formula and solve the resulting equation. 


x+12=0 x-4= 
x= -12 x= 
Section 6.8 Applications of Quadratic Equations and Quadratic Functions 
Problems Involving Consecutive Integers, p. 338 
Let x represent the first integer. The product of two consecutive positive integers is 72. 
If the integers are consecutive odd integers or consecutive Find the integers. 
even integers, let x + 2 represent the second integer. Tak 
If the integers are simply consecutive integers, let x + 1 eae ae ate 
represent the second integer. ; Hee 1 = 2 
be 72 =0 
(x + 9)(x — 8) =0 
x+9=0 £3. 
= —9 x= 


Omit negative solution. 


First: x = 8;second: x +1=8+1=9 
The consecutive integers are 8 and 9. 


Area of a Rectangle, pp. 340-341 


The unknowns are the length and the width. The length of a rectangle is 7 inches more than its 
The formula is width. If the area is 60 square inches, find the dimen- 
Area = Length: Width. sions of the rectangle. 
Unknowns 


Length: x + 7; width: x 


x(x + 7) = 60 

x? + 7x — 60=0 

(x + 12)(x — 5) =0 
x+12=0 x-5=0 
x=-12 x=5 


Omit negative solution. 


Length: x + 7=5 + 7 = 12; width: x = 5 
The length is 12 inches, and the width is 5 inches. 
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Projectile Problems, p. 342 
The height, in feet, of a projectile after t seconds can be 
found using the function 
h(t) = —16t? + vot + 5 


where Vy is the initial velocity of the projectile and s is the 
initial height. 


A projectile is launched upward at a speed of 96 feet 
per second from a building that is 432 feet tall. How 
long will it take for the projectile to land on the 
ground below? 


h(t) = —16t? + 96t + 432 
h(t) =0 
161? + 96t + 432 = 0 
16(¢? — 6t — 27) =0 
16(t + 3)(t — 9) = 0 


t+3=0 i=9 
t=-3 t 
Omit negative solution. 


It will take 9 seconds. 


SUMMARY OF CHAPTER 6 STUDY STRATEGIES 


Math anxiety can hinder your success in a mathematics class, but you can overcome it. 


e The first step is to understand what has caused your 
anxiety. 

e Relaxation techniques can help you overcome the 
physical symptoms of math anxiety, allowing you to 
give your best effort. 


e Developing a positive attitude and confidence in your 
abilities will help as well. 


e By scheduling a set time for your mathematics stud- 
ies and sticking to that schedule, you can avoid pro- 
crastinating. 


e Many students believe they have math anxiety, but 
poor performance can be caused by other factors as 


well. Do you completely understand the material, 
only to freeze up when talking tests? Does this hap- 
pen in other classes as well? If so, you may have test 
anxiety, not math anxiety. 


Some students do poorly because they are taking 
classes for which they are not prepared. Discuss 
placement with your instructor and your academic 
counselor if you believe this applies to you. 


e Finally, make sure that poor study skills are not the 


cause of your difficulties. If you are not giving your 
best effort, you cannot expect to learn and under- 
stand mathematics. 


CHAPTER 6 REVIEW 


Factor completely. If the polynomial cannot be factored, 40. 4x2 — 60x + 144 =0 
write prime. [6.1-6.5] AL. x(x + 10) = —21 


PRE Seen awe wn 


7 3x-= 21 


x? — 20x 
5x’ + 15x* — 20x3 


6a°b? — 10a*b? + 15a*b 


x? + 6x? + 4x + 24 
x? + 9x? — 7x — 63 
x? — 3x? — 11x + 33 
x? — 3x? — 9x + 27 


. x7 — 8x + 16 
. x7 + 3x — 28 


x? — 11x + 24 
—5x? — 20x + 160 


x2 + ldxy + 45y? 
x? + Ox — 23 
x? + 17x + 30 
~x? — x — 42 

. 10x? — 83x + 24 
. 4x7 — 3x — 10 


42. (x + 4)(x + 5) = 


Find a quadratic equation with integer coefficients that 
has the given solution set. [6.6] 

43. {6, 7} 

44. {—4, 4} 


3 
ws {-32] 
5 2 
wc {5,3 


Evaluate the given quadratic function. [6.7] 
47. oe ea 3) 

f(x) = x? — 8x, f(4) 
49, 10 = x? + 10x + 24, f(-8) 

f(x) = 3x? + 8x — 19, f(5) 


For the given function f(x), find all values x for which 
. = 0. [6.7] 


19. 18x? + 12x — 6 
= 38 
20. 4x2 — 12x + 9 fx) = — 36 
9) 3x2 — 75 52. ane =x? + 3x — 54 
22. 4x? — 25y? 53. f(x) = x? + 12x + 20 
23) x? + 8y° 54, f(x) = x* — 7x — 44 
4. x2 + 121 55. A man is standing on a cliff above a beach. He throws 
45) x3 a rock upward with an initial velocity of 32 feet/ 
px — 216 second from a height 128 feet above the beach. The 
26. 7x? = 189 rock’s height above the beach, in feet, after t seconds 


Solve. [6.6] 


27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 


(x — 5)(x + 7) =0 
(3x — 8)(2x + 1) = 
x7 -25=0 

x? — 14x + 40 =0 
x? + 16x + 64=0 
x? + 3x — 108 =0 
x? — 9x —- 70 =0 

x? — 16x = 


is given by the function A(t) = —16r? + 32r + 128, 
whose graph is shown. [6.7] 


h(t) 
toot 
140 
120 
100 

80 
60 
40 
20 


35. x7 + 19x + 60 = ie a a t 

36. x* — 18x + 80 = 

a7. = 154 = 16 = Use the function and its graph to answer the follow- 
- 7 _ ing questions. 

a ae Les a) Use the graph to determine how high above the 

39. 7x" — 252 = 0 beach the rock is after 3 seconds. 


Worked-out solutions to Review Exercises marked with 


can be found on page AN-20. 
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b) How long will it take for the rock to land on the Use the function and its graph to answer the follow- 
beach? ing questions. 
c) After how many seconds does the rock reach its a) Use the function to determine the average cost to 
greatest height above the beach? produce 800 toys. 
d) Use the function to determine the greatest height b) What number of toys corresponds to the lowest 
above the beach that the rock reaches. average cost of production? 
56. The average price in dollars for a manufacturer to c) Use the function to determine the lowest average 
produce x toys is given by the function f(x) = cost that is possible. 
0.0001x* — 0.08x + 20.85, whose graph is shown. 57. Two consecutive even positive integers have a prod- 
[6.7] uct of 288. Find the two integers. [6.8] 
fx) 58. Rosa is 8 years younger than Dale. If the product of 
ist their ages is 105, how old is each person? [6.8] 
14h 
13- 59. The length of a rectangle is 3 meters less than twice 
12+ the width. The area of the rectangle is 104 square me- 
1p ters. Find the length and the width of the rectangle. 
10h [6.8] 
A 60. A ball is thrown upward with an initial velocity of 
aL 80 feet per second from the edge of a cliff that is 
6F 384 feet above a river. 
5st Use the function h(t) = —16f7 + vot + s. [6.8] 
4- a) How long will it take for the ball to land in the 
3F river? 
2r b) When is the ball 480 feet above the river? 
1F 
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CHAPTER 6 TEST For Extra Help 


Factor completely. 


1. x? — 25x 


2. x9 — 3x? — 5x + 15 
3. x° — 9x + 20 
4. x? — 14x — 72 
5. 3x7 + 60x + 57 
6. 6x7 — x — 5 
7. x? — 25y? 
8. x? — 216y° 
Solve. 


9. x? — 100 = 0 

10. x? — 13x + 36 =0 
11. x? + 7x — 60 =0 
12. (x + 2)(x — 9) = 60 


4 


CHAPTER 


Test Prep 


Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 
on DVD, in MyMathLab |), and on Youff) (search “WoodburyElemintAlg” and click on “Channels”). 


Find a quadratic equation with integer coefficients that 
has the given solution set. 


13,1=2,3} 
1a {62} 


Evaluate the given quadratic function. 


15, f(x) = x? -— 12x + 35, f(-5) 
16. f(x) = —x? + 2x + 17, f(7) 


For the given function f(x), find all values x for which 
F(x) = 0. 
17. f(x) = x? + 14x + 48 


18. The average price in dollars for a manufacturer to 
produce x baseball hats is given by the function 
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f(x) = 0.00000006x? — 0.00096x + 5.95, whose graph b) What number of baseball hats corresponds to the 
is shown. lowest average cost? 

c) Use the function to determine the lowest average 
Sx) cost that is possible. 


19. The length of a rectangle is 5 feet more than three 
times the width. The area of the rectangle is 100 square 
feet. Find the length and the width of the rectangle. 


20. A ball is thrown upward with an initial velocity of 
32 feet per second from the edge of a cliff 240 feet above 
a beach. Use the function h(t) = —16f* + vot + s. 
a) How long will it take for the ball to land on the 
beach? 
b) When is the ball 192 feet above the beach? 


Use the function and its graph to answer the follow- 

ing questions. 

a) Use the function to determine the average cost to 
produce 6500 baseball hats. 


Mathematicians in HistOry es 
Sit Isaac Newton was an English mathematician and scientist 


who lived in the 17th and 18th centuries. His work with motion and gravity helped us 
better understand the world as well as the solar system. Alexander Pope once said, 
“Nature and Nature’s laws lay hid in night; God said, Let Newton be! And all was 
light.” 

Write a one-page summary (or make a poster) of the life of Sir Isaac Newton and 
his accomplishments. 


Interesting issues: 

Where and when was Sir Isaac Newton born? 

Describe Newton's upbringing and his relationship with his mother and stepfather. 
It has been said that an apple was the inspiration for Newton's ideas about the force of gravity. Explain how the 
apple is believed to have inspired Newton’s ideas. 

In a letter to Robert Hooke, Newton wrote, “If I have been able to see further, it was only because I stood 

on the shoulders of giants.” Explain what this statement means. 

Newton is often referred to as the “Father of Calculus.” What is calculus? 

What are Newton’s three laws of motion? In your own words, explain what they mean. 

What did Newton invent for his pets? 

Where was Newton buried? 


Rational Expressions 
and Equations 


Rational Expressions 
and Functions 

7.2 Multiplication and 
Division of Rational add, subtract, multiply, and divide rational expressions. Rational expressions are 
Expressions 

7.3, Addition and Subtraction nis ; ae : 
of Rational Expressions a wooden beam can support, finding the illumination from a light source, and 
That Have the Same solving work-rate problems. 
Denominator 

7.4 Addition and Subtraction 
of Rational Expressions 


That Have Different STUDY STRATEGY 


Denominators 


In this chapter, we will examine rational expressions, which are fractions 


whose numerator and denominator are polynomials. We will learn to simplify, 


involved in many applied problems, such as determining the maximum load that 


7.5 Complex Fractions Preparing for a Cumulative Exam In this chapter, we will focus on how to 

FG PatiGanllcau aden prepare for a cumulative exam, such as a final exam. Although some of the 
° ioe ‘ ' strategies are similar to those used to prepare for a chapter test or quiz, there 

7.7 Applications of Rational are differences as well. 

Equations 

Chapter 7 Summary 


OBJECTIVES 


a Evaluate rational expressions. 

2. Find the values for which a rational expression is undefined. 
® Evaluate rational functions. 

‘4 Find the domain of a rational function. 

® Simplify rational expressions to lowest terms. 

6 Identify factors that are opposites of each other. 


x? + 15x + 44 

x? — 16 
major difference between rational expressions and linear or quadratic expressions is 
that a rational expression has one or more variables in the denominator. The denom- 
inator of a rational expression must not be zero, as division by zero is undefined. 


A rational expression is a quotient of two polynomials, such as 
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Evaluating Rational Expressions 


Objective 1 Evaluate rational expressions. We can evaluate a rational ex- 
pression for a particular value of the variable just as we evaluated polynomials. We 
substitute the value for the variable in the expression and then simplify. When sim- 
plifying, we evaluate the numerator and denominator separately and then simplify 
the resulting fraction. 


: . x 
Evaluate the rational expression for x = —S. 
oe 


SOLUTION Begin by substituting —5 for x. 
(-5)? + 2(-5) — 24 


: Substitute —5 for x. 
(—5)* — 7(—-5) + 12 


— 25 — 10 — 24 Simplify the numerator and denominator 
25 + 35 + 12 separately. 
-9 
= ay Simplify the numerator and denominator. 
ae Simplif 
8 Pp y. 
Quick Check 1 
: . x? — 3x — 18 
Evaluate the rational expression for x = —4. 
ty GO 


Finding Values for Which a Rational 

Expression Is Undefined 

Objective 2 Find the values for which a rational expression is unde- 
fined. Rational expressions are undefined for values of the variable that cause the 
denominator to equal 0, as division by 0 is undefined. In general, to find the values 


for which a rational expression is undefined, we set the denominator equal to 0, 
ignoring the numerator, and solve the resulting equation. 


3 
Find the values for which the rational expression ed is undefined. 
x 


SOLUTION Begin by setting the denominator, 5x + 4, equal to 0. Then solve for x. 


Sx +4=0 Set the denominator equal to 0. 
5x = —4 Subtract 4. 


4 
Rae Divide by 5. 


a . 4 
Bead is undefined for x = 5° 


The expression 


Quick Check 2 


Find the values for which is undefined. 


ae = 4] 
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Quick Check 3 


Find the values for which 

—4 
peaches is undefined. 
x7 — 8x -—9 


2 
— 7x + 

Find the values for which a is undefined. 
x“ + 5x — 36 


SOLUTION Begin by setting the denominator x* + 5x — 36 equal to 0, ignoring 
the numerator. Notice that the resulting equation is quadratic and can be solved 
by factoring. 
x? + 5x — 36 =0 Set the denominator equal to 0. 
(x + 9)(x — 4) =0 Factor x? + 5x — 36. 
x+9=0 or x-—4=0 Set each factor equal to 0. 


x=-9 or x =4 Solve. 
2 
— 7x + 12 
The expression xX is undefined when x = —9 or x = 4. 
x? + 5x — 36 


Rational Functions 


x 
A rational function r(x) is a function of the form r(x) T(x) where f(x) and 
g(x 


g(x) are polynomials and g(x) # 0. 


Evaluating Rational Functions 


Objective 3 Evaluate rational functions. We begin our investigation of 
rational functions by learning to evaluate them. 


xv +13x+42 . 


For r(x) = ade a , find r(—2). 


SOLUTION Begin by substituting —2 for x in the function. 


(—2)? + 13(-2) + 42 


r(-2) = Fi Substitute —2 for x. 
(-2)° + 9(—2) + 20 
4-26 + 42 Simplify each term in the numerator and 
~ 4— 18 + 20 denominator. 
20 ae , 
Se Simplify the numerator and denominator. 
10 
ara Simplify. 
3 
Quick Check 4 
x? — 3x — 12 
For = ——____, find r(—6). 
ae ee = 15 ee) 


Finding the Domain of a Rational Function 


Objective 4 Find the domain of a rational function. Rational functions 
differ from linear functions and quadratic functions in that the domain of a rational 
function is not always the set of real numbers. We have to exclude any value that 
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causes the function to be undefined, namely, any value for which the denominator 
is equal to 0. Suppose the function r(x) was undefined for x = 6. Then the domain 
of r(x) is the set of all real numbers except 6. This can be expressed in interval no- 
tation as (—0<, 6) U (6, ©), which is the union of the set of all real numbers that 
are less than 6 with the set of all real numbers that are greater than 6. 


x? — 32x + 60 


x? — 9x 


Find the domain of r(x) = 


SOLUTION Begin by setting the denominator equal to 0 and solving for x. 


x? — 9x =0 Set the denominator equal to 0. 
x(x — 9) =0 Factor x* — 9x. 
x=0 or x-—9=0 Set each factor equal to 0. 
x=0 or x =9 Solve each equation. 


The domain of the function is the set of all real numbers except 0 and 9. In interval 
notation, this can be written as (—co, 0) U (0, 9) U (9, 00). 


Quick Check 5 
x? + 11x + 24 
x? — 4x — 45 


Find the domain of r(x) = 


Simplifying Rational Expressions 
to Lowest Terms 


Objective 5 Simplify rational expressions to lowest terms. Rational ex- 
pressions are often referred to as algebraic fractions. As with numerical fractions, 
we will learn to simplify rational expressions to lowest terms. In later sections, we 
will learn to add, subtract, multiply, and divide rational expressions. 

We simplified a numerical fraction to lowest terms by dividing out factors 
that were common to the numerator and denominator. For example, consider the 


30 
fraction RA To simplify this fraction, we could begin by factoring the numerator and 
denominator. 
a0. 253%5 
84 -2+2+3+7 
The numerator and denominator have common factors of 2 and 3, which are di- 
vided out to simplify the fraction to lowest terms. 
11 
2°3°5 5 5 


FORT oe 
1 1 


Simplifying Rational Expressions 
To simplify a rational expression to lowest terms, first factor the numerator and 


denominator completely. Then divide out any common factors in the numera- 
tor and denominator. 


PR P 
If P, Q, and R are polynomials, Q # 0, and R # 0, then OR = Oo 
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Quick Check 6 


Simplify the rational expression 


5x0 
—.. (Assume that x # 0.) 
2ilbs 


Quick Check 7 


Simplif. x? + 10x + 24 
1m SS ees 
ae Oper 


(Assume that the denominator 


is nonzero.) 


10x? 
Simplify the rational expression oa (Assume that x # 0.) 
x 


SOLUTION This rational expression has a numerator and denominator that are 
monomials. In this case, we can simplify the expression using the properties of ex- 
ponents developed in Chapter 5. 


5 
ite? . 10x" 4 
ax = ra Divide out the common factor 2. 
x 
4 
5 3 
= = Simplify. 
x 
5 a . 3 
= ae Divide the numerator and denominator by x”. 
ie 
+ 8x — 20 
Simplify a (Assume that the denominator is nonzero.) 
x“ — 7x + 10 


SOLUTION The trinomials in the numerator and denominator must be factored 
before we can simplify this expression. (For a review of factoring techniques, you 
may refer to Sections 6.1-6.5.) 


x +8x-—20 (x — 2)(x + 10) . 
= Factor the numerator and denominator. 
x?>—7x+10 (x -2)(x - 5) 
1 
Ge— 2) (x + 10) _ 
= Divide out common factors. 
(2x — 5) 
+ 10 
-+ Simplify. 
=) 


A WORD OF CAUTION When we are simplifying a rational expression, we must be very 
careful that we divide out only expressions that are common factors of the numerator 
and denominator. We cannot reduce individual terms in the numerator and denominator 
as in the following examples. 


1 
x — 25 
x? — 36 
1 


x? — 25 
x? — 36 


4 
x+ 8 
x= 

3 


x+ 8 
x-6 


Factor the numerator and denominator completely before attempting to divide out 
common factors. 


2 
— 8 
Simplify 5 * — (Assume that the denominator is nonzero.) 
x 


7— 17x +8 


SOLUTION The polynomials in the numerator and denominator must be factored 
before we can simplify this expression. The numerator x? — 8x has a common fac- 
tor of x that must be factored out first. 


x? — 8x = x(x — 8) 


The denominator 2x* — 17x + 8 isa trinomial with a leading coefficient that is not 
equal to 1 and can be factored by grouping or by trial-and-error. (For a review of 
these factoring techniques, you may refer to Section 6.3.) 


2x? — 17x + 8 = (2x — 1)(x — 8) 


Quick Check 9 
x? + 8x —9 
Simplify —_——_.—. 
pity fee 
(Assume that the denominator 


is nonzero.) 
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Now we can simplify the rational expression. 


x? — 8x x(x — 8) : 
7 = Factor the numerator and denominator. 
2x7 -—17x +8 (2x —1)(x — 8) 
1 
x{e—8) — ; 
ivide out common factors. 
(2x — 1)Ge— 8) 
= ae i Simplify. 


Quick Check 8 


3x7 + 16x + 5 
eee eae) 


5 . (Assume that the denominator is nonzero.) 
se" sp See ar IS 


Identifying Factors in the Numerator 
and Denominator That Are Opposites 


Objective 6 Identify factors that are opposites of each other. Two expres- 
sions of the form a — band b — aare opposites. A difference written in the opposite 
order produces the opposite result. Consider the expressions a — b and b — a when 
a = 10and b = 4. In this case,a — b = 10 — 4, or 6,andb — a = 4 — 10, or —6. We 
also can see that a — b and b~-—a are opposites by noting that their sum, 
(a — b) + (b — a), is equal to 0. 

This is useful to know when simplifying rational expressions. The rational 


a-—b 
b-a 
of its denominator is equal to —1. If a rational expression has a factor in the numer- 
ator that is the opposite of a factor in the denominator, these two factors can be di- 
vided out to equal —1, as in the next example. We write the —1 in the numerator. 


expression simplifies to —1, as any fraction whose numerator is the opposite 


4 a= aed 
Simplify — cae 
Xx 


>... . (Assume that the denominator is nonzero.) 
— 12x + 35 


SOLUTION Begin by factoring the numerator and denominator completely. 


49 — x? (7 + x)(7 — x) 
; = Factor the numerator and denominator. 
x? — 12x +35 (x —5)(x -7) 
-1 
7T+x 
= pi Divide out the opposite factors. 
(x - 5)*—7) 
__it+x Simplify, writing the negative sign in 
x-—5 front of the fraction. 


A WORD OF CAUTION Two expressions of the form a + 6 and 6 + a are not opposites 

but are equal to each other. Addition in the opposite order produces the same result. 

When we divide two expressions of the form a + 6 and 6 + a, the result is 1, not —1. 
Mae 


For example, =1 
2X 
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ies ; 49- x, 
There is an alternative method for simplifying the expression ——~———~. in 
x° — 12x + 35 
Example 9. The numerator can be rewritten in standard form as —x? + 49; then we 


can factor —1 out of these terms. 


AD — x? =? +4 
2 = ae 2 Rewrite the numerator in standard form. 
x? — 12x + 35 x? — 12x + 35 
—1(x* — 49) , 
Sane Factor —1 from the terms in the numerator. 
x° — 12x + 35 
—1(x + 7)(x - 7) ; 
= Factor the numerator and denominator. 
(x — 5)(x — 7) 
1 
—1(x + 7)Ge—-T) er ; 
= ivide out common factors. 
(x - S)e—T) 
= tT Simplify, writing the negative sign in front 
~  y 5 of the fraction. 


BUILDING YOUR STUDY STRATEGY 


Preparing for a Cumulative Review, 1 Study Plan To prepare for a cumula- 
tive exam effectively, develop a schedule and study plan. Your schedule should 
include study time every day, and you should increase the time you spend 


studying as you get closer to the exam date. 

Before you begin to study, find out what material will be covered on the 
exam by visiting your instructor during office hours. You can find out the topics 
or chapters that will be emphasized and the format of the exam. 


bee LP C Mathaxy> | LZ | ce | a a 
MyMathLab ij PRACTICE WATCH DOWNLOAD READ REVIEW 
Vocabulary Evaluate the rational expression for the given value of 
the variable. 
1. A(n) is a quotient of two 
Ss ae eee 8 for x = 5 
2. Rational expressions are undefined for values of the x+4 x — 20 
variable that cause the to equal 0. 9, * +3 ae 95 10 +1 on 7 
° t= le iS > 
3. A(n) r(x) is a function of the a Fol. 
x 2— 13 48 
form r(x) = oot where f(x) and g(x) are polyno- 11. = — ie for x = 3 
mials and g(x) # 0. ~ x? + 5x — 23 f > 
4. The _____ of a rational function excludes all Ce aelRage 
values for which the function is undefined. 2 
x°— 6x-+ 15 
5. A rational expression is said to be in 13. 4 14x 7 for x = —9 
if its numerator and denominator do not have any A 
common factors. 14. x + ane 56 a, 
ge 


. Two expressions of the form a — band b — aare 


Find all values of the variable for which the rational 


expression is undefined. 


6 x-2 
15, 16. 
x= 5 x +6 
+3 —8 
17. 18, ——_-— 
Kb oe = 56 x° + 10x + 9 
x? + 7x + 10 x’ — 7x +12 
“42.21 42, _ 410 20. -,___. 
3x° + 13x — 10 2X = % = 15 
6x x—4 
21. 22. ——___- 
x? — 36 x? — 16x 


Evaluate the given rational function. 


20 
23. = r(—5 
r(x) x’ — 5x + 10 a 
Xx 
24. = (8 
Ne ae og 
x? + 10x + 24 
25. = ,r(4 
Ss alarm er 
x? — 100 
26. = ,r(—3 
Me) 24 ax+ 30° 
3 — 7x? — 11x + 20 
27. r(x) =~ - . ; 
x” + 8x — 20 
34 8x? + 17x + 10 
28. r(x) =~ : x 


x? + 3x? — 18x — 40’ 


r(10) 


r(2) 


Find the domain of the given rational function. 


x? + 18x + 77 


29. r(x) = ia We 
x? — 16x + 60 
MF x) Ss 
x° —9x +8 
31. r(x) x7 +2x —3 
rx) = 
x? — 2x — 15 
32. r(x) x + 7x — 8 
(xy) = 
x? — 64 
x? + 4x — 60 
Te A ae 
x” + 3x — 18 
> _ 13x + 36 
34. r(x) . 7 


x? + 14x + 45 
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Identify the given function as a linear function, a quad- 
ratic function, or a rational function. 


35. f(x) = x? — 11x + 30 
36. f(x) = 3x — 8 


2; 


37. f(x) = x — 5x2 rs 11x — 35 
38. f(x) = a 

39, f(x) = Ex +3 

40. f(x) = px? + 3x - 5 


Simplify the given rational expression. (Assume that all 
denominators are nonzero.) 


41. 42 


3x? 10x’ 


* 9x8 * 42x10 


x+5 


“x2 + 11x + 30 


x? — 64 
x-8 
x? + 11x + 28 


* 3? + 4x — 21 


x? — 7x — 18 


“x2 4 8x +12 


x? — 4x 


"x? — 14x + 40 


x? + 10x + 25 
x? — 25 
x? — 4x — 45 
x? + 125 
x? + 6x — 40 
x? + 1000 
2x* + 13x + 6 


* 2x? — 7x —4 


4x? — 25 
2x* — 19x + 35 
3x? — 25x — 50 

x? — 3x — 70 
x7 + 7x + 12 


"Ax? + 9x -— 9 


3x? — 6x — 105 


* x? — 11x + 28 


2x? + 14x + 20 


* 5x2 — 25x — 70 
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Determine whether the two given binomials are or are 
not opposites. 

57, x + Sand5 + x 

58. x — ll and11 — x 

59.14 —xandx — 14 

60. 3x — 2 and 2x — 3 

61. 2x + 13 and —2x — 13 

62. 6x — 7and6x + 7 


Simplify the given rational expression. (Assume that all 
denominators are nonzero.) 


49 — 2 
eo 
x’ — 12x + 35 
iat 18 — 2x 
x? — 3x — 54 
_. 2 
— 
x” — 19x + 88 
a, 
oe 
x’ — 12x + 36 
Behe: 
es 
4-x 
x -— 27 
68. 
3 =x 


Use the given graph of a rational function r(x) to solve 
the problems that follow. 


69. y 
A 


NY fa @w 


«z«ttttitttt tit 


a) Find r(1). b) Find r(—4). 
c) Find all values x such that r(x) = 1. 


70. y 
Nn 


A 


| 
rom 
I 
ON 
| 
aN 
if 
N 
tol 
oN 
On 
oo 


~of 
4b 
~6E 
8p 
a) Find r(0). 
b) Find r(4). 
c) Find all values x such that r(x) = —1. 


e===- Writing in Mathematics 
Answer in complete sentences. 


71. Explain how to find the values for which a rational 
expression is undefined. 


’ _ (x + 2)(x — 7) ’ 
72. Is the rational expression ———~——_ undefined 
(x — 5)(x + 2) 
for the value x = —2? Explain your answer 


73. Explain how to determine whether two factors are 
opposites. Use examples. 


Section 7.1 
Simplify. 


— 


14 165 
* 45 308 
20 35 


“99° 51 


Quick Check 1 


Multiply: 
(ste eee 0 


x? — 9x +20 x* + 13x + 30 
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OBJECTIVES 


@ Multiply two rational expressions. 

@ Multiply two rational functions. 

® Divide a rational expression by another rational expression. 
4 Divide a rational function by another rational function. 


Multiplying Rational Expressions 


Objective 1 Multiply two rational expressions. In this section, we will learn 
how to multiply and divide rational expressions. Multiplying rational expressions is 
similar to multiplying numerical fractions. Suppose we need to multiply ; . can Be- 
fore multiplying, we can divide out factors common to one of the numerators and 
one of the denominators. For example, the first numerator (4) and the second de- 
nominator (10) have a common factor of 2 that can be divided out of each. The sec- 
ond numerator (21) and the first denominator (9) have a common factor of 3 that 
can be divided out as well. 


4h Bed Be 


Factor each numerator and denominator. 


9 10 


To multiply two rational expressions, we will begin by factoring each numerator and 
denominator completely. After dividing out factors common to a numerator and a 
denominator, we will express the product of the two rational expressions as a single 
rational expression, leaving the numerator and denominator in factored form. 


go = Ties 30. xr -9 
x? +5x-24 x? -2x -15 


Multiply: 


SOLUTION Begin by factoring each numerator and denominator. Then divide out 
common factors. 
eH Nep st. 2°=2 
xv+5x—-24 x? -2x -15 
(x — 5)(x — 6) (x + 3)(x — 3) Factor the numerators and 


(x + 8)(x — 3) (x — 5)(x + 3) denominators completely. 


_=S(x- 6) Se 3y 
(x + 8) — 3) SITS) 


Divide out common factors. 


= Simplify. 
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Quick Check 3 


x+4 
For f(x) = are 


x? -—10x+21 . 
fi 


Bes x+x-12’ 


f(x) g(x). 


and 


nd 


x” — 10x 16 — x? 
Multiply: : 
ea a x? — 9x — 10 


SOLUTION Again, begin by completely factoring both numerators and denom- 
inators. 


x? — 10x 16 — x? 
x7 -2x-8 x? -—9x - 10 
x(x — 10) (4 + x)(4 — x) 


7 ; F letely. 
(x + 2)(x —4) (x + 1)(x — 10) actor completely. 


1 =1 a8 : 
Divide out common factors. Notice 
x 4+ x 
= oon) . ( ae that the factors 4 — x and x — 4 


(x + 2){*—4) (x + 1)(e— 40) are opposites. 


—x(4 + x) ; 2 
= Gs ae + 1) Multiply remaining factors. 
x(4 + x) Write the negative sign in the 
(x + 2)(x + 1) numerator in front of the fraction. 


Quick Check 2 
SOs te 8 
x +9x+14 x? — 15x + 54 


Multiply: 


Here is asummary of the procedure for multiplying rational expressions. 


Multiplying Rational Expressions 


e¢ Completely factor each numerator and each denominator. 


e Divide out factors that are common to a numerator and a denominator, as 
well as factors in a numerator and denominator that are opposites. 


e Multiply the remaining factors, leaving the numerator and denominator in 
factored form. 


Multiplying Rational Functions 


Objective 2 Multiply two rational functions. 


x? — 3x — 18 v+3x-4 . 
= ————_, fin 


For flay = x? + 8x + 16 


f(x) g(x). 
SOLUTION Replace f(x) and g(x) with their formulas and proceed to multiply. 


lee esi Oe er ea Replace f(x) and g(x) 
x?+8x+16 9-7 with their formulas. 


f(x) a(x) = 


(x — 6)(x + 3) (x + 4)(x - 1) 

— GF 4x +4) G4R)G—R) Factor completely. 

= _ Nor 3), Come =i Divide out common factors. 
Gta(x +4) B43 — x) 


Multiply remaining factors. 


Quick Check 4 
Divide: 
x7 -4 ot S016 


Ao Os 


Quick Check 5 
Divide: 
te IA O Q = x 


xe—x—-12 9 x274+8x4+15 
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Dividing a Rational Expression 
by Another Rational Expression 


Objective 3 Divide a rational expression by another rational expression. 
Dividing a rational expression by another rational expression is similar to dividing a 
numerical fraction by another numerical fraction. We replace the divisor, which is the 
rational expression by which we are dividing, with its reciprocal and then multiply. 


Dividing Rational Expressions 
A_C_AD 
BD BC 


(B # 0,C # 0,and D #0) 


x?>+13x +42 x*+ 8x +12 
e+x-20 — x? — 4x 


Divide: 


SOLUTION Begin by inverting the divisor and multiplying. Then factor each nu- 
merator and denominator completely. 


w+ 18a 4 42. x? + Be 4-12 
e+x-20 — x? — Ax 
x? + 13x + 42, x? — Ax 


=" 5 Invert the divisor and multiply. 
xe+x-—20 x° + 8x + 12 


_ (et 6)(e +7) x(x — 4) 
(x +5)(x —4) (x + 2)(x + 6) Factor completely. 


(e+6(x+7) xed} 


. Divide out common factors. 


~ (e+ Saal (x + 2) +6 


x(x + 7) - 
° (x + 5)(x + 2) Multiply remaining factors. 
x x 


x?-14x-15 x*-1 
wt+2x-35 S-x 


Divide: 


SOLUTION Rewrite the problem as a multiplication problem by inverting the divi- 
sor. Then factor each numerator and denominator completely before dividing out 
common factors. (You may want to factor at the same time you invert the divisor.) 


x?-14x-15 x?-1 
x+2x-35 ° S5S—x 

x? —14x-15 5-x 
= e+2x—-35 x2 -1 

(x — 15)(x + 1) 5-x 


= (x + 7)(x — 5) % a ie 1) Factor completely. 


Invert the divisor and multiply. 


1 ={ ae 
x —-15 5 oe Divide out common factors. 
( et) ~ Note that 5 — x and x — 5 


la 7)&e—S) et T(x —1) are opposites. 


x — 15 
(x + 7)(x - 1) 


Multiply remaining factors. 
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Quick Check 6 
x? — 12x + 36 


For f(x) = 


f(x) + g(x). 


a 
x? — 11x + 10 
g(x) = x’ — 8x + 12, find 


Here is a summary of the procedure for dividing rational expressions. 


Dividing Rational Expressions 


e Invert the divisor and change the operation from division to multiplication. 


¢ Completely factor each numerator and each denominator. 

e Divide out factors that are common to a numerator and a denominator and 
factors in a numerator and denominator that are opposites. 

e Multiply the remaining factors, leaving the numerator and denominator in 

factored form. 


Dividing Rational Functions 


Objective 4 Divide a rational function by another rational function. 


xv—-x-12 


=x _ i 
xq and g(x) = x° + 3x — 28, find 


For f(x) = 


f(x) + g(x). 


SOLUTION. Replace f(x) and g(x) with their formulas and divide. Treat g(x) asa 
rational function with a denominator of 1. We can see that its reciprocal is 


oe a 
x oe = 28. 
f(x) + g(x) 
ae =e? 2 ee 8a Replace f(x) and g(x) with their 
x +7 formulas. 
*7—~x-12 1 
-*—* ‘= Invert the divisor and multiply. 
x+7 x” + 3x — 28 
(x — 4)(x + 3) 1 
= : F letely. 
xT Ge nG=n) actor completely. 
1 
Se . : Divide out common factors. 
x7 (x + T)e—4) ; 
+3 
= a Multiply remaining factors. 
(x + 7) 


BUILDING YOUR STUDY STRATEGY 


Preparing for a Cumulative Exam, 2 Old Quizzes and Tests To prepare for 
a cumulative exam, begin by reviewing old exams and quizzes. Review and 
make sure you understand any mistakes you made on them. 


Try reworking all of the problems on the exam or quiz. So that you know 
which topics you need to review and which topics you have under control, you 
should rework the problems without referring to your notes or textbook. You 
need to focus on the topics you are struggling with and spend less time on the 
topics you understand. 
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MyMathLab 


Vocabulary 


1. To multiply two rational expressions, begin by 

each numerator and denominator 
completely. 

2. When you are multiplying two rational expressions, 

out factors common to a numerator and 
a denominator. 

3. When you are multiplying two rational expressions, 
once the numerator and the denominator do not 
share any common factors, express the product as 
a single rational expression, leaving the numerator 
and denominator in form. 

4. When you are dividing by a rational expression, 
replace the divisor by its and then 
multiply. 


Multiply. 

xk 15x 54 x? — 25 

* xg? +2x-15 x? + 4x -— 45 
x7 + 14x + 49 x7 + 5x - 24 
“x?-10x +21 x2-—x- 56 


7 121 — x? x? — 24x + 140 
x? — 22x +120 x? — 18x + 77 
8 x? — 6x a = be 16 


“32+ 2x — 80 x? - 8x +12 
x? — 8x — 33 2x? —7x — 4 
2 —8x+16 224+ 5x46 
x+12x+20 x? -—x- 56 
"2 — 13x + 40 x2 + 18x + 80 
x? — 11x x7 4+ 10x +9 
"45x 4t 4 x? + 6x 
= ON 3S x7 — 4x - 12 


12. 
36 — x° 2x? + 15x + 25 
B. r- 8 ee Oe 14 
vr+x-42 ae 
x? + 6x — 55 x? + 216 
14. : 
x? + 6x x? — 9x + 20 
1. 9 — x ae 13x + 36 


x>—x-—90 x7 + 10x + 21 


367 


7.2 Exercises 


«a #2 &| = eS 
PRACTICE WATCH DOWNLOAD READ REVIEW 
x7 +3x-40 2x74+5x- 14 


"Ax? + 29x +7 x2 + 14x + 48 
x= Vix t+ 2A x + 4e = 32 
x7 — 7x +12 x* — 64 

2x? + 24x + 22 gee 3-10) 
* 8x2 + 104x + 320 x2 + 7x +6 


17. 


2 


2x? — x — 36 9x -— x 
“+x -90 x? -2x - 24 

20. = 3a 10. x7 + 8x 
x? + 2x x? + 3x — 40 


For the given functions f(x) and g(x), find f(x) « g(x). 


2 x? — 12x + 27 
21. = —— = 
Cs amr! sar ame ery 
x? — 9x + 20 x? + 6x — 16 
ae Ie) 24y—-2” on x? — 25 
x? — 13x + 22 +47 -—5 
23. = ; = 
F(x) x7 + 11x -— 12 g(x) x -— 6x +8 
x? + 3x — 28 


24. ae ss = 
Tey a ra ere 


Divide. 
x>+3x—-28 x? — 13x + 36 
25. : 
x* — 36 x? + 11x + 30 
x?-9x+8 x? +x-72 
26. = 
x? + 6x — 16 4 — x? 
og, 2 OAD 2 7-9 
x7 -8x-9 7x%4+13x4+12 
x7 +5x-—50 x*-— 4x - 60 
28. : 
x7-9x+20 x7+2x - 24 
2x? — 13x + 20 5x — 2x? 
29. + 
vr+x-6 x? + 14x + 33 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


x? -— 15x + 56 | 


2x? — 15x +7 


x7 + 11x + 18 


' 4x? — 16x — 48 


cP ORS 7 ge + Lox ee 
xv 4+16x+55 x2 4+ 7x — 44 
x? +13x+36 x?+ 6x —-27 
w—12x+32  16- x 
x-4x-5 x2-x-2 
VP+x-30 x +4x-12 
x?-—12x +20 x?-11x+18 
e+6xt+5 x2?-3x-40 
x? — 2x -— 63 | 81 — x? 
wW-—4x-21 x? —7x - 30 
x?-6x-—27  x*-18x+81 
x7 +3x-4 2x? —-9x +7 
x?>+10x +24  x* + 16x + 60 
4x2-19x-5 x2+5x—50 
x?-—15x +54  x*— 14x + 48 
w-16x+48  x2-2x-8 
x>+16x+63  x*+x-72 

2x — x? "x2 — 5x + 6 
x?-— 12x +36 6x? — x3 
* x? + Bx + 15 x? + 5x 


For the given functions f(x) and g(x), find f(x) + g(x). 
41. f(x) = 


42. f(x) = 2x + 14, g(x) = 


x7 +8x—-9 


=e & 25° 


(x) =x+9 


x? + 15x + 56 


x? — 10x + 21 
43. f(x) 2x? — 5x ie 2x7 + x—- 15 
~f(x)= 2o(¢) = 
v-1 2 x7 — 8x -9 
vr+4x4+4 3x7 + 7x +2 
44. f(x) = (x) 


ae ee ie 


~ 5x2 + 19x — 4 


Find the missing numerator and denominator. 


45. 


x? — 10x + 16 


ve x? — 11x + 24 


x7 + 4x —77 


? x —5x-14 


x t+ 4x? x? — 6x 

“2-81 7? x?—7x-18 

x?-10x+9 2? x? -13x +12 
xe+7x 7? x2 411x428 


47. 


x? + 12x + 36 ? x? — 36 
48. m : 5 
x’ — 100 2  x*+ 10x 
Mixed Practice 49-60 
Simplify. 
x7 -—9x-10 x? + 4x - 60 
49. . 
100 — x? x7 -— 7x +6 
5, 2 2222 . x7 -3x-4 
81 — x? x? — 11x + 18 
2 -_ 
SL. 3X 13x — 10 
2x? — 17x + 35 
2 = 
52, > — 27 
x” — 9x 
x? — 14x + 24 x? + 2x — 80 
53. 5 a 
Xo Ex = 6 x + 13x + 30 
x +9x+14 x7 +x - 20 
54. —; a 
x -—-6x+8 x -x-6 
> — 20x + 96 
ree a 
144 -— x 
2x7 - 9x -18 2x7 4+ 13x + 15 
56. —% : 3 
3x° — 23x -— 8 x — 3x — 40 


x7 + 5x -— 84 x7 + 11x 4+ 24 


57. 
x?—x—12 2x?-15x +7 
3427 
58, — ~~" 
x° — 7x — 30 
59, * + 3x — 54 x7 + 9x 
x7 —2x -—3 x* — 7x - 8 


xv +6x—-16 x7 + 6x —55 
x —x—20 x*+17x+72 


60. 


a===- Writing in Mathematics 
Answer in complete sentences. 


61. Explain the similarities between dividing numerical 
fractions and dividing rational expressions. Are there 
any differences? 


7.3, Addition and Subtraction of Rational Expressions That Have the Same Denominator 369 


Section 7.2 

Simplify. 3. (8x — 15) — (5x + 27) 
1. (7x + 8) + (2x — 5) 4, (x? — 4x + 6) — (3x? — 2x + 35) 
2. (x? + 3x — 40) + (x? — 9x + 11) 


OBJECTIVES 


1. Add rational expressions that have the same denominator. 
(2. Subtract rational expressions that have the same denominator. 
3 Add or subtract rational expressions that have opposite denominators. 


Now that we have learned how to multiply and divide rational expressions, we 
move on to addition and subtraction. We know from our work with numerical frac- 
tions that two fractions must have the same denominator before we can add or sub- 
tract them. The same holds true for rational expressions. In this section, we will 
begin with rational expressions that already have the same denominator. In the next 
section, we will learn how to add and subtract rational expressions that have differ- 
ent denominators. 


Adding Rational Expressions That Have 
the Same Denominator 


Objective 1 Add rational expressions that have the same denominator. 
To add fractions that have the same denominator, we add the numerators and place the 
result over the common denominator. We will follow the same procedure when adding 
two rational expressions. Of course, we should check that the result is in simplest terms. 


Adding Rational Expressions That Have 
the Same Denominator 
A 2B. APS 
Cc UC Cc 


C#0 


7 5 


Add: + 
ae es x+3 


SOLUTION These two fractions have the same denominator, so we add the two 
numerators and place the result over the common denominator x + 3. 


7 5 7+ 5 Add numerators, placing the sum over the 
x+3 x+3 x +3 common denominator. 
12 


Quick Check 1 
9 12 


= Simplify the numerator. 
xa 3 


Add: ar . oe 

Bere f Axe ar 7 The numerator and denominator do not have any common factors, so this is the 
final result. A common error is to attempt to divide a common factor out of 12 in 
the numerator and 3 in the denominator, but the number 3 is a term of the denom- 


inator, not a factor. 
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6x —7 2x + 23 
Add: ——~ — 
xe +5x+6 x°+5x4+6 


SOLUTION The two denominators are the same, so we add. 


6x —7 2x + 23 
+ 
w+5x+6 x7 +5x4+6 


(6x — 7) + (2x + 23) 
= Add the numerators. 


x7 +5x+6 
8x + 16 
= —— Combine like terms. 
x + 5x+6 
1 
8Le+2) Factor the numerator and denominator 
~ (e-+2(x + 3) and divide out the common factor. 
1 
8 
=e Simplify. 


Quick Check 2 
Ga: Dye ae sy! Bre = {l4! 
x? + 4x — 32 x? + 4x — 32 


>_ 10 — 54 
ae 
x —5x-36 x°—5x — 36 


SOLUTION The denominators are the same, so we add the numerators and then 
simplify. 


x? — 10x Tx — 54 
+ 
x —5x-36 x? —5x — 36 


(x? — 10x) + (7x — 54) 
= Add numerators. 


x? — 5x — 36 
2 3x — 54 
= .—— Combine like terms. 
x” — 5x — 36 
1 
_ (x + 6) —9Y Factor the numerator and denominator 
(x + 4)(e— 97 and divide out the common factor. 
1 
= Simplif 
=a implify. 


Quick Check 3 
Ag ees 5x + 24 
“x? + 4x—-21 x? +4x-21 


Subtracting Rational Expressions 
That Have the Same Denominator 
Objective 2 Subtract rational expressions that have the same denomi- 


nator. Subtracting two rational expressions that have the same denominator is just 
like adding them except that we subtract the two numerators rather than add them. 
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Subtracting Rational Expressions That Have 
the Same Denominator 

A B_A-B 
CC 


C#0 


9 a 5 
2x +8 2x +8 


Subtract: 


SOLUTION Because the two fractions have the same denominator, subtract the 
numerators and place the result over the common denominator. 


? 5. __ 4 Subtract the numerators and place the 
2x+8 2x+8 2x+8 difference over the denominator. 


4 Factor the denominator and divide 
2(x + 4) out common factors. 
1 


= Simplify. 


Quick Check 4 
25 ee) 
Gyp ce 3 © Gap ap 3k) 


Subtract: 


2x7 -3x-9 x74 9x - 44 


Tx — x? Tx — x? 


Subtract: 


SOLUTION The denominators are the same, so we can subtract these two rational 
expressions. When the numerator of the second fraction has more than one term, 
we must remember that we are subtracting the whole numerator, not just the first 
term. When we subtract the numerators and place the difference over the common 
denominator, it is a good idea to write each numerator within parentheses. This will 
remind us to subtract each term in the second numerator. 


2x7 -3x-9 x74 9x - 44 


Tx — x? Tx — x? 
2x? — 3x — 9) — (x? + 9x — 44 
= os ae at © = ) Subtract the numerators. 
Tx — x? : : 
Pn Be a Ge gt =~ OEE A Change the sign of each term in 
= ; the second set of parentheses by 
1% — x distributing —1. 
2 
ae eee Combine like terms. 
7x — x? 
-1 Factor the numerator and denom- 
oT (x = 3) inator and divide out the common 
~ x{7-—xJ factor. The —1 results from the fact 
. that x — 7 and 7 — x are opposites. 
x=5 
=- implify. 
. Simplify. 


Quick Check 5 
3x ON = 37. 2x ie Ol 


ee 64 — x? 


Subtract: 
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A WORD OF CAUTION When subtracting a rational expression that has a numerator con- 
taining more than one term, be sure to subtract the entire numerator, not just the first 
term. One way to remember this is by placing the numerators inside parentheses. 


Adding or Subtracting Rational Expressions 
That Have Opposite Denominators 


Objective 3 Add or subtract rational expressions that have opposite de- 


+ , 
x —2 2% 


nators are not the same, they are opposites. We can rewrite the second denominator 
by factoring out a —1. 


nominators. Consider the expression Although the two denomi- 


10 3 10 3 
Toe. + nO eae + “ix — 2) Factor —1 out of the denominator. 
10 3 : ‘ 
= + (-1): Rewrite the second fraction. 
Xx-— 2 5 aes 
10 3 : : 
= Rewrite as a difference. 
x-2 K= 2 
7 
= Subtract. 
x-2 


In general, when adding two rational expressions with opposite denominators, we 
can rewrite the second denominator as its opposite as long as we change the opera- 
tion to subtraction. 

Similarly, when subtracting two rational expressions with opposite denomina- 
tors, we can rewrite the second denominator as its opposite by changing the opera- 
tion to addition. 


7x 56 


Add: + 
2x — 16 16 — 2x 


SOLUTION The two denominators are opposites, so we may change the second 
denominator to 2x — 16 by changing the operation from addition to subtraction. 


7x n 56 
2x -16 16-—2x 
Rewrite the second denominator as 
7x 56 : : 

= 2x — 16 by changing the operation 

2x— 16 2x — 16 from addition to subtraction. 
= i deel Subtract the numerators 

2x — 16 ee 

1 
_ The-—8y Factor the numerator and denominator 
i) and divide out the common factor. 
(8) 

7 

3 Simplify. 


Quick Check 6 
3¢ 4 


DAs ey ese 
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2 = 
Subtract: . ae — ue) 
C= 3 31.0 


SOLUTION These two denominators are opposites, so we begin by rewriting the 
second rational expression in such a way that the two rational expressions have the 
same denominator. 


x? — 4x 11x — 30 


= eae = 
Pads - ie =< 30 Rewrite the second denominator as x — 3 
= + by changing the operation from subtraction 
x-3 x=3 is 
to addition. 
(x? — 4x) + (11x — 30) 
= Add the numerators. 


i= 3 
2 = 
= As 3) Combine like terms. 
x-3 
1 
_ (x + 10)@—3) Factor the numerator and divide out the 
x3 common factor. 
1 
Quick Check 7 =x+10 Simplify. 
Subtract: 
se ae I es 
x? — 16 16 — x? BUILDING YOUR STUDY STRATEGY 


Preparing for a Cumulative Exam, 3 Homework and Notes When you are 
studying a particular topic, look back at your old homework for that topic. If 
you struggled with a particular type of problem, your homework will reflect 
that. Your homework should contain some notes about how to do certain prob- 


lems or how to avoid mistakes. 

Your class notes should include examples of the problems in that section of 
the textbook, as well as pointers from your instructor. 

If you have been creating note cards during the semester, they should focus 
on problems you considered difficult at the time and contain strategies for solv- 
ing these types of problems. 


myc > |B GB) =| & 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary Add. 

1. To add fractions that have the same denominator, 5 5 rs 8 
add the ______ and place the result over “xy¥+3 «+3 
the common denominator. 9 7 

2. To subtract fractions that have the same denomina- 6. 6 - x—-6 
tor, _______ the numerators and place the result ” 10 
over the common denominator. 7. 5 5 

x= So 

3. When subtracting a rational expression that has a 3x 1 
numerator containing more than one term, subtract 8. + 
the entire numerator, not just the 4x +28 4x + 28 

4. When adding two rational expressions that have 9. - 5 2 
opposite denominators, you can replace the second x’ + 5x — 36 x" + 5x — 36 
denominator with its opposite by changing the Qx+7 x +17 


ee 10. 
additionto___— a a ae 
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x7 — 5x +9 x-—6 30 6x +1 3x +22 
ah pee rer” x? — 8y¥ + 15 * 2 -— 16x + 63 x? — 16x + 63 
py, 213% + 20 2x + 10 i | algae come 5x + 15 
* x? + 3x — 54 x? + 3x — 54 Pea eee 
na x?+3x4+11 12x + 43 ~ Se. Nigel 
“3? —2x-48 x? —2x — 48 x? — 16 x? — 16 
x? + 5x + 20 5x -4 33 = 34 + 61 7 — 20x 
ci er ne xy — 5x —- 14 ” 3x2 +17x + 10 3x2 + 17x + 10 
x? — 16x — 45 x2 — 2x — 27 34 5x27 + 4x 4+ 5x +3 
es x? — 3x — 18 x2 — 3x — 18 “x2? -—Tx+6 x%-—7x4+6 
x?—1ix-34 x2 +17x — 46 (x — 6)(x + 3) 9(x — 5) 
16. 35. 5 2 
x +16x+ 64 x7+ 16x + 64 x — 2x — 15 KO = 2K = 15 
i (2x + 9)(x +4) (x + 6)(x — 6) 
For the given rational functions f(x) and g(x), find "x2 — 9x — 24 x? — 2x — 24 
f(x) + g(x). 
3 5 
17. f(x) = =, 9(x) == 
x 6 For the given rational functions f(x) and g(x), find 
18. f(x) = , 8(x) = f(x) — g(x). 
5x + 30 5x + 30 
x? + 3x — 15 4x + 25 12 23 
19. = 7. = 
VOS ao ipags ede ae sO = a er) Sag 
21 3x 
38. f(x) = 5, a(x) = 
26 = 21. x le = 36 +3x—5 8x + 
20. f(x) = a(x) = Wij is 
x° + 20x + 99 x° + 20x + 99 2_ 11x + 18 x? — 11x + 18 
2x? + 10x — 13 x? + 11x +17 
40. = ; a 
Subtract. F(x) x7 + 15x + 50 g(x) x? + 15x + 50 
13 9 
21. — 
x+1 x+1 
» 6 11 
eas 4 =H Add or subtract. 
x 7 2x 10 
23. _ 
eta x+7 4.5 t+5_x 
2x 10 5x 35 
24. 
ge 15: 3x > 15 roe 4d 1h ae 
3K 7 xD xw+8x 2x-11 
25. 
eg X= 8 rer 1-x 
6, <3 3x -5 x*>-8x-10 x-28 
“ £229 =o ci x=3 a ae 
3 2 = 2 
27. . x : 45. x 3x -9 x 7x +27 
x°— 13x +30 x*— 13x + 30 x—-9 9-x 
28. x : 6 46. 3x? — 14x — 45 —2x7 + 14x + 9 
x°+2x—-48 x°+2x -— 48 x-—6 6-—x 
4x —7 2x — 15 
29. 
x’ — 16 x? — 16 


Mixed Practice, 47-66 
Simplify. 
xi = 3x45, 4x + 35 
2x — 20 20 — 2x 
x? + 11x + 24 x? — 4x 
x? — 12x + 32 x°4 27 
x — 14x + 49 | 3x? — 9x — 84 


47. 


48. 


49. 


e+x-30 8 x2°-6x45 
x -—7x-50 x74 3x — 46 
50. _ 
x-8 8-—x 
2 
+ = 
51, 2x — 360 


x? + 30x + 200 

Ae = ORES oe = Gee 
x? +17x+70 x? +17x +70 
x? —3x+45 x7 + 29x +27 
x? — 81 x? — 81 

9x — x? x? — 16x + 63 
54, > 
x —4x—-32 x74 11x + 28 
121-—x7) x7 +4x4+3 
x7 -—3x-4 x*- 3x — 88 

10 2x 

+ 

5x —25 25 —5x 
2x7 - 15x +39 x*- 18x —9 
x +3x-4 x7 +3x-4 
ae Hee 2). Ae ORR IS 


52. 


53. 


55. 


56. 


57. 


58. 
x? + 6x — 55 x? + 6x — 55 
6x 4 

cae ee, ae 

60. x? + 20x + 45 3x — 27 


e+15x+56 x2 + 15x + 56 
oe Foe 13 A= Tee 2 
x? - 8x -—9 x? - 8x —9 


Be = 38 oi > 6x + 16 


61. 


62. 


2x? + 15x +28 x7 + 17x + 70 


OBJECTIVES 


1. Find the least common denominator (LCD) of two or more rational 
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a ee x? — 9x 
"3x2 4+2x-16 3x? + 17x + 24 


5x7 — 4x —9 
x*-— 6x —7 
2x? + Sx + 20 | 3x¢ = Tx 74 4xt = 2x + 25 
x? +5x+6 x? +5x+6 x? +5x+6 


64. 


65. 


xt 3x77 _ xt 5x—-9, xi 6x + 14 


66. 
x? —-2x- 8 x7 -2x-8 x? —-2x -8 


Find the missing numerator. 


? nm 18 
“x+6 x+6 
x? + 5x ? 
: - =x+ 
68 =o ou x+7 
x? + 7x +17 2 x+3 
(x+ 8)(x +5) (x+ 8)(x +5) x +5 


67. 


3 


69. 


mm (chee ee a ? x+2 
“(x +2)\(x- 4) (x+2)(x-4) x-4 


e===- Writing in Mathematics 
Answer in complete sentences. 
71. Explain how to determine whether two rational ex- 


pressions have opposite denominators. 


72. Explain why it is a good idea to use parentheses when 
subtracting a rational expression that has more than 
one term in the numerator. 


@ Add or subtract rational expressions that have different denominators. 


The Least Common Denominator 
of Two or More Rational Expressions 


Objective 1 Find the least common denominator (LCD) of two or more 


rational expressions. If two numerical fractions do not have the same denominator, 
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Quick Check 1 


1 
Find the LCD of _ 
Org 
and : 
12rs® 
Quick Check 2 
Find the LCD of 
1 
ee 
x? — 13x + 40 
eee 
x? — 4x — 32° 
Quick Check 3 
+ 
Find the LCD of 2 © 
5 = Bll 


= 7 


Be 
x? + 18x + 81 


we cannot add or subtract the fractions until we rewrite them as equivalent frac- 
tions with a common denominator. The same holds true for rational expressions 
that have different denominators. We will begin this section by learning how to 
find the least common denominator (LCD) for two or more rational expressions. 
Then we will learn how to add or subtract rational expressions that have different 
denominators. 


Finding the LCD of Two Rational Expressions 


Begin by completely factoring each denominator; then identify each expression 
that is a factor of one or both denominators. The LCD is the product of these 
factors. 


If an expression is a repeated factor in one or more of the denominators, we repeat 
it as a factor in the LCD as well. The exponent used for this factor is the greatest 
power to which the factor is raised in any one denominator. 


Find the LCD of aie and ay 
24a*b 16a 


SOLUTION We begin with the coefficients 24 and 16. The smallest number into 
which both divide evenly is 48. Moving on to variable factors in the denominator, 
we see that the variables a and b are factors of one or both denominators. Note 
that the variable a is raised to the third power in the first denominator; so the LCD 
must contain a factor of a*. The LCD is 48a°b. 


and . 
x = Ager 3 ae 


Find the LCD of 


SOLUTION Begin by factoring each denominator. 


8 8 9 9 
P-—4xt3  (x-1(x-3) 2-9 (x +3)(x- 3) 


The factors in the denominators are x — 1, x — 3, and x + 3. Because no expression 
is repeated as a factor in any one denominator, the LCD is (x — 1)(x — 3)(x + 3). 


2 x 
and ; 
x? — 2x — 35 x? + 10x + 25 


Find the LCD of 


SOLUTION Again, begin by factoring each denominator. 


2 2 x x 
x?—-2x-35 (x-7)(x+5) x7 4+10x4+25 (x +5)(x +5) 


The two expressions that are factors are x — 7 and x + 5; the factor x + 5 is re- 
peated twice in the second denominator. So the LCD also must have x + 5 asa 
factor twice. The LCD is (x — 7)(x + 5)(x + 5), or (x — 7)(x + 5). 


Adding or Subtracting Rational Expressions 
That Have Different Denominators 


Objective 2 Add or subtract rational expressions that have different 
denominators. To add or subtract two rational expressions that do not have the 
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same denominator, we begin by finding the LCD. We then convert each rational ex- 
pression to an equivalent rational expression that has the LCD as its denominator. 
We can then add or subtract as we did in the previous section. As always, we should 
attempt to simplify the resulting rational expression. 


Ada + ag 
3 7 


SOLUTION The LCD of these two fractions is 21. We will rewrite each fraction as 
an equivalent fraction whose denominator is 21. Because Z = 1, multiplying the 
first fraction by i will produce an equivalent fraction whose denominator is 21. In 
a similar fashion, we multiply the second fraction by 3. Once both fractions have 
the same denominator, we add the numerators and write the sum above the com- 
mon denominator. 


Multiply the first fraction by i and the 
second fraction by 3 to rewrite each 
fraction with a denominator of 21. 


2a 3a 2a 7 3a 3 
+ . . 


+ 
OES BP de B 


14a 9a . ; 
ag + >A Multiply numerators and denominators. 
_ 23a Add the numerators and place the sum 
21 over the common denominator. 
8 2 
Add: + 


SOLUTION The two denominators are not the same, so we begin by finding the 
LCD for these two rational expressions. Each denominator has a single factor, and 
the LCD is the product of these two denominators. The LCD is (x + 6)(x — 7). 


x , : : : 
by 7 to write it as an equivalent fraction whose 
= 


We will multiply ro 
Xx 


x +6 ie 
to write it as an 
x+6 


2 
denominator is the LCD. We need to multiply g-7 by 
= 
equivalent fraction whose denominator is the LCD. 
8 é 2 
x6 x7 
e Y~oF Ft AG Multiply to rewrite each expression 


as an equivalent rational expression 
that has the LCD as its denominator. 


Xb6 x= 7 x-—-7T x6 


_ 8x — 56 2x + 12 Distribute in each numerator, but do 
(x + 6)(x -—7) (x -—7)(x + 6) not distribute in the denominators. 
_ (8x — 56) + (2x + 12) Add the numerators, writing the sum 
(x + 6)(x — 7) over the common denominator. 
10x — 44 hood 
Quick Check 4 a Ge oe= a) Combine like terms. 
5 6 2(5x — 22) 
Add: ——~ + = 
en een GeOG=7) Factor the numerator. 


Because the numerator and denominator do not have any common factors, this ra- 
tional expression cannot be simplified any further. 
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A WORD OF CAUTION When we add two rational expressions, we cannot simply add the 
two numerators and place their sum over the sum of the two denominators. 

8 2 

x+6 


8+ 2 
(x + 6) + (x — 7) 


x= / 
We must first find a common denominator and rewrite each rational expression as an 
equivalent expression whose denominator is equal to the common denominator. 


When adding or subtracting rational expressions, we simplify the numerator, but 
leave the denominator in factored form. After we simplify the numerator, we factor, 
if possible, and check the denominator for common factors that can be divided out. 


x 5 
x +8x4t+15 x7 4+ 12x +35 


Subtract: 


SOLUTION _ In this example, we must factor each denominator to find the LCD. 


x 5 
x? + 8x + 15 x? + 12x + 35 
x 5 


Factor each denominator. The LCD is 
(894+ 3)(4+5) CotS)\(eF 7) (e$3\e + Si + 7). 


x Ad 5 x43 
(x+3)(x+5) x +7 (x +5)(x +7) x +3 


Multiply to rewrite each 
expression as an equi- 
valent rational expres- 
sion that has the LCD 
as its denominator. 


5x +15 


x7 + 7x 


~ (x + 3)(x + 5)(x +7) 


(x? 72) = (Se 15) 


~ (x + 3)(x + 5)(x +7) 


x7 + 7x — 5x —- 15 


~ (x +3)(x + 5)(x + 7) 


x? + 2x —- 15 


~ (x + 3)(x + 5)(x +7) 


(e+-57(x — 3) 


(x + 3)Ge+S)(x + 7) 


x=3 


(x + 3)(x + 7) 


(x + 5)(x + 7)(x + 3) 


Distribute in each 
numerator. 


Subtract the numera- 
tors, writing the diff- 
erence over the LCD. 


Distribute. 


Combine like terms. 


Factor the numerator 
and divide out the com- 
mon factor. 


Simplify. 


We must be careful to subtract the entire second numerator, not just the first term. 
In other words, the subtraction must change the sign of each term in the second nu- 
merator before we combine like terms. Using parentheses when subtracting the 
two numerators will help us remember to do this. 


Quick Check 5 
Se 1 


Add: 5 
we sir Wee = 8 


x? — 6x +5 
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x—-6 5 
Subtract: 
Hl dees 


SOLUTION Notice that the first numerator contains a binomial. We must be care- 
ful when multiplying to create equivalent rational expressions with the LCD as 
their denominators. We begin by factoring each denominator to find the LCD. 


x — 6 5 
S71 Hayes 


= x — 6 5 Factor each denominator. The 
(x+1)(x-1) (x-3)(x-1) LCDis(x + 1)(x -—1)(x - 3). 
x —6 x=3 5 x +1 Multiply to rewrite each 


~ (x + 1)(x - 1) eee" (x — 3)(x - 1) “y +1. expression as an equiva- 
lent rational expression 
with the LCD as its 


denominator. 
= eo Ox 18 Sx +5 Distribute in each 
(x + 1)(x — 1)(x — 3) (x — 3)(x — 1)(x + 1) numerator. 
(x? = 9x +18) = (5x 4 5) Subtract the numerators, 
= +] “7 —3 writing the difference 
* Ie ee ) over the LCD. 
2 +18-—5x-5 
aes - = Distribute. 


(x + 1)(x — 1)(x — 3) 
_ x? — 14x + 13 
(x + 1)(x — 1)(x — 3) 


Combine like terms. 


1 
Factor the numerator and 
-— 13 
= he ) divide out the common 
(x + 1)e— T(x — 3) factor: 
x - 13 ‘ : 
= (ee Tie= 3) Simplify. 


Quick Check 6 
nad x+5 x+9 
“x7 +8x+12 x? — 36 


BUILDING YOUR STUDY STRATEGY 


Preparing for a Cumulative Exam, 4 Problems from Your Instructor Some 
of the most valuable materials for preparing for a cumulative exam are the 
materials provided by your instructor, such as a review sheet for the final, a 
practice final, or a list of problems to review from the text. If your instructor 
believes that these problems are important enough for you to review, they are 
important enough to appear on the cumulative exam. 


Your performance on these problems will show you which topics you un- 
derstand and which topics require further study. 

If you are having difficulty with a certain problem, on a note card, write 
down the steps to solve that problem. Review your note cards for a short pe- 
riod each day before the exam. This will help you understand how to solve 
the problem, and it increases your chance of solving a similar problem on 
the exam. 
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qe BF G| = 


I 
PRACTICE WATCH DOWNLOAD READ REVIEW 
Vocabulary ee ee ree 
x+5 x-8 
1. The of two rational expressions is an 10 4 
expression that is a product of each factor of the 19. 5 3 
two denominators. a so 
2. To add two rational expressions that have different 20. . ee 
denominators, begin by converting each rational x x4 
expression to a(n) ______ rational expression ml 3 4: 8 
that has the LCD as its denominator. 247x410 x —-x-6 
Find the LCD of the given rational expressions. 10 4 
22. + 
4.23% x? — 16x + 60 x? — 100 
2a’ 3a 
ees 
Se 6x ys 1 5 
5 6 8 “x? 5x -6 x7 4+ 8x47 
SO eS 
6 x e+ 2 
"x — 72x +3 i 3 7 2 
52 x+7 “x? -6x-16 x? - 2x — 48 
"x? — 9 x? — Ox + 18 
8 x — 6 x+1 
"3? — 3x — 28° x? — x — 20 25. 2 9 
x?—15x+50 x*-—x-20 
- 4 2 
9. eee See 26, —_ 
x? + 7x +10 x7 + 4x +4 xe + 12x x° + 18x + 72 
— 4 
0 ee i —— - 
x = 12x 360 2° = 36 ese AD x? = 1 22 
28 2 _ 4 
Add or subtract. “xt x-6 x2 -— 4-21 
3x, 3% 29. : + : 
ag 19 2x +3x—-2  2x?- 9x44 
7 3 
pt 30. —; Fa 
“15 20 oy = te 27 2 Se = 8 
9 7 x+9 2 
cae 31. = 
= Sn 4n x?+8x+15 x? + 9x +20 
7 9 x=3 7 
14. —_ + — 32. + 
10a 14a x?—-12x+35 x*-3x-10 
10 13 x — 3 6 
15. —; 33. 
mr wn x?—x-20 9 x?-—2x -— 24 
7 2 
16. stp = e 
17. : + : 


x — 10 3 


34. 
x>-2x-3 x*-9x+18 


x +14 8 
x+5x-50 2x74 15x +50 


35. 


— 6 2 
36. = ; 
x —16 x°+8x+ 16 
x-9 1 
37. 
x? — 49 x? — 7x 
+ 2 
oe 
x — 7x x?’ —15x + 56 
3 —4 
39 a 


xe 4+11x4+28 x -—x- 56 


40. 2 % x+3 
xv+4x-12 x? - 36 
AL. xt+1 x +3 
x7 +2x- 8 x? + 10x + 24 
” ED x—4 


“a =8x-9 x -—d4e —5 


x+9 5 eae | 
43. 
2x7 9x -18 2x7 4+ 17x + 21 
44 x+2 x+8 


x27 +9x%+4+20 x2 + 11x + 30 


Mixed Practice 45-60 


Simplify. 
45. Z 2 
x? — 11x + 28 x -—7x+12 
4 =" 4 z 
+ 9x + 8 x +4x4 3 
x + 10 KET 
47. 
x>+10x+16 2x7+ 13x + 40 
xv+11x+24 x? -—5x-24 
48. ~~ 2 
x° — 14x + 40 100 — x 
x? — 2x — 24 2x? + x — 45 
49, : 
x>+9x+20 x?-7x+6 
4 2 
50. % ; 
x= 6x - 27 x -12x4+27 
+2 1 
| 


x7 +4x—-32 x74 18x + 80 
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x? + 17x + 60 


52. 

x — 8x — 65 

3x + 17 7 _ 15x + 18 
53, 5 sr 

Ko = Dx 5x — x 
54, x? + 10x + 17 Tx + 125 


x -— 13x +36 x? — 13x + 36 
2x? + 19x + 42 


55. ; 
36 — x 
x= 2 Kk 3B 
TF pg x +6x4+8 
3x7 +2x-8 | +8 
57. 7a 2 a 
x 9x x 16x + 63 
Dire 
58. x 15x mn 5x + 24 


x? +2x—-48 x? +2x — 48 
x? —7x+23 12x — 67 

x? — 81 81 — x? 
2 = ae = 18. 8x — x? 


x7 -—3x-—40 x? -— 15x + 54 


59. 


60. 


a===- Writing in Mathematics 
Answer in complete sentences. 


61. Explain how to find the LCD of two rational expres- 
sions. Use an example to illustrate the process. 


62. Here is a student’s solution to a problem on an exam. 
Describe the student’s error and provide the correct 
solution. Assuming that the problem was worth 10 
points, how many points would you give to the stu- 
dent for this solution? Explain your reasoning. 


5 7 
Ge32G2)) Grate 
5 ee 7 x42 
(x + 3)\(x+2) x+6 (x +3)(x +6) x +2 


7 Seb) + ee oy 
(x + 3) G+ 2+ 6) 


12 
ete S 


63. Solutions Manual Write a solutions manual page for 
the following problem: 
x +6 + 


Ada: + 
x +9x+20 x%+6x+8 
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OBJECTIVES 


& Simplify complex numerical fractions. 
@& Simplify complex fractions containing variables. 


Complex Fractions 


A complex fraction is a fraction or rational expression containing one or more frac- 
tions in its numerator or denominator. Here are some examples. 


1 5 x+5 1 1 3 28 
~ += — += 1+—--— 
2 3 x-9 2, sx x 2 
10 7 5 1 1 7 
3 4 x 4 x2 ! x 


Objective 1 Simplify complex numerical fractions. To simplify a complex 
fraction, we must rewrite it so that its numerator and denominator do not contain 
fractions. We can do this by finding the LCD of all fractions in the complex fraction 
and then multiplying the numerator and denominator by this LCD. This will clear 
the fractions in the complex fraction. We finish by simplifying the resulting rational 
expression, if possible. 

We begin with a complex fraction made up of numerical fractions. 


4 
io 


Fy] we 


Simplify the complex fraction ar 
a" % 


SOLUTION The LCD of the three denominators (3, 3, and 4) is 12; so we begin by 
multiplying the complex fraction by i. Notice that when we multiply by i we are 
really multiplying by 1, which does not change the value of the original expression. 


de ser = 
wile 3 Multiply the numerator and denominator 
2 11 122 11 by the LCD. 
3 4 3. 4 
4 4 
12-1+142-- 
3 
=| 5 Fi : I Distribute and divide out common factors. 
12-— + 12-— 
3 4 
1 1 
_ 124+ 16 Multiok 
~ 8 +33 sie 
28 sue : 
= AL Simplify the numerator and denominator. 


There is another method for simplifying complex fractions. We can rewrite the nu- 
merator as a single fraction by adding 1 + 3, which equals 4. 
4 3 4 _=7 


l+-= 4+-=- 
3.3 ° 3 3 


Quick Check 1 


Simplify the complex fraction 


oe 
5) & 


ED 


+ 


Quick Check 2 


Simplify 


1+ 


3 


10 
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We also can rewrite the denominator as a single fraction by adding é + a which 
equals om 


7 


‘ ‘ : 4.3 
Once the numerator and denominator are single fractions, we can rewrite 7, as a 


12 
division problem i = i and simplify from there. This method produces the same 
result of 3. 


In most of the remaining examples, we will use the LCD method, as the technique 
is somewhat similar to the technique used to solve rational equations in the next 
section. 


Simplifying Complex Fractions 
Containing Variables 


Objective 2 Simplify complex fractions containing variables. 


os 
Simplify a : 
LAB 

x 


SOLUTION The LCD for the two simple fractions with denominators x and x’ is 
2 
x’; so we will begin by multiplying the complex fraction by = Then once we have 


cleared the fractions, resulting in a rational expression, we simplify the rational ex- 
pression by factoring and dividing out common factors. 


9 9 
1-—> 1-— 
Bc x Multiply the numerator and denominator 
3 x? 3 by the LCD. 
1+- 1+- 
x x 
1 9 
x? 1 = x? s 2 
= 1 Distribute and divide out common factors, 
x 3 clearing the fractions. 
gd ee 
x 
1 
vr -9 
= Multiply. 
x? + 3x Py 


1 
G-+3)(x — 3) Factor the numerator and denominator 
xle+3y and divide out the common factor. 


= Simplify. 
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1 1 1 1 
6x | 36x76 x Multiply the numerator and denominator 
we 36x tI. by the LCD. 
36 x? 36 x2 
6 1 1 
36x2 += + 36x2-— 
6 x 
ar 7 : 7 Distribute and divide out common factors. 
ere apie 
36x 36 36x? 2 
i 1 
6x? + 36x 
= Multiply. 
x? — 36 Ply 
1 
6x(x-+ 6) Factor the numerator and denominator 
~ (e-+6)(x — 6) and divide out the common factor. 
1 
6x 
= Simplify. 
Quick Check 3 y= 6 implity. 
eens 
64 2 
Simplify ———. 3. 2 
” = a Simplif x+1 x+2 
impli 
SS 38 pity ; 6 


+ 
x+2 x + 1 


SOLUTION The LCD for the four simple fractions is (x + 1)(x + 2). 


a. ue 


(x + U(e+2) x+1 «+2 Multiply the numerator and 
x 6 denominator by the LCD. 


+ 
Ga ee x+1 
3 


(e+t}(x + 2)- ae - (x + Ihe +H: 


out common factors, 
clearing the fractions. 


(x + eet 2y AS + Get ty(x +2) 


1 

3(x + 2) — 2(x + 1) 

~ x(x +1) + 6(x + 2) 
3x +6—-—2x-2 
+x t+ 6x + 12 


2 
a2 Distribute and divide 
6 

1 


Multiply. 


Distribute. 


Quick Check 4 
6 5 


Simplify — 


Quick Check 5 

x? — 2x — 48 
x? + 7x — 30 
x +7x +6 
x? —5x+6 


Simplify 


+ 
dl Se ae 7 
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x+4 : : 
Se Combine like terms. 
xb Te 12 
1 
7 x+4 Factor the denominator and divide 
(x + 3)Ge+4) out the common factor. 
1 
—— Simplif 
x+3 an 
x?+ 5x — 14 
ese x - 9 
Simplify ———————_. 
pay x — 6x + 8 
x? + 8x + 15 


SOLUTION In this case, it will be easier to rewrite the complex fraction as a divi- 
sion problem rather than multiply the numerator and denominator by the LCD. 
This is the best technique when we have a complex fraction with a single rational 
expression in its numerator and a single rational expression in its denominator. We 
have used this method when dividing rational expressions. 


x? + 5x - 14 
x? -9 
x? — 6x + 8 
x? + 8x + 15 
2+ 5x — 14 = Ox +8 
= 2 : “ = Rewrite as a division problem. 
Ho x” + 8x +15 
SP Oe 14 ga Ree 15 
age 5 - = ; i Invert the divisor and multiply. 
= 9 x — 6x +8 


- Gor Te = 2) : (x + 3)(x +5) Factor each numerator and 


(x + 3)(x — 3) (x —2)(x —4) denominator. 


Divide out common factors. 


(x + 7)(x = 
ae GA) Simplify. 


BUILDING YOUR STUDY STRATEGY 


Preparing for a Cumulative Exam, 5 Cumulative Review Exercises Use 
your cumulative review exercises to prepare for a cumulative exam. These ex- 
ercises contain problems representative of the material covered in several 
previous chapters. 


After you have been preparing for a while, try these exercises without re- 
ferring to your notes, your note cards, or the text. In this way, you can deter- 
mine which topics require more study. If you made a mistake while solving a 
problem, make note of the mistake and ways to avoid it in the future. If there 
are problems that you do not recognize or know how to begin, ask your in- 
structor or a tutor for help. 
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PRACTICE WATCH DOWNLOAD READ REVIEW 


M viathis)) «a FF &| = % 


Vocabulary 8 2 
1. A(n) is a fraction or rational 18. — peed 
expression containing one or more fractions in its x+6_ 4 
numerator or denominator. x+2 x-7 
2. To simplify a complex fraction, multiply the numera- 1+ 4 32 
tor and denominator by the of all fractions in 19 oe 
the complex fraction. ° 13. 40 
1++5 
xX x 
Simplify the complex fraction. 1- 2 = 
x 
20. 
2 = 1 3 + 2 1 2 = 15 
5 4 4 7 3 x x? 
5 “16 2 
eS — = 8 8 
10 2 aA 7 ae. 
3 5 1.= 
2 2 = 3 4 
=" re zt 
‘S01 ioe at - 
4 3 4 12 =. 
Xx 
22. ——_——_ 
x+ : i= - 1 & | 
7. a 8. 5 x 
oe xt+7 x? + 14x + 48 
15 3 23 x? + 3x — 40° 
6 es x + 7 * x? — 3x - 54 
9. 10. S x2 — 25 
ato uae x + 13x + 30 
2 
4 8 4, x + 13x — 30 
14—— 10+— P+ 5x46 
i. at 12. a x + 10x — 24 
"x ee") 4x? — 16x — 9 
eae 
Se f 7 2s, 1 
13 ad 4 ——* eee 
. 5 . 5... 
1- = xt 2 = * 20 
7 x 81 — x? 
4,2 26 x” = 36 
.223 x +6 "x? — 15x + 54 
“Sees 3x? + 20x + 12 
x+3 
10,6 Mixed Practice, 27-52 
x+4 x-6 : : , : : : 
16. a er: a Simplify the given rational expression using the tech- 
i - niques developed in Sections 7.1-7.5. 
aia 
x? + 4x x — 6 
12 3 27. + 
ie eae vr—-x-42 x-x-42 
ra a a og, a Mx + 40, x 6x +8 


x *o 8 t+ dx +3 22 +10x4 9 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


41. 


42. 


43. 


x+3 5 


+ 
x? -2x-24 x*-—8x+12 


6 4 
x? —2x-35 x7 +2x — 15 
x? + 7x x? + 12x + 35 


3x2 - 19x +20 x2-—3x—-10 


36 — x? 


x? — 12x + 36 


x+5 6 


x? — 49 x? — 7x 
e+ ax = 40 3? = 7x = 30 
xwt+x—-6 2x7+17x +8 


5x 10 
a a 
11 #18 
x 
2 63 
a 
7 2 
x+2 x-3 
x—5 
x+2 
5x? — 12x +4 
xv -—8 
x —13x4+14 x74 4x - 32 
x? — 6x 6x — x? 


a Ge 16 Qe set 15 
Pade 45 xa aga 


ae 
ae. 
= 


x2 


x>+9x 6x +50 
x-5 5-—x 
8 4 
+ 
xw+7x+12 2x74 10x + 24 


Qle ale 


7.5 Exercises 387 


8x iz 20 
“2x-5 5-2x 

x? + 64 eae 2B 
x? + 14x + 49 x? — 16 
10x7+11x+1  £x*-x-2 
2x7-x-15 x? — 13x + 30 


45. 


x? +18x+77 x74+6x+8 


47. 
x7 — 4x —32 x74+9x+14 
+3 3 
48. _ 2 
= 2K = 3 x — 8x + 15 
49. x? + 7x 4x + 18 
x7 -—2x -—3 x7 — 2x —3 
2 
apf 
8 
50. 
gat 
2 


x3-—1000 3x? — 37x + 70 
x+10x-11 x27 4+4x-5 


51. 


x+5 8 


52. 
x -—3x4+2 x? — 8x +12 


===- Writing in Mathematics 


Answer in complete sentences. 


53. Explain what a complex fraction is. Compare and 
contrast complex fractions and the rational expres- 
sions found in Section 7.1. 


54. One method for simplifying complex fractions is to 
rewrite the complex fraction as one rational expres- 
sion divided by another rational expression. When is 
this the most efficient way to simplify a complex 
fraction? Give an example. 
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OBJECTIVES 


1. Solve rational equations. 
‘2 Solve literal equations containing rational expressions. 


Solving Rational Equations 


Objective 1 Solve rational equations. In this section, we will learn how to 
solve rational equations, which are equations containing at least one rational ex- 
pression. The main goal is to rewrite the equation as an equivalent equation that 
does not contain a rational expression. We then solve the equation using methods 
developed in earlier chapters. 

In Chapter 2, we learned how to solve an equation containing fractions, such as 
the equation ix = 3 = jj. We began by finding the LCD of all fractions and then 
multiplied both sides of the equation by that LCD to clear the equation of fractions. 
We will use the same technique in this section. There is a major difference, though, 
when we solve equations containing a variable in a denominator. Occasionally, we 
will find a solution that causes one of the rational expressions in the equation to be 
undefined. If a denominator of a rational expression is equal to 0 when the value of 
a solution is substituted for the variable, the solution must be omitted and is called 
an extraneous solution. We must check each solution to make sure it is not an ex- 
traneous solution. 


Solving Rational Equations 
1. Find the LCD of all denominators in the equation. 


2. Multiply both sides of the equation by the LCD to clear the equation of 
fractions. 


3. Solve the resulting equation. 


4. Check for extraneous solutions. 


4 1 55 
Solve— + >=— 
Oe ae 
SOLUTION We begin by finding the LCD of these three fractions, which is 6x. 
Then we multiply both sides of the equation by the LCD to clear the equation of 
fractions. Once we have done this, we can solve the resulting equation. 


41 5 
x 3 6 
4 1 5 : ; , 
6x" (: + >) = 6x: 6 Multiply both sides of the equation by the LCD. 
iA. & yf dt 5 
6x x + 6x° 3. 6x° g Distribute and divide out common factors. 
1 1 1 


24 + 2x = 5x Multiply. The resulting equation is linear. 


24 = 3x Subtract 2x to collect all variable terms on 
one side of the equation. 


8=x Divide both sides by 3. 


Quick Check 1 


® il Vi 
Solve 7 =a 8 = 40° 
Quick Check 2 
Solve 1 = a + Z 

x x 
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Check 
4 15 
— +> = 5 i 8 for x. 
3 6 Substitute 8 for x 
Cae ne ane eer . 4 — 
5 + 7 6 Simplify the fraction ry The LCD of these fractions is 6. 
3. 2 5 : : : i 
6 + 66 Write each fraction with a common denominator of 6. 
55 
—~=— Add. 
6 66 . 


Because the solution x = 8 does not make any rational expression in the original 
equation undefined, this value is a valid solution. The solution set is {8}. 


Checking for Extraneous Solutions 


When checking whether a solution is an extraneous solution, we need only deter- 
mine whether the solution causes the LCD to equal 0. If the LCD is equal to 0 for 
this solution, one or more rational expressions are undefined and the solution is an 
extraneous solution. Also, if the LCD is equal to 0, we have multiplied both sides 
of the equation by 0. The multiplication property of equality says that we can mul- 
tiply both sides of an equation by any nonzero number without affecting the equal- 
ity of both sides. In the previous example, the only solution that could possibly be 
an extraneous solution is x = 0 because it is the only value of x for which the LCD 
is equal to 0. 


ee eae 
x 


SOLUTION The LCD in this example is x. The LCD is equal to 0 only if x = 0. If we 
find that x = 0 is asolution, we must omit that solution as an extraneous solution. 


36 
xX=—-5-—=0 
x 


36 
x" (« =.= =) = x-Q Multiply each side of the equation by the LCD, x. 


xx — x5 Z * 0 Distribute and divide out common factors. 
1 
x’? — 5x —- 36=0 Multiply. The resulting equation is quadratic. 
(x — 9)(x + 4) =0 Factor. 
x=9 or x=-4 — Set each factor equal to 0 and solve. 


You may verify that neither solution causes the LCD to equal 0. The solution set is 
{4,9}, 


A WORD OF CAUTION When we are solving a rational equation, the use of the LCD is 
completely different than when we are adding or subtracting rational expressions. We use 
the LCD to clear the denominators of the rational expressions when we are solving a ra- 
tional equation. When we are adding or subtracting rational expressions, we rewrite each 
expression as an equivalent expression whose denominator is the LCD. 
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_ 3x+4 


3x +4 
*~-§=— The LCD is x + 2. 
x+ 2 x2 
x 3x +4 Multiply both sides by the 
+2): —5})=(x+ 
ee 2) (; +2 5} Gee) x+2 LCD. 
1 3x +4 Fie feos 
(+2) + — (x + 2)°5 = (e +2)- Distribute and divide out 
wat common factors. 
x—5x-10=3x+4 Multiply. The resulting 
equation is linear. 
—4x -10 =3x+4 Combine like terms. 
—10 =7x +4 Add 4x. 
—14 = 7x Subtract 4. 
—2=x Divide both sides by 7. 
The LCD is equal to 0 when x = —2, and two rational expressions in the original 
equation are undefined when x = —2. This solution is an extraneous solution, and 


because there are no other solutions, this equation has no solution. Recall that we 


Quick Check 3 write the solution set as @ when there is no solution. 


Solve +3= Ze Hs 
se se tl 
+9 2 
Solve Sis , 
x +9x+8 x + 2x — 48 
SOLUTION Begin by factoring the denominators to find the LCD. 
x+9 _ 2 
x7 4+9x+8 x? +2x -— 48 
x+9 2 
= The LCD i a + = 5), 
iGo Ga G-o oe ee 
eo tiis--Six = 6) 
x : 
(e+ Tet 8y 
2 : ies 
= (x + 1)le+ 8Jle—6) -———— _ Multiply by the LCD. Divide 
i a: (e+ 8) 6} out common factors. 
(x — 6)(x + 9) = 2(x + 1) Multiply remaining factors. 
x? +3x-54=2x+2 Multiply. 
x7+x-56=0 Collect all terms on the left side. The 
resulting equation is quadratic. 
Quick Check 4 ¥+8)(x—- 7) = Factor. 
Solve x=-8 or x= Set each factor equal to 0 and solve. 
Be ap _ 2 
Doe ay 2 Pa soe The solution x = —8 is an extraneous solution because it makes the LCD equal to 0. 


The reader may verify that the solution x = 7 checks. The solution set for this 
equation is {7}. 
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1 x —6 
x-3 3x—-—4%4+3 


x—6 
x7 — 4x +3 
x —6 The LCD is 
@—D@-3) (x +5)(x- 1)(x- 3). 
x + 10 1 
\(x-1) x- ;) 
— Multiply by the LCD. 
(x — 1)(x - 3) 
x + 10 1 1 


(2+ NG e—3}- Ee 
1 


x — 6 Distribute and divide out 


(eT 3) common factors. 


(x — 3)(x + 10) — (x + 5)(x — 1) = (x + 5)(x — 6) Multiply remaining 


= (x + 5) te] 


factors. 

(x? + 7x — 30) — (x* + 4x — 5) = x? — x — 30 Multiply. 

x? + 7x —-30-x?-4x+5=x?-x- 30 Distribute. 

3x — 25 = x? -— x — 30 Combine like terms. 

O=x?- 4x -5 Collect all terms on the right 
side. The resulting equation is 
quadratic. 

0 = (x + 1)(x — 5) Factor. 

x=-l or x=5 Set each factor equal to 0 and 
solve. 


Check to verify that neither solution is extraneous. The solution set is {—1, 5}. 


Quick Check 5 
+3 - 3 x+7 
xe+x—-12) x? —2x-3 x? +5x4+4 


Solve 


Literal Equations 


Objective 2 Solve literal equations containing rational expressions. 
Recall that a literal equation is an equation containing two or more variables and 
that we solve the equation for one of the variables by isolating that variable on one 
side of the equation. In this section, we will learn how to solve literal equations con- 
taining one or more rational expressions. 
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1 1 2 
Solve the literal equation — + — = = for x. 
x y 5 


SOLUTION Begin by multiplying by the LCD (5xy) to clear the equation of fractions. 


1 1.2 
xy 5 
1 1 2 ‘ 
Sxy = + ~ | = 5xy- 5 Multiply by the LCD, 5xy. 
1 1] 1 1 1 2 
Say: x + Sxy° ¥ = 5xy “3 Distribute and divide out common factors. 
1 1 1 


Sy + Sx = 2xy Multiply remaining factors. 


Notice that two terms contain the variable for which we are solving. We need to 
collect both of these terms on the same side of the equation and then factor x out 
of those terms. This will allow us to divide and isolate x. 


Sy + 5x = 2xy 


Sy = 2xy —5x Subtract 5x to collect all terms with x 
on the right side of the equation. 


5y = x(2y — 5) Factor out the common factor x. 


a2 “a ) Divide both sides by 2y — 5S to isolate x. 
2y-5  y—S) 
ae Simplif 
a x implify. 
ge Sy Rewrite with the variable you are solving for 
Quick Check 6 2y—5 on the left side of the equation. 


er Bea oaresate As in Chapter 2, we will rewrite the solution so that the variable for which we are 


fu oe gee 4 for x. solving is on the left side. 
sc 


2 
Solve the literal equation y = 3 “for x. 
Xx 


—5 


SOLUTION Begin by multiplying both sides of the equation by 3x — 5 to clear the 
equation of fractions. 


— 2x 
y 3x — 5 
2x 1 
y(3x —5) = ae a (34a—5) Multiply both sides by 3x — 5. 
1 
3xy — Sy = 2x Simplify. 
3xy — 2x = Sy Collect all terms containing x on the left side 
of the equation (subtract 2x) and all other 
terms on the right side of the equation (add Sy). 
Quick Check 7 x(3y — 2) = Sy Factor out the common factor x on the 
Solve the literal equation se left side of the equation. 
se x Sy Si s : 
= for x. = Divide both sides by 3y — 2 to isolate x. 
5 Tn a a 
5 
x= Simplify. 


"By =o 


7.6 Exercises 


BUILDING YOUR STUDY STRATEGY 


Preparing for a Cumulative Exam, 6 Applied Problems Many students 
have a difficult time with applied problems on a cumulative exam. Some stu- 
dents are unable to recognize what type of problem an applied problem is, 
and others cannot recall how to start to solve that type of problem. You will 
find the following strategy helpful: 
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e Make a list of the different applied problems you have covered this semes- 
ter. Create a study sheet for each type of problem. 


e Write down an example or two of each type of problem. 


Review these study sheets frequently as the exam approaches. This should 
help you identify the applied problems on the exam as well as remember how 
to solve them. 


MyMathLab |) 


Vocabulary 


1. 


A(n) is an equation containing 
at least one rational expression. 


. To solve a rational equation, begin by multiplying 


both sides of the equation by the of the 
denominators in the equation. 


3. A(n) of a rational equation is a 
solution that causes one or more of the rational 
expressions in the equation to be undefined. 

4, A(n) equation is an equation containing two 
or more variables. 

Solve. 
x 11 7 
~= += 

: 9 18 6 

Pt aoe 
10 6 15 
5 11 7 

Io +— = 
6 x 4 
1 13 2 

.> toes 
e 8 x 3 
gt. 
“21 x 12 
21 19 5 
12 
ll. x-5+— =2 
25 2. 
12,.x -—=2 2 


E> 


G| = 


PRACTICE 


x 6 
13.—+-—=4 
sae! xX 
4 Bea G 
3 x 
11-24% 
x x 
ist 2, 
x 
2. 
17. ae 
x 
18 ie eS 
x x 
8x -3 2x+4+15 
19. = 
x+7 x +7 
+ + 
2, &* 13, 4x + 15 
= 1 x-1 
7x — 11 2x —9 
21. = 
5x -—2 5x — 2 
2 
+ 
», x 3x _ 3x + 64 
x+8 x+8 
6 x — 12 
23. 8 + = 
? x—-4 x—-4 
Oy ee ee 4x - 1 
: x+3 x+3 
x +11 8x — 31 
25. x + = 
7 x—6 x —-6 
- + 
2%. x + 2% 10 9x + 14 
x+1 xa 1 


REVIEW 
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a a... 
“x-7 x45 
28. Oe e 
x+4 2x-3 
x-3 6 
29. = 
x+9 x+2 
x-1 x+1 
Sa a 2x +7 
+ 
31. 3 1 _ x +3 
x+2 x+1 377%4+3x+2 
5 a 3 _ 71x —8 
x x+2 x%+4+2x 
4 3 24 
aeeer| x-4 x-—16 
x 3 36 
34, + = 
x+5 %x-7 x?—2x — 35 
2, 10 + 12 
35. — ; = 
iS BS x= 2% 3 (oS eS 
20 4 x + 10 
36. — 3 = 
xe +12x+27 x 4+14x +45 x +8x+15 
37,28 x79 _ xe T 
x-5 x-4 x%?—9x +20 
x+4 2 38 
38. | q ae 
x +5x-14 2x +3x-10 x°4+12x 4+ 35 
x+3 x —- 11 ean ( 
39, = 
x?—4x-12 3x? -2x-24 x74+6x4+8 
x= 2 Ko 5 x+3 
40. 2 9 ae 
x +13x+40 x°+7x-8 x°+4x-5 
3x — 4 x—-8 xsd 
41. = 
x? — 10x + 21 x? — 18x + 77 x? — 14x + 33 
5x +4 1 Bx = 2 
42. = 
xwr+x-90 x«-9 ~~ x?— 100 
Mixed Practice, 43-58 
14842. 
x x 
44. 3x — 8 = -29 
45. x* — 14x — 120 =0 
2x KD 
LG pad 
47, 2(3x + 4) —-19 = 4x -—1 
x 2 28 
48. + = 
x+5 %«-9 x?— 4x — 45 
49. x gts IES 
x+3 %x«-3 7-9 


50. 


51. 


52. 


53. 
54. 
55. 


56. 
57. 


58. 


et a ee 
ar” 4* = 


6x? + 29x —-5 =0 


9 64 


x 


+ 


xo 2 
7—5x = 52 
x 3 8 
x+6 x+4 x2 4+ 10x + 24 
x7 — 81 =0 
5x — 17 = 8x + 13 
4 x+9 41 
etax—-5 VP -1 x 4+6x45 


Solve for the specified variable. 


A 
59. L = — for W 
w tor 
= fees 
h 
x 
OL. y = Tyg fore 
3 = 
(2. po fae 
2x 
63 = 2), 
“Y= 3, Wg lore 
5x — 4 
64. y = —~— for x 
(3 = diery 
r 2r 
d 
66. r = — fort 
67. m = 2—" for 
xX — XX, 
eae ae ee 
R R, Rk 
69. If x = 9 is a solution to the equation 
x-4 7 ? ; 
x-1 x+3 x 4+2x-3 


70. 


a) Find the constant in the missing numerator. 
b) Find the other solution to the equation. 


If x = 12s a solution to the equation 
x—8 ? (2 ae 
x-5 2x-2 x?-—7x +10 


a) Find the constant in the missing numerator. 
b) Find the other solution to the equation. 
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==<=- Writing in Mathematics 72. You use the LCD when adding two rational expres- 


Answer in complete sentences. 


sions, as well as when solving a rational equation. Ex- 
plain how the LCD is used differently for these two 


71. Explain how to determine whether a solution is an types of problems. 


extraneous solution. 


73. Newsletter Write a newsletter that explains how to 
solve rational equations. 


OBJECTIVES 


1 Solve applied problems involving the reciprocal of a number. 
@ Solve applied work-rate problems. 

3 Solve applied uniform motion problems. 

‘4 Solve variation problems. 


In this section, we will look at applied problems requiring the use of rational equa- 
tions to solve them. We begin with problems involving reciprocals. 


Reciprocals 


Objective 1 Solve applied problems involving the reciprocal of a number. 


The sum of the reciprocal of a number and 5 is 5. Find the number. 


SOLUTION There is only one unknown in this problem, and we will let x repre- 
sent the unknown number. 


Unknown 
Number: x 


The reciprocal of this number can be written as Lo We are told that the sum of this 


reciprocal and t is 7 which leads to the equation i + t a i 


Pig gd The LCD is 6x. 
x 3 2 
1 1 1 : ‘ 
6x" ” + re 6x° 5) Multiply both sides by the LCD. 
11 2 J 3 | 
6x: 7 + 6x° 3 = 6x- 5 Distribute and divide out common factors. 
1 1 1 


6 + 2x = 3x Multiply remaining factors. The resulting 
equation is linear. 


6=x Subtract 2x. 


The unknown number is 6. The reader should verify that 7 + 5 = 5 


Quick Check 1 


The sum of the reciprocal of a number and : is p Find the number. 
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Quick Check 2 


One positive number is 9 less 
than another positive number. 
If two times the reciprocal of 
the smaller number is added to 
four times the reciprocal of the 
larger number, the sum is 1. 
Find the two numbers. 


One positive number is 4 larger than another positive number. If 
the reciprocal of the smaller number is added to six times the reciprocal of the 
larger number, the sum is 1. Find the two numbers. 


SOLUTION _ In this problem, there are two unknown numbers. If we let x represent 
the smaller number, we can write the larger number as x + 4. 


Unknowns 
Smaller Number: x 
Larger Number: x + 4 


; _ ats ; 
The reciprocal of the smaller number is —, and six times the reciprocal of the larger 
x 


1 1 
number is 6 -——., or a This leads to the equation — + a 1. 
x+4 x+4 x xt+4 
1 6 : 
+ =1 The LCD is x(x + 4). 
x x+4 
1 6 Multiply both sides by 
+4)-(=+ = + 4)- 
Meee) E x+ i) Re eC 
1 1 6 ae es 
x(x + 4)-— + xle+4)- = x(x +4)+1 Distribute and divide out 
. fet) common factors. 
x+4+ 6x = x(x + 4) Multiply remaining factors. 
x+4+4 6x =x’? + 4x Distribute. The resulting 
equation is quadratic. 
Tx +4= x? + 4x Combine like terms. 
= x?-3x-4 Collect all terms on the 


right side of the equation. 
0 = (x + 1)(x — 4) Factor. 
=-1 or x=4 Set each factor equal to 0 
and solve. 


ta 
| 


Because we were told the numbers must be positive, we can omit the solution 
x = —1. We now return to the table of unknowns to find the two numbers. 


Smaller Number: x = 4 
Larger Number:x + 4=4+4=8 


The two numbers are 4 and 8. The reader should verify that i +6 “k =1. 


Work-Rate Problems 


Objective 2 Solve applied work-rate problems. Now we turn our attention 
to work-rate problems. These problems usually involve two or more people or ob- 
jects working together to perform a job, such as two people painting a room to- 
gether or two copy machines processing an exam. In general, the equation we will 
be solving corresponds to the following: 


Portion of the 
job completed by + 
person 1 


Quick Check 3 


Javier’s new printer can print 

a complete set of brochures in 
20 minutes. His old printer can 
print the set of brochures in 

35 minutes. How long does it 
take the two printers operating 
at the same time to print the set 
of brochures? 
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To determine the portion of the job completed by each person, we must know the 
rate at which the person works. If Kim takes 4 hours to paint a room, how much of 
the room could she paint in one hour? She could paint i of the room in 1 hour, and 
this is her working rate. In general, the work rate for a person is equal to the recip- 
rocal of the time it takes that person to complete the whole job. If we multiply a 
person’s work rate by the time that person has been working, this tells us the por- 
tion of the job the person has completed. 


Working alone, Kim can paint a room in 4 hours. Greg can paint the 
same room in only 3 hours. How long does it take the two of them to paint the 
room if they work together? 


SOLUTION A good approach to any work-rate problem is to start with the follow- 
ing table and fill in the information: 


Time to Complete Portion of the 
Person the Job Alone Work Rate | Time Working | Job Completed 
Person 1 
Person 2 


* Because we know it takes Kim 4 hours to paint the room, her work rate is ; room 
per hour. Similarly, Greg’s work rate is 5 room per hour. 

e The unknown in this problem is the amount of time they will work together, 
which we represent by the variable rf. 

e Finally, to determine the portion of the job completed by each person, we multi- 
ply the person’s work rate by the time he or she has been working. 


Time to Complete Portion of the 
Person the Job Alone Work Rate | Time Working | Job Completed 


Kim 4 hours 


Wile | Ble 
> 
alm 


Greg 3 hours 


To find the equation we need to solve, we add the portion of the room that Kim 
painted to the portion of the room that Greg painted and set this sum equal to 1. 
The equation for this problem is + 5 = 1. 


rae i 1 The LCD is 12. 

t £ 
12: (; + <) = 12:1 Multiply both sides by the LCD. 
3 ft 4 ft 
2: A +2: 3 = 12-1 Distribute and divide out common factors. 

1 1 
3t + 4t = 12 Multiply remaining factors. 
Tt = 12 Combine like terms. 
1 5 
t= > (oF 1D Divide both sides by 7. 


It takes them 13 hours to paint the room if they work together. To convert the 
answer to hours and minutes, we multiply 5 of an hour by 60 minutes per hour, 
which is approximately 43 minutes. It takes them approximately one hour and 
43 minutes. The check of this solution is left to the reader. 
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Quick Check 4 


Used together, two drainpipes 
can drain a tank in 6 hours. 
The smaller pipe alone takes 
16 hours longer than the larger 
pipe takes to drain the tank. 
How long does it take the 
smaller pipe alone to drain the 
tank? 


When used together, two drainpipes can drain a tank in 6 hours. 
Used alone, the smaller pipe takes 9 hours longer than the larger pipe to drain the 
tank. How long does it take the smaller pipe alone to drain the tank? 


SOLUTION In this example, we know the amount of time it takes the pipes to 
drain the tank when they are used together, but we do not know how long it takes 
each pipe when used alone. If we let t represent the time, in hours, it takes the 
larger pipe to drain the tank, the smaller pipe takes t + 9 hours to drain the tank. 
We will begin with the following table: 


Time to Complete Portion of the 
Pipe the Job Alone Work Rate | Time Working | Job Completed 
Smaller t + 9 hours far 6 hours ; & 5 
Larger t hours } 6 hours 8 


Adding the portion of the tank drained by the smaller pipe in 6 hours to the portion 
of the tank drained by the larger pipe, we find that the sum equals 1. The equation is 


es 
Pro 4 , 
6 6 j 
+—-=1 The LCD is f(t + 9). 
t+9 t 
6 6)\ _ Multiply both sides by the 
t(t + 9) (25+ 2) =cut 94 LCD. 
e-+-95- 6 + “(t +9) cae t(t + 9)+1 Distribute and divide out 
; common factors. 
6t + 6(f + 9) = ¢t(t + 9) Multiply remaining factors. 
6t + 6t + 54 = 2 + OF Multiply. The resulting 
equation is quadratic. 
12+ 54=¢f + 9 Combine like terms. 


0 =f -—3t-—54 — Collect all terms on the 
right side of the equation. 


0 = (t — 9)\(t + 6) Factor. 


t=9 or t=-6 Set each factor equal to 0 
and solve. 


Because the time spent by each pipe must be positive, we immediately omit the so- 
lution t = —6. The reader may check the solution t = 9 by verifying that 


6 6 
e250 + 9 = 1. We now use t = 9 to find the amount of time it takes the smaller 


pipe to drain the tank. Because tf + 9 represents the amount of time it takes the 
smaller pipe to drain the tank, it takes 9 + 9, or 18, hours to drain the tank. 
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Uniform Motion Problems 


Objective 3 Solve applied uniform motion problems. We now turn our at- 
tention to uniform motion problems. Recall that if an object is moving at a constant 
rate of speed for a certain amount of time, the distance traveled by the object is 
equal to the product of its rate of speed and the length of time it traveled. The for- 
mula used earlier in the text was rate: time = distance, or r:t = d. If we solve this 
formula for the time traveled, we have 

_ distance d 


time = ———,, or t=-. 
rate r 


Nick drove 24 miles, one way, to deliver a package. On the way 
home, he drove 20 miles per hour faster than he did on his way to deliver the pack- 
age. If the total driving time was 1 hour for the entire trip, find Nick’s driving speed 
on the way home. 


SOLUTION 


e We know that the distance traveled in each direction is 24 miles. 

Nick’s speed on the way home was 20 miles per hour faster than it was on the 

way to deliver the package. We will let r represent his rate of speed on the way 

to deliver the package, and we can represent his rate of speed on the way home 

asr + 20. 

e To find an expression for the time spent on each part of the trip, we divide the 
distance by the rate. 


We can summarize this information in a table. 


Distance (d) | Rate (r) | Time (ft) 


To Deliver Package 24 miles iF ze 
fg 
é : 24 
Return Trip 24 miles if ae AAD 
Far AO) 


The equation we need to solve comes from the fact that the driving time on the way 
to deliver the package plus the driving time on the way home is equal to 1 hour. If 


24 
we add the time spent on the way to deliver the package (2) to the time spent on 


24 
the way home (4). it will be equal to 1. The equation we need to solve is 
Fr 


24 24 
—+ =1 
r r+ 20 


24, 24 


: rare el The LCD is r(r + 20). 
24 24 : : 
r(r + 20): ( + z =) = r(r + 20)-1 Multiply both sides by the LCD. 
hr 
1 24 


1 24 nad ns 
4(r + 20)*— + rie+26)-—— = r(r + 20)-1 Distribute and divide 
4 {e+ 20) out common factors. 
24(r + 20) + 24r Multiply remaining factors. 
24r + 480 + 24r Multiply. 
48r + 480 = r? + 20r Combine like terms. 


| 
st ~“ 
nN ~ 
i + 
) 
oN 
a) 
= 
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0 = r? — 28r — 480 Collect all terms on the right side 
of the equation by subtracting 
48r and 480. 
0 = (r — 40)(r + 12) Factor. 
r=40 or r=-12 Set each factor equal to 0 and solve. 
We omit the solution r = —12, as Nick’s speed cannot be negative. The expression 


for Nick’s driving speed on the way home is r + 20; so his speed on the way home 

was 40 + 20, or 60, miles per hour. The reader can check the solution by verifying 

that = + = =1 
40 60 


Quick Check 5 


Rehema drove 300 miles to pick up a friend and then returned home. On the 
way home, Rehema drove 15 miles per hour faster than she did on the way to 
pick up her friend. If the total driving time for the entire trip was 9 hours, find 
Rehema’s driving speed on the way home. 


Gretchen has taken her kayak to the Pawuxet River, which flows 
down-stream at a rate of 3 kilometers per hour. If the time it takes Gretchen to pad- 
dle 12 kilometers upstream is 1 hour longer than the time it takes her to paddle 
12 kilometers downstream, find the speed that Gretchen can paddle in still water. 


SOLUTION We will let r represent the speed that Gretchen can paddle in still water. 
Because the current of the river is 3 kilometers per hour, Gretchen’s kayak travels 
at a speed of r — 3 kilometers per hour when she is paddling upstream. This is be- 
cause the current is pushing against the kayak. Gretchen travels at a speed of r + 3 
kilometers per hour when she is paddling downstream, as the current is flowing in 
the same direction as the kayak. The equation we will solve involves the time spent 
paddling upstream and downstream. To find expressions in terms of r for the time 
spent in each direction, we divide the distance (12 kilometers) by the rate of speed. 
Here is a table containing the relevant information. 


Distance | Rate | Time 


Upstream 12km Te) || Peres 


Downstream | 12km Pak 2 


We are told that the time needed to paddle 12 kilometers upstream is 1 hour more 
than the time needed to paddle 12 kilometers downstream. In other words, the time 
spent paddling upstream is equal to the time spent paddling downstream plus 


12 12 

1h = +1. 

Oe ee, aes 

12 _ 12 aq The LCD is 
r-3 rt+3 (r= SP 3). 
12 Multiply both sides by 

- + 3)*-—— =(r- + — + 

ONE a) arg Ae et a) (- +3 1) the LCD. 


(SY r+ 3) ae = (F343) ae + (3) + 3) 1 


Distribute and divide 
out common factors. 

12(r + 3) = 12(r — 3) + (r —3)(r + 3) ~— Multiply remaining 
factors. 


Quick Check 6 


Lucy took her canoe to a river 
that flows downstream at a rate 
of 2 miles per hour. She paddled 
8 miles downstream, then 
returned to the camp from 
which she started. If the round 
trip took her 3 hours, find the 
speed that Lucy can paddle in 
still water. 
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127 + 36 = 127 -36 + 7° -9 Multiply. 
12r + 36 =r? + 12r — 45 Combine like terms, 
writing the right side in 
descending order. 
0=r - 81 Collect all terms on the 
right side of the equa- 
tion by subtracting 12r 


and 36. 
0 = (r+ 9)(r — 9) Factor. 
r=-9 or r=9 Set each factor equal 


to 0 and solve. 


We omit the negative solution, as the speed of the kayak in still water must be pos- 
itive. Gretchen’s kayak travels at a speed of 9 kilometers per hour in still water. 


12 12 
The reader can check this solution by verifying that 9-3 943 +1. 


Variation 


Objective 4 Solve variation problems. In the remaining examples, we will in- 
vestigate the concept of variation between two or more quantities. Two quantities 
are said to vary directly if an increase in one quantity produces a proportional in- 
crease in the other quantity and a decrease in one quantity produces a proportional 
decrease in the other quantity. For example, suppose you have a part-time job that 
pays by the hour. The hours you work in a week and the amount of money you earn 
(before taxes) vary directly. As the hours you work increase, the amount of money 
you earn increases by the same factor. If there is a decrease in the number of hours 
you work, the amount of money you earn decreases by the same factor. 


Direct Variation 


If a quantity y varies directly as a quantity x, the two quantities are related by 
the equation 


y = kx, 


where k is called the constant of variation. 


For example, if you are paid $12 per hour at your part-time job, the amount of 
money you earn (y) and the number of hours you work (x) are related by the equa- 
tion y = 12x. The value of k in this situation is 12, and it says that each time x in- 
creases by 1 hour, y increases by $12. 


y varies directly as x. If y = 42 when x = 7, find y when x = 13. 


SOLUTION Because the variation is direct, we will use the equation y = kx. We 
begin by finding k. Using y = 42 when x = 7, we can use the equation 42 = k-7 
to find k. 

y=kx 
42 =k-+7 Substitute 42 for y and 7 for xin y = kx. 

6=k Divide both sides by 7. 


Now we use this value of k to find y when x = 13. 


y = 6-13 Substitute 6 for k and 13 for xin y = kx. 
y=78 Multiply. 
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The distance a train travels varies directly as the time it is traveling. 
If a train can travel 424 miles in 8 hours, how far can it travel in 15 hours? 


SOLUTION The first step in a variation problem is to find k. We will let y repre- 
sent the distance traveled and x represent the time. To find the variation constant, 
we will substitute the related information (424 miles in 8 hours) into y = kx, the 
equation for direct variation. 


y=kx 
424 =k-+8 Substitute 424 for y and 8 for xin y = kx. 
53 =k Divide both sides by 8. 


Now we will use this variation constant to find the distance traveled in 15 hours. 


y = 53-15 Substitute 53 for k and 15 for x in y = kx. 
y = 795 Multiply. 


The train travels 795 miles in 15 hours. 


Quick Check 7 


The tuition that a college student pays varies directly as the number of units the 
student is taking. If a student pays $288 to take 12 units in a semester, how much 
does a student pay to take 15 units? 


In some cases, an increase in one quantity produces a decrease in another quantity. 
In this case, we say that the quantities vary inversely. For example, suppose you and 
some of your friends are going to buy a birthday gift for your basketball coach, 
splitting the cost equally. As the number of people who are contributing increases, 
the cost for each person decreases. The cost for each person varies inversely as the 
number of people contributing. 


Inverse Variation 


If a quantity y varies inversely as a quantity x, the two quantities are related by 
the equation 


k 
y=— 
x 


> 


where k is the constant of variation. 


y varies inversely as x. If y = 10 when x = 8, find y when x = 5. 


ae : : ; k 
SOLUTION Because the quantities vary inversely, we will use the equation y = —. 
x 


We begin by finding k. 
a* 
yx 
k . : k 
10 = 8 Substitute 10 for y and 8 for x in y = 5. 
80 = k Multiply both sides by 8. 


Now we use this value of & to find y when x = 5. 


80 
yas Substitute 80 for k and 5 for xin y = x 


y=16 Divide. 


Quick Check 8 


The time required to complete 
the Boston Marathon varies in- 
versely as the speed of the run- 
ner. If it takes 131 minutes to 
run the marathon at an average 
speed of 5 miles per hour, how 
long does it take to finish the 
marathon at an average speed 
of 4 miles per hour? 


Quick Check 9 

y varies jointly as x and the 
square root of z. If y = 1000 
when x = 50 and z = 25, find y 
when x = 72 and z = 9. 
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The time required to drive from Visalia to San Francisco varies in- 
versely as the speed of the car. If it takes 3 hours to make the drive at 70 miles per 
hour, how long does it take to make the drive at 60 miles per hour? 


SOLUTION Again, we begin by finding k. We will let y represent the time required 
to drive from Visalia to San Francisco and x represent the average speed of the car. 
To find k, we will substitute the related information (3 hours to make the trip at 
70 miles per hour) into the equation for inverse variation. 


k 
Vo 2 
x 
k : : k 
3= 70 Substitute 3 for y and 70 for xin y = 4. 
210 = k  Miultiply both sides by 70. 


Now we will use this variation constant to find the time required to drive from 
Visalia to San Francisco at 60 miles per hour. 


210 
Y= Substitute 210 for k and 60 for x in y = x 
y=3.5 Divide. 


It takes 3.5 hours to drive from Visalia to San Francisco at 60 miles per hour. 


Often a quantity varies depending on two or more variables. A quantity y is said to 
vary jointly as two quantities x and z if it varies directly as the product of these two 
quantities. The equation in such a case is y = kxz. 


y varies jointly as x and the square of z. If y = 2400 when x = 8 
and z = 10, find y when x = 12 and z = 20. 


SOLUTION Begin by finding & using the equation y = kxz’. 


y = kx’ 
2400 = k-8-10” Substitute 2400 for y, 8 for x, and 10 for zin y = kxz’. 
2400 = k- 800 Simplify. 

3=k Divide both sides by 800. 


Now use this value of k to find y when x = 12 and z = 20. 


y = 3-12-20 Substitute 3 for k, 12 for x, and 20 for zin y = kxz’. 


y=14,400 Simplify. 


BUILDING YOUR STUDY STRATEGY 


Preparing for a Cumulative Exam, 7 Study Groups If you have partici- 
pated in a study group throughout the semester, have each student in the 
group bring problems that he or she is struggling with or believes are impor- 


tant and work through them as a group. 

At the end of your group study session, try to write a practice exam as a 
group. In determining which problems to include on the practice exam, you 
should focus on the types of problems that are most likely to appear on your 
cumulative exam. 


404 CHAPTER7 


Rational Expressions and Equations 


Vocabulary 
il 
1. The of a number x is me 
2. The of a person is the amount of work 


13. 


14. 


15. 


16. 


. Two quantities are said to 


. Two quantities are said to 


. The sum of the reciprocal of a number and 


he or she does in one unit of time. 


. If an object is moving at a constant rate of speed for a 


certain amount of time, the length of time it travels is 
equal to the distance traveled by the object 
by its rate of speed. 


. If a canoe can travel at a rate of r miles per hour in 


still water and a river’s current is c miles per hour, 
the rate of speed the canoe travels while moving 
upstream is given by the expression 


if an 
increase in one quantity produces a proportional 
increase in the other quantity. 

if an 
increase in one quantity produces a proportional 
decrease in the other quantity. 


. The sum of the reciprocal of a number and a is 3 Find 


the number. 


13 :. 19 
[5 1S 20° 


Find the number. 


. The sum of three times the reciprocal of a number 


and a is ae Find the number. 


. The sum of five times the reciprocal of a number and 


9-13 pF 
70 18 39- Find the number. 


. The difference of the reciprocal of a number and a 


is 2, Find the number. 


. The difference of the reciprocal of a number and +; 


is 4. Find the number. 


One positive number is three larger than another posi- 
tive number. If four times the reciprocal of the smaller 
number is added to three times the reciprocal of the 
larger number, the sum is 1. Find the two numbers. 


One positive number is six less than another positive 
number. If two times the reciprocal of the smaller num- 
ber is added to five times the reciprocal of the larger 
number, the sum is 1. Find the two numbers. 


One positive number is ten less than another positive 
number. If the reciprocal of the smaller number is 
added to three times the reciprocal of the larger num- 
ber, the sum is i Find the two numbers. 


One positive number is nine larger than another posi- 
tive number. If the reciprocal of the smaller number 


%@ 


= S| = 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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is added to four times the reciprocal of the larger 
number, the sum is i. Find the two numbers. 


One copy machine can run off copies in 15 minutes. 
A newer machine can do the same job in 10 minutes. 
How long does it take the two machines, working to- 
gether, to make all of the necessary copies? 


Dylan can mow a lawn in 36 minutes, while Alycia 
takes 45 minutes to mow the same lawn. If Dylan and 
Alycia work together using two lawn mowers, how 
long does it take them to mow the lawn? 


One hose can fill a 40,000-gallon swimming pool in 
18 hours. A hose from the neighbor’s house can fill a 
swimming pool of that size in 24 hours. If the two 
hoses run at the same time, how long does it take to 
fill the swimming pool? 


One pipe can drain a tank in 10 minutes, while a 
smaller pipe takes 45 minutes to drain the same tank. 
How long does it take the two pipes to drain the tank 
if both are used at the same time? 


Tina can weed her vegetable garden completely in 
30 minutes. Her friend Marisa can do the same task 
in 40 minutes. If they work together, how long does it 
take Tina and Marisa to weed the vegetable garden? 


A company has printed out 500 surveys to be put into 
preaddressed envelopes and mailed out. Dusty can fill 
all of the envelopes in 5 hours, and Grady can do it in 
9 hours. If they work together, how long does it take 
them to stuff the 500 envelopes? 


Two drainpipes used at the same time can drain a 
pool in 12 hours. Alone, the smaller pipe takes 7 hours 
longer than the larger pipe takes to drain the pool. 
How long does it take the smaller pipe alone to drain 
the pool? 

Working together, Rosa and Dianne can plant 20 flats 
of pansies in 3 hours. If Rosa works alone, it takes her 
8 hours longer than it takes Dianne to plant all 
20 flats. How long does it take Rosa to plant the pan- 
sies by herself? 


Steve and his assistant Ross can wire a house in 
6 hours. If they work alone, Ross takes 9 hours longer 
than Steve to wire the house. How long does it take 
Ross to wire the house? 


Earl and John can clean an entire building in 4 hours. 
Earl can clean the entire building by himself in 
6 fewer hours than John can. How long does it take 
Earl to clean the building by himself? 
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31. 


32. 


33. 


34. 


35. 


Working together, Sarah and Jeff can feed all of the 
animals at the zoo in 2 hours. Jeff uses a motorized 
cart to carry the food, whereas Sarah uses a pushcart. 
If each person feeds all of the animals without the 
help of the other, it takes Sarah twice as long as it 
takes Jeff. How long does it take Sarah to feed all of 
the animals? 


A small pipe takes three times longer to fill a tank 
than a larger pipe takes. If both pipes are used at the 
same time, it takes 12 minutes to fill the tank. How 
long does it take the smaller pipe alone to fill the 
tank? 


When he works alone, Brent takes 2 hours longer to 
buff the gymnasium floor than Tracy takes when she 
works alone. After working for 3 hours, Brent quits 
and Tracy takes over. If it takes Tracy 2 hours to finish 
the rest of the floor, how long would it have taken 
Brent to buff the entire floor? 


Frida can wallpaper a room in 3 fewer hours than 
Gerardo can. After they worked together for 2 hours, 
Frida had to leave. It took Gerardo an additional 
4 hours to finish wallpapering the room. How long 
would it have taken Frida to wallpaper the room by 
herself? 


Vang is training for a triathlon. He rides his bicycle at 
a speed that is 15 miles per hour faster than his run- 
ning speed. If Vang can cycle 40 miles in the same 
amount of time it takes him to run 16 miles, what is 
his running speed? 

Ariel drives 15 miles per hour faster than Sharon 
does. Ariel can drive 100 miles in the same amount of 
time it takes Sharon to drive 80 miles. Find Ariel’s 
driving speed. 

Jared is training to run a marathon. Today he ran 
14 miles in 2 hours. After running the first 9 miles at a 
certain speed, he increased his speed by 4 miles per 
hour for the remaining 5 miles. Find the speed at 
which Jared was running for the first 9 miles. 


Kyung ran 7 miles this morning. After running the 
first 3 miles, she increased her speed by 2 miles per 
hour. If it took her exactly 1 hour to finish her run, 
find the speed at which she was running for the last 
4 miles. 


A boat is traveling in a river that is flowing down- 
stream at a speed of 10 kilometers per hour. The boat 
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7.7 Exercises 


can travel 30 kilometers upstream in the same time it 
would take to travel 50 kilometers downstream. What 
is the speed of the boat in still water? 


Denae is swimming in a river that flows downstream at 
a speed of 0.5 meter per second. It takes her the same 
amount of time to swim 500 meters upstream as it does 
to swim 1000 meters downstream. Find Denae’s swim- 
ming speed in still water. 


An airplane flies 72 miles with a 30-mph tailwind and 
then flies back into the 30-mph wind. If the time for 
the round trip was 1 hour, find the speed of the air- 
plane in calm air. 


Selma is kayaking in a river that flows downstream at 
arate of 1 mile per hour. Selma paddles 5 miles down- 
stream and then turns around and paddles 6 miles 
upstream. The trip takes 3 hours. 


a) How fast can Selma paddle in still water? 

b) Selma is now 1 mile upstream of her starting point. 
How many minutes will it take her to paddle back 
to her starting point? 


y varies directly as x. If y = 30 when x = 3, find y 
when x = 8. 


. y varies directly as x. If y = 78 when x = 6, find y 


when x = 15. 


. y varies inversely as x. If y = 8 when x = 7, find y 


when x = 4. 


. y varies inversely as x. If y = 6 when x = 12, find y 


when x = 9. 


. y varies directly as the square of x. If y = 150 when 


x = 5, find y when x = 7. 
y varies inversely as the square of x. If y = 4 when 
x = 6, find y when x = 3. 


y varies jointly as x and z. If y = 270 when x = 10 
and z = 6, find y when x = 3 and z = 8. 


. y varies directly as x and inversely as z. If y = 78 


when x = 26 and z = 7, find y when x = 30 and 
z= 18. 

Sam’s gross pay varies directly as the number of hours 
he works. In a week that he worked 32 hours, his gross 
pay was $304. What would Sam’s gross pay be if he 
worked 20 hours? 


. The height that a ball bounces varies directly as the 


height from which it is dropped. If a ball dropped 
from a height of 55 inches bounces 25 inches, how 
high would the ball bounce if it were dropped from a 
height of 88 inches? 


Ohm’s law. In a circuit, the electric current (in am- 
peres) varies directly as the voltage. If the current is 
8 amperes when the voltage is 24 volts, find the cur- 
rent when the voltage is 9 volts. 


Hooke’s law. The distance that a hanging object 
stretches a spring varies directly as the mass of the 
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51. 


52. 


53. 


54. 


55. 


object. If a 5-kilogram weight stretches a spring by 
32 centimeters, how far would a 2-kilogram weight 
stretch the spring? 


The amount of money that each person must con- 
tribute to buy a retirement gift for a coworker 
varies inversely as the number of people contribut- 
ing. If 10 people must contribute $24 each, how 
much does each person have to contribute if there 
are 16 people? 


The maximum load that a wooden beam can support 
varies inversely as its length. If a beam that is 8 feet 
long can support 700 pounds, what is the maximum 
load that can be supported by a beam that is 5 feet 
long? 

In a circuit, the electric current (in amperes) varies in- 
versely as the resistance (in ohms). If the current is 
30 amperes when the resistance is 3 ohms, find the 
current when the resistance is 5 ohms. 


Boyle’s law. The volume of a gas varies inversely as 
the pressure upon it. The volume of a gas is 128 cubic 
centimeters when it is under a pressure of 50 kilo- 
grams per square centimeter. Find the volume when 
the pressure is reduced to 40 kilograms per square 
centimeter. 


The illumination of an object varies inversely as the 
square of its distance from the source of light. If a light 
source provides an illumination of 30 foot-candles at a 


56. 


58. 


distance of 10 feet, find the illumination at a distance 
of 20 feet. (One foot-candle is the amount of illumina- 
tion produced by a standard candle at a distance of 
1 foot.) 


The illumination of an object varies inversely as the 
square of its distance from the source of light. If a 
light source provides an illumination of 80 foot-candles 
at a distance of 5 feet, find the illumination at a dis- 
tance of 40 feet. 


a===- Writing in Mathematics 


Answer in complete sentences. 
57. 


Write a work-rate word problem that can be solved 


t 
—~ = 1. Explain how you created 


t 
by th tion — + 
y the equation = + 75 


your problem. 


Write a uniform motion word problem that can be 


10 10 
Ived by th ti + 
solved by the equation "| + 


how you created your problem. 


= 6. Explain 


Chapter 7 Summary 407 
Section 7.1 Rational Expressions and Functions 
Rational Expressions, p. 354 
A rational expression is a quotient of two polynomials. x? — 7x + 10 
The denominator of a rational expression must be nonzero, + 7x — 18 


as division by zero is undefined. 


Values for Which a Rational Expression Is Undefined, pp. 355-356 


To find the values for which a rational expression is undefined, set 
the denominator equal to 0 and solve the resulting equation. These 
solutions are the values for which the expression is undefined. 


Rational Functions, pp. 356-357 

f(x) 
g(x) 
where f(x) and g(x) are polynomials and g(x) # 0. You exclude 


from the domain of the function any value that causes the function to be 
undefined, namely, any value for which the denominator is equal to 0. 


A rational function r(x) is a function of the form r(x) = 


> 


Simplifying a Rational Expression to Lowest Terms, pp. 357-359 


To simplify a rational expression to lowest terms, factor the numerator 
and denominator. Then divide out common factors in the numerator 
and denominator. 


Factors That Are Opposites, pp. 359-360 
Two expressions of the form a — b and b — aare opposites. The rational 


simplifies to equal —1, as any fraction whose 


2 a 
expression b 


numerator is the opposite of its denominator is equal to —1. 


Find the values for which the rational expression is 
x? + 5x +12 
x’ — 9x + 18 


undefined: 


The expression is undefined for x = 3, 6. 


Find the domain of the rational function: 


x? + 24x + 29 
WN) eae ee =" 
x 15x + 56 

x? -— 15x + 56=0 

(x — 7)(x — 8) =0 

x-7=0 x-8=0 

x=7 x= 8 


Domain: All real numbers except 7 and 8; 
(—00, 7) U (7, 8) U (8, 00) 


Simplify to lowest terms: a ene 
x = D%i— 36 
w+ 7x+12 (xt 3)(x +4) 
x? —5x—- 36 (x + 4)(x - 9) 
(x + 34) 
fe+4)(x — 9) 
Fa eS, 
= 9 
Simplify to lowest terms: =e 
25 — x 
x —13x+40  (*— 5)(x — 8) 
2-x? (5+ x)(5—- x) 
(e—5)(x — 8) 
~ (5 + x)(S—x) 


x—8 
5 


+ 
ad 
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Section 7.2 Multiplication and Division of Rational Expressions 


Multiplying Rational Expressions, pp. 363-364 

To multiply two rational expressions, factor each numerator 
and denominator completely. Divide out factors that are common 
to a numerator and a denominator and multiply the remaining 
factors, leaving the numerator and denominator in factored form. 


Dividing Rational Expressions, pp. 365-366 


To divide a rational expression by another rational expression, replace 
the divisor by its reciprocal and then multiply. 


x? —5x—-—24 x7 4+ 13x 4+ 22 


MS eae aa 6A 
x? — 5x — 24 x? + 13x + 22 
7x18 x — 64 
(x + 3)(% = 8) G +2) +4 11) 
(x + ee ae (x + 8)(x — 8) 
(x + 3a) e+ 2)(x + 11) 
erate = 9) Get 8)e— 8) 
(x + 3)(x + 11) 
(x — 9)(x + 8) 
_ x+6x-7  x?-49 
Divide: ah era © ray 
x+6x-7  x?— 49 
xv+x—-30 xt+6 
xe+6x-7 xt+6 
r+x—30 2-49 
(e-K+7) x6 
(x — 5)\(x + 6) (x + 7)(x — 7) 
(x- 1+ e+e 
(o> S)eey Get-7)(a— 7) 
_ x= 1 
(x — 5)(x — 7) 


Section 7.3 Addition and Subtraction of Rational Expressions That Have the Same Denominator 


Adding Rational Expressions That Have the Same Denominator, pp. 369-370 
To add rational expressions that have the same 
denominator, add the numerators and place the result 


over the common denominator. Check to make sure 
the result is in simplest terms. 


24 + 
Ada: = 6x a 36 
x +2x— 63 x° +2x-—63 
x? + 6x 7x + 36 
x? +2x- 63 x7 4+ 2x — 63 
x? + 6x + 7x + 36 
x? + 2x — 63 
_ x? + 13x + 36 
x? + 2x — 63 
(x + 4)(x + 9) 
~ (x — 7)(x + 9) 
_xt+4 
xe 7 


Chapter 7 Summary 


Subtracting Rational Expressions That Have the Same Denominator, pp. 370-372 
Subtracting two rational expressions that have the same 9x +4 5x — 16 


denominator is just like adding them except that you subtract Subtract: —> ~ 2 
the two numerators rather than add them. = oo 50x : on 50 
x = 


x? +15x+50 x? 4+ 15x +50 
(9x + 4) — (5x — 16) 
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— 4x + 20 
x? + 15x + 50 
4(x + 5) 
~ (x + 5)(x + 10) 
_ 4 
x + 10 
Adding or Subtracting Rational Expressions That Have Opposite Denominators, pp. 372-373 
To add two fractions with opposite denominators, rewrite the xe txt5 4x 4+ 15 
denominator of the second fraction as its opposite by changing the Add: Pe 4— x2 
: : x 
operation to subtraction. . 
To subtract two fractions with opposite denominators, rewrite the xitxt5 | 4x4 15 
denominator of the second fraction as its opposite by changing x4 4 — x? 
the operation to addition. ertx+5 4x +15 
x-4 x-4 
xrtx+5—-4x -15 
x2-— 4 
Je Hae = 10 
vr- 4 
(x + 2)(x — 5) 
~ (2 = 2)(e = 2) 
SD 
x= 2 
Section 7.4 Addition and Subtraction of Rational 
Expressions That Have Different Denominators 
Finding the LCD of Two Rational Expressions, pp. 375-376 
Completely factor each denominator; then identify each factor that is Find the LCD: 7 4 
a factor of one or both denominators. The LCD is equal to the product oe 24 5x46 x2 — 4x — 21 
of these factors. If a factor is repeated in one or both of the denominators, js 


the exponent used for this factor is equal to the greatest power to which 
the factor is raised in any one denominator. 


x° — 4x — 21 = (x + 3)(x — 7) 
LCD: (x + 2)(x + 3)(x — 7) 


Adding or Subtracting Rational Expressions That Have Different Denominators, pp. 376-379 


To add or subtract two rational expressions that do not have the same Sub : 7 4 
denominator, find the LCD of the two denominators and rewrite each mptrach ew 4 8x15) 247x412 
rational expression as an equivalent rational expression that has the 7 4 
LCD as its denominator. Then add or subtract the numerators, placing 3 ; 
the result over the common denominator. Simplify the resulting rational X + 8x +15 0 x° + 7x + 12 
expression if possible. _ 7 4 
(x + 3)(x +5) (x + 3)(x + 4) 
7 x t4 4 xts 
(x+3)\(x+5) x +4 (x +3)(x+ 4) x4+5 


7x + 28 — 4x — 20 
(x + 3)(x + 5)(x + 4) 
3x + 8 
(x + 3)(x + 5)(x + 4) 
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Section 7.5 Complex Fractions 


Simplifying Complex Fractions, pp. 382-385 


To simplify a complex fraction, find the LCD of all fractions 1 - | A2 
in the complex fraction and then multiply the numerator ; yy 2 
and denominator by this LCD. Simplify 4. 32 
I Pes 
eX 
12 12 
pete P ig yee 
x Xx x Xx x 
4 32 x? 4 2 
ice = fhe ds age? AS 
x x? x x? 
7% 12 4 
1x? — =: nee 
irr x 2 a 
—_ 1 1 
4% 32 1 
1-exre+e- eae 
“ae a er 
1 1 
= Tet 2 
x? + 4x — 32 
(x — 3)(x — 4) 
(x — 4)(x + 8) 
2% = 3 
x +8 
Section 7.6 Rational Equations 
Solving Rational Equations, pp. 388-391 
Find the LCD of all rational expressions in the equation and then multiply Sci 18 3. 10 
both sides of the equation by that LCD. Solve the resulting equation. ey ne aa * x2 
LODs 3 
18 3, AO 
see aoe ase 
. ( xe "lx #2 
1 3 1 
1x 2 xy? ye : age 
Es x x 
184. 3 4%. 10 7 
ee ee ne 
x x x 
1 1 1 
x? — 18 = 3x +10 
x’? — 3x — 28 =0 
(x + 4)(x — 7) =0 
x+4=0 x-7=0 
x=-4 x=7 
{=4, 7} 
Checking for Extraneous Solutions, pp. 389-391 
If a denominator of a rational expression is equal to 0 when the value Sol +4 6 
of a solution is substituted for the variable, the solution must be OMe a, eee ee Pe 
omitted and is called an extraneous solution. 
x+4 6 
(x + 1)(x-2) (x 4+1)(x — 5) 
LCD: (x + 1)(x — 2)(x — 5) 
x+4 
mae 2 B) 
Ge pe <2 De -2e-9) 
6 
+ 1 2 5 
aaaee ee) 
(x + 4)(x — 5) = 6(x — 2) 
x — x -—20= 6x —- 12 
x—- 7x -8=0 
(x + 1)(x — 8) =0 
x+1= x= 8 = 0 
x=-l x= 


Extraneous solution 


{8} 
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Solving Literal Equations, pp. 391-392 


A literal equation is an equation that contains two or more variables. on 5x + 4 
Solve the equation for one of the variables by isolating that variable eeseaiacr aan 
on one side of the equation. To solve a literal equation containing se 44 
rational expressions, begin by multiplying both sides of the equation yr2x = +2x 
by the LCD. 2x 
2xy =5x+4 
2xy —5x =4 
x(2y —5) =4 
x(2y — 5) 4 
2y—5 2y—5 
_ 4 
2y—5 
Section 7.7 Applications of Rational Equations 
Reciprocal, pp. 395-396 
di 7 3 
If n represents a number, its reciprocal is x The sum of the reciprocal of a number and D is r Find 
the number. 
Unknown number: n 
ae: 
n 12 4 
LCD: 12n 
1 7 3 
: 12n D 12n 4 12n 
Mis le Od 3 4 
rr 12n Ta 42n , 42n 
1 1 1 
12 + 7n = 9n 
12 = 2n 
6=n 
The number is 6. 
Work-Rate Problems, pp. 396-398 
The work rate for a person or machine is equal to the reciprocal Jerry can mow a lawn in 40 minutes, while Bill takes 
of the time required to complete the whole task. 50 minutes to mow the same lawn. If Jerry and Bill 
The amount of work done by a person or machine is equal to the product of work together using two lawn mowers, how long 
the work rate and the time spent working. does it take them to mow the lawn? 
The total amount of work done by each person or machine must equal 1. 
Time | Work Time Work 
Person | Alone | Rate | Working | Done 
J 40 mi : t : 
IT min — ae 
— 40 40 
t 
Bil | 50min = 1 5 
t t 
—+4+—=H= 
40 50 7 
LCD: 200 
: 200 4 : 200 = 1-200 
40 "50 7 
St + 4t = 200 
9t = 200 
= 200 
9 


2 
It takes them 229 minutes working together. 
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Direct Variation, pp. 401-402 

If a quantity y varies directly as a quantity x, the two quantities 
are related by the equation y = kx, where k is called the 
variation constant. 


The number of calories in a glass of soda varies directly 
as the amount of soda. If a 12-ounce serving of 
soda has 180 calories, how many calories are in an 
8-ounce glass of soda? 


There are 120 calories in an 8-ounce glass of soda. 


Inverse Variation, pp. 402-403 


If a quantity y varies inversely as a quantity x, the two quantities The maximum load that a wooden beam can support 
varies inversely as its length. If a beam that is 8 feet 
long can support 725 pounds, what is the maximum 


k 
are related by the equation y = —, where k is the variation constant. 
- load that can be supported by a beam that is 10 feet 


long? 
ak a 
: ae aa 
k 5800 
25 = — = — 
a 8 10 
5800 = k y = 580 


A beam that is 10 feet long can support 580 pounds. 


SUMMARY OF CHAPTER 7 STUDY STRATEGIES 


e When preparing for a cumulative exam, begin ap- 
proximately two weeks before the exam by deter- 


referring to your notes, note cards, or text. This 
will give you a clear assessment as to which prob- 


mining what material will be on the exam. 


Begin studying by reviewing your old exams and 
quizzes. Although you should rework each prob- 
lem, pay particular attention to the problems you 
got wrong on the exam or quiz. Also look over your 
old homework assignments for problems you strug- 
gled with and review these topics. 

Use review materials from your instructor and the 
cumulative review exercises in the text to check 
your progress. Try to work the exercises without 


lems require further study. 

Create study sheets for each type of applied prob- 
lem that may appear on the exam. These sheets 
should contain examples of the problems, the pro- 
cedure for solving them, and the solutions. 


Continue to meet regularly with your study group. 
If your group has helped you succeed on previous 
exams, they will be able to help you succeed on this 
exam as well. 


CHAPTER 7 REVIEW 


Evaluate the rational expression for the given value of 
the variable. [7.1] 


3 
1. f = -6 
sao 
x—7 
ee ae ce 
2 
+ = 
3.7, a a 
x°+2x-—5 
Ds = 
4 * a ey —4 


Find all values for which the rational expression is unde- 
fined. [7.1] 


—6 
ra 

x? + 9x + 18 
* y? — 3x — 54 


Simplify the given rational expression. (Assume that all 
denominators are nonzero.) [7.1] 
x+7 
x7 + 4x - 21 
x? + 6x — 40 
"x? — 9x + 20 
36 — x? 
x? — 7x +6 
x? + 6x +9 
4x? + 15x +9 


rs 


10. 


Evaluate the given rational function. [7.1] 


x+7 
11. ee 
ne) x? + 8x — 15° me) 
2 
ay 
12. r(x) = —— ae (3) 


Tr 
x? — 11x + 18 


Find the domain of the given rational function. [7.1] 


Pa age =A 
@ x) = -* 
x” + 6x 
PoP Te = 8 
14. r(x) =~ ad 
See oe ae 


Worked-out solutions to Review Exercises marked with 


Multiply. [7.2] 

ea: x? — 7x 

x+5 x%7+2x — 63 

x t+ 14x +45 x72 + 9x48 


15. 


16. 
x7>-6x-7 x?4+3x- 10 
Bras Brg a 
17. x 4x x 4. = 92, 
x? — 15x + 54 x? + 8x 
16 — x? 7x? + 13x -2 
18. : 
xt+2 x%+2x—-—24 


For the given functions f(x) and g(x), find f(x) - g(x). 
[7.2] 


x —6 x7 + 6x +5 
19, f(x) = =F, g(x) = So 

x? + 16x + 64 49 — x? 
20. f(x) = (x) = 


ee x7 + 11x + 24 


Divide. [7.2] 


meee 18 a3 


21. : 
x-—7x+12 x«-3 
vr-—x-6 x? + 10x + 16 
DD + 
x? — 19x + 88 x? + 4x — 96 
2 _ _ 2 = 
93, * 3x 4. 3x 10x — 8 
wrt x xv-1 
ae 2 
4,2 xx 8x +15 
x= 7 x? — 5x-14 


For the given functions f(x) and g(x), find f(x) + g(x). 
[7.2] 


x? + 3x x? — 6x — 27 

25. = ; = 
PO) = 2 tox + 25° 8) = 2 — 30 
x? + 8x + 12 x? — 4x — 60 

26. = : = 
F(x) x+5x4+4 g(x) x? + 7x +12 


can be found on page AN-23. 


413 


414 CHAPTER7 Rational Expressions and Equations 


Add or subtract. [7.3/7.4] 


5 7 
27. 
x+6 x+6 
x? + 10x 5x + 24 
28. ek E 
x + 15x+ 56 x°+4+ 15x + 56 
7_6x-1 10x — 32 
29, x 3 — 3 
x" — x — 20 x“ — x — 20 
5x - 34 x-8 
30. — 
x—7 L =x 
2 _ 2 
3, 2* +7x-3 x+3x4+9 
x=-2 2=% 
2_3y-12 2x-1 
g Pie wis 
xo = 25 25 - x 
5 2 
33) — es 
x +3x-4 x -—4x +3 
6 1 
34. | ee 
x -—10x+16 x -— 15x + 56 
4 
35. =— - 
x —5x-—50 x -— 14x + 40 
= & 4 
36. =— ; 
x + 14x+ 33 x° + 20x + 99 
+1 - 
7. _ - 

x +2x-24 x -6x+8 
For the given rational functions f(x) and g(x), find 
f(x) + g(x). [7.4] 

x+3 5 
38. = ; = 
F(x) Pags5°" x? — 7x + 10 


For the given rational functions f(x) and g(x), find 
f(x) — g(x). [7.4] 


x? + 12x + 35 


Simplify the complex fraction. [7.5] 


,3 
40 x 
al 
2 
xD 3 
ay, 2 x—7 
x? + 7x — 44 


x? — 10x + 21 


42. 


43. 


we 
x x? 

7 10 
x? — 8x + 15 
x? — 11x + 18 
x7 +x - 30 
x? — 6x — 27 


Solve. [7.6] 


47. 


49. 


50. 


9 3 ~=7 
x 4 8 
g2g4 2-9 
x 
3 7 
<=9 £25 
20S 11. £7 
x-1 x+3 
3 1 x+3 
"x+2 xt+1 x243x42 
x 3 36 
£25 42-7 PH oe= 35 
2, 10 x +12 
e—x-2 x-2x-3 x -x-2 
20 4 x + 10 


51. = = 
e+ 12x4+27) x7 4+14x¥4+ 45 x74 8x4 15 


Solve for the specified variable. [7.6] 


1 A 
52. on for h 
53. y= ay 7 for x 
x y 1 
4.—- =f 
: 2r 3r 5 id 
55. The sum of the reciprocal of a number and i is 33 Find 


57. 


58. 


the number. [7.7] 


. One positive number is five more than another pos- 


itive number. If three times the reciprocal of the 
smaller number is added to four times the recipro- 
cal of the larger number, the sum is 1. Find the two 
numbers. [7.7] 

Rob can mow a lawn in 30 minutes, while Sean takes 
60 minutes to mow the same lawn. If Rob and Sean 
work together using two lawn mowers, how long does 
it take them to mow the lawn? [7.7] 


Two pipes, used together, can fill a tank in 28 minutes. 
Alone, the smaller pipe takes 42 minutes longer than 


the larger pipe takes to fill the tank. How long does it 
take the smaller pipe alone to fill the tank? [7.7] 


59. Linda had to make a 275-mile trip to Omaha. After 
driving the first 100 miles, she increased her speed by 
15 miles per hour. If the trip took her exactly 4 hours, 
find the speed at which she was driving for the first 
100 miles. [7.7] 


60. Dominique is kayaking in a river that is flowing 
downstream at a speed of 2 miles per hour. Do- 
minique can paddle 10 miles downstream in the same 
amount of time she can paddle 5 miles upstream. 
What is the speed that Dominique can paddle in still 
water? [7.7] 


61. The number of calories in a glass of milk varies di- 
rectly as the amount of milk. If a 12-ounce serving 
of milk has 195 calories, how many calories are in an 
8-ounce glass of milk? [7.7] 
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62. The distance required for a car to stop after the brakes 
are applied varies directly as the square of the speed of 
the car. If it takes 100 feet for a car traveling at 40 miles 
per hour to stop, how far does it take for a car traveling 
60 miles per hour to come to a stop? [7.7] 


63. The maximum load that a wooden beam can support 
varies inversely as its length. If a beam that is 6 feet 
long can support 900 pounds, what is the maximum 
load that can be supported by a beam that is 8 feet 
long? [7.7] 

64. The illumination of an object varies inversely as the 
square of its distance from the source of light. If a light 
source provides an illumination of 20 foot-candles at a 
distance of 12 feet, find the illumination at a distance 
of 6 feet. [7.7] 


For Extra Help 


CHAPTER 7 TEST = gcizzt5,, 


Evaluate the rational expression for the given value of 
the variable. 


for x = —7 


Find all values for which the rational expression is 
undefined. 
x? + 5x - 14 
* 2 + 10x + 21 


Simplify the given rational expression. (Assume that all 
denominators are nonzero.) 


x? — 8x + 15 
* x2 + 7x — 30 


Evaluate the rational function. 


x7 + 3x -— 13 


pk ae rr EET 


(-3) 
Multiply. 

eee gies 

“4+ 6x —7 x2 - 9x + 18 


Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 
on DVD, in MyMathLab|] _ and on You{f) (search “WoodburyElemIntAlg” and click on “Channels”). 


Divide. 
m= 10x + 25 25 — x 
“2411x424 2x2 4+ 3x - 40 
Add or subtract. 
4 sx +3 2x +21 
“x-6 x-6 
2x? + 6x - 11 x7 + 2x + 21 
x-4 4- x 
6 5 
A + 
xe+ 8x +7 x>-3x-4 
—4 
10. —— : 


e—13x+40 x2 - 10x + 16 


Simplify the complex fraction. 


4 45 
i eetaa er 
x x 
11. 
2 35 
Le 
x x 
Simplify. 
x+5 aT 


x2 + 3x — 54 x? 4+ 16x + 55 
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x2 — 3x — 40 x2 — 8x Solve for the specified variable. 
“4+ 7xt+6 x2 +10x4+9 2y 
a ten 14, 3x4 38 ae EE ead 
“FTORER 2 tor t8 19. Two pipes together can fill a tank in 40 minutes. 
x-7 2 Alone, the smaller pipe takes 18 minutes longer 
15. Cetgss yoga s than the larger pipe takes to fill the tank. How long 
does it take the smaller pipe alone to fill the 
tank? 
20. Preparing for a race, Greg went for a 25-mile bicy- 
cle ride. After the first 10 miles, he increased his 
Solve. speed by 10 miles per hour. If the ride took him ex- 
15 3 19 actly 1 hour, find the speed at which he was riding 
16.— += for the first 10 miles. 
8 24 
+ 
uv x+2 4 2 


P+ 5xt4 CP Hx—12 2-2 =3 


Mathematicians in History 


John Nash is an American mathematician whose research has greatly 
affected mathematics and economics as well as many other fields. When he was ap- 
plying for graduate school at Princeton, one of his math professors said quite simply, 
“This man is a genius.” 

Write a one-page summary (or make a poster) of the life of John Nash and his 
accomplishments. 


Interesting issues: 

Where and when was John Nash born? 

Describe Nash’s childhood as well as his life as a college student. 
What mental illness struck Nash in the late 1950s? 

Nash was influential in the field of game theory. What is game theory? 
In 1994, Nash won the Nobel Prize for Economics. Exactly what did Nash win the prize for? 

One of Nash’s nicknames is “The Phantom of Fine Hall.” Why was this nickname chosen for him? 

What color sneakers did Nash wear? 

Sylvia Nasar wrote a biography of Nash's life, which was made into an Academy Award-winning movie. What was the title 
of the book and movie? 

What actor played John Nash in the movie? 


CUMULATIVE REVIEW CHAPTERS 5-7 


Simplify the expression. Write the result without using 
negative exponents. (Assume that all variables represent 
nonzero real numbers.) [5.1/5.2] 


1. * 2. 12m'°n7- 9m°n'4 
x 
5aop'! \4 12 
° ( gi are 
5. (ap’)-8 & 4g 


Rewrite in scientific notation. [5.2] 


7. 330,000,000,000 
8. 0.000000000000714 


9. If a computer can perform a calculation in 
0.000000000005 second, how long will it take to per- 
form 200,000,000 calculations? [5.2] 


Evaluate the polynomial for the given value of the vari- 
able. [5.3] 


10. x? + 11x — 16 for x = —7 


Add or subtract. [5.3] 
11. (x? + 6x — 20) + (x? — 13x — 39) 


(x? = 15x = 9) = (2x? = 3 = 31) 


Evaluate the given function. [5.3] 
13. f(x) = x? + 5x — 37, f(8) 


Multiply. [5.4] 


14. 3x(5x” — 8x + 12) 
15. (4x — 7)(3x — 8) 


Divide. [5.5] 
1 ste 9 6 
16. 10x 24x 18x 


2x> 
x? + 13x + 39 
x +6 


17. 


Factor completely. [6.1-6.5] 
18. x? — 4x? + 6x — 24 
19, 2x? — 26x + 80 
20. x* + 5x — 36 


21. 2x7 - x — 10 
22. x° — 125 
23. x7 — 81 


Solve. [6.6] 


24. x? - 49 =0 

25. x? — 11x + 24=0 
26. x7 + 14x + 49 =0 
27. x(x + 8) = 20 


Find a quadratic equation with integer coefficients that 
has the given solution set. [6.6] 


28. {-2,7} 


For the given function f(x), find all values x for which 
J(x) = 0. [6.7] 
29. f(x) = x? — 100 
30. f(x) = x? + 2x — 35 
31. A man is standing on a cliff above a beach. He throws 
a rock upward from a height of 192 feet above the 
beach with an initial velocity of 64 feet/second. The 
rock’s height above the beach, in feet, after t seconds 
is given by the function A(t) = —16r? + 64¢ + 192, 
which is graphed as follows: 


>t 


CT2 Fase 4 

Use the function and its graph to answer the follow- 

ing questions: [6.7] 

a) Use the function to determine how high above the 
beach the rock is after 3 seconds. 

b) How long will it take for the rock to land on the 
beach? 

c) After how many seconds does the rock reach its 
greatest height above the beach? 

d) Use the function to determine the greatest height 
above the beach that the rock reaches. 


32. Two consecutive even positive integers have a prod- 
uct of 168. Find the two integers. [6.8] 
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33. The length of a rectangle is 5 meters more than twice 
the width. The area of the rectangle is 133 square me- 


ters. Find the length and the width of the rectangle. 
[6.8] 


Find all values for which the rational expression is unde- 
fined. [7.1] 
x? + 11x + 24 


34, 
x? — 14x + 45 


Simplify the given rational expression. (Assume that all 
denominators are nonzero.) [7.1] 


x? + 3x — 54 
x27 + 16x + 63 


Evaluate the given rational function. [7.1] 


x + 12 
36. r(x) = Tes! r(3) 


Multiply. [7.2] 


x7 +3x-18 x7 +2x-8 


37. : 
x7 +15x4+ 44 x7 + 8x4 12 


Divide. [7.2] 


x7 +x —- 90 


“24 14x + 49 © 


x*>— 8x -9 


x +5x-14 


Add or subtract. [7.3, 7.4] 


5x +7 2x + 19 
39. = 
x? — 2x - 8 x*> — 2x - 8 
6 2 
“xe 4+x-2 x2 -6x45 


y= 3 
e—-10x+21 x-9 

x+4 6 
“2 4+ 13x +42 x2 + 12x + 35 


41. 


Simplify the complex fraction. [7.5] 


OS 1 
a 2 x—-6 
x? + 5x — 24 
x? — 3x — 18 
2 
1412 
44 — 
: 13. 40 
ae 
x x 


Solve. [7.6] 


4 3x +1 

45.6 + = 
Br S23 x= 3 

2x-3 x+3 
“x+4 2x-4 

5 4 x - 11 
47. = 

x+7 x«-3 x?+4x-21 


Solve for the specified variable. 


1 1 
48. — + — = 2 for x [7.6] 
x sy 


4.11 
49. The sum of the reciprocal of a number and —~ is —~ 


Find the number. [7.7] a et 


50. Together, two pipes can fill a tank in 3 hours. Alone, 
the smaller pipe takes 8 hours longer than the larger 
pipe takes to fill the tank. How long does it take the 
smaller pipe alone to fill the tank? [7.7] 


CHAPTER 


A Transition 


Linear Equations and 
Absolute Value Equations 


8.2 Linear Inequalities 
and Absolute Value extend these ideas to new topics. 
Inequalities 

8.3. Graphing Linear 
Equations and Linear 


Functions; Graphing STUDY STRATEGY 

Absolute Value Functions 
8.4 Review of Factoring; 

Quadratic Equations 

and Rational Equations 
8.5 Systems of Equations 

(Two Equations in Two 

Unknowns and Three 

Equations in Three 

Unknowns) 

Chapter 8 Summary 


This chapter provides a transition between beginning algebra and inter- 


mediate algebra. We will review concepts covered in the first half of the text and 


Summary of Previous Study Strategies In this chapter, we will summarize 
the study strategies presented in the first half of the text. 


‘1 Solve linear equations. 
(2. Solve absolute value equations. 


Linear Equations 


Objective 1 Solve linear equations. We begin this section by reviewing lin- 
ear equations and their solutions. Recall the following guidelines for solving linear 
equations in Chapter 2: 


e Simplify each side of the equation. This includes performing any distributive mul- 
tiplications, clearing all fractions by multiplying each side of the equation by the 
least common multiple (LCM) of the denominators, and combining like terms. 

¢ Collect all variable terms on one side of the equation and all constant terms on 
the other side. It is a good idea to collect the variable terms in such a way that the 
coefficient of the variable term will be positive. 
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Quick Check 1 
Solve 9x + 13 = -14. 


Quick Check 2 


Solve 
she = Wake = 5) = Be = ili. 


Quick Check 3 


2 1 
—-==-x+5. 
Solve 3 x alae Bs 6 


e Divide both sides of the equation by the coefficient of the variable term to find 
the solution. 
¢ Check your solution and write it in solution set notation. 


We will proceed with some examples that are intended as a review. 


Solve 2x — 6 = 10. 


SOLUTION Begin by isolating the variable term on the left side of the equation. 
2x —6= 10 
2x = 16 Add 6 to both sides to isolate 2x. 
x = 8 __ Divide both sides by 2. 
Now check this solution. 
Check 2x—6=10 


2(8) — 6 = 10 Substitute 8 for x. 
16-—6=10 Multiply. 
10 = 10 Subtract. 


Because both sides simplify to be 10, the solution is valid. The solution set is {8}. 


Solve 3(2x + 7) — 4x = 5x — 6. 


SOLUTION Begin by performing the distributive multiplication on the left side of 
the equation. 


3(2x + 7) — 4x = 5x — 6 


6x +21 -—4x =5x -6 
2x +21 =5x -6 


Distribute 3. 
Combine like terms. 


27 = 3x Collect variable terms on the right side by 
subtracting 2x from both sides. Collect constants 
on the left side by adding 6 to both sides. 

Q9=x Divide both sides by 3. 


The check is left to the reader. The solution set is {9}. 


Solve sx +2 = 24-1 

Olve gx + EF = Gx : 
SOLUTION This equation includes fractions. We can clear these fractions by mul- 
tiplying each side of the equation by the LCM of the denominators, which is 12. 


The check is left to the reader. 


4 5 9 
3% + 67 a* 1 
4 5 9 . : 
n($ x+ >) = (2 x 1) Multiply both sides by 12. 
4 4 2 5 3. 9 
2: 3° +12: re 2- ia — 12-1 Distribute and divide out common factors. 
1 1 1 
16x + 10 = 27x — 12 Multiply. 
10 = 1llx — 12 Subtract 16x from both sides. 
22 = 11x Add 12 to both sides. 
2=x Divide both sides by 11. 


The solution set is {2}. 
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Equations That Are Identities 


In the first three examples of this section, each linear equation had exactly one so- 
lution, but recall that this will not always be the case. An equation that is always 
true regardless of the value substituted for the variable is called an identity. The so- 
lution set for an identity is the set of all real numbers, denoted by R. 


Solve 2(2x — 3) +1=4x—5. 


SOLUTION 
2(2x — 3) +1=4"%—-5 
4x —-6+1=4x—5_ Distribute 2. 
4x —5 = 4x —5 Combine like terms. 
=) ==) Subtract 4x from both sides. 
When we subtract 4x from each side in an attempt to collect all variable terms on 
one side of the equation, we eliminate the variable x from the resulting equation. 


Is the equation —5 = —5 a true statement? Yes, and it says that the equation is an 
identity and that the solution set is the set of all real numbers R. 


Quick Check 4 
Solve (ae sr il) = (S — Bye) = Aske — D) — az, 


Notice that at one point in the previous example, the equation was 
4x — 5 = 4x — 5. If you reach a line where both sides of the equation are identical, 
the equation is an identity. 


Equations That Are Contradictions 


Just as some equations are always true regardless of the value chosen for the vari- 
able, other equations are never true for any value of the variable. These equations 
are called contradictions and have no solution. The solution set for these equa- 
tions is the empty set, or null set, and is denoted ©. We can tell that an equation is 
a contradiction when we are solving it because the variable terms on each side 
of the equation are eliminated but in this case leave an equation that is false, such 
as 1 = 2. 


Solve 4x + 3 = 2(2x + 3) — 1. 


SOLUTION 


4x +3 =2(2x +3)-1 
4x+3=4x+6-1 Distribute 2. 
4x +3=4x4+5 Combine like terms. 
3=5 Subtract 4x from both sides. 


After we subtract 4x from each side of the equation, the resulting equation 3 = 5 is 
obviously false. This equation is a contradiction, and its solution set is the empty set ©. 


Quick Check 5 
Solve S32 = 7 = (ee se 2) = se 
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Absolute Value Equations 


Objective 2 Solve absolute value equations. We now introduce equations 
involving absolute values of linear expressions. 


Solve |x| = 5. 


SOLUTION Recall that the absolute value of a number x, denoted |x , 1S a meas- 
ure of the distance between 0 and that number x on a real number line. In this 
equation, we are looking for a number x that is 5 units from 0. 


5 ) 
a 
10-9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 


There are two such numbers: 5 and —5. The solution set is {—5, 5}. 


Quick Check 6 
Solve |x| = 7. 


The equation in the previous example is an absolute value equation. An absolute 
value equation relates the absolute value of an expression to a constant, such as 
|2x — 3| = 7, or the absolute value of an expression to the absolute value of an- 
other expression, such as |3x — 4| = |2x + 11]. 

Consider the absolute value equation |2x — 3| = 7. This equation involves a 
number, represented by 2x — 3, whose absolute value is equal to 7. That number 
must be either 7 or —7. We begin to solve this equation by converting it into the fol- 
lowing two equations: 


2x -3=7 and 2x-3=-7 


In general, to solve an equation in which the absolute value of an expression is 
equal to a positive number, we set the expression (without the absolute value 
bars) equal to that number and to its opposite. Solving those two equations gives 
the solutions. 


Solving Absolute Value Equations 


For any expression X and any positive number a, the solutions to the equation 


|X| =a 


can be found by solving the two equations 


X=a and X =~—a. 


Solve |2x — 3| = 7. 


SOLUTION Begin by converting the absolute value equation to two equations 
that do not involve absolute values. 


|2x - 3| =7 
2x-3=7 or 2x —3=—-7 Convert to two linear equations. 
2x = 10 or 2x = —4 Add 3 to both sides of each equation. 
x=5 or x = -—2 Divide both sides of each equation 


by 2. 
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Check 
x=5 x= —-2 
2(5) - 3) =7 =‘ |2(-2) - 3) =7 
|10 — 3| =7 |-4-3|=7 
=F |-7| =7 
7=7 7=7 
Quick Check 7 Because both values check, the solution set is {—2, 5}. 


Solve [3x + 8] = 5. A WORD OF CAUTION When solving an absolute value equation such as |2x — 3| = 7, 


be sure to rewrite the equation as two equations. Do not simply drop the absolute value 
bars and solve the resulting equation; if you do, you will miss one of the solutions. 


Solve 3|2x + 7| — 4 = 20. 


SOLUTION We must isolate the absolute value before converting the equation to 
two linear equations. 


3\2x + 7| -— 4 = 20 


3|2x + 7| = 24 Add 4 to both sides. 
2x + 7|=8 Divide both sides by 3. 
2x+7=8 or 2x+7=-8 — Convert to two linear equations. 
2x =1 or 2x = —15 Subtract 7 from both sides of each 
equation. 
oe L oe — _ 15 Divide both sides of each equation 
2 2 by2. 
Quick Check 8 The solution set is {-¥, te The check of these solutions is left as an exercise. 
1 : ae 
ee spo A WORD OF CAUTION When solving an absolute value equation, isolate the absolute 


value before rewriting the equation as two equations without absolute values. 


Because the absolute value of a number is a measure of its distance from 0 on the 
number line, the absolute value of a number cannot be negative. Therefore, an 
equation that has an absolute value equal to a negative number has no solution. For 
example, the equation |x| = —3 has no solution because there is no number whose 
absolute value is —3. We write © for the solution set. 


Solve |3x — 4] + 8 = 6. 
SOLUTION Begin by isolating the absolute value. 


3x — 4+ 8 = 6 
|3x — 4| = —2 Subtract 8 from both sides. 


Because an absolute value cannot equal —2, this equation has no solution. The 


Quick Check 9 solution set is @. 


Solve [2x + 3] = -6. A WORD OF CAUTION An equation in which an absolute value is equal to a negative 


number has no solution. Do not try to rewrite the equation as two equivalent equations. 


If two unknown numbers have the same absolute values, either the two numbers are 
equal or they are opposites. We will use this idea to solve absolute value equations 


such as |3x — 4| = |2x + 11]. If these two absolute values are equal, either the two 
expressions inside the absolute value bars are equal (3x — 4 = 2x + 11) or the first 
expression is the opposite of the second expression (3x — 4 = —(2x + 11)).To find 


the solution of the original equation, we will solve these two resulting equations. 
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Solving Absolute Value Equations 
Involving Two Absolute Values 


For any expressions X and Y, the solutions of the equation 


|X| = |¥| 


can be found by solving the two equations 


X=Y and X=-Y. 


Solve [3x — 4] = |2x + 11]. 


SOLUTION Begin by rewriting this equation as two equations that do not con- 
tain absolute values. For the first equation, set 3x — 4 equal to 2x + 11; for the 
second equation, set 3x — 4 equal to the opposite of 2x + 11. Finish by solving 
each equation. 


3x -4=2x +11 or 3x -4= —(2x + 11) 


Now solve each equation separately. 


3x —-4=2x+ 11 3x —4= —(2x + 11) 
x —4= 11 Subtract 2x 3x —4= —-2x - 11 Distribute. 
from both sides. 
x=15 Add 4to both 5x -4=-11 Add 2x to both sides. 
sides. 5x = +7 Add 4 to both sides. 
x= -| Divide both sides by 5. 


Quick Check 10 
Solve |x — 9| = |2x + 13]. 


The solution set is {- 215 \. The check of these solutions is left to the reader. 


BUILDING YOUR STUDY STRATEGY 


Summary, 1 Study Groups Creating a study group is one of the best ways to 
learn mathematics and improve your performance on quizzes and exams. When 
a group of students works together, as long as one student understands the ma- 
terial being covered, there is a good chance that each student in the group will 


end up understanding the material. Sometimes a concept will be easier for you 
to understand if one of your peers explains it to you. 

You also will find it helpful to have a support group: students who can lean 
on each other when times are bad. By being supportive of each other, you in- 
crease the chances that all of you will learn and be successful in your class. 
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PRACTICE WATCH DOWNLOAD 


Vocabulary 

1. A(n) _________ is a mathematical statement of 5. The solution set to a contradiction can be denoted 
equality between two expressions. ©, which represents 

2. A(n) ________ of an equation is a value that, 6. An equation that is always true is a(n) 
when substituted for the variable in the equation, 7. For any expression X and any positive number a, to 
produces a true statement. solve the equation |X| = a, rewrite the equation as 

3. To clear fractions from an equation, multiply both sides the two equations and 
ofthe equation by the __ of the denominators. 8. The equation |X| = ahas no solutions if a is a(n) 


4. A contradiction is an equation that has ___ solutions. number. 


Solve. 
9,m—5 = -9 
10.x + 7= -3 
11. 5¢ = —8 
12. —2b = —28 
13. 7n — 11 = —39 
14. 6n + 32 = 14 
15. —2x + 9 = 31 
16. 13 — 4x = —43 
17. 9m — 30 = 39 
18. 8m + 35 = —51 
19. 4x + 17 = 2x — 19 
20. 7x + 22 = 10x + 40 
21.3x —7=-x+ 15 
22. —6x + 40 = —3x - 11 
23. —9r + 22 = 3r + 67 
24. Sr — 41 = 34 — 4r 
25. 2(2x — 4) -7 = 6x - ll 
26. 5(3 — 2x) + 4x = 3(3x — 1) +7 
27. 5x — 3(2x — 9) = 4(3x — 8) + 7x 
28. 10 — 6(2x + 1) = 13 — 9x 
29, 2(3x — 1) + 5(x + 4) = 3(x + 7) — (x + 6) 
30. 4(2x + 3) — 3(x + 3) = 2(3x — 2) + (x — 3) 
31. 5x — 3(4x + 1) = 3 + 4(3x + 8) 
32. 3(x + 4) — 4(3x — 10) = 4(2x — 3) + 6(3x + 1) 
3 1 
33.76 -6=3t-1 
34. an 7= ra 13 
35. + (2x 7) a ey 5 
2 3 3 
2 1 3 1 
36. 3 (x 6) 4% = 38 x) + =x 
37.2b-9=2b-9 
38. 4¢ + 11 = 4t — 11 
39. 3(2n — 1) + 5 = 2(3n + 2) 
40. 5(n — 3) — 3n = 2(n— 7) - 1 
41. 5x — 2(3 — 2x) = 3(3x — 2) 
42. 7x — (3x — 4) = 4x -4 
43, |x| = 2 
44, |x| = 13 
45. |x + 6| = 13 
46. |x — 9| = 4 
47, |3x + 2| = 20 


8.1 Exercises 


48, |2x — 9| = 37 

49, |x| +7 =3 

50. |x + 7| =3 

51. |x + 4| - 12 =6 
52, |x — 2) -8 =2 

53. |x — 3] +7 = 12 
54, |x + 12| — 10 = 10 
55. |4x — 11] - 19 = —-8 
56. |7x — 52} +18 = 14 
57. 2\3x + 2} -9 =17 
58. 2\5x — 3] + 7 = 21 
59, —|x + 3| — 10 = -16 
60. —3|2x + 1] + 13 = —29 
61. |4x — 5| = |3x — 23] 
62. |x — 14| = |3x + 2| 
63. |x + 12| = |2x — 9| 
64. |2x + 1| = |x — 19| 


Mixed Practice 65-80 


65. |x + 13| — 12 = -7 
66. —9x + 10 = —23 
67. |x — 6 + 14 =9 
68. |5x| = |2x — 21| 
69. 25 = 4 — 6x 
70. 3(6x — 1) + 4x = 16(x + 2) — (11 — 3x) 
71. 10x — 17 = 6x — 53 
72. |4x — 3| +7 = 16 
3 1 2 3 
“eo -a  a 
74, 9x — 11 = 13x + 23 
75. |7x — 11| = |4x + 6 
16. 2x 5 = or +7 
77. |3x + 16] -4 =9 
78. |x + 101 +7 =6 
79, 3(4x — 5) + 7x = 5(2x — 9) + 12 
80. |x — 9| - 10 = -2 
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81. Find an absolute value equation whose solution is 


[2.9% 


82. Find an absolute value equation whose solution is 


{—6, 10}. 


83. Find an absolute value equation whose solution is 


{-5,3}. 


84. Find an absolute value equation whose solution is 


{35 3}- 
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=== Writing in Mathematics 86. Here is a student’s work for solving the equation 
|x — 3| = —5. 
Answer in complete sentences. Eglaes 
85. Explain why the equation |2x — 7| + 6 = 4 has no LoS as OE Bea 
solution. x=-2 or x=8 
{—2, 8} 


Explain what the student’s error is and how he or she 
can avoid making a similar error in the future. 


Section 8.1 
Evaluate. x? — 6x + 25 


3. f(x) = 3347 f (2) 


1. = 3x — 14, f(-6 
FQ)=3 4, f(—6) 4, f(x) = |x — 7| + 3, f(0) 


2. f(x) = x? + 17x — 60, f(-5) 


OBJECTIVES 


a Graph the solutions of a linear inequality on a number line and express 
the solutions by using interval notation. 

(2. Solve linear inequalities. 

3 Solve compound linear inequalities. 

‘4 Solve absolute value inequalities. 


Linear Inequalities and Their Solutions 


Objective 1 Graph the solutions of a linear inequality on a number line 
and express the solutions by using interval notation. In this section, we will 
examine solving inequalities. We begin by reviewing linear inequalities and the pres- 
entation of their solutions. For example, the solutions of the inequality x < 4 are all 
real numbers that are less than 4. This can be represented on a number line as follows: 


<> }+_+—_ + + +—_ 1 
-3 2-1 0 12 3 4 5 6 


This can be expressed in interval notation as (— 00, 4). 
The following table shows the number line and interval notation associated 
with several types of simple linear inequalities: 


eS 7 eS 8) 
SSS SS tO 
=) @ il 2 8 a& & © 7 3 3 27-l © 1 2B & 5 © 
(=20,7) (=00,3] 
xe > 2D i = S 
SS SS Og SSS S41 
—yol © 1 23s4# 5 & 7 =| @ 1 2 3B #2 © 7 8 
(2, 00) [S, 00) 
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Recall that we use a closed circle whenever the endpoint is included in the interval 
(= or =) and an open circle when the endpoint is not included (< or >). When ex- 
pressing the interval in interval notation, we use square brackets when the endpoint 
is included and parentheses when the endpoint is not included. 


Solving Linear Inequalities 
Objective 2 Solve linear inequalities. Solving a linear inequality is similar to 


solving a linear equation. The exception is if we multiply or divide both sides of the 
inequality by a negative number, then the direction of the inequality changes. 


Solve 3x — 5 < -14. 


SOLUTION 


3x —-5<-14 
3x < —9 Add 5 to both sides. 
x <—3 Divide both sides by 3. 


Here is the number line showing the solution. 


a ee ee ee 
7-6-5 -4-3 -2-1 0 1 2 


The solution expressed in interval notation is (—°<, —3). 


Quick Check 1 
Solve2x +559. 


Solve 5x + 11 S 2(2x + 4) — 3. 


SOLUTION 


5x +11 S$ 2(2x + 4) -3 
5x+11=4x%+8-3 Distribute 2. 
5x+11=4x%+5 Combine like terms. 


x+11<=5 Collect variables on the left side by 
subtracting 4x from both sides. 


* 
IA 


—6 Collect constant terms on the right side by 
subtracting 11 from both sides. 


Here is the number line showing the solution. 


<—_—_——_ 1 
8 -7 -6 -5 -4 -3 -2 -1 0 1 


The solution expressed in interval notation is (—°°, —6]. 


Quick Check 2 
Sole sae = 1D) ae 4) Be Be = 7 
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Quick Check 4 
Solve -8 = 3x +7<=1. 


Solve —2x + 3 > 13. 


SOLUTION 


—2x +3 > 13 
—2x > 10 Subtract 3 from both sides. 
—2x Z 10 ~~ Divide both sides by —2. 
—2 —2 This changes the direction of the inequality from > to <. 
x <—5 Simplify. 


Here is the number line showing the solution. 


N | 
T T 
8 -7 -6 -5 -4 -3 -2 -1 0 1 


The solution expressed in interval notation is (—°°, —5). 


Quick Check 3 
SOMES = 2h => Ss, 


A WORD OF CAUTION When we multiply or divide both sides of an inequality by a nega- 
tive number, we must change the direction of the inequality. 


Solving Compound Linear Inequalities 


Objective 3 Solve compound linear inequalities. A compound inequality 
is made up of two simple inequalities. For instance, the compound inequality 
3 = x < 7 represents numbers that are greater than or equal to 3 (x = 3) and less 
than 7 (x < 7). In set theory, this is referred to as the intersection of these two sets. 
The intersection of two sets contains the items that are in both sets. The inequality 
3 = x < 7can be represented graphically by the following number line: 


a ee ee ee 
-l 0 12 3 4 5 6 7 8 


The interval notation for this interval is [3, 7). 


Solve -3 < 2x -1 <5. 


SOLUTION The goal of solving a compound inequality such as this one is to 
isolate the variable x between two constants. We will work on all three parts of the 
inequality at the same time. 


—3<2x-1<5 
—2<2x <6 Add 1 to each part of the inequality. 
-1l<x<3 Divide each part of the inequality by 2. 


The solution consists of all real numbers greater than —1 and less than 3. Here is 
the number line showing the solution. 


tt 
-4-3-2-1 0 12 3 4°55 


The solution expressed in interval notation is (—1, 3). 
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Another type of compound inequality involves the word or. Consider the com- 
pound inequality x < —2 or x > 1. The solutions to this inequality are values that 
are solutions to either of the two inequalities. In other words, any number that is 
less than —2 (x < —2) or is greater than 1 (x > 1) is a solution of the compound 
inequality. Here are the solutions of this compound inequality graphed on a num- 
ber line. 


-5 -4-3 -2-1 0 1 2 3 4 


Notice that we have two different intervals that contain solutions. The solution ex- 
pressed in interval notation is (—°o<0, —2) U (1, ©). The symbol U represents a 
union in set theory and combines the two intervals in one solution. The union of two 
sets is comprised of items that are elements of one set or the other. 


Solve x + 45 7or2x —1> 11. 


SOLUTION To solve a compound inequality of this type, first solve each inequal- 
ity separately. Begin by solving x + 4 = 7. 


x+4s7 
x =3 Subtract 4 from both sides. 


Now solve the other inequality. 


2x-1>11 
2x > 12 Add 1 to both sides. 
x > 6 Divide both sides by 2. 


Here is a number line showing the solution. 


-l1 0 12 3 4 5 6 7 8 


The solution expressed in interval notation is (—0co, 3] U (6, ©%). 


Quick Check 5 
Solve a2 ae 3 << =o Ye ae S SS 4, 


Absolute Value Inequalities 
Objective 4 Solve absolute value inequalities. As in the previous section, 
we will expand the topic to include absolute values. Consider the inequality |x| < 4. 


Any real number in the following interval has an absolute value less than 4: 


|x|<4 


7-6-5 -4-3 -2-1 0 1 2 3 4 5 6 7 
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Quick Check 6 
Solve |x + 3| = 1. 


Quick Check 7 
Solve |2x - 1] + 4 < 9. 


This can be expressed as the compound inequality —4 < x < 4. Using this idea, 
whenever we have an absolute value of an expression that is less than a positive 
number, we begin by “trapping” the expression between that positive number and 
its opposite, in this case, —4 < x < 4. We then proceed to solve the resulting com- 
pound inequality. 


Solving Absolute Value Inequalities 
of the Form |X| < aor |X| = a 


For any expression X and any nonnegative number aq, the solutions of the 
inequality |X| < acan be found by solving the compound inequality 


—-a<X <a. 


(If a = 0, this inequality has no solutions.) 
Similarly, for any expression XY and any nonnegative number a, the solutions 
of the inequality |X| < acan be found by solving the compound inequality 


-asxX =a. 


(If a = 0, solve the equation X = a.) 


Solve |x — 4] < 2. 


SOLUTION _ The first step is to “trap” x — 4 between —2 and 2. 


Ix -—4| <2 
—2<x-4<2 “Trap” x — 4 between —2 and 2. 
2<x<6 Add 4 to each part of the inequality. 


Here is the number line showing the solution. 


-1 0 123 4 5 6 7 8 


The solution expressed in interval notation is (2, 6). 


As with equations involving absolute values, we must isolate the absolute value be- 
fore we rewrite the inequality as a compound inequality. 


Solve |3x + 7| —5 = 4. 


SOLUTION 


3x +7/-5 <4 


3x + 7| <9 Add 5 to both sides. 

—-9 =3x+7=9 Rewrite as a compound inequality. 

—16=3x =2 Subtract 7 from each part of the inequality. 
16 2 

as <x 5 Divide each part of the inequality by 3. 


Here is the number line showing the solution. 


7-6-5 -4-3 -2-1 0 1 2 


The solution expressed in interval notation is [-% Ab 


Quick Check 8 
Solve |x + 1| — 3 < -8. 
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A WORD OF CAUTION When solving an absolute value inequality, we must isolate the 
absolute value before we rewrite the inequality as a compound inequality. 


If we have an inequality in which an absolute value is less than a negative number, 
such as |x| < —2, or less than 0, such as |x| < 0, this inequality has no solution. Be- 
cause an absolute value is always 0 or greater, it can never be less than a negative 
number or zero. 


Solve |4x + 3) +7 <5. 


SOLUTION 


4x +3) +7<5 
|4x + 3| < —2 Subtract 7 from both sides. 


Because an absolute value cannot be less than a negative number, this inequality 
has no solution: @. 


A WORD OF CAUTION An inequality in which an absolute value is less than a negative 
number has no solution. Do not try to rewrite the inequality as a compound inequality. 


Consider the inequality |x| > 4. Notice that we now have the absolute value of x 
greater than 4 rather than less than 4. Inequalities with an absolute value greater 
than a positive number must be approached in a different manner than absolute 
value inequalities with an absolute value /ess than a positive number. We cannot 
“trap” the expression between two constants. Solutions of the inequality |x| > 4 are 
in one of two categories. First, any positive number greater than 4 will have an ab- 
solute value greater than 4 as well. Second, any negative number less than —4 also 
will have an absolute value greater than 4. The following number line shows where 
the solutions of this inequality can be found: 


|x|>4 |x|>4 


8 -7 -6 -5 -4 -3 -2-1 0 12 3 4 5 6 7 8 


This can be expressed symbolically as x < —4orx > 4. 


Solving Absolute Value Inequalities 
of the Form |X| > aor |X| = a 


For any expression X and any nonnegative number aq, the solutions of the 
inequality |X| > acan be found by solving the compound inequality 


xX <-a or X> a. 


Similarly, for any expression X and any nonnegative number a, the solutions of 
the inequality |X| = acan be found by solving the compound inequality 


X =<=-a or X =a. 


Solve |x + 3] > 2. 


SOLUTION Begin by converting this inequality to the compound inequality 
x +3 <—2orx + 3 > 2. Then solve each inequality. 


|x + 3| >2 
KS <S H2 or x+3>2 Rewrite as a compound inequality. 
x<—-5 or x > -1 Subtract 3 from both sides to solve 


each inequality. 
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Here is the number line showing the solution. 


8 -7 -6 -5 -4-3 -2 -1 0 1 2 


The solution expressed in interval notation is (—0°0, —5) U (-1, ©). 


Quick Check 9 
Solve |x — 2| > 4. 


Whether we are solving an absolute value equation or an absolute value inequality, 
the first step is to isolate the absolute value. The following table shows the correct 
step to take when comparing an absolute value with a nonnegative number: 


Example What to Do 
“Equal To” lax + 9| =5 2x +9=Sor2x +9 =—-5 
“Less Than” Ix — 4 < 3 —3<x-4<3 
or or or 
“Less Than or Equal To” |x = 4| 75 =3=%—4=3 
“Greater Than” |3x + 5| >7 3x +5 <-Jor3x+5>7 
or or or 
“Greater Than or Equal To” [3x + 5| =7 3x +5 <= -Jor3x+52=7 


Solve |4x — 9] —-3 = 5. 


SOLUTION Begin by isolating the absolute value. 


Ax = 9) =3 25 
| | 
|4x — 9| = 8 Add 3 to both sides. 


Because this inequality involves an absolute value that is greater than or equal 
to 8, we will rewrite this absolute value inequality as two linear inequalities. 


4x -9=-8 or 4x —928 Convert to two linear inequalities. 
4x = 1 or 4x = 17 Add 9 to both sides of each inequality. 
1 17 
xs 4 or x= oe Divide both sides of each inequality by 4. 


Here is the number line showing the solution. 


-3-2-1 012 3 4 5 67 8 


The solution expressed in interval notation is (—00, 1 U re oo). 


Quick Check 10 
Solve |2x + 7| + 5 > 10. 
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Consider the inequality |x| > —2. Because the absolute value of any number must 
be 0 or greater, |x| must be greater than —2 for any real number x. The solution set 
is the set of all real numbers R. 


Solve |3x + 5| — 3 > —4. 


SOLUTION Begin by isolating the absolute value. 


3x + 5|-3> —-4 
| 
|3x + 5| > —1 Add 3 to both sides to isolate the absolute value. 


This inequality must always be true, so the solution is the set of all real numbers R. 
Here is the number line showing the solution. 


-5 -4-3 -2-1 0 1 2 3 4°55 
The interval notation associated with the set of real numbers is (— 0°, 00). 


Quick Check 11 
Solve |7x — 13| = -1. 


The following table summarizes the solutions for an equation or inequality that 
compares an absolute value with a negative number: 


Equation or Inequality Example Solution 
Equal to a negative number |x + 3| = -2 ia) 

Less than a negative number [2x — 1] < -4 2) 

Greater than a negative number [3x + 4| > -3 All real numbers: R 


BUILDING YOUR STUDY STRATEGY 


Summary, 2 Using Your Textbook and Other Resources Your textbook is a 
valuable resource when used properly. Read a section the night before your in- 
structor covers it to familiarize yourself with the material. This way, you can 
prepare questions to ask your instructor in class. After a section is covered in 
class, reread the section. 

As you reread a section, use the textbook to create note cards to help you 
memorize new terms or procedures. After you read through an example, at- 
tempt the Quick Check exercise that follows to reinforce the concept presented 
in the example. As you work through the homework exercises, refer back to the 
examples found in that section if you need assistance. 

In each section, the feature titled A Word of Caution points out common 
mistakes that students make and offers advice for avoiding those mistakes. 

Your instructor is a valuable resource for answering questions and providing 
advice. Take advantage of your instructor’s office hours in addition to your time 
in class. The tutorial center is another valuable resource. 

Finally, the online supplement to this textbook at MyMathLab.com can be 
helpful. At this site, you will find video clips, tutorial exercises, and more. 
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Vocabulary 


1. A(n) 
ing linear expressions. 


Mymathizb)) 


is an inequality contain- 


2. When graphing an inequality, use a(n) 


circle to indicate an endpoint that is not included as 


a solution. 


3. You can express the solutions of an inequality on a 


number line and by using 


notation. 


4. When solving a linear inequality, you must change 


the direction of the inequality whenever you multi- 


ply or divide both sides of the inequality by a(n) 


number. 


5. An inequality that is composed of two or more indi- 


vidual inequalities is called a(n) 
inequality. 


6. Before rewriting an absolute value inequality as a 


compound inequality, you must 
solute value. 


Solve the inequality. Graph your solution on a number 


the ab- 


line and write your solution in interval notation. 


7.x -652 
8 x -5S>4 
9.3x +2 = —-10 
10.2x+5>9 


11. -3x +2 <17 


12. -4x —-9 =3 


14. = a 


<z>| 


Pa 


G| = 


PRACTICE 


15. 


16. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


WATCH DOWNLOAD READ 


5(2x +1) — 7x = 4x — 13 


2x —-S(x-3)<x+9 


~Ssx-3 S11 


po2ext5<4 


» -10 = 7x +45 53 


7<6x—5 < 49 


-9<2x+5< -4 


—-8 =3x+75 28 


x+6<8o0rx-3>5 


x-4=-T7orx-8=2-l 


3x +4= -170r2x -9=9 


2 
Em Gealigne hh Se! 
3 3 2 


REVIEW 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


42. 


3x — 11 > 5x — 30r2x + 31 <6x4+7 


2x +17 = 7x — 13 or 4x —5 = 5x — 13 


x+2|/<3 


2x —9| <7 


x—5)+7=13 


x+2|-6<1 


4x +9|-8 = -3 


[7x + 14 +9 <6 


3x -1]+5<9 


6x - 5| -2<11 


2\2x + 10] +19 = 11 


3|x -9] -5 <4 


.[x-4[>1 


|2x + 6| > 4 


.|jx+6/+5=8 
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44, |x —2| -3 =2 


45. |5x + 4| = —6 


46. |8x — 21] + 7 = 10 


47, |4x —17| -5 > 6 


48. |x +4/+4>2 


49, 2\2x + 3] +5 > 19 


50. 4|x + 5| — 11 >17 


Mixed Practice, 51-64 


Solve the inequality. Graph your solution on a number 
line and write your solution in interval notation 


51. |x + 4| <6 


52. |x + 10| > 4 


53. —3x + 10 = 340r 6x — 9 = 33 


54. -9 < 4x —-1< 25 
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55. |x —5|+9>4 64. 4x — 3] + 6>11 


56. |x — 5| -6 < -2 


65. Find an absolute value inequality whose solution is 


57, 2x +7 = —9 (—2, 2). 
66. Find an absolute value inequality whose solution is 
[—2, 6]. 
67. Find an absolute value inequality whose solution is 
58. 4x — 9 < 2x — 270r5x+11>x- 13 (—00,1) U(9, 0). 


68. Find an absolute value inequality whose solution is 
(—00, —4] U[-1, 00). 


59, |x —9| +8 =3 e===- Writing in Mathematics 
Answer in complete sentences. 


60. —3x + 17 > —4 69. Explain why the inequality |x + 5| < —3 has no solu- 
tions, while every real number is a solution to the in- 
equality |x + 5| > —3. 
OL |2x + 5|- 9 =4 70. Explain why the inequality |x| — 7 < —4 has solutions, 
but the inequality |x — 7| < —4 does not. 


62. [2x — 1|— 7 < 10 71. Solutions Manual Write a solutions manual page for 


the following problem. 
Solve. |2x — 3| + 8 = 15 


63. 17 = 5x — 3 < 37 


OBJECTIVES 


aD Graph linear equations by using x- and y-intercepts. 

2 Graph linear equations by using the slope and y-intercept. 
& Graph linear functions. 

4 Graph absolute value functions by plotting points. 


In Chapter 3, we learned how to graph linear equations in two variables, such as 
4x —y = 8andy= —3x + 2. We will begin this section with a brief review of how 
to graph this type of equation. 


Graphing Linear Equations in Two Variables 
Using the x- and y-Intercepts 
Objective 1 Graph linear equations by using x- and y-intercepts. We de- 


veloped two techniques for graphing linear equations. The first involved finding the 
x- and y-intercepts of the line and then using these points to graph the line. Recall 


Quick Check 1 


Find any intercepts and graph 
5x + 2y = —10. 
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that the x-intercept of a line is the point where the line intersects the x-axis. To find 
the x-intercept, we substitute 0 for y in the equation and solve for x. The y-inter- 
cept is the point where the line crosses the y-axis, and we can find it by substituting 
0 for x in the equation and solving for y. 


Find any intercepts and graph 4x — y = 8. 
SOLUTION _ Find the x-intercept by substituting 0 for y and solving for x. 


4x —0=8 Substitute 0 for y. 
4x =8 Simplify. 
x =2 Divide both sides by 4. 


The x-intercept is at (2,0). To find the y-intercept, substitute 0 for x and solve 
for y. 


4(0) - y=8 __ Substitute 0 for x. 
—y=8 — Simplify. 
y = —8 Divide both sides by —1. 


The y-intercept is at (0, —8). 

It is helpful to find a third point before graphing 
the line to serve as a check for the other two points. If the 
three points do not lie on a straight line, at least one of the 
points is incorrect. To find a third point, we may select any 
value to substitute for x and solve for y.Inthisexample, -2 
we will use 1 for x, but we could use any value we choose. 


4(1) - y=8 _ Substitute 1 for x. 
4—y=8 Multiply. 
—y =4 — Subtract 4 from both sides. 
y = —4 Divide both sides by —1. 
This tells us that the point (1, —4) lies on the line. Here is 


a graph showing the line, as well as the three points we 
have found. 


Graphing a Linear Equation Using 
Its Slope and y-Intercept 


Objective 2 Graph linear equations by using the slope and y-intercept. 
A linear equation is in slope—intercept form if it is in the form y = mx + b. The 
constant m that is multiplied by x is the slope of the line, and the constant b repre- 
sents the y-coordinate of the y-intercept. For example, for the equation 
y= —x + 2, the slope of the line is —3 and the y-intercept is (0,2). Recall that 
slope is a measure of how quickly the line rises or falls as it moves to the right. A 
line whose slope is 4 moves up four units for every one unit it moves to the right, 
while a line whose slope is —3 moves down two units for every three units it moves 
to the right. 

If an equation is in slope-intercept form, it provides the information needed to 
graph the line. We begin by placing the y-intercept on the graph. From that point, 
we use the slope of the line to locate other points on the graph. 
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Quick Check 2 
Graph y = 3x — 4. 


Quick Check 3 


Graph the linear function 
f(x) =—-x + 6. 


Graph y = 2x + 4. 


SOLUTION Because this equation is in slope-intercept 
form, we know that the y-intercept is (0,4), and we 
plot this point on the graph. The slope of this line is 2; 

so we can find another point on the line by starting at 

the y-intercept, (0,4), and moving two units up and 
one unit to the right. This tells us that the point (1, 6) 
also is on the line. We could continue to find more 
points on the line using the same procedure (up two 
and to the right one). A graph of the line is shown to < 
the right. 


Graphing Linear Equations 


e Equations in standard form (Ax + By = C) are often easier to graph by 
finding and plotting the x- and y-intercepts. 


e Equations in slope—intercept form (y = mx + b) are often easier to graph 
by plotting the y-intercept and using the slope to find other points. 


Linear Functions and Their Graphs 


Objective 3 Graph linear functions. A linear function is a function of the 
form f(x) = mx + b. Recall that the notation f(x), read “f of x,” stands for the func- 
tion f evaluated at x. For example, consider the linear function f(x) = 3x — 8. If we 
wanted to evaluate f(6), we would substitute 6 for x in the function and simplify. 


f(6) = 3(6) — 8 Substitute 6 for x. 
=18-8 Multiply. 
= 10 Subtract. 


Graphing a linear function f(x) = mx + bis identical to graphing a linear equation 
y = mx + b. We plot points of the form (x, f(x)), beginning with the y-intercept. 
We then use the slope of the line to find other points on the line. 


Graph f(x) = —3x + 6. 


SOLUTION The y-intercept of this graph is at (0, 6), so we begin by placing that 
point on the graph. The slope of this line is —3, so beginning at the y-intercept, we 
move three units down and two units to the right. This 
tells us that the point (2, 3) is on the graph. 
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Absolute Value Functions 


Objective 4 Graph absolute value functions by plotting points. We will 
now graph our first nonlinear function: the absolute value function f(x) = |x|. We 
will begin to graph this function by creating the following table of function values 
for various values of x: 


Here is the graph. Notice that the graph is not a straight line; instead, it is V-shaped. 
The most important point for graphing an absolute value function is the point of the V, 
where the graph changes from falling to rising. The turning point is the origin for this 
particular function. 


To graph an absolute value function, we find the x-coordinate of the turning point, 
select two values to the left and right of this value, and create a table of values. 
Choosing values for x that are to the left and to the right of the turning point is cru- 
cial. Suppose we had chosen only positive values for x when graphing f(x) = |x|. All 
of our points would have been on the straight line located to the right of the origin, 
and our graph would have been a straight line rather than a V shape. 

The turning point occurs at the value of x that makes the expression inside the 
absolute value bars equal to 0. This is because the minimum output of an absolute 
value occurs when we take the absolute value of 0. 


Graphing an Absolute Value Function 


e Determine the value of x for which the expression inside the absolute value 
bars is equal to 0. 


e In addition to this value, select two values that are less than this value and 
two that are greater. 


e Create a table of function values for these values of x. 


e Place the points (x, f(x)) on the graph and draw the V-shaped graph that 
passes through these points. 
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Graph f(x) = |x + 3] — 2. 


SOLUTION For an absolute value function, begin by finding the value of x that 
makes the expression inside the absolute value bars equal to 0. 


x+3=0 Setx + 3 equal to 0. 
x = —3 Subtract 3 from both sides. 


Now select two values that are less than —3, such as —5 and —4, and two values 
that are greater than —3, such as —2 and —1. Next, create a table of values. 


( 
-5 | f(-5)=|-5+3|-2=2-2=0 (5, 0) 
—4 | f(-4) =|-4+3|-2=1-2=-1 Ast) 
-3 | f(-3)=|-34+3|-2=0-2=-2 | (-3,-2) 
-2 | f(-2)=|-24+3|-2=1-2=-1 | (-2,-1) 
-1 | f(-1)=|-14+3|-2=2-2=0 (-1,0) 


Quick Check 4 


Graph the function 


f(x) = |x + 1] + 3. Using Your Calculator You can graph absolute value functions using the TI-84. 


(Recall that to access the absolute value function on the TI-84, you press the (MATH Jkey; 
you will find the absolute value function under the NUM menu.) To enter the equation 
of the function from Example 4, f(x) = |x + 3| — 2, press the key. Enter 
|x + 3| — 2 next to Y,. Then press the key labeled to graph the function. 
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Finding the Domain and Range 
of an Absolute Value Function 


Recall that the domain of a function is the set of all possible input values for the function 
and the range of a function is the set of all possible output values for the function. 
From the graph of a function, the domain can be read from left to right and the range 
can be read from bottom to top. Let’s look at the graph of f(x) = |x| again. 
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Notice that the graph extends to negative infinity on the left and to infinity on 
the right. Its domain is the set of real numbers R, which is expressed in interval no- 
tation as (—00, co). The lowest value of this function is 0, but it has no upper bound. 
The range of this function is [0, co). 


Let’s reexamine the graph of f(x) = |x + 3| — 2. The domain of this function 
is also the set of real numbers. What is the range? The lowest function value for this 
function is —2, so the range is [—2, 00). 


Graph the function f(x) = |x — 1| + 4 and find the domain and 
range of the function. 


SOLUTION We begin by finding the x-coordinate of the turning point of the 
graph. To do this, we set the expression inside the absolute value bars equal to 0 and 
solve for x. 


x-—1=0 Setx — 1 equal to0. 
x =1 Add 1 to both sides. 


Now we can create a table of values using two values for x that are less than 1 and 
two that are greater than 1. 


x f(x) = |x- 1] +4 (x, f(x)) 
-1 f(-1) = |-1-1) + 4=6 (—1, 6) 
0 f(0) =|o-1)+4=5 (0, 5) 
1 fay =| — 144 (1,4) 
p f(2) =|2-1)+4=5 (255) 
3 f(3) =|3 -1|+4=6 (3, 6) 
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Quick Check 5 


Graph the function 
f(x) = |x — 5] — 4 and state 
the domain and range. 


Quick Check 6 


Graph the function 
f(x) = —|x — 4| — Sand state 
the domain and range. 


Below is the graph. From this graph, we can see that the domain is the set of all real 
numbers and the range is [4, ©). 


Ar 
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A WORD OF CAUTION When we graph an absolute value function, if we choose values 
for x wisely, the graph will display a series of points that forms a V. If all of our points 
appear to lie on a straight line, we have chosen values for x that are all on one side of 
the point where the graph changes from decreasing to increasing or we have made 
some mistakes when evaluating the function. In either case, we should go back and 
check our work. 


Graph f(x) = —|x| + 2 and state the domain and range. 


SOLUTION Notice that this absolute value function is slightly different from the 
first few we graphed. A negative sign is in front of the absolute value bars, which 
will have a significant impact on how the graph looks. However, we will use the 
same approach to graphing this function as the previous absolute value functions. 
We begin by finding the x-coordinate of the turning point by setting the expression 
inside the absolute value bars equal to 0. In this case, x = 0 is the x-coordinate of 
the turning point. Now we can create a table of values using two values for x that 
are less than 0 and two that are greater than 0. 


x f(x) = —|x| +2 (x, f(x)) 

-2 f(-2) = -|-2)} +2 =-2+2=0 (20) 

-1 f(-1) = -|-1)+2=-14+2=1 eh) 

0 f(0) = -lo| +2 =0+2=2 (0, 2) 

1 f() =-[I}+2=-1+2=1 i, iy 

2 f(2) = -|2] +2 =-2+2=0 (2,0) 
The graph is to the right. From this y 


graph, we can see that the domain is r 
the set of all real numbers. This time 
the function has a maximum value of 
2 with no lower bound; so the range is 
(—00, 2]. 


8.3 Graphing Linear Equations and Linear Functions; Graphing Absolute Value Functions 443 


Find the absolute value function for the graph. 


SOLUTION To find the function, let’s focus on the turning point of this graph, 
which is (—4, 2). Because the x-coordinate is —4, the expression x + 4 must be in- 
side the absolute value bars. The y-coordinate of the turning point is 2, which tells 
us that 2 is added to the absolute value. The function is of the form 
f(x) = alx + 4| + 2, where ais a real number. To determine the value of a, we 
need to use the coordinates of another point on the graph, such as the y-intercept 
(0, 6). This point tells us that f(0) = 6. We will use this fact to find a. 


f(0) = 6 
a\0 + 4| + 2 =6 Substitute 0 for x in the function f(x). 
4a+2=6 Simplify the absolute value. 
4a = 4 Subtract 2 from both sides. 
a=1_ Divide both sides by 4. 


Substituting 1 for a, we find that the function is f(x) = |x + 4| + 2. 


Quick Check 7 
Find the absolute value function for the graph. 
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BUILDING YOUR STUDY STRATEGY 


Summary, 3 Homework Here are some tips for using homework assign- 
ments to increase your understanding of mathematics. 

e Review your notes and the text before beginning a homework assignment. 
e Use the following strategies for homework problems you cannot do: 


° Look in your notes and the text for similar problems or suggestions about 
this type of problem. 


o Ask members of your study group for help. 
° Call another student in the class for help. 
° Get help from a tutor at the tutorial center on your campus. 
° Ask your instructor for help at the first opportunity. 
¢ Complete a homework session by summarizing your work. 


e Stay up to date with your homework assignments. 


Mynizihiab «zp, |B) 4 | Ea| fs 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary 


2 
9, a boy > 
1. A(n) is a function of the 
tonne (Gz) = |x. 
2. The graph of an absolute value function is 
-shaped. 
3. Find f(0) to find the ______ o fa function. 
4. Set f(x) = 0 to find the of a 
function. 
1 1. 2 
Find the intercepts and then graph the line. 10. é 2 3 
5. 4x + 3y = —24 6. 3x + 2y = 12 
11. 8x — 3y = 12 12. 7x + 10y = 35 


7. 2x — Sy = 10 8. —4x + 6y = —12 


8.3 Exercises 


1 5 
13. y= -3x + 4 14. y= —gx +2 2. y= —5x +5 21. y = 4x 
1 
22. y = “ae 
Graph the line using the slope and y-intercept. 
15. y=3x+2 16. y= 2x -7 
Graph the linear function. 
23. f(x) =x +7 24. f(x) =x -— 3 
17. y= —-4x + 8 18. y = —5x — 3 
25. f(x) =4x —5 26. f(x) = 2x +3 
2 
19. y= 3° — 6 


445 
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27. f(x) = -—5x + 8 28. f(x) = —3x — 6 34. f(x) = |x + 6 


35. f(x) = |x| + 3 


36. f(x) = |x| — 4 


31. f(x) = 2 32. f(x) = -7 


37. f(x) = |x +3] -4 


Graph the absolute value function. State the domain and 
range of the function. 


33. f(x) = |x —7| 38. f(x) = |x +1) +2 


39. f(x 


40. f(x) = 


Al. f(x 


42. f(x 


43. f(x 


= |x —6| +3 


|x — 2| — 5 


= |x + 4| -2 


= |x —1| + 6 


= [2x - 6 


44, f(x 


45. f(x 


48. f(x) 


= [3x + 12 


= |4x + 8] — 5 


= |5x — 10| — 6 


= 3\x +5|-7 


47. f (x 
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) =2|x — 1) +3 
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49, f(x) = —|x + 6| 


52. f(x) = —|x + 8] +5 


53, f(x) = —3|x + 2|/+9 54. f(x) = -4|x - 4] -1 


Find the intercepts of the absolute value function. 


55. f(x) = |x — 3} -7 
56. f(x) = |x + 4] -2 
57, f(x) = |x| — 6 

58. f(x) = |x + 5 

59. f(x) = |x +2) 4+ 4 
60. f(x) = |x - 1) 4+ 8 
61. f(x) = —|x — 4] + 3 
62. f(x) = -|x +7 +9 


Find the absolute value function on the graph. 
63. y 64. y 


Mixed Practice, 69-80 
Graph the function. 


69. f(x) = Sx +7 70. f(x) = 2x -—5 


TL. f(x) = |x -3| -—2 72. f(x) = |x +5| +4 


8.3 Exercises 


73. f(x) =x +3 74. f(x) = |x| +3 


75. f(x) = |x + 4| 76. f(x) = =x - 6 


77. f(x) = Ix +2| —7 


78. f(x) =7 


79. f(x) = = 


449 
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80. f(x) = -—|x - 2| +4 


Quick Check 1 
Factor 36x° + 60x° — 12x?. 


v= Writing in Mathematics 
Answer in complete sentences. 


81. A student is trying to graph the function f(x) = 
|x — 5| + 1 and evaluates the function for the follow- 
ing values of x: —2, —1, 0,1, 2. Will the student’s graph 
be correct? If not, explain what the error is and how 
the student can avoid it. 


82. Newsletter Write a newsletter explaining how to 
graph absolute value functions. 


OBJECTIVES 


1 ‘Factor polynomials. 
@ Solve quadratic equations. 
3 Solve rational equations. 


Factoring Polynomials 


Objective 1 Factor polynomials. A polynomial is factored when it has been 
written as a product of two or more expressions; these expressions are the factors. 


Factoring Out the Greatest 
Common Factor (GCF) 


Every time we attempt to factor a polynomial, we should begin by attempting to 
factor out the greatest common factor (GCF) of all of the terms. 


Factor 12x° — 3x4 + 15x?. 


SOLUTION The largest number that divides into these three coefficients is 3. The 
variable x is a factor of all three terms. For the GCF, we use the largest power of x 
that is a factor of all of the terms, which is x”. The GCF of these three terms is 3x”. 
We finish by factoring the GCF out of each term. 


123° = 3x" + 15° = 34 = a + 5) 


Recall that we can check the factoring through multiplication. The reader can ver- 
ify that 3x7(4x> — x” + 5) equals 12x° — 3x* + 15x’. 


General Factoring Strategy 


The first step in factoring any polynomial is to factor the GCF out of all terms. Once 
the GCF has been factored out, we must check to see if the resulting polynomial 
can be factored further. (In the previous example, the polynomial 4x? — x* + 5 
could not be factored further.) 
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Once we have dealt with the GCF, the factoring strategy is generally determined 

by the number of terms in the polynomial. Here is a summary from Chapter 6. 

1. Factor out any common factors. 

2. Determine the number of terms in the polynomial. 

a. If there are four terms, try factoring by grouping, discussed in Section 6.1. 
b. If there are three terms, try factoring the trinomial using the techniques of 
Sections 6.2 and 6.3. 
e x? + bx +c = (x + m)(x + n): Find two integers m and n whose prod- 
uct is c and whose sum is b. 
© ax’ + bx +c (a # 1): We have two methods for factoring this type of 
trinomial: by grouping or by trial and error. To use factoring by group- 
ing, refer to Objective 1 in Section 6.3. To factor by trial and error, refer 
to Objective 2 in Section 6.3. 
c. If there are only two terms, check to see if the binomial is one of the special 
binomials discussed in Section 6.4. 
¢ Difference of Squares: a’ — b? = (a + b)(a — b) 
¢ Sum of Squares: a? + b’ is not factorable. 
¢ Difference of Cubes: a? — b? = (a — b)(a’ + ab + Bb’) 
e Sum of Cubes: a? + b? = (a + b)(a? — ab + b’) 

3. After the polynomial has been factored, make sure any factor with two or more 
terms does not have any common factors other than 1. If there are common fac- 
tors, factor them out. 

4. Check your factoring through multiplication. 


Factoring by Grouping 


An important factoring technique is factoring by grouping. This technique is often used 
when a polynomial has four or more terms. To factor a polynomial by grouping, we 
split the terms of the polynomial into two groups. We then factor out a common factor 
of each group. At this point, if the two groups share a common factor, this common fac- 
tor can be factored out of each group, leaving the polynomial in factored form. 


Factor x° — 6x? — 10x + 60. 


SOLUTION There are no factors (other than 1) that are common to all four terms, 
so we proceed to factor by grouping. We will consider x* — 6x? to be the first 
group and —10x + 60 to be the second group. 


x3 — 6x? — 10x + 60 = x*(x — 6) — 10(x — 6) Factor x’ out of the first 
two terms and —10 out of 
the last two terms. 
= (x — 6)(x? — 10) Factor out the common 
factor x — 6, 


Recall that we can check the factoring by multiplying these two binomials. Their 
Quick Check 2 product should equal the original polynomial. 


Factor x? — 8x? + 4x — 32. 


Factoring Trinomials 


We will now discuss factoring quadratic trinomials of the form x” + bx + c, where 
b and c are integers. To factor such a polynomial, we look for two integers m and n 
whose product is c (that is, m+n = c) and whose sum is b (that is, m + n = b). If 
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Quick Check 3 
Factor. 


a) x7 + 11x + 28 
b) x? — 13x + 30 


Quick Check 5 
Factor —x? + 17x — 70. 


we can find two integers that satisfy these conditions, the polynomial factors to be 
(x + m)(x +n). 

When the constant term c of the trinomial is positive, this tells us that the two 
integers we are looking for have the same sign. The sign of b tells us what the sign 
of each integer will be. When the constant term is negative, we are looking for one 
positive integer and one negative integer. The sign of the integer with the largest ab- 
solute value is the same as the sign of b. 


Factor x7 + 8x + 15. 


SOLUTION Because the three terms do not contain a common factor other than 1, 
begin by looking for two integers whose product is 15 and whose sum is 8. The in- 
tegers that satisfy the conditions are 3 and 5,so x* + 8x + 15 can be factored as 
(x + 3)(x + 5). 


x? + 8x +15 = (x + 3)(x + 5) 


Factor x? — 10x + 16. 


SOLUTION We cannot factor out a common factor, so we look for the integers 
with a product of 16 and a sum of —10. The two integers are —2 and —8. 


x? — 10x + 16 = (x — 2)(x — 8) 


Factor 3x? — 15x — 42. 


SOLUTION We begin by factoring out the common factor 3. This gives us 
3(x* — 5x — 14). We then factor the trinomial factor by finding two integers with 
a product of —14 and a sum of —5S. Again, because the product must be negative, 
we are looking for one negative integer and one positive integer. In this case, the 
integers are —7 and 2. 


3x? — 15x — 42 = 3(x? — 5x — 14) Factor out 3. 
= 3(x — 7)(x + 2) Factor the trinomial. 


Quick Check 4 
Factor 2x? — 14x — 36. 


Factor —x? — 6x + 55. 


SOLUTION When the coefficient of the leading term is negative, we begin by fac- 
toring a negative common factor from all of the terms. In this case, we will factor 
out —1 and then factor the resulting trinomial. 

—x? — 6x + 55 = —(x? + 6x — 55) Factor out -1. 
—(x + 11)(x — 5) Factor the trinomial. 


If the leading coefficient of a quadratic trinomial is not equal to 1 and that coeffi- 
cient cannot be factored out as a common factor, we must use a different technique 
to factor the polynomial. We will use factoring by grouping to factor polynomials of 
the form ax? + bx + c (a # 1). (You also can use the method of trial and error, as 
presented in Section 6.3.) 

We begin by multiplying a by c, then find two integers m and n whose product 
is equal to ac and whose sum is b. Once we find these two integers, we rewrite the 
polynomial as ax” + mx + nx + cand factor by grouping. 
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Factor 2x? — 3x — 20. 


SOLUTION We cannot factor out any common factors, so we begin by multiplying 
2(—20), which equals —40. Next, we look for two integers whose product is —40 
and whose sum is —3. The two integers are —8 and 5;so we will replace the term 
—3x in the original polynomial by —8x + 5x and then factor by grouping. 


2x? — 3x — 20 = 2x7 — 8x + 5x —20 Rewrite —3x as —8x + 5x. 


= 2x(x — 4) + 5(x — 4) Factor the common factor 2x 
from the first two terms and 
the common factor 5 from the 


last two terms. 
= (x — 4)(2x + 5) Factor out the common factor 
Quick Check 6 x —4, 


Factor 6x” — 7x — 20. ; . 
Factoring a Difference of Squares 


A binomial of the form a? — b’ is called a difference of squares, and it can be 
factored using the following formula: 


a — Bb? = (at b)(a— bd) 


Factor 4x? — 25. 


SOLUTION We cannot factor any common factors out of this binomial, so we 
check to see whether it is a difference of squares. The binomial can be rewritten 
as (2x)* — (5), so this is a difference of squares and can be factored using the 
formula. 


Ax? = 25 = (2x) — GY Rewrite as the difference of two 
squares. 


= (2x + 5)(2x — 5) Factor using the formula 
a’ — b’ = (a+ b)(a — BD). 


Sum of Squares 
| A binomial that is a sum of squares (a* + b?) cannot be factored. | 


Factoring a Difference or a Sum of Cubes 


A binomial that is a difference of cubes (a* — b*) or a sum of cubes (a* + b*) 
can be factored using the following formulas: 


Difference of Cubes: a* — b® = (a — b)(a? + ab + b’) 
Sum of Cubes: a+b? = (a+ b)(a* — ab + b’) 


Quick Check 7 
Factor 9x” — 100. 


Factor 8x° — 125. 


SOLUTION This binomial is a difference of cubes: 8x* = (2x)? and 125 = 5°. 


8x3 — 125 = (2x)? - (5) Rewrite each term as 
a perfect cube. 
= (2x — 5)(2x-2x + 2x-5 + 5-5) Factor asa difference 
of cubes. 
= (2x — 5)(4x? + 10x + 25) Simplify each term in 
Quick Check 8 the trinomial factor. 
Factor 27x? — 64y°. 


Recall from Chapter 6 that the major difference between factoring a difference of 
cubes and factoring a sum of cubes is keeping track of the signs. 
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Quick Check 9 
Solis ax(ce ae 3) = The sp Sh. 


Quick Check 10 


Solve $x? — x -1=0. 


Solving Quadratic Equations 


Objective 2 Solve quadratic equations. We now review the solution of quad- 
ratic equations by factoring. A quadratic equation is an equation that can be writ- 
ten in the form ax” + bx + c = 0, where a, b, and c are real numbers and a # 0. 
Recall the following guidelines for solving quadratic equations: 


e Simplify each side of the equation. This includes performing any distributive mul- 
tiplications, clearing all fractions by multiplying each side of the equation by the 
LCD, and combining like terms. 

¢ Collect all terms on one side of the equation, leaving 0 on the other side. It is a 
good idea to move all terms to one side in such a way that the coefficient of the 
second-degree term is positive. 

e Factor the quadratic expression. 

e Set each factor equal to 0 and solve each equation. 


The principle behind this procedure is the zero-factor property, which says that if 
two unknown numbers have a product of zero, at least one of these factors must be 
equal to zero. 


Solve x7 + 7x = 30 — 6x. 


SOLUTION We begin to solve this equation by collecting all terms on the left side 
of the equation. 


x? + 7x = 30 — 6x 


x? + 13x — 30 =0 Add 6x and subtract 30 (on both sides). 
(x + 15)(x — 2) =0 Factor. 
x+15=0 or x —2=0 Set each factor equal to 0. 
x= —-15 or x= Solve. 


The solution set is {—15, 2}. 


Solve 5x? — jx = 2x7 - 3. 


SOLUTION. We begin to solve this equation by clearing all fractions. We do this by 
multiplying each side of the equation by 4, which is the least common denomina- 
tor (LCD). 


1 1 
ae —4= 29 = 3 
Lg. 5 ‘ ; 
4- at At) = 4+(2x* — 3) Multiply both sides by 4. 
21 1d 
A. ae — 4 a 4+2x? — 493 Distribute and divide out common 
1 1 factors. 
2x* — x = 8x? - 12 Simplify. 
0 = 6x* + x — 12 Collect all terms on the right side. 
Subtract 2x” and add x (on both sides). 
0 = (3x — 4)(2x +3) Factor. 
3x -4=0 or 2x+3=0 Set each factor equal to 0. 
4 3 
x=3 OF ae Solve. 


The solution set is {-3, of 
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Solving Rational Equations 


Objective 3 Solve rational equations. We have learned to solve rational 
equations, which are equations that contain one or more rational expressions. An 
5 
= toad 
equation is to multiply each side of the equation by the LCD. Then we proceed to 
solve the resulting equation. We must check that a solution does not cause a denom- 
inator to be 0. Such solutions are called extraneous solutions and are omitted from 
the solution set. 


example of such an equation is = 3.A first step in solving a rational 
x 


To find the LCD for two or more rational expressions: 


¢ Completely factor each denominator. 


e Identify each factor that is a factor of at least one denominator. The LCD is equal 
to the product of these factors. 


e If an expression is a repeated factor of one or more of the denominators, repeat it 
as a factor in the LCD as well. The exponent used for this factor is equal to the 
greatest power to which the factor is raised in any one denominator. 


19 
+3 x x(x +3) 


SOLUTION The LCD for these rational expressions is x(x + 3). We see that the 
values 0 and —3 for x cause the LCD to be equal to 0 and therefore cannot be so- 
lutions of this equation. 


1 9 
x+3 x x(x +3) 
1 1 2 Multiply both sides 
+3 +—)= + 3)| ———— 
sig ) x+3 =) ae (= + =) by the LCD. 
1 1 ! 1 1 9 ee = 
xle+3)- + x(x + 3):— = xle+3)}-—— __ Distribute and divide 
a “ et S) out common factors. 
x+x+3= Simplify. 
2x +3= Combine like terms. 
2x = Subtract 3 from 
both sides. 
x =3 Divide both sides 
by 2. 
Quick Check 11 This value does not cause a denominator to equal 0. The solution set is {3}. 
8 
Solve —— — =1. 
x4 x= 3 1 1 10 


1 + = ; 
PONE = 8 x+5  x2%— 25 


SOLUTION Factor each denominator to find the LCD. 


1 n 1 10 
x-5 «+5 x?-—25 
LE ye LL 10 Factor. The LCD is 
e-S2 FS (#9 +3) 4-35) e+ Sie — 4). 
1 i 10 
+ + = “(x + - 
ec (- —-5 xt :) (x + 5)(x — 5) et Es) 
Multiply both sides by 


the LCD. 
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(x + SS] + Ge Sl - 5) 


1 1 


= - : tags Distribute and divide out common factors. 
(4+ SHAS) 
x+5+x-5=10 Simplify. 
2x = 10 Combine like terms. 
x=5 Divide both sides by 2. 


This solution must be omitted, as x = 5 causes a denominator to be equal to 0. 
Therefore, this equation has no solution and its solution set is @. 


Quick Check 12 


Sol a ne 1 Ws 
Ve = 5 
‘i x+3 x+2 x745x+6 


BUILDING YOUR STUDY STRATEGY 


Summary, 4 Test-Taking Strategies: Preparation Through careful prepara- 
tion and effective test-taking strategies, you can maximize your grade on a 
math exam. Here is a summary of some test-taking strategies. 

e Write down important facts as soon as you get your test. 

e Quickly read through the test. 

e Begin by solving easier problems first. 

e Review your test as thoroughly as possible before turning it in. 

When preparing for a cumulative exam, 


e Begin preparing early. 


e Review your old exams, quizzes, and homework. 


e Use review materials from your instructor and the cumulative review 
exercises in the text. 


e Continue to meet regularly with your study group. 


=) «ap B| &| =| & 
MyMathLab |) PRACTICE WATCH DOWNLOAD READ REVIEW 
Vocabulary 
1. A polynomial has been _______ when it is 5. A binomial of the form a* — b* is a(n) 
represented as the product of two or more : 
polynomials. 6. A binomial of the form a* + b? is a(n) 
2. The process of factoring a polynomial by first break- 
ing the polynomial into two sets of terms is called 7. The property of real numbers states 
cone y that if a-b = 0, thena = 0orb =0. 
3. Before attempting to factor a second-degree 8. Once a quadratic expression has been set equal to 0 
trinomial, it is wise to factor out any and factored, you set each equal to 
0 and solve. 


4. A binomial of the form a” — b’ is a(n) 


Factor completely. 


. 36x8 — 16x* + 50x? 

. Jat + 24a — 3 

. 20a*b — 28a7b* — 16a°b* 
. 15x3y2z4 — Sxy®z!? + 40x%y — 25x4ty4z4 


. 1m + 4n? + 5n + 20 
~ x? — 9x7 + 2x — 18 
2x + 7x2 — 3x — 21 
. 20° — 16¢? — 10t + 80 
. x? — 13x + 40 

.nW + 3n— 54 

. 2x7 — 8x — 64 

. x? — 6x — 16 

. a + 13ab + 36b7 
.m’n — 11mn + 28 
. 4x? — 20x — 56 

. 3x” — 33x + 90 
2x? + x — 36 

. 3x7 + 11x — 20 

. 6x? + 25x + 24 

. 12x? — 23x + 10 

. x? — 36 

. x? — 81 

. 16b7 — 9 

. 2a’ — 98 

x? + 16 

x? + 81 

. x — 8 

x2 + 64 

. 27x? + 125 

. 8x3 — 343y3 

. x4 — 81 

. 625n' — 1 

2x — 7x7 — Ox + 63 
. 2x? + 5x” — 98x — 245 
. n+ 4n? + 8n + 32 


~xt-— 9x3 — x +9 


Solve. 


45. 
. x? — 7x — 30=0 
.C°+17t+72=0 
. 3a* — 18a + 24=0 
. x? — 2x — 48 =0 
. x? + 12x + 36 =0 


x +3x-4=0 
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51. 4x? — 44x + 72 =0 
52. x7 + 6x — 55 =0 
53. 2x7 + 7x +6=0 
54, 4x7 + 4x — 35 = 0 
55. x7 — 25 =0 56. x7 — 121 =0 
57. 9x7 -4=0 58. 4x7 — 81 = 0 
59, x° — 25x = 0 60. x? — 16x = 0 
61. x° + 4x = 21 62. x? = 11x — 18 
63. x° + 11x = 4x - 6 
64.07 +x%+5=9x -7 
4 14 
65. 5x + Txt 2=0 
Eg. 8 4 
, +ixts= 
66 ist 5% 3 0 
Solve. 


67. |x? — 13x| = 30 
68. |x? + 5x| = 6 

69. |x? + 10x| = 24 
70. |x? + 8x + 6| = 6 


Find a quadratic equation with integer coefficients whose 
solution set is given. 


71. {—9, 4} 72. {—3, 0} 
73. {3,5} 74, {-3,3} 
75. {—12, 12} 76. {—7} 
Solve. 

8 7 5 3 
eo Late: x +12 
9.x-3- 12 80.x +7 = 5 

2 _ 23 6x — 17 
81. ~ +7=0 82.x + —— a23 

H=3 x-5 

x+1 6 -1 4 
OOP cdg ae oe 8 

x 4 8x 
es x+5  (x—3)(x +5) 
go, 212 3 6 

“x+4 x4+7 (x+4)(x+7) 


458 CHAPTERS A Transition 


x-—4 4 x +17 4 
87. =5 92. 3x +1 = 
x-1l x+1 »-1 Wx —5 
x 3 4 x? + 5x — 48 
88. + = = 
x?+13x+40 x7+2x-15 x?+5x-24 oe x | 3 
oP Oe = 20) 
3 7 9 94, a * | = 10 
89. = 
x-1 x+2 xwe+x-—2 
3 al 2x — 4 
, i = eos Ls . 
Oe al ae oz ge 5 e===- Writing in Mathematics 
Answer in complete sentences. 
Solve. 95. What is an extraneous solution of a rational equa- 
Ix — 15 tion? Why do you omit them from the solution set? 
91. : | =3 Explain your answer. 


OBJECTIVES 


‘1 Solve systems of two linear equations in two unknowns. 


@ Determine whether an ordered triple is a solution of a system of three 
equations in three unknowns. 


3 Solve systems of three linear equations in three unknowns. 


4 Solve applied problems by using a system of three linear equations 
in three unknowns. 


Systems of Two Linear Equations 
in Two Unknowns 


Objective 1 Solve systems of two linear equations in two unknowns. We be- 
gin this section by reviewing how to solve a system of two linear equations in two 
variables. A solution of a system of two linear equations is an ordered pair that sat- 
isfies both equations simultaneously. In Chapter 4, we learned two techniques for 
solving a system of linear equations: by substitution and by addition. 

The graph of each equation in a system of linear equations is a line, and if these 
two lines cross at exactly one point, this ordered pair is the only solution of the sys- 
tem. In this case, the system is said to be independent. 


Independent System 


The figure shows the graphs of y = 2x +5 and 
y = —x — 1. These two lines intersect at the ordered 
pair (—2, 1), and this point of intersection is the solu- 
tion to this independent system of equations. 
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Inconsistent System 


If the two lines associated with a system of 
equations are parallel lines, the system has 
no solution and is said to be inconsistent. 


Dependent System 


If the two lines associated with a system of 
equations are the same line, the system is 
said to be a dependent system. For example, 
: x y= 5 
consider the system ox + 2y = 10 
The figure shows the graph associated 
with this system. Each ordered pair that is 
on the line is a solution. We write the solu- 
tion in the form (x,5 — x) by solving one < 
of the equations for y in terms of x. 


The Substitution Method 


Now we turn our attention to solving a system of equations by substitution. This 
technique requires us to solve one of the equations for one of the variables in terms 
of the other variable. The expression that we find is then substituted for that vari- 
able in the other equation, giving us one equation with one variable. After solving 
that equation, we substitute this value into the expression we originally substituted 
to solve for the other variable. 


x+3y= 1 


Solve by substitution. 3x —2y = 14 


SOLUTION If there is a variable with a coefficient of 1, it is a good idea to solve 
the equation for that variable. (Using this strategy will help us avoid the use of 
fractions.) Solving the first equation for x gives us x = 1 — 3y. The expression 
1 — 3yis then substituted into the equation 3x — 2y = 14 for x. 


3x —2y = 14 
3(1 — 3y) — 2y = 14 Substitute 1 — 3y for x. 
3-9y—-2y = 14 Distribute. 
3 —11ly =14 Combine like terms. 
—11y =11 Subtract 3 from both sides. 
y =-—1 Divide both sides by —-11. 


460 CHAPTERS A Transition 


This value is then substituted for y into the equation x = 1 — 3y. 


x =1-3(-1) Substitute —1 for y. 
x=1+3 Multiply. 
x=4 Add. 


The ordered pair solution is (4, —1). 


Quick Check 1 
Solve by substitution. 
2x — Sy = —24 
4x + y= —4 


The Addition Method 


Another technique for solving a system of equations is solving by addition. We mul- 
tiply one or both equations by a constant in such a way that one of the variables has 
opposite coefficients in the two equations. When we add the two equations, this 
variable is eliminated, resulting in an equation that contains only one variable. We 
finish finding the solution just as we did when solving by substitution. 


4x + Sy = 13 


Ive. 
BONES satel 4 


SOLUTION If we multiply the second equation by —2, the coefficient for the x 
term will be —4, which is the opposite of the coefficient of the x term in the first 
equation. (Recall that there will be times when we must multiply each equation by 
a different constant to eliminate one variable.) 


4x + Sy = 13 4x + Sy= 13 
ep 1 ee =e hy = 90 
4x + Sy= 13 
—4x — 14y = -22 Add. 
-9y= -9 
y=1 Divide both sides by —9. 


We now substitute 1 for y into either original equation to find x. 


4x + 5y = 13 
4x + 5(1) = 13 Substitute 1 for y. 
4x+5=13 Multiply. 
4x =8 Subtract 5 from both sides. 
x =2 Divide both sides by 4. 


The solution is (2, 1). 


Quick Check 2 


Solve by addition. 
aye ar 27 = 113} 


5x —3y =9 
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Applications of Systems of Two Linear 
Equations in Two Unknowns 


We can use a system of two linear equations in two unknowns to solve many ap- 
plied problems, including perimeter problems, mixture problems, and interest prob- 
lems. Refer to Section 4.4 to review these topics in more detail. Here is an example 
of a mixture problem. 


A chemist has one solution that is 16% sodium and a second solu- 
tion that is 28% sodium. She wants to combine these solutions to make 90 milli- 
liters of a solution that is 20% sodium. How many milliliters of each original 
solution does she need to use? 


SOLUTION: The two unknowns are the volume of the 16% sodium solution and 
the volume of the 28% sodium solution that need to be mixed together. We will use 
x and y to represent those quantities. To determine the volume of sodium con- 
tributed by each solution as well as the volume of sodium in the mixture, we multi- 
ply the volume of the solution by the concentration of sodium in the solution. The 
following table summarizes the information: 


% Concentration Volume of 
Solution Volume of Solution of Sodium Sodium 
16% SG 0.16 0.16x 
28% y 0.28 0.28y 
Mixture (20%) 90 0.20 18 


The first equation in the system comes from the fact that the volume of the two so- 
lutions must equal 90 milliliters. As an equation, this can be represented by 
x + y = 90. (This equation can be found in the table in the column labeled “Vol- 
ume of Solution.”) The second equation comes from the total volume of sodium, 
in the column labeled “Volume of Sodium.” We know that the total volume of 
sodium is 18 milliliters (20% of the 90 milliliters in the mixture is sodium); so the 
second equation in the system is 0.16x + 0.28y = 18. Here is the system we must 
solve. 


x + y = 90 
0.16x + 0.28y = 18 


We begin by clearing the second equation of decimals. This can be done by multi- 
plying both sides of the second equation by 100. 
x + y = 90 x+ y= _ 90 
0.16x + 0.28y = 19 SPY PY. 16x + 28y = 1800 


To solve this system of equations, we can use the addition method. If we multiply 
the first equation by —16, the variable terms containing x are opposites. 


xt y= 99 wp. 16x — 16y = -1440 


16x + 28y = 1800 16x + 28y = 1800 


16x — loy = —1440 
16x + 28y = 1800 Add to eliminate x. 
12y= 360 


y = 30 Divide both sides by 12. 
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Quick Check 4 

Is (4, —2, 5) a solution of the 

following system of equations? 
Ky ee — 3 

3x + 2y + 2z = 26 

5x —3y —4z= 6 


We know that the chemist must use 30 milliliters of the solution that is 28% 
sodium. To determine how much of the 16% sodium solution she must use, we sub- 
stitute 30 for yin the equation x + y = 90. 


x + (30) = 90 Substitute 30 for y. 
x = 60 Subtract 30. 


She must use 60 milliliters of the 16% sodium solution and 30 milliliters of the 28% 
sodium solution. 


Quick Check 3 
A chemist has one solution that is 60% acid and a second solution that is 50% 
acid. He wants to combine the solutions to make a new solution that is 52% acid. 
If the chemist needs to make 400 milliliters of this new solution, how many milli- 
liters of the two solutions should he mix? 


Solutions of a System of Three 
Equations in Three Unknowns 


Objective 2 Determine whether an ordered triple is a solution of a sys- 
tem of three equations in three unknowns. We now turn our attention to sys- 
tems of three equations in three unknowns. Each of the three equations will be of 
the form ax + by + cz = d, where a, b, c, and d are real numbers. If there is a 
unique solution of such a system, it will be an ordered triple (x, y, z). 


Is (3, 2, 4) a solution of the following system of equations? 


2x—-3y+ z= 4 

x+2y- z= 3 

2x —- y-—2z= —4 
SOLUTION To determine whether the ordered triple is a solution of the system of 
equations, we will substitute 3 for x, 2 for y, and 4 for z in each equation. If each equa- 


tion is true for these three values, the ordered triple is a solution of the system of 
equations. 


2x—-3y+z=4 x+2y-—z=3 2x-—y-—2z= -4 
2(3) — 3(2) + (4) =4 (Q) se 2D) = (4) = 3 2(3) — (2) — 2(4) = —4 
6-6+4=4 3+4-4=3 OS 2 8 = 4 
4=4 33 —4= —-4 


Because the ordered triple makes each equation in the system true, the ordered 
triple (3, 2, 4) is a solution of the system of equations. 


Solving a System of Three Linear 
Equations in Three Unknowns 


Objective 3 Solve systems of three linear equations in three unknowns. 
The graph of a linear equation with three variables is a two-dimensional plane. 


8.5 Systems of Equations (Two Equations in Two Unknowns and Three Equations in Three Unknowns) 463 


For a system of three linear equations in three 
unknowns, if the planes associated with the 
equations intersect at a single point, this or- 
dered triple (x, y, z) is the solution of the sys- 
tem of equations. 


Some systems of three equations in three un- 
knowns have no solution. Such a system is 
called an inconsistent system. When we try to 
solve an inconsistent system, we obtain an 
equation that is a contradiction, such as 0 = 1. 
Graphically, the following systems are incon- 
sistent, as the three planes do not have a point 
in common: 


Some systems of three equations in three 
unknowns have infinitely many solutions. 
Such a system is called a dependent sys- 
tem of equations. In solving a dependent 
system of equations, we will obtain an 
equation that is an identity, such as 0 = 0. 
Graphically, if at least two of the planes 
are identical or if the intersection of the 
three planes is a line, the system is a de- 
pendent system. 


Because graphing equations in three dimensions is beyond the scope of this text, we 
will focus on solving systems of three linear equations in three unknowns algebraically. 


Solving a System of Three Linear 
Equations in Three Unknowns 


e Select two of the equations and use the addition method to eliminate one of 
the variables. 


e Select a different pair of equations and use the addition method to eliminate 
the same variable, leaving two equations in two unknowns. 


e Solve the system of two equations for the two unknowns. 


e Substitute these two values in any of the original three equations and solve 
for the unknown variable. 
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We will now apply this technique to the system of equations from the previous example. 


Solve the system. 
2x—-3y+ z= 4 (Eq.1) 
x+2y— 2 3 (Eq. 2) 
2x —- y-—2z=-4 (Eq.3) 


SOLUTION Notice that the three equations have been labeled. This will help us 
keep track of the equations as we solve the system. We must choose a variable to 
eliminate first, and in this example, it will be z. We may begin by adding Equations 
1 and 2 together, as the coefficients of the z-terms are opposites. 


2x —-3y+z=4 (Eq.1) 
x+2y—-z=3 (Eq.2) 
3x -— y = 7 (Eq. 4) 


We need to select a different pair of equations and eliminate z. By multiplying 
Equation 1 by 2 and adding the product to Equation 3, we can eliminate z once 


again. 
4x -—6y+2z= 8 (2:Eq.1) 
2x — y-—2z=-4 (Eq. 3) 
6x — Ty = 4 (Eq. 5) 


We now work to solve the system of equations formed by Equations 4 and 5, which 
is a system of two equations in two unknowns. We will solve this system using the 
addition method as well, although we could choose the substitution method if it 
was convenient. We will eliminate the variable y by multiplying Equation 4 by —7. 


Multiply by —7. 
————— 


3x - y=7 (Eq.4) —21x + Ty = —49 


6x — 7y =4 (Eq.5) 6x —7y= 4 
—15x = —45 Add. 
% = 3 . Divide both 


sides by —15. 


We now substitute 3 for x in either of the equations that contained only two vari- 
ables. We will use Equation 4. 


3x - y= 
3(3) -y= Substitute 3 for x in Equation 4. 
9-y= Multiply. 
—y = —2 Subtract 9 from both sides. 
y= Divide both sides by —1. 


To find z, we will substitute 3 for x and 2 for y in any of the original equations that 
contained three variables. We will use Equation 1. 


Quick Check 5 24 = ay +2 = 4 
Solve the system. 2(3) — 3(2) + z=4 Substitute 3 for x and 2 for y in Equation 1. 
x+ y+ z= 0 6-6+z=4 Multiply. 
Ze—= War Be = —9 0+ z=4 Combine like terms. 


—3x + 2y —4z= 13 z=4 


The solution of this system is the ordered triple (3, 2, 4). 
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Solve the system. 


3x +2y+2z=7 (Eq. 1) 
4x + 4y —3z=—-17 (Eq.2) 
—x — 6y + 4z = 13 (Eq. 3) 


SOLUTION In this example, we will eliminate x first. It is a good idea to choose x 
because the coefficient of the x-term in Equation 3 can easily be multiplied to 
become the opposite of the coefficients of the x-terms in Equations 1 and 2. We 
begin by multiplying Equation 3 by 3 and adding it to Equation 1. 
3x + 2y+ 2z= 7 (Eq. 1) 
—3x— 18y + 12z = 39 (3-Eq.3) 
—l6oy + 14z = 46 (Eq. 4) 


We need to select a different pair of equations and eliminate x. By multiplying 
Equation 3 by 4 and adding it to Equation 2, we can eliminate x once again. 


4x+ 4y—-— 3z=-17 (Eq. 2) 
—4x — 24y + 16z 52 (4-Eq. 3) 
—20y + 13z= 35 (Eq. 5) 


We now solve the system of equations formed by Equations 4 and 5. We will use 
the addition method to eliminate the variable y. To determine what to multiply 
each equation by, we should find the LCM of 16 and 20, which is 80. If we multiply 
Equation 4 by 5, the coefficient of the y-term will be —80. If we multiply Equation 5 
by —4, the coefficient of the y-term will be 80. This will make the coefficients of 
the y-terms opposites, allowing us to add the equations together and eliminate y. 


Multiply by 5. 
a 


230 
—140 


—loy + 14z = 46 (Eq. 4) 

—20y + 13z=35. (Eqg.5) 
—80y + 70z 230 
80y — 52z = —140 

18z = 90 Add. 

z=5 Divide both sides by 18. 


—80y + 70z 


Multiply by —4. 80y 555 


We now substitute 5 for z in either of the equations that contained only two 
variables. We will use Equation 4. 
—16y + 14z = 46 
—16y + 14(5) = 46 — Substitute 5 for z in Equation 4. 
—l6oy +70 = 46 = Multiply. 
—16y = —24 Subtract 70 from both sides. 


as Divide both sides by —16 and simplify. 


To find x, we will substitute 5 for z and 3 for y in any of the original equations that 
contained three variables. We will use Equation 1. 


3x + 2y+2z=7 


3 
3x + 2(3) + 2(5)=7 Substitute } for y and 5 for z in Equation 1. 


3x+3+10=7 Multiply. 
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3x +13=7 Combine like terms. 
3x = —6 Subtract 13 from both sides. 


x = —2 Divide both sides by 3. 
Quick Check 6 The solution of this system is the ordered triple (-2, 3, 5. 
Solve the system. 
Meee Wi BS 
ay 3 5 Applications of Systems of Three Linear 
6x+5y+4z= 3 Equations in Three Unknowns 


Objective 4 Solve applied problems by using a system of three linear 
equations in three unknowns. We finish the section with an application involv- 
ing a system of three equations in three unknowns. 


A baseball team has three prices for admission to their games. 
Adults are charged $7, senior citizens are charged $5, and children are charged $4. 
At last night’s game, 1000 people were in attendance, generating $5600 in receipts. 
If we know that 300 more children than senior citizens were at the game, find how 
many adult tickets, senior citizen tickets, and child tickets were sold. 


SOLUTION There are three unknowns in this problem: the number of adult tick- 
ets sold, the number of senior citizen tickets sold, and the number of child tickets 
sold. We will let a, s, and c represent these three quantities, respectively. Here is a 
table of the unknowns. 


Unknowns 
Number of adult tickets sold: a 
Number of senior citizen tickets sold: s 
Number of child tickets sold: c 


Solving a problem with three unknowns requires that we establish a system of 
three equations. Because we know that 1000 people were at last night’s game, the 
first equation in the system is a + s + c = 1000. 

We also know that the revenue from all of the tickets was $5600, which will 
lead to the second equation. The amount received from the adult tickets was $7a 
(a tickets at $7 each). In the same way, the amount received from senior citizen 
tickets was $5s and the amount received from child tickets was $4c. The second 
equation in the system is 7a + 5s + 4c = 5600. 

The third equation comes from knowing that 300 more children than senior 
citizens were at the game. In other words, the number of children at the game was 
equal to the number of senior citizens plus 300. The third equation is c = s + 300, 
which can be rewritten as —s + c = 300. 

Here is the system with which we will be working. 


a+ s+ c=1000 (Eq. 1) 
7a + 5s + 4c = 5600 (Eq. 2) 
—s+ c= 300 (Eq. 3) 
Because Equation 3 has only two variables, we will use the addition method to 
combine Equations 1 and 2, eliminating the variable a. We begin by multiplying 
Equation 1 by —7 and adding it to Equation 2. 
—Ta 7s — Ic = —7000 (—7:Eq.1) 
Jat+ 5s+4c= 5600 (Eq. 2) 
—2s — 3c = —1400 (Eq. 4) 
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We now have two equations that contain only the two variables s and c. We can 
solve the system of equations formed by Equations 3 and 4. We will use the addi- 
tion method to eliminate the variable c by multiplying Equation 3 by 3 and adding 
it to Equation 4. 

Multiply by 3. 


-st+ c= 300 -—3s + 3c = 900 
—2s — 3c = —1400 —2s — 3c = —1400 
—3s + 3c = 900 
—2s — 3c = —1400 
—5s = -500 Add. 


s = 100 Divide both sides by —5. 


There were 100 senior citizens at the game. To find the number of children at the 
game, we will substitute 100 for s in Equation 3. 


—s +c = 300 
—100 + c = 300 Substitute 100 for s in Equation 3. 
c = 400 Add 100 to both sides. 


There were 400 children at the game. (Because we knew that 300 more children than 
senior citizens were at the game, we could have just added 300 to 100.) To find the 
number of adults at the game, we will substitute 100 for s and 400 for c in Equation 1. 


a+s+c= 1000 
a + (100) + (400) = 1000 Substitute 100 for s and 400 for c in Equation 1. 
a=500 = Solve for a. 


There were 500 adults, 100 senior citizens, and 400 children at last night’s game. 
The reader can verify that the total revenue for 500 adults, 100 senior citizens, and 
400 children is $5600. 


Quick Check 7 


Gilbert looks in his wallet and finds $1, $5, and $10 bills totaling $111. There are 
30 bills in all, and Gilbert has 4 more $5 bills than he has $10 bills. How many 
bills of each type does Gilbert have in his wallet? 


BUILDING YOUR STUDY STRATEGY 


Summary, 5 Math Anxiety Math anxiety can hinder your success in a math- 
ematics class, but you can overcome it. The first step is to understand what has 
caused your anxiety. Relaxation techniques can help you overcome the physi- 
cal symptoms of math anxiety. Developing a positive attitude and confidence 


in your abilities will help as well. 

Poor performance on math exams can be caused by other factors, such as 
test anxiety, improper placement, and poor study skills. If you freeze when 
taking exams in other classes and do poorly on them even when you under- 
stand the material, you may have test anxiety. An academic counselor or 
learning resource specialist can help. 
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Powered by CourseCompass’ and MathX1” 


MyMathLab 


Vocabulary 


1. 


consists of two 


A(n) 
or more linear equations. 


. An ordered pair (x, y) is a solution to a 


system of two linear equations if 


. A system of two linear equations is a(n) 


system if it has exactly one solution. 


. A system of two linear equations is a(n) 


system if it has no solution. 


. A system of two linear equations is a(n) 


system if it has infinitely many solutions. 


. To solve a system of equations by substitution, begin 


by solving one of the equations for one of the 


. The solution of a system of three equations in three 


unknowns is a(n) 


. To solve a system of three equations in three 


unknowns, begin by eliminating one of the variables 
to create a system of equations in 
unknowns. 


Solve by addition or substitution. 


9. y=2x - 16 
3x + 2y =17 
10. y= 3x -—7 
4x + Sy = 136 
1. 2x — 7y = 41 
x = 4y + 23 
12. —5x + 3y = —54 
x=S5y+2 
2 
B.y= 3x4 11 
4x — 3y = —45 
5 
14.x=-y-1 
a= Sy 
4x + Dy = 72 
15. y=3x+7 
6x — 2y = -14 
16. x =5— 2y 
4x + 8y = —20 
17, 2x — 3y = 10 
4x — 2y = 28 
18. x + 2y = —-12 


3x —4y = 26 


«| |F 


| Ee 


PRACTICE 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


WATCH DOWNLOAD REVIEW 


x-4y= 7 
3x + 2y = 14 
Sx+ y= —2 
3x — Ty = —43 
4x + 3y = —28 
3x —-2y= —-4 
—5x + 4y = 22 
2x + 5y =11 
6x —4y =11 
9x —- 6y =17 
4x + y=13 
12x + 3y = 39 
Sx +5y 1 
2.1, _31 
5° ae” 1G 
ex+35y=-3 
Pg af ge 
ae ae 


Solve using a system of two equations in two unknowns. 


27. 


28. 


29. 


30. 


31. 


32. 


The length of a rectangle is 3 inches more than twice 
its width. If the perimeter of the rectangle is 54 inches, 
find its length and width. 


The length of a rectangle is 4 feet less than 3 times its 
width. If the perimeter of the rectangle is 96 feet, find 
its length and width. 


A jar contains 65 coins; some are dimes, and the rest 
are quarters. If the coins have a value of $13.10, how 
many of each type of coin are in the jar? 


A bouquet with 12 carnations and 5 roses costs $54, 
while a bouquet with 6 carnations and 4 roses costs 
$36. What is the cost of a single carnation? What is the 
cost of a single rose? 


Faustino deposited a total of $7500 in two bank ac- 
counts. One of the accounts paid 6% annual interest, 
while the other paid 3% annual interest. If Faustino 
earned $387 in interest during the first year, how 
much did he deposit in each account? 


Hasinah invested $6000 in two mutual funds. During 
the first year, one fund increased in value by 13% and 
the other increased in value by 5%. If Hasinah earned 
a profit of $660 during the first year, how much did he 
invest in each fund? 


33. 


34. 


A chemist has two solutions: one is 15% acid, and the 
other is 30% acid. How much of each solution should 
she mix to create 60 milliliters of a solution that is 
25% acid? 

A chemist has two solutions: one is 20% acid, and the 
other is 60% acid. How much of each solution should 
he mix to produce 120 milliliters of a solution that is 
28% acid? 


Is the ordered triple a solution to the given system of 


equations? 
35. (3, 2, 6) 
x+ yt z= il 
x= po 2de= 17 
4x —3y —2z = -6 
36. (2, —4, -1) 
x+ y- zg=-l1 
Sx +2y+2z= 0 
1 ——— 
7% + 2y — Oz = 1 
37. (—S, 2,0) 
x+2y+3z= -1 
3x - y-6z=—-17 
4x —-3y+ z= —-26 
38. (1, —1, -6) 
x- y- z= 8 


Sx+7y+ z=—8 
—2x + Sy — 4z = 21 


Solve. 


39. 


x + 2y + 3z = 23 
—2x +3y+ z=17 
—3x + Sy — 4z = 12 


40. 4x — y+ 6z = 25 
2x + 3y + 4z = 49 
5x + 2y—-3z= 8 

4. x+ yt z= 2 
2x+3y- z= 5 
7x + 4y + 2z = 25 

4. x+ y- z=-13 
3x +2y+ 3z= 6 
4x +9y+12z= 45 

43. 3x+2y+5z= —-8 
9x — 4y + 6z = —38 
—6x — 6y + 7z = —62 

44. 4x + 3y +2z= 19 
2x + 5y — 4z = 18 
—8x + yt 6z = 29 

45. 2x+3y+ z= 5 
—2x-— yt4z= 60 

x + 2y — 8z = —30 


46. 


47. 


49. 


50. 


51. 


52. 


53. 


469 


8.5 Exercises 


r= y= g= 16 
2x + 3y + 2z = —-5 
4x + 5y +4z = —-5 
2x — 3y z= —6 
—3x+2y+4z= 24 
5x — 4y + 3z = —-18 
x+4y + 2z = —-3 
2x —-3y- z= 19 
4x+9y+5z= 3 
4x +2y+ z= -5 
2x- y-6z= 0 
—8x + 6y + 3z = —30 
x+3y- 6z= 8 
3x +4y- 2z= 9 
5x + 6y — 12z = 22 
1 1 - 
aX tay t i 3 
oy 4y —3z = 13 
3x + 4y+5z= 11 
S) 5 1 
qx ~ 5¥ — 3% 14 
3 ee et 
x+ ay t5z= 26 
2x —-3y-4z= —-4 
x+2y+ z= 8 
3x +4y+2z= 9 
3x — 4y = —37 
2x+3y- z= 10 
—x + 4y + 2z = 200 
5x + 2y = 88 


Solve using a system of three equations in three unknowns. 


55. 


56. 


57. 


Jonah opens his wallet and finds that all of the bills 
are $1 bills, $5 bills, or $10 bills. There are 35 bills in 
his wallet. There are four more $5 bills than $1 bills. If 
the total amount of bills is $246, how many $10 bills 
does Jonah have? 


A cash register has no $1 bills in it. All of the bills are 
$5 bills, $10 bills, or $20 bills. There are a total of 37 
bills in the cash register, and the total value of these 
bills is $310. If the number of $10 bills in the register 
is twice the number of $20 bills, how many $5 bills are 
in the register? 

A campus club held a bake sale as a fund-raiser, selling 
coffee, muffins, and bacon-and-egg sandwiches. The 
club members charged $1 for a cup of coffee, $2 for a 
muffin, and $3 for a bacon-and-egg sandwich. They 
sold a total of 50 items, raising $85 dollars. If the club 
members sold five more muffins than cups of coffee, 
how many bacon-and-egg sandwiches did they sell? 
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58. 


A grocery store was supporting a local charity by ask- 
ing shoppers to donate $1, $5, or $20 at the checkout. 
A total of 110 shoppers donated $430. The amount of 
money raised from $5 donations was $50 higher than 
the amount of money raised from $20 donations. How 
many shoppers donated $20? 


59. 


60. 


61. 


62. 


63. 


64. 


Abraham is 8 years older than Belen. The sum of 
Belen’s age and Celeste’s age is three years more than 
twice Abraham’s age. If the sum of their three ages is 
138, how old are Abraham, Belen, and Celeste? 


The total of Dharma’s, Eugenio’s, and Fern’s final 
exam scores is 271. If Dharma’s score is added to Eu- 
genio’s score, the sum is 11 points less than twice 
Fern’s score. If Eugenio’s score is 5 points higher than 
Dharma’s score, what is each student’s final exam 
score? 


The measures of the three angles in a triangle must to- 
tal 180°. The measure of angle A is 20° less than the 
measure of angle C. The measure of angle C is twice the 
measure of angle B. Find the measure of each angle. 


The measures of the three angles in a triangle must 
total 180°. The measure of angle A is 15° more than 
the measure of angle B. The measure of angle B is 15° 
greater than four times the measure of angle C. Find 
the measure of each angle. 


Recall the introduction to problems about interest in 
Section 4.4. Mary invested a total of $40,000 in three 
different bank accounts. One account pays an annual 
interest rate of 3%, the second account pays 5% an- 
nual interest, and the third account pays 6% annual 
interest. In one year, Mary earned a total of $1960 in 
interest from these three accounts. If Mary invested 
$8000 more in the account that pays 5% interest than 
she did in the account that pays 6% interest, find the 
amount she invested in each account. 


Hua-Ling invested a total of $10,000 in three bank 
accounts. The accounts paid 4%, 5%, and 6% annual 


65. 


66. 


67. 


68. 


69. 


70. 


interest. In the first year, Hua-Ling earned $545 in 
interest. If she invested $1000 more at 5% than she 
invested at 4%, how much did she invest in each 
account? 


Pilar invested a total of $8000 in three mutual funds. 
During the first year, the first fund increased in value 
by 2%, the second fund increased by 10%, and the 
third fund increased by 25%. In the first year, she 
earned a profit of $550. If Pilar invested $1000 less in 
the fund that increased by 25% than she invested in 
the fund that increased by 10%, how much did she in- 
vest in each fund? 


Lev invested a total of $5000 in three stocks. During 
the first year, the first stock increased in value by 8%, 
the second stock increased by 6%, and the third stock 
increased by 1%. In the first year, he earned a profit 
of $310. If Lev invested the same amount in the stock 
that increased by 6% as he invested in the stock that 
increased by 1%, how much did he invest in each 
stock? 


Salim invested a total of $25,000 in three stocks. Dur- 
ing the first year, the first stock increased in value by 
5% and the second stock increased by 7%, but the 
third stock decreased by 40%. In the first year, he lost 
$1330. If Salim invested the same amount in the stock 
that increased by 7% as he did in the stock that de- 
creased by 40%, how much did he invest in each 
stock? 


Dennis invested a total of $100,000 in three different 
mutual funds. After one year, the first fund showed a 
profit of 8%, the second fund showed a loss of 5%, 
and the third fund showed a profit of 2%. Dennis in- 
vested $10,000 more in the fund that lost 5% than he 
invested in the fund that made a 2% profit. In the first 
year, Dennis made a profit of $2900 from the three 
funds. How much did he invest in each fund? 


A chemist wants to mix three different solutions to 
create 100 milliliters of a solution that is 13.5% alco- 
hol. Solution A is 10% alcohol, solution B is 15% al- 
cohol, and solution C is 30% alcohol. The amount of 
solution A that is used must be twice the amount of 
solution B that is used. How many milliliters of each 
solution should the chemist combine? 


A chemist wants to mix three different solutions to cre- 
ate 50 milliliters of a solution that is 28% alcohol. Solu- 
tion A is 20% alcohol, solution B is 30% alcohol, and 
solution C is 50% alcohol. The amount of solution A 
that is used must be 20 milliliters more than the amount 
of solution B that is used. How many milliliters of each 
solution should the chemist combine? 


a===- Writing in Mathematics 
Answer in complete sentences. 


71. Write a word problem that has the following solution: 
There were 40 children, 200 adults, and 60 senior citi- 
zens in attendance. Your problem must lead to a sys- 
tem of three equations in three unknowns. Explain 
how you created your problem. 
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72. Write a word problem for the following system of 
equations. 


x + y + z = 350,000 
0.05x + 0.07y — 0.04z = 17,000 
y=2x 


Explain how you created your problem. 
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CHAPTER 8 SUMMARY 


Section 8.1 Linear Equations and Absolute Value Equations 


Solving Linear Equations, pp. 419-420 


1. Simplify each side of the equation completely. 
e Use the distributive property to clear any parentheses. 
e If there are fractions in the equation, multiply both sides 
of the equation by the LCM of the denominators to clear the 


fractions from the equation. 


e¢ Combine any like terms that are on the same side of the equation. 
Collect all variable terms on one side of the equation. 

Collect all constant terms on the other side of the equation. 

Divide both sides of the equation by the coefficient of the variable term. 


wie wh 


Check your solution. 


Identities, p. 421 


An identity is an equation that is always true. The solution set 
for an identity is the set of all real numbers, denoted R. An 


identity has infinitely many solutions. 


Contradictions, p. 421 


A contradiction is an equation that has no solution, so its solution 


set is the empty set { }. 


The empty set also is known as the null set and is denoted by 


the symbol ©. 


Solving Absolute Value Equations, pp. 422-423 


For any expression X and any positive number a, the solutions 
to the equation |X| = acan be found by solving the two equations 


X =aand X = —a. 


Solving Absolute Value Equations Involving Two Absolute Values, p. 424 


For any expressions X and Y, the solutions to the equation |X| = |Y| 
can be found by solving the two equations X = Y and X¥ = —Y. 


Section 8.2 Linear Inequalities and Absolute Value Inequalities 


Solving Linear Inequalities, pp. 427-428 


Solving a linear inequality is similar to solving a linear equation 
except that multiplying or dividing both sides of an inequality 
by a negative number changes the direction of the inequality. 


Solve 5x — 7 = 3x + 11. 


2x —-7=11 
2x = 18 
x=9 


Solve 4x + 18 — 11 = 2(x + 7) + 2x — 7. 


4x +7=2x+14+2x—-—7 
4x +7=4x +7 


Solve 3(x — 4) + 5 = 3x + 7. 
3x —-12+5=3x+7 
3x —-7=3x+7 


—-7=7 (False) 
i) 
Solve |2x — 7| — 5 = 14. 
|2x — 7| = 19 
2x —-7=19 or 2x -7=~—19 
2x = 26 2x = —12 
x= 13 x=-6 


{—6, 13} 


2x+5=x-—7 or 2x+5=-(x—7) 
x+5=-7 2x+5=-x+7 
x= -12 3x =2 
2; 
eae 
3 
{123} 
3 
Solve 5x — 4 = 26. 
5x —42 26 
5x = 30 
x26 
<144+4 +++ |] FT TE > 
10 -8 -4 -4 2 0 2 4 6 8 
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Compound Inequalities, pp. 428-429 


A compound inequality is made up of two or more Solve 2x + 11 < —3 0r3x — 10> 14. 
individual inequalities. 


2x +11 < -3 3x — 10> 14 
2x < —14 3x > 24 
RSH] x>8 


-10 -8 -6 -4 2 0 2 4 6 8 10 
(—00, —7) U (8, 00) 
Solve 9 S 8x + 17 S 57. 

9=8x +1757 


—8 = 8x = 40 
=leax=5 
<a 
-10 -8 -6 -4 2 0 2 4 6 8 10 
[= 1,5 ] 
Solving Absolute Value Inequalities, pp. 429-431 

e For any expression X and any nonnegative number a, the solutions Solve |x — 4] <5. 
to the inequality |X| < acan be found by solving the compound 
inequality -a < X <a. “S<x-4<5 

e For any expression X and any nonnegative number a, the solutions “Laas 2 
to the inequality |X| < acan be found by solving the compound =H AW#H#_U*_AUH_+SA_HH HE tt 
inequality -a = X =a. -10 -8 -6 -4 2 0 2 4 6 8 10 

(=1, 9) 
Solving Absolute Value Inequalities, pp. 431-433 

e For any expression X and any nonnegative number a, the solutions Solve |x + 3| + 2 = 7. 
to the inequality |X| > acan be found by solving the compound 
inequality ¥ < -aor X >a. lx+ 3) +227 

e For any expression X and any nonnegative number a, the solutions |x +3 =5 
to the inequality |X| = acan be found by solving the compound x+3<=-5 or x+325 
inequality X = —aor X = a. CLR x=2 


<—S—+4+44+++++4 
-10 -8 -6 -4 2 0 2 4 6 8 10 
(—00, —8] U[2, co) 


Section 8.3 Graphing Linear Equations and Linear Functions; Graphing Absolute Value Functions 


Graphing a Linear Equation Using Its Intercepts, pp. 436-437 


Find the x-intercept and the y-intercept and plot them on the plane. Graph 3x — 2y = —12. 
A third point with an arbitrarily chosen value of x can be used as 
a check point. x-intercept y-intercept 
3x — 2(0) = —12 | 3(0) — 2y = -12 
3x = -12 —2y = -12 
x= -4 y=6 
(—4, 0) (0,6) 
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Graphing a Line Using Its Slope and y-Intercept, pp. 437-438 


1. Plot the y-intercept. Graph y = —3x + 7. y 
2. Use the slope of the line to find a second point. 


3. Draw a line that passes through these two points. y-intercept: (0,7) 


Slope: —3 
(down 3 units, 
1 to the right) 


Graphing Linear Functions, p. 438 

A linear function is a function of the form f(x) = mx + b, 
where m and D are real numbers. 

To graph a linear function, begin by plotting its y-intercept at (0, b). : 
Then use the slope m to find other points. oa 


3 
Graph f(x) = at 6. 


3 
lope: = 
Slope 7) 


(up 3 units, 
2 to the right) 


Graphing an Absolute Value Function, pp. 439-442 


1. Determine the value of x for which the expression inside the Graph f(x) = |x — 2| +3. 
absolute value bars is equal to 0. 


ae : ; Ko 2S 
2. In addition to this value, select two values that are less than this i 
value and two that are higher. 
3. Create a table of function values for these values of x. = 48 


4. Place the points (x, f(x)) on the graph and draw the V-shaped 
graph that passes through these points. 


3 = |-2}+3=24+3=5 
3=|-1]/+3=1+3=4 
3=|01/ +3=04+3=3 
3=|1]/+3=1+3=4 
3 = |2)}+3=24+3=5 


BILWTN]e | oles 
HRILWIN]TR|OoOl]s 
NTN] NTN] bv 


Domain: (—00, 00); range: [3, CO) 
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Section 8.4 Review of Factoring; Quadratic Equations and Rational Equations 


Factoring Polynomials, pp. 450-453 


1. Factor out any common factors. Factor: x” — 81 (Difference of Squares) 
2. Determine the number of terms in the polynomial. 5 ‘i 5 
a. If there are four terms, try factoring by grouping. ae 8l=2°-9 
b. If there are three terms, try to use one of the following techniques: = (x + 9)(x — 9) 
e x? + bx +c = (x + m)(x + n): Find two integers m and n Factor: x° + 125 (Sum of Cubes) 
whose product is c and whose sum is b. 
e ax’ + bx + c(a # 1): Factor by grouping or by trial and error. xe4+ 125 =x3+ 57 
c. If there are only two terms, check to see if the binomial is one = (x + 5)(x? — 5x + 25) 


of the special binomials. 
e Difference of Squares: a” — b* = (a + b)(a — b) 
e Sum of Squares: a’ + b? is not factorable. 
¢ Difference of Cubes: a* — b? = (a — b)(a’ + ab + b’) x? — 17x + 72 = (x — 8)(x — 9) 
e Sum of Cubes: a* + b* = (a + b)(a* — ab + b’) 2 
3. After the polynomial has been factored, make sure any factor with Se aca ce 
two or more terms does not have a common factor other than 1. (Trinomial, Leading Coefficient Other Than 1) 
If there are common factors, factor them out. 3x2 — 2x — 21 = 3x2 — Ox + 7x — 21 


4. Check your factoring through multiplication. 3x(x — 3) + 7(x — 3) 


Factor: x? — 17x + 72 
(Trinomial, Leading Coefficient of 1) 


= (x — 3)(3x + 7) 


Solving Quadratic Equations by Factoring, p. 454 


1. Write the equation in standard form: ax” + bx + c = 0 Solve x? + 7x = 2x + 36. 
2. Factor the expression ax? + bx + c completely. 247% =2 36 
3. Set each factor equal to 0 and solve the resulting equations. mn a © aE 7 . = 
4. Check your solutions. 2 Die =4) = 0 
x+9= or x—-4=0 
x= x=4 
1-947 
Solving Rational Equations, pp. 455-456 
Find the LCD of all rational expressions in the equation Salve x+8 6 
and multiply both sides of the equation by that LCD. Solve x? — 10x +24 x? -— 9x + 20° 
the resulting equation. Check for extraneous solutions. x+8 6 


(x -— 4)(x - 6) (x — 4)(x — 5) 
LCD: (x — 4)(x — 6)(x — 5) 


CSCSOne 4)(x — 6)(x — 5) 
6 
“tae oe Ie 
(x + 8)(x 5) 6(x 6) 
x? + 3x 40 6x 36 
-—3x-45= 
(x + 1)(x - 4) = 
x+1=0 or eonhe 
x=-l — 


Extraneous Solution 


ee 


Section 8.5 Systems of Equations (Two Equations in Two Unknowns and Three Equations in Three Unknowns) 


Solving a System of Equations Using the Substitution Method, pp. 459-460 


1. Solve one of the equations for either variable. re ag 2x —9 

2. Substitute this expression for the variable in the other equation. Solve: 3x —4y = 11 

3. Solve this equation. 

4. Substitute this value for the variable into the equation from Step 1. 3x — 4(2x — 9) = 11 

5. Write the solution as an ordered pair. 3x — 8x + 36 = 11 

6. Check your solution. = 5% sr = = a 
eine 


(5, 1) 
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Solving a System of Equations Using the Addition Method, p. 460 


1. Write each equation in standard form (Ax + By = C). Seles —3x + 4y = 2 
2. Multiply one or both equations by the appropriate constant(s). "5x + 3y = 45 
3. Add the two equations. Multiply by 5. 
4. Solve the resulting equation. —3x + dy = 2 —————> —15x + 20y = 10 
5. Sed this value for the appropriate variable in either of the 5x + 3y = 45 Multiply by 3. 15x + 9y = 135 
ginal equations and solve for the other variable. 
6. Write the solution as an ordered pair. 29y = 145 
7. Check your solution. 20y —4ds See (5) = 45 
y=5 5x + 15 = 45 
5x = 30 
x=6 
(6,5) 
Solving Systems of Three Equations in Three Unknowns, pp. 462-466 
1. Select two of the equations and use the addition method to eliminate one x+y+z=6 
of the variables. Solve: 3x — y+ 4z=-1 
2. Select a different pair of equations and use the addition method to elimi- 2x — 3y — 6z = 16 
nate the same variable, leaving two equations in two unknowns. 
3. Solve the system of two equations for the two unknowns. Two equations in terms of x and Zz: 
4. Substitute these two values in any of the original three equations and 
solve for the unknown variable. xty+z=6 
The solution to the system of equations will be an ordered triple in the form 3x —~y+4z=—1 
(x,y, Z). 4x +5z=5 
Multiply by 3. 


x+y+z=6 
2x — 3y — 6z = 16 


3x + 3y + 3z = 18 
2x — 3y — 6z = 16 


5x — 3z = 34 
Solve for x: 
i 2 
Hi i eS, anc yd i515 
Itiply by 5. 
5p 3g = 3 5 the = 170 
37x = 185 
x = 
Back-substitute: 
Find z: Find y: 
x=5 4(5)+5z=5 5+ y+ (-3) =6 
20+ 5z=5 y+2=6 
5z = -15 y=4 
z=-3 
(5, 4, -3) 


SUMMARY OF CHAPTER 8 STUDY STRATEGIES 


The study tips in this chapter summarized the ideas presented in the first seven chapters of 
the text. For further information on a particular topic, refer back to the appropriate chapter. 


Chapter 1— Study Groups Chapter 5— Test Taking 
Chapter 2— Using Your Textbook 
Chapter 3— Making the Best Use of Your Resources 


Chapter 4— Doing Your Homework 


Chapter 6— Overcoming Math Anxiety 


Chapter 7— Preparing for a Cumulative Exam 
Chapter 8— Review 


CHAPTER 8 REVIEW 


Solve. [8.1] 19, |2x + 1|-9 <6 
1. 2x -17 = —5 2. 3x —9 =17 — 5x 
3 fe 2 asi 
3° & is 3 
4. 4x + 2(3x — 1) = 17x — 3(4x — 11) 20. |x| + 4 > 13 


Solve. [8.1] 
5. |x| = 6 6. |x| = -6 
m|\x+7|-14=-6 
8. [3x + 13| + 20 = 28 
9. |6x + 25| = |x + 10] 
10. |4x — 3| = |2x - 15] 22. |x — 8] +13 =8 


21. |6x + 21| - 10 =5 


Solve the inequality. Graph your solution on a number 
line and write your solution in interval notation. [8.2] 


11. 3x + 16 < 10 


Find the intercepts and graph the line. [8.3] 
23. 5x + 6y = 30 24. 8x — 3y = -12 


12. —5x + 19 = -16 

13. 2x — 13 = 4x - 31 
14. 13 = 2x -— 21 = 18 
15. —14 < 3x + 10 < 37 


Graph the line using the slope and y-intercept. [8.3] 


2 
29) y = —2x + 9 26. y==x + 6 
16. 6x + 13 < 250r2x —19 = -7 3 


Solve the inequality. Graph your solution on a number 
line and write your solution in interval notation. [8.2] 


17. |x| < 10 


18) |3x -— 11| <7 


Worked-out solutions to Review Exercises marked with can be found on page AN-28. 


477 


478 CHAPTERS A Transition 


Graph the linear function. [8.3] 
27. f(x) = —x +5 28. f(x) = 3x 


29. f(x) = = —6 30. f(x) = ~ox +1 


Graph the absolute value function. State the domain and 
range of the function. [8.3] 


31. f(x) = |x| + 3 


32. f(x) = |x - 5| 


33. f(x) = |x +2) -4 


34, f(x) = -|x -1) +2 


Factor completely. [8.4] 
35. 6x” — 4x7 + 10x? — 18x? + 2x 


36. S5a*b® — 10a°b° — 25a°b 
37. x° — 8x? + 11x — 88 
38. x° + 9x? — 4x — 36 
39. x? — 5x — 14 

40. 3x? — 33x + 72 

41. x? + 18xy + 80y’ 
42. x + 13x — 30 

43. 4x? + 20x — 24 

44, x? — 3x -— 54 

45. 6x? — 29x + 9 

46. 4x? — 8x — 21 

47. x? — 36 

48. 9x7 — 1 

49. 4x? — 49 

50. 25x? — 64y 

51. x° + 27 

52. x° — 729 


Solve. [8.4] 

53.x7 -x-6=0 

54. x7 + 10x + 24=0 

55. x7 + 13x + 25 = 6x + 43 
56. x’ = 144 


Solve. [8.4] 


9 3 
x+2 x«-8 


®.-5-~%=0 
Xx 


4 1 9 

+ = 
x+5 x-4 x%+x-20 
x72 3 9 
x+3 x+6 x7+9x% +18 


59. 


60. 
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Solve. [8.5] 69. A golf course charges $8 for children under age 13 to 
play a round of golf. Senior citizens are charged $10 to 


GL2xt y=7 play a round. Everyone else pays $15 per round. Yes- 
3x + 4y = 8 terday 200 people played a round of golf at the 
62. x=7-A4y course, paying a total of $2540. If there were 20 more 
6x — 5y = —45 senior citizens who played than there were children 
@ 2x+3y=23 under 13 years old who played, find the number of 
senior citizens who played at the course. [8.5] 
—6x+2y= 8 
64.3x +5y= 19 
5x — 4y = —67 


Solve. [8.5] 
65. x —4y+2z=-15 


2x + 3y = 22 

y = 4 

66 x+ y- z=-9 
3x + 5y+6z=—-7 70. The measures of the three angles in a triangle must 
4y+7z=-4 total 180°. The measure of angle A is 24° more than 
the measure of angle B. The sum of the measures of 

67. x+ y+ z= 0 


angles A and B is twice the measure of angle C. Find 


2x+3y- z= 24 the measure of each angle. [8.5] 


3x —2y + 4z = —36 
68. x + 3y—-4z= —-13 
—3x + 9y+ 8z= —-5 
—5x + 6y + 6z = -19 


CHAPTER 8 TEST ForExtra Help 


4 S Te PT Pr Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 
Ss] est Prep on DVD, in MyMathLab))), and on Youff{} (search “WoodburyElemintAlg” and click on “Channels"). 
Solve. Solve the inequality. Graph your solution on a number 
line and write your solution in interval notation. 
1. 6(2x — 5) +8 =5(3x +7) —9 7 
7. |x +4, <5 

Solve. 

2, |x + 9| =7 8. 2x — 5| + 8 > 13 

3. |x — 5| — 11 = -3 
Solve the inequality. Graph your solution on a number 
line and write your solution in interval notation. P 

y Graph the line. 
4. —5x < 3x + 32 
. 9. 4x — 3y =6 


5. —47 = 6x —- 11 = 19 


6. 2x + 15 < 21or3x —5 > 10 
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Graph the linear function. 


10. f(x) =x-2 


Graph the absolute value function. State the domain and 
range of the function. 


11. f(x) = |x — 6| +3 


Factor completely. 


12. x* + 3x — 40 
13. 4x? — 28x + 40 


Mathematicians in History 


Dierre de Sermat was a French mathematician who lived in the 17th cen- 
tury. His work focused on number theory and probability. Although he did little publishing 
in his lifetime, he did pose many problems as challenges to the mathematical community of 


Europe. 


Write a one-page summary (or make a poster) of the life of Pierre de Fermat and his 


accomplishments. 


Interesting issues: 
Where and when was Pierre de Fermat born? 
What is number theory? 


died in 1653. What was the cause of his near death? 


What was the Fronde? 


November 1994? 


Although Fermat lived until 1665, his health was so bad that it was believed that he had 


The Fronde greatly disrupted Fermat’s communication with the math community in 1648. 


14. 6x* + 19x + 10 
15. 9x? — 100 


Solve. 


16. x* + 6x — 27 =0 


Solve. 


x +7 6 3 


17. = 
x+5x+4 x%-3x-4 x7- 16 


Solve. 


18.5x+ y=-11 
4x+3y= 0 


Solve. 


1% «+ y+ z= Il 
3x —2y+4z= 24 
—2x + 3y — 5z = —15 
20. The measures of the three angles in a triangle must 
total 180°. The measure of angle B is 25° more than 
the measure of angle C. The measure of angle A is 25° 
more than twice the measure of angle B. Find the 
measure of each angle. 


Fermat is best known today for Fermat’s Last Theorem. What is Fermat's Last Theorem? Who finally proved this theorem in 


Fermat had a public feud with which well-known mathematician? Describe what the feud was about and how it was resolved. 
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and Equations 


Square Roots; Radical 

Notation 
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9.3 Simplifying, Adding, between any two objects and a way to determine the speed a car was traveling 
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Expressions 
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Radical Expressions 
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Applications of Radical 
Equations 

9.6 The Complex Numbers 

Chapter 9 Summary 


In this chapter, we will investigate radical expressions and equations and 


their applications. Among the applications is the method for finding the distance 


by measuring the skid marks left by its tires. 


Note Taking If you have poor note-taking skills, you will not learn as much 
during the class period as you might if your skills were better. In this chapter, 
we will focus on how to take notes in a math class. We will discuss how to be 
more efficient when taking notes, what material to include in your notes, and 
how to rework your notes. 


OBJECTIVES 


® Find the square root of a number. 

@ Simplify the square root of a variable expression. 

& Approximate the square root of a number by using a calculator. 
4 Find nth roots. 

‘5 Multiply radical expressions. 

6 Divide radical expressions. 

7 Evaluate radical functions. 

8 Find the domain of a radical function. 


Square Roots 


Consider the equation x” = 36. There are two solutions to this equation: x = 6 and 
x = —6. 
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Quick Check 1 
Simplify. 


a) VO » |= 


c) —V36 


Square Root 
| A number a is a square root of a number D if a* = b. | 


The numbers 6 and —6 are square roots of 36 because 6* = 36 and (—6)? = 36. The 
number 6 is the positive square root of 36, while the number —6 is the negative 
square root of 36. 


Objective 1 Find the square root of a number. 


Principal Square Root 
The principal square root of b, denoted Vb, for b > 0, is the positive number 


asuch that a* = b. 


The expression Vb is called a radical expression. The sign Vis called a radical 
sign, while the expression contained inside the radical sign is called the radicand. 


Simplify V25. 


SOLUTION Weare looking for a positive number a such that a* = 25. The num- 
ber is 5,so V25 = 5. 


1 

Simplify ,/—. 

imp yi 
SOLUTION B cause (+) t : V5 4 
° a) "33° 99” 3° 


Simplify —V/49. 


SOLUTION In this example, we are looking for the negative square root of 49, 
which is —7. So —V49 = —7. We can find the principal square root of 49 first and 
then make it negative. 


The principal square root of a negative number, such as V —49, is not a real num- 
ber because there is no real number a such that a” = —49. We will learn in Section 9.6 
that V—49 is called an imaginary number. 


Square Roots of Variable Expressions 


Objective 2 Simplify the square root of a variable expression. Now we 
turn our attention to simplifying radical expressions containing variables, such 
as V x°. 


Simplifying Va? 
For any real number a, Va = lal. 


You may be wondering why the absolute value bars are necessary. For any non- 
negative number a, Va = a. For example, V8? = 8. The absolute value bars 
are necessary in order to include negative values of a. Suppose a = —10. Then 


Quick Check 3 
Simplify V 64x". 
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Ve= Vv (—10)’, which is equal to V/100, or 10. So Ve equals the opposite of 
a. In either case, the principal square root of a’ will be a nonnegative number. 


ve= | a ifa=0 


—a ifa<0O 


The absolute value bars address both cases. We must use absolute values when deal- 
ing with variables because we do not know whether the variable is negative. 


Simplify Wx! 


SOLUTION We begin by rewriting the radicand as a square. Note that x° = (x*)*. 
Vx° = V(x3)?_ Rewrite the radicand as a square. 
= |x? 
* 


Simplify. 


Because we do not know whether x is negative, the absolute value bars are necessary. 


Simplify V 64y"°. 


SOLUTION Again, we rewrite the radicand as a square. 


V64y" = V/(8y5)? Rewrite the radicand as a square. 
= |8y°| Simplify. 


Because we know that 8 is a positive number, we can remove it from the absolute 
value bars. This allows us to write the expression as 8|y"|. 


Quick Check 2 
Simplify. 
a) Va" b) V.25b” 


Simplify V 36x‘. 
SOLUTION We rewrite the radicand as a square. 


V36x* = V/(6x?)? Rewrite the radicand as a square. 
= |6x?| Simplify. 


Because we know that 6 is a positive number, it can be removed from the absolute 
value bars. Because x” cannot be negative either, it may be removed from the ab- 
solute value bars as well. 


V36x* = 6x? 


From this point on, we will assume that all variable factors in a radicand repre- 


sent nonnegative real numbers. This eliminates the need to use absolute value 
bars when simplifying radical expressions whose radicand contains variables. 


Approximating Square Roots Using a Calculator 


Objective 3 Approximate the square root of a number by using a calcu- 
lator. Consider the expression V/12. There is no positive integer that is the square 
root of 12. In such a case, we can use a calculator to approximate the radical ex- 
pression. All calculators have a function for calculating square roots. Rounding to 
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the nearest thousandth, we see that V12 ~ 3.464. The symbol ~ is read as is ap- 
proximately equal to; so the principal square root of 12 is approximately equal to 
3.464. If we square 3.464, it is equal to 11.999296, which is very close to 12. 


Approximate V42 to the nearest thousandth using a calculator. 


SOLUTION Because 6? = 36 and 7* = 49, we know that 42 must be a number 
between 6 and 7. 


V42 ~ 6.481 


Quick Check 4 
Approximate V 109 to the nearest thousandth using a calculator. 


Using Your Calculator We can approximate square roots by using the TI-84. 


e425 


6. 450748693 


nth Roots 


Objective 4 Find nth roots. Now we move on to discuss roots other than 
square roots. 


Principal nth Root 


For any positive integer m > 1 and any number b, if a” = b and both a and b 
have the same sign, a is the principal nth root of b, denoted a = W/b. The num- 
ber n is called the index of the radical. 


A square root has an index of 2, and the radical is written without the index. If the 
index is 3, this is called a cube root. If is even, the principal nth root is a nonnega- 
tive number, but if 1 is odd, the principal nth root has the same sign as the radicand. 
As with square roots, an even root of a negative number is not a real number. For 
example, Y/—64 is not a real number. However, an odd root of a negative number, 
such as V/ —64, is a negative real number. 


Simplify V/125. 


SOLUTION Look for anumber that, when cubed, is equal to 125. Because 125 = 5°, 


Vi3s = VG) = 5. 


Simplify V/81. 


SOLUTION In this example, we are looking for a number that when raised to the 
fourth power is equal to 81. (We can use a factor tree to factor 81.) Because 
81 = 34 W1 = W(3)* = 3. 


Quick Check 5 
Simplify. 

a) W/27 b) 1256 
c) W/-343 


Quick Check 7 


Simplify V/—243x>y". 
(Assume that x and y are 
nonnegative.) 


Quick Check 8 


Simplify Vx? + 10x + 25. 


(Assume that x = —5.) 
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Using Your Calculator Find the function for calcu- * HUM CP PRE 
lating nth roots on the TI-84 by pressing the key and : 
selecting option 5 under the MATH menu. 


Press the index for the radical, the nth root function, and 4"7CS13 
then the radicand inside a set of parentheses. Here is the 3 
screen shot of the calculation of W/81. 


Simplify VW —32. 


SOLUTION Notice that the radicand is negative. So we are looking for a negative 
number that when raised to the fifth power is equal to —32. (If the index were 
even, this expression would not be a real number.) Because (—2)° = —32, 


V2 = W(-F = 2. 


For any nonnegative number x, Wat = x. 


Simplify V x”°. (Assume that x is nonnegative.) 


SOLUTION We begin by rewriting the radicand as an expression raised to the 


fourth power. We can rewrite x*” as (x°)*. 


7 x29 = W/(x°)* Rewrite the radicand as an expression raised 
to the fourth power. 


II 
x 


Simplify. 


Quick Check 6 
Simplify Vx. (Assume that x is nonnegative.) 


Simplify V/64a°b’c?!. (Assume that a, b, and c are nonnegative.) 


SOLUTION. We begin by rewriting the radicand as a cube. We can rewrite 64a°b’c"! 
as (4ab°c’)?. 
W64a3b°c2! = W/(4ab3c’)3_ Rewrite the radicand as a cube. 
= 4ab>c’ Simplify. 


Simplify V x? — 8x + 16. (Assume that x = 4.) 


SOLUTION This is a square root, so we must begin by rewriting the radicand as a 
square. If we factor the radicand, we see that it can be expressed as (x — 4)(x — 4), 
or (x — 4), 

Vx? — 8x + 16 = V(x — 4)? Rewrite the radicand as a square. 


=x-4 Simplify. (Because x = 4, x — 4 is nonnegative.) 


486 CHAPTER9 Radical Expressions and Equations 


Quick Check 9 


Multiply V6b5 - V/150b°. 


(Assume that b is nonnegative.) 


Quick Check 10 
Multiply 3V6-8V6. 


Multiplying Radical Expressions 


Objective 5 Multiply radical expressions. We know that V9- V/100 = 3-10, 
or 30. We also know that V9-100 = V900, or 30. In this case, we see that 
V9-V100 = V9- 100. If two radical expressions with nonnegative radicands have 
the same index, we can multiply the two expressions by multiplying the two radi- 
cands and writing the product inside the same radical. 


Product Rule for Radicals 
For any root n, if Wa and Wb are real numbers, then Wa : Wb = Wab. 


For example, the product of V2 and V8 is V16, which simplifies to equal 4. 


Multiply V45n- V5n. (Assume that n is nonnegative.) 
SOLUTION Because both radicals are square roots, we can multiply the radicands. 


V45n+-V5n = V225n* Multiply the radicands. 
= 15n Simplify the square root. 


Multiply 7V2-9V2. 


SOLUTION We multiply the factors in front of the radicals by each other and mul- 
tiply the radicands by each other. 


7V2°9V2 = 63V4 Multiply the factors in front of the radicals (7-9). 
Multiply the radicands. 
= 63-2 Simplify the square root. 
= 126 Multiply. 


Dividing Radical Expressions 


Objective 6 Divide radical expressions. We can rewrite the quotient of two 
radical expressions that have the same index as the quotient of the two radicands 
inside the same radical. 


Quotient Rule for Radicals 


n 
a 


For any root n, if Wa and Wb are real numbers and b # 0, then ve = B 
n b 


V1 
Simplify Wa 


SOLUTION Because both radicals are square roots, we begin by dividing the radi- 
cands. We write the quotient of the radicands under a single square root. 


V 108 108 . : : 
hg an es Rewrite as the square root of the quotient of the radicands. 


= V36 Divide. 
= 6 Simplify the square root. 


Quick Check 11 
Simplify. 

V350 W/2916a'® 
a) b) 

vil4 12a? 


(Assume that a is nonnegative.) 


Quick Check 12 

For the radical function 

jee) = Wane ce 13 ce BS}, iniaval 
iss), 
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3/ayypy7 
Ob 
Simplify —, ae 


Because the index of both radicals is the same, begin by dividing the 


3 7 
40b 
ae = 3 = Divide the radicands. 
WV 5b 


(Assume that b is nonnegative.) 


SOLUTION 
radicands. 


= W8b°> Simplify the radicand. 
= 2b Simplify the radical. 


Radical Functions 


Objective 7 Evaluate radical functions. A radical function is a function that 
involves radicals, such as f(x) = Vx — 4 + 3. 


For the radical function f(x) = Vx + 5 — 2, find f(-1). 
SOLUTION | To evaluate this function, substitute —1 for x and simplify. 


f(-1) = V(-1) +5 -—2 Substitute —1 for x. 
=V4-2 Simplify the radicand. 
=2-2 Take the square root of 4. 
a Subtract. 


Finding the Domain of Radical Functions 


Objective 8 Find the domain of a radical function. Radical functions in- 
volving even roots are different from many of the functions we have seen to this point 
in that their domain is restricted. To find the domain of a radical function involving 
an even root, we need to find the values of the variable that make the radicand non- 
negative. In other words, set the radicand greater than or equal to zero and solve. The 
domain of a radical function involving odd roots is the set of all real numbers. Re- 
member that square roots are considered to be even roots with an index of 2. 


Find the domain of the radical function f(x) = Vx — 9 + 7. 
Express your answer in interval notation. 


SOLUTION Because the radical has an even index, we begin by setting the radi- 
cand (x — 9) greater than or equal to zero. We solve this inequality to find the 


domain. 
x —920 Set the radicand greater than or equal to 0. 


x29 Add9. 


The domain of the function is [9, 00). 


Quick Check 13 


Find the domain of the radical function f(x) = W/x + 18 — 30. Express your 
answer in interval notation. 
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Quick Check 14 


Find the domain of the radical function f(x) = V/14x — 9 + 21. 
Express your answer in interval notation. 


SOLUTION Because this radical function involves an odd root, its domain is the 
set of all real numbers R. This can be expressed in interval notation as (— 0°, 00), 


Find the domain of the radical function f(x) = 16x — 409 + 38. Express your 
answer in interval notation. 


BUILDING YOUR STUDY STRATEGY 


Note Taking, 1 Choosing a Seat One important yet frequently overlooked 
aspect of effective note taking is choosing an appropriate seat in class. You 
must sit where you can clearly see the board, preferably in the center of the 
room. Try not to sit behind anyone who will obstruct your vision. 

Location also impacts your ability to hear your instructor clearly. You will 


find that your instructor speaks toward the middle of the classroom; so find- 
ing a seat toward the center of the classroom should ensure that you hear 
everything your instructor says. Try not to sit close to students who talk to 
each other during class; their discussions may distract you from what your in- 


structor is saying. 


In summary, try to choose your classroom seat the same way you choose a 
seat at a movie theater. Make sure you can see and hear everything. 


Vocabulary 
1. A number ais a(n) __________ of a number b 
(ier 
2. The ________ square root of b, denoted Vb, for 


b > 0, is the positive number a such that a* = b. 


. For any positive integer n > 1 and any number J, if 


a" = band botha and b have the same sign, a is the 
principal ________ of b, denoted a = v/b. 


. For the expression a = W/b, nis called the 


of the radical. 


. The expression contained inside a radical is called 


the 


. A radical with an index of 3 is also known as a(n) 


root. 


. A(n) is a function that involves 


radicals. 


. The domain of a radical function involving an even 


root consists of values of the variable for which the 
radicand is 


ap #F, &| =| & 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Simplify the radical expression. Indicate if the expression 
is not a real number. 


9. V'36 10. V64 
11. V4 12. V100 
13. ./— 14. /— 

81 49 

25 121 
17. V—-16 18. V—36 
19. —V/49 20. —V8l1 


Simplify the radical expression. Where appropriate, 
include absolute values. 


PA A/a 22.7 E" 


23..Vix" 24. 


% VJ? 
25. V9x° 26. V 16x" 
214 Pea 28. =x 
29. Val®b” 30. V mon” 
31. 1 /8yl0z14 32. 1 /20 y16 226 


Find the missing number or expression. Assume that all 
variables represent nonnegative real numbers. 


33. V? =9 34. V? = 16 
35. V? = 3x 36. V? = 5a? 


Approximate to the nearest thousandth using a calculator. 


37. V55 38. V98 
39. V326 40. V'409 
41. V0.53 42. V0.06 


Simplify the radical expression. Assume that all vari- 
ables represent nonnegative real numbers. 


43. W/125 44, \/—64 
45. \/—243 46. \/1296 
AT. W/ x9 48. V/ x°° 

49. V/a‘"*b™¥ 50. W mn" 
51. W/343m2! 52. W/216n” 
53. VW 81x!2y 54. W/ 645° 


55. Vx + 6x4+ 9x = -3 
56. Vx7 + 12x + 36,x = -6 


Simplify. Assume that all variables represent nonnegative 
real numbers. 


57, V27- V3 58. V8- V8 
59. V'10- V90 60. V2: V72 
61. Va?» Va"? 62. Vb. Vb 
63. Vx". x 64. V x8. xB 
65. oo 66. ee 

V5 V7 

V8 VIB 
69, Y= 10, ¥2 

Ve Ve 

ae a 

71. Va 72. Va 
73. W/6- \/36 74, \/12+ W/18 
75. W/ 48-27 76. \/16+ \/64 
77, x7 Wx 78. W/ x19. W x4! 
79. Walp’. Wath 80. W/m Sn’ W/min® 

W324 W875 
81. = 82. oA 

2 x2 4 x29 
83. a 84. V1 


85. 7V6-8V6 86. 
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88. 11V8-2V50 
90. 15Vx-8Vx 


87. 5V12+10V27 
89. 9Vx-12Vx 


Find the missing number. 


91. V20-V? = 10 92. V21-V? = 42 


Evaluate the radical function. Round to the nearest thou- 
sandth if necessary. 


95. f(x) = Vx — 5; find f(21). 


Find the domain of the radical function. Express your 
answer in interval notation. 


103. f(x) = Vx —4+ 11 
104. f(x) = V2x +9 — 20 


105. f(x) = V3x — 8-17 
106. f(x) = W/4x — 34 
107. f(x) = VI3 — 2x + 5 


108. f(x) = V8 -—x-2 
109. f(x) = V15x — 42 + 6 
110. f(x) = V10x + 115 — 45 


a==- Writing in Mathematics 


Answer in complete sentences. 


111. Which of the following are real numbers, and which 
are not real numbers: —V64, V —64, — V 64, W/—64? 


Explain your reasoning. 


112. Explain how to find the domain of a radical function. 
Use examples. 
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Quick Check 2 


Rewrite (x*”y*z%)'/4 as a radical 


expression and simplify if possi- 
ble. (Assume that all variables 
represent nonnegative values.) 


OBJECTIVES 


Dp Simplify expressions containing exponents of the form 1/n. 
@ Simplify expressions containing exponents of the form m/n. 
® Simplify expressions containing rational exponents. 

4 Simplify expressions containing negative rational exponents. 
‘5 Use rational exponents to simplify radical expressions. 


Rational Exponents of the Form 1/n 


Objective 1 Simplify expressions containing exponents of the form 1/n. 
We have used exponents to represent repeated multiplication. For example, x” says 
that the base x is a factor n times. 

= 22d 

x8 = xox KK KX 


We run into a problem with this definition when we encounter an expression with a 
fractional exponent, such as x’”. Saying that the base x is a factor 5 times does not 
make any sense. Using the properties of exponents introduced in Chapter 5, we 
know that x'?+x'? = y!?*!?, or x. If we multiply x’” by itself, the result is x. The 
same is true when we multiply Vx by itself, suggesting that x!” = Vx. 


"For any integer n > 1, we define a’” to be the nth root of a, or Va.) 


Rewrite 81!" as a radical expression and simplify if possible. 


SOLUTION 


814 = W/81 Rewrite as a radical expression. An exponent of 1/4 is 
equivalent to a fourth root. 
= W/34 Rewrite the radicand as a number to the fourth power. 


=3 Simplify. 


Rewrite (—125x°)"* as a radical expression and simplify if possible. 


SOLUTION 


(—125x°)!8 = W/(-5x?)3_ Rewrite as a radical expression. Rewrite the 
radicand as a cube. 


= —5x? Simplify. Keep in mind that an odd root of 
a negative number is negative. 


Quick Check 1 
Rewrite as a radical expression and simplify if possible. 


a) 3612 b) (=32x"))" 


Rewrite (a'°b°c*’)'” as a radical expression and simplify if possible. 


SOLUTION 


5 P . 
(a°b°c*)'8 = Wa"b’c® Rewrite as a radical expression. 


= W(a@bc*)> Rewrite the radicand. 
= pe Simplify. 
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For any negative number x and even integer n, x!” is not_a real number. For exam- 


ple, (—64)"° is not a real number because (—64)° = \/—64 and an even root of a 
negative number is not a real number. 


Rewrite W/x by using rational exponents. 


SOLUTION 
Quick Check 3 Wx = x! Rewrite using the definition Wx = x!"". 
Rewrite Va using rational 
exponents. 


Rational Exponents of the Form m/n 


Objective 2 Simplify expressions containing exponents of the form m/n. 
We now turn our attention to rational exponents of the form m/n for any integers 
mandn > 1.The expression a”” can be rewritten as (a'”), which is equivalent to 


(Wa)”. 


~ 


For any integers m and n,n > 1, we define a’ to be (W/a)". This is also equivalent 


to Va”. The denominator in the exponent, n, is the root we are taking. The nu- 
merator in the exponent, m, is the power to which we raise this radical. 
power — 


qn 


When simplifying an expression of the form a’, take the nth root of a first if Wa 


can be simplified. Otherwise, raise a to the m power and then attempt to simplify 
n/m 
a”. 


Rewrite (243x'°)*° as a radical expression and simplify if possible. 


SOLUTION 


Rewrite the radicand. 


II 
—~ —~ 
in 
es) 
= 
Ne 
<7 
nn 
es 


= (3x7) Simplify the radical. 
= 27%" Raise 3x” to the third power. 


Quick Check 4 
Rewrite (4096x!*)°/° as a radical expression and simplify if possible. (Assume 
that x is nonnegative.) 


Rewrite Vx by using rational exponents. 


SOLUTION 


5 ; : cor 
x? = x°° Rewrite using the definition Vx = x”. 


Quick Check 5 


Rewrite N/x5 by using rational exponents. (Assume that x is nonnegative.) 
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Quick Check 7 

Simplify the expression 
(7°)32_ (Assume that x is 
nonnegative.) 


Simplifying Expressions Containing 
Rational Exponents 
Objective 3 Simplify expressions containing rational exponents. The 


properties of exponents developed in Chapter 5 for integer exponents are true for 
fractional exponents as well. Here is a summary of those properties. 


Properties of Exponents 
For any bases x and y: 


ni mtn 
= & 


Add the exponents; keep the base. 
Rewrite the fractions with a common denominator. 
Add. 


Quick Check 6 
Simplify the expression x°*- x”*. (Assume that x is nonnegative.) 


Simplify the expression (x**)*°. (Assume that x is nonnegative.) 


SOLUTION When raising an exponential expression to another power, multiply 
the exponents and keep the base. 


3,2 


(x?4)5 = x5 Multiply the exponents; keep the base. 
= x39 Multiply. 


bt \3?2 
Simplify the expression (=) , where c # 0,d # 0. (Assume 
c 
that all variables represent nonnegative values.) 


SOLUTION Begin by raising each factor to the 3 power. 


bt 3/2 b* 5 
( ;) = 777 _~=«CRaise each factor to the 5 power. 
Cc Cc 2 
=n Multiply exponents. 
re 


Quick Check 8 
Bo Ne 
Simplify the expression (=) , where y # 0,z # 0. 
Wee 


Quick Check 9 


Simplify the expression 81°”. 


Quick Check 10 
Simplify the expression 
Wx Wx. (Assume that x is 


nonnegative.) Express your 
answer in radical notation. 
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Simplifying Expressions Containing 
Negative Rational Exponents 


Objective 4 Simplify expressions containing negative rational exponents. 


Simplify the expression 64>”. 


SOLUTION Begin by rewriting the expression with a positive exponent. 


1 
64-56 = mr Rewrite the expression with a positive exponent. 
1 — : ' 
= ( Fé : Rewrite in radical notation. 
4 

1 does : 
= 55 Simplify the radical. 

1 ; , 
= 35 Raise 2 to the fifth power. 


Using Rational Exponents to Simplify 
Radical Expressions 


Objective 5 Use rational exponents to simplify radical expressions. In 
the previous section, we learned that we may multiply two radicals if they have the 
same index. In other words, Wa-/b = Wab if W/aand Wb are real numbers. If the 
two indices are not the same, we can use fractional exponents to multiply the radicals. 


Simplify the expression Va- Wa. (Assume that a is nonnegative.) 
Express your answer in radical notation. 


SOLUTION Begin by rewriting the radicals using fractional exponents. 


Va: Wa = a'?+a" Rewrite both radicals using fractional exponents. 


= @ Add the exponents, keeping the base. 
= qitio Rewrite each fraction with a common denominator. 
= qi Add. 

10/7 


= a Rewrite in radical notation. 


BUILDING YOUR STUDY STRATEGY 


Note Taking, 2 Note-Taking Speed “I’m a slow writer. There’s no way I can 
take down all of the notes in time.” This is a common concern for students. Try 
to focus on writing down enough information so that you will understand the 
material later, rather than thinking you must copy every word your instructor 
writes or speaks. Then rewrite your notes, filling in any blanks or adding ex- 
planations, as soon as possible after class. 


During class, try to use abbreviations whenever possible. Write your notes 
using phrases rather than complete sentences. 

With your instructor’s approval, you may want to record a lecture. After 
class, you can use the recording to help fill in holes in your notes. 

If you are falling behind in your note taking, leave space in your notes. 
Afterward ask a classmate if you can borrow his or her notes to get the in- 
formation you missed. 
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Myniathiab) 


Vocabulary 


1. For any integer n > 1,a'” = 


2. For any integers m and n,n > 1, a” = 


3. An exponent of the form m/n is said to be a(n) 
exponent. 
4. For the expression x”, m represents the 


to which x is raised and n represents the 
is being taken. 


that 


Rewrite each radical expression using rational exponents. 


5. Wx 6. W/a 
IVI 8. \/10 
9.9Wd 10. \/9d 


Rewrite as a radical expression and simplify if possible. As- 
sume that all variables represent nonnegative real numbers. 


11. 641” i es 

13. (—343)'8 14. (—1024)"5 

15. Gee 16. as aa 

17. (64a"b")" 18. 23°) 

19. (—243x>y%z5)¥ 20. (12 


Rewrite each radical expression using rational expo- 
nents. Assume that all variables represent nonnegative 
real numbers. 


21. (Wx) 22. (Wx)! 

23. (Wy)8 24, (N7%a)!7 
25. (W3x’)’ 26. (W2x*)? 
27. (W/10x*y>)3 28. (W/aSb’c)4 


Rewrite as a radical expression and simplify if possible. 
Assume that all variables represent nonnegative real 
numbers. 

20, 25° 

a; 32° 

33. ea 

35. (256a°b™*)*4 


30. 16°" 

32. 1000” 

34, (yr? 

36. (Ag 9?" 


37. (—125x°y5z3)* 38. (256a‘b*c”)™ 


<=> 


=| B| S| & 


PRACTICE 


WATCH DOWNLOAD READ REVIEW 


Simplify the expression. Assume that all variables repre- 
sent nonnegative real numbers. 


39, 7/10 . x 10 40 x34 o x4 
41. x43 e x1? 42. x 07 . xll4 
43. a? <i a>" 7 qi’ 44, m5 o m2 . m9 
45. a yr gtgt 46. ry? . Pe 
47. Cad all : Cad a 
49. (a)? 50. a 
51. Grey 52. (xe? 
x4 x 7/6 
53. 3/10 (x F 0) 54. yun (x F 0) 
5/8 9/10 
55. 13 (x F 0) 56. 521/40 (x F 0) 
57. (x54)? (x # 0) 58. (x2) (x # 0) 
59, 321° 60. 12519 
61. 27-7 62. 100-37 
63. 216 “+216” 64. 16°°"-16°"4 
12 2/3 1634 
65 : 66. 
12578 1624 
2167" 432 
61. Sai 68.5 


Simplify each expression. Assume that all variables rep- 
resent nonnegative real numbers. Express your answer in 
radical notation. 


69. Wx Wx 
1. \Va- Wa 72, 7b Vb 


y Vn 

73. Vin (m # 0) 74. — = (n # 0) 
30 x 10, x 

75. (x # 0) 76. (x # 0) 


e===- Writing in Mathematics 
Answer in complete sentences. 


77. Is —16'” a real number? Explain your answer. 


78. Is 16“ areal number? Explain your answer. 
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OBJECTIVES 
@® Simplify radical expressions by using the product property. 
@ Add or subtract radical expressions containing like radicals. 
@ Simplify radical expressions before adding or subtracting. 


Simplifying Radical Expressions Using 
the Product Property 


Objective 1 Simplify radical expressions by using the product property. 
A radical expression is considered simplified if the radicand contains no factors 
with exponents greater than or equal to the index of the radical. For example, WV x° 
is not simplified because an exponent inside the radical is greater than the index of 
the radical. The goal for simplifying radical expressions is to remove as many fac- 
tors as possible from the radicand. We will use the product property for radical ex- 
pressions to help us with this. 

We could rewrite Wx as \/x3- x2, then rewrite this radical expression as the 
product of two radicals. Using the product property for radicals, Va: Wb = Wab, 
we know that W/x3+ x? = Wx3+ W/x?. The reason for rewriting W/x° as Wx3 + Wx? 
is that the radical Wx? equals x. 


3 
= xV x? 


Now the radicand contains no factors with an exponent that is greater than or equal 
to the index 3 and is simplified. 


Simplifying Radical Expressions 
e¢ Completely factor any numerical factors in the radicand. 


e Rewrite each factor as a product of two factors. The exponent for the first 
factor should be the largest multiple of the radical’s index that is less than or 
equal to the factor’s original exponent. 


Use the product property to remove factors from the radicand. 


Simplify Va®. (Assume that a is nonnegative.) 


SOLUTION. We begin by rewriting a’ as a product of two factors. The largest mul- 
tiple of the index (4) that is less than or equal to the exponent for this factor (23) 
is 20; so we will rewrite a™ as a”°- a’. 

Var a Va Rewrite a” as the product of two factors. 


= Wa®-Wa? Use the product property of radicals to rewrite the 
radical as the product of two radicals. 


= &WVa Simplify the radical. 


Quick Check 1 
Simplify Vx’. (Assume that x is nonnegative.) 
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Quick Check 4 
Simplify V/ 280. 


Simplify V x!'y!°z°. (Assume that all variables represent nonnega- 
tive values.) 


SOLUTION Again, we begin by rewriting factors as a product of two factors. In 
this example, the exponent of the factor y is a multiple of the index 2. We do not 
need to rewrite this factor as the product of two factors. 


Vxllyl0es = V(x!- x) y!(z4+z) Rewrite factors. 
= Vxldyi0zt. Vxz Rewrite as the product of two radicals. 
= PP ?VxzZ Simplify the radical. 


Quick Check 2 
Simplify V a*b'°c’d. (Assume that all variables represent nonnegative values.) 


Simplify V24. 
OLUTION Begin by rewriting 24 using its prime factorization (27-3). 


V24 = V23-3 Factor 24. 
= V(2?-2):3 Rewrite 2? as 2?-2. 
= V/2?-/2+3 Rewrite as the product of two radicals. 
= 2V6 Simplify. 
We could have used a different tactic to simplify this square root. The largest fac- 
tor of 24 that is a perfect square is 4; so we could begin by rewriting 24 as 4-6. Be- 


cause we know that the square root of 4 is 2, we could factor 4 out of the radicand 
and write it as 2 in front of the radical. 


V24 = V4-6 
= 2/6 


Quick Check 3 
Simplify V90. 


Simplify W/324. 
SOLUTION Begin by factoring 324 to be 27+ 34. 


W324 = W/2?-34 Factor 324. 
= W2?-(33+3) Rewrite 34 as 3°-3. 
= \/33-W/2?-3 Rewrite as the product of two radicals. 
= 3W12 Simplify. 


There is an alternative approach for simplifying radical expressions. Suppose we 
were trying to simplify V/a**. Using the previous method, we would arrive at the 


5 
answer OV a. 


Va® = Wa*+a3 Rewrite a*’ as a+ a? because 45 is the highest 
multiple of 5 that is less than or equal to 48. 


W/as+\/a?_ Rewrite as the product of two radicals. 
= 0Wd Simplify. 
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We know that for every five times a is repeated as a factor in the radicand, we can 
take a° out of the radicand and write it as a in front of the radical. We need to deter- 
mine how many groups of five can be removed from the radicand, using division. If 
we divide the exponent 48 by the index 5, the quotient is 9 with a remainder of 3. 
When we divide the exponent of a factor in the radicand by the index of the radical, 
the quotient tells us the exponent of the factor removed from the radicand and the 
remainder tells us the exponent of the factor remaining in the radicand. 


An Alternative Approach for Simplifying Wx? 
° Divide pbyn:? =q +7 
e The quotient g tells us how many times x will be a factor in front of the radical. 


e The remainder r tells us how many times x will remain as a factor in the 
radicand. 


n n ‘a 
xe = XIN x 


Simplify Y/a*!b'8c°d™. (Assume that all variables represent non- 
negative values.) 


SOLUTION We will work with one factor at a time, beginning with a. The index, 6, 
divides into the exponent, 31, five times with a remainder of one. This tells us we 
can write a° as a factor in front of the radical and can write a‘, or a, in the radicand. 


46/ 46/ 
a b8ed3 = a ab¥’ ed 


For the factor b, 18 + 6 = 3 with a remainder of 0. We will write b* as a factor in 
front of the radical, and because the remainder is 0, we will not write b as a factor 
in the radicand. For the factor c, the index does not divide into 5, so c> remains as a 
factor in the radicand. Finally, for the factor d,53 + 6 = 8 with a remainder of 5. 
We will write d* as a factor in front of the radical and d° as a factor in the radicand. 


16/ ap 8.5453 = eobpdw/ acd 


Quick Check 5 
Simplify V x y°z ws, 


Adding and Subtracting Radical Expressions 
Containing Like Radicals 


Objective 2 Add and subtract radical expressions containing like radicals. 


Like Radicals 


Two radical expressions are called like radicals if they have the same index and 


the same radicand. 


The radical expressions 5W/4x and 9V/ 4x are like radicals because they have the 
same index (3) and the same radicand (4x). Here are some examples of radical ex- 
pressions that are not like radicals. 


V5 and W5 The two radicals have different indices. 
VW7x2y3 and W7x3y* The two radicands are different. 
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Quick Check 8 
Simplify V63 + V7. 


We can add and subtract radical expressions by combining like radicals similar to 
the way we combine like terms. We add or subtract the coefficients in front of the 
like radicals. 


6V2 + 3V2 = 9V2 


Simplify 12V13 + V3 + V3 — 6V13. 


SOLUTION There are two pairs of like radicals in this example. There are two rad- 
ical expressions containing V/13 and two radical expressions containing V3. 


12V13 + V3 + V3 - 6VI3 
= 6V13 + V3 + V3 Subtract 12V/13 — 6V13. 
= 6V13 + 2V3 Add V3 + V3. 


Quick Check 6 
Simplify 9V10 — 13V5 + 6V10 + 8V5. 


Simplify 18W/x3y2 — 2Wx2y3 — 8W x32. 
SOLUTION Of the three terms, only the first and third contain like radicals. 


18V ey — 2V xy — BV ey = 10 v xy — 2V xy" 
Subtract 18W/ x3y? — 8W/x3y?. 


Quick Check 7 
Simplify 16W a‘b? — 11V/ ab? — 5W/a'b’. 


Objective 3 Simplify radical expressions before adding or subtracting. 
Are the expressions V24 and V54 like radicals? We must simplify each radical 
completely before we can determine whether the two expressions are like radicals. 
In this case, V24 = 2V/6 and V54 = 3V6;s0 V24 and V54 are like radicals. 


Simplify V12 + V3. 


SOLUTION We begin by simplifying each radical completely. Because 12 can be 
written as 4-3, V12 can be simplified to 2V3. We also could use the prime 
factorization of 12 (27-3) to simplify V12. 


V12 + V3 = V4-3 4+ V3 Factor 12. 
= 2V3+ V3 — Simplify V4-3. 
= 3V3 Add. 


Simplify V45 — V80 — V20. 


SOLUTION In this example, we must simplify all three radicals before proceeding. 


V45 — V80 — V20 = V9-5 — V16°5 — V4-5_ Factor each radicand. 
= 3V5 — 4V5 — 2V5 Simplify each radical. 
= —3V5 Combine like radicals. 


Quick Check 9 
Simplify V18 — V32 + V98. 
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BUILDING YOUR STUDY STRATEGY 


Note Taking, 3 Things to Include What belongs in your notes? Begin by in- 
cluding anything your instructor writes on the board. Instructors give verbal 
cues when they want you to include something in your notes. Your instructor 
may pause to give you enough time to finish writing in your notebook or may 


repeat the phrase to make sure you accurately write down the statement in 
your notes. 

Some instructors warn the class that a particular topic, problem, or step is 
difficult. When you hear this, your instructor is telling you to take the best 
notes you can because you will need them later. 


Mynizthiab\y «zp, [5 | G | Es a 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary Add or subtract. Assume that all variables represent non- 
; . . negative real numbers. 
1. Two radical expressions are called if 
they have the same index and the same radicand. 35. 10V5 + 17V5 
2. To add radical expressions with like radicals, add the 36. 8V11 — 19V11 
___________ of the radicals and place the sum in 37. 9/4 — 15/4 
front of the like radical. 38. 140/20 + 6v/20 
39. 10V15 — 3V15 + 8V15 
Simplify. 40. 7V6 — 19V6 — 32V6 
3, Vi 4 MAS 41. 10V7 — 3V3 — 18V3 —- 5V7 
see oe 42. 9V10 + VI7 - 3VI7 + 8V10 
7. V432 8. V448 
9. V'192 10. V/800 43. (8V2 — 4V3) — (6V2 + 9V3) 
11. V/1296 12. /2187 
13. W/1200 14. \/448 44, (2V5 + 7V6) — (11V6 — 13V5) 
Simplify the radical expression. Assume that all vari- 45. 5Vx — 7Vx 
ables represent nonnegative real numbers. 46. 13Vy + 12Vy 
1B. VS 16 WE 47. 3W/a + 8V/a 
; Wx — 2Wx 
17. Wm 18. Wx” NS i 
19, \/x" 20. 52 49. 16V'x — 9Vx + 15Vx 
a x82 _ Hpi 50. —24Vx — 17Vx + 3Vx 
~Vx ~ Varb 
33 Z aa 5L. 4Vx — 11Vy — 6Vy + Vx 
. Vxy 24. Vix" y 
95 STREET: 26 118,28 52. -2Va + 9Vb — 18Va — 5Vb 
x rs 
ie 53. 8\/x + 7Wx — 10Wx + 13x 
27. WxByllz 28. yy 72 54. Wab3 + 12W ab) + 23Wab> — 25W ab 
55. V50 + V128 
4/ 14735 9 5/3325 24 
29, Wal? 30. Wa®b°c4 56, VB — V300 
31. V 27x! y” 32. V150x"4y5 ple EE = VO) 
58. 8V/320 + 13V125 
33. W162x* y®z!6 34, W/250x!y5z3 59. 10V3 + 2V27 + 5V108 


60. 3V98 — 6V200 — 14V2 
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61. 6W/2 + 7W/1250 — 2/162 67. (350 — V405) — (7) = 3V98 — 1320 
62. 3/3 — 5W/24 — 8V/192 
63. 20Vi — 9VIB — 13-VI47 — BVT 68. (4/224 — 2/360) — (7) = Ve40 + 4350 


64. 6V/50 + 7V180 — 10V162 + 15/405 
e===- Writing in Mathematics 


Answer in complete sentences. 


Find the missing radical expression. 
: " 69. Explain how to simplify V360. 


65. (8V3 + 7V2) + (?) = 15V3 - 4V2 


70. Explain how to determine whether radical expres- 
66. (3200 — 6/108) + (?) = 19V2 — 50V3 sions are like radicals. 


OBJECTIVES 


(1) Multiply radical expressions. 

@ Use the distributive property to multiply radical expressions. 
3 Multiply radical expressions that have two or more terms. 
‘4 Multiply radical expressions that are conjugates. 

Ss) Rationalize a denominator that has one term. 

6 Rationalize a denominator that has two terms. 


Multiplying Two Radical Expressions 


Objective 1 Multiply radical expressions. In Section 9.1, we learned how to 
multiply one radical by another as well as how to divide one radical by another. 


Multiplying Radicals with the Same Index 


For any positive integer n > 1, if Wx and Wy are real numbers, then 


Wx Wy = Way and 


= 
7. 


aU 
Wy 


In this section, we will build on that knowledge and learn how to multiply and di- 
vide expressions containing two or more radicals. We will begin with a review of 
multiplying radicals. 


Multiply V18- V8. 


SOLUTION Because the index of each radical is the same and neither radicand is 
a perfect square, we begin by multiplying the two radicands. 


V18+V8 = V144 Multiply the radicands. 
= 12 Simplify the radical. 


Quick Check 1 
Multiply. 

a) V45- V80 

b) Wx4y2z- Wx8yz4 
c) 4V8-9V6 
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Multiply Wa'8b7c?+ Wa! b8c"”, 


SOLUTION Because powers in each radical are greater than the index of that rad- 
ical, we could simplify each radical first. However, then we would have to multiply 
and simplify the radical again. A more efficient approach is to multiply first and 
then simplify only once. 


Vale?» Wab8c!? = Wa%b'c Multiply the radicands by adding 
the exponents for each factor. 
a’b°c°\/a2c_ Simplify the radical. For each factor, 
take out as many groups of 3 as possible. 


Multiply 9V6 +710. 


SOLUTION Because the index is the same for each radical, we can multiply the 
radicands together. The factors in front of each radical, 9 and 7, will be multi- 
plied by each other as well. After multiplying, we finish by simplifying the radi- 
cal completely. 


9V6-7V10 = 6360 Multiply factors in front of the radicals 
and multiply the radicands. 
= 63V2?-3+5 Factor the radicand. 
= 63-2V3-5 — Simplify the radical. 
= 126V15 Multiply. 
It is important to note that whenever we multiply the square root of an expression 


by the square root of the same expression, the product is equal to the expression it- 
self as long as the expression is nonnegative. 


Multiplying a Square Root by Itself 


For any nonnegative x, 


VxrVx = x. 


Using the Distributive Property 
with Radical Expressions 


Objective 2 Use the distributive property to multiply radical expres- 
sions. Now we will use the distributive property to multiply radical expressions. 


Multiply V5(V/10 — V5). 


SOLUTION Begin by distributing V5 to each term in the parentheses; then multi- 
ply the radicals as in the previous examples. 
V5(V10 — V5) = V5: V10 — V5: V5_ Distribute V5. 
= V50 —5 Multiply. Recall that V5- V5 = 5. 
=5V2-5 Simplify the radical. 


Quick Check 2 
Multiply V12(V3 + V15). 
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Multiply Wx! y°(W xy? + Wx!'y?). (Assume that x and y are 
nonnegative.) 


SOLUTION We begin by using the distributive property. Because each radical has 
an index of 4, we can then multiply the radicals. 


Wx y6( Wx5y 4 Wxlty?) = Wxlys . Why ae Wx!ly6 2 Wxlly? 
Distribute V x!'y°. 
= Wx!6y25 + Wxy8 Multiply by adding 
exponents for each factor. 
= xtyoWy + x5y?Wx? Simplify each radical. 


Because the radicals are not like radicals, we cannot simplify this expression any 
further. 


Quick Check 3 
Multiply V x°y°(Vx3y° — Vx8y7). (Assume that x and y are nonnegative.) 


Multiplying Radical Expressions 
That Have at Least Two Terms 


Objective 3 Multiply radical expressions that have two or more terms. 


Multiply (8V6 + V2)(3V12 — 4V3). 


SOLUTION We begin by multiplying each term in the first set of parentheses by 
each term in the second set of parentheses using the distributive property. Because 
there are two terms in each set of parentheses we can use the FOIL technique. 
Multiply factors outside a radical by factors outside a radical and multiply radi- 
cands by radicands. 


(8V6 + V2)(3VI2 — 4V3) 
= 8+3V6-12 — 8:4V6-3 + 3V2°12 — 4V2-3 Distribute. 


= 24V72 — 32VI8 + 3V24 — 4V6 Multiply. 
= 24-6V2 — 32:3V2 + 3-2V6 — 4V6 Simplify each radical. 
= 144V2 — 96V2 + 6V6 — 4V6 Multiply. 
= 48V2 + 2V6 Combine like radicals. 


Multiply (V5 + V6)’. 


SOLUTION To square any binomial, multiply it by itself. 


(V5 + V6)? = (V5 + V6)(V5 + V6) Rewrite as (5 + V6)(5 + V6). 
= V5°V5 + V5°-V64+ V6°V5 + V6: V6 Distribute. 


=5+ V30 + V30 + 6 Multiply. 
= 11 + 2V30 Combine like 
terms. 


Quick Check 4 
Multiply. a) (5V3 + 4V2)(7V3 — 6V2) b) (V7 — V10)? 
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A WORD OF CAUTION Whenever we square a binomial, such as (V5 + V6)*, we must 
multiply the binomial by itself. We cannot simply square each term. 


(a+b) 4A a > BF 


Multiplying Conjugates 


Objective 4 Multiply radical expressions that are conjugates. The expres- 
sions V13 + V5 and V13 — V5 are called conjugates. Two expressions are conju- 
gates if they are of the form x + y and x — y. Notice that the two terms are the 
same, with the exception of the sign of the second term. 

The multiplication of two conjugates follows a pattern. Let’s look at the prod- 


uct (Vx + Vy)(Ve=— Vy). 
(Vx + Vy)(Vx — Vy) 


x — Vxy + Vxy — y_ Distribute. Note that 
x-Vx = x and 
Vy: Vy = y. 
=x-y Combine the two opposite 


terms —Vxy and Vxy. 


Whenever we multiply conjugates, the two middle terms will be opposites of each 
other; therefore, their sum is 0. We can multiply the first term in the first set of 
parentheses by the first term in the second set of parentheses, multiply the second 
term in the first set of parentheses by the second term in the second set of paren- 
theses, and then place a minus sign between the two products. 


Multiplication of Two Conjugates 


(a+ b\(a-b)=a-Pb 
ss | 
b? 


Multiply (V17 + V23)(V17 — V23). 
SOLUTION These two expressions are conjugates, so we multiply them accordingly. 


(V17 + V23)(V17 — V23) = (V17)? — (V23)* Multiply using the rule for 
multiplying conjugates. 


= 17 - 23 Square each square root. 
= —6 Subtract. 


Multiply (2V6 — 8V5)(2V6 + 8V5). 


SOLUTION When we multiply two conjugates, we must remember to multiply the 
factors in front of the radicals by each other and to multiply the radicands by each 
other. 


(2V6 — 8V5)(2V6 + 8V5) = 2V6-2V6 — BV5-8V5_ Multiply the 


conjugates. 
= 4-6 — 64:5 Multiply. 
= 24 — 320 Multiply. 
= —296 Subtract. 


Quick Check 5 
Multiply. a) (V38 — V29)(V38 + V29) b) (8V11 — 5V7)(8V11 + 5V7) 
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Rationalizing the Denominator 


Objective 5 Rationalize a denominator that has one term. Earlier in this 
chapter, we introduced a criterion for determining whether a radical was simplified. 
We stated that for a radical to be simplified, its index must be greater than any 
power in the radical. We now add two other rules. 

e There can be no fractions in a radicand. 

e There can be no radicals in the denominator of a fraction. 


For example, we would not consider the following expressions to be simplified: 


a 9 6 qvo+ V2 
10’ V2’ V4 —- V3 V3 —8 


out a radical in its denominator is called rationalizing the denominator. 


. The process of rewriting an expression with- 


; Se VO eo er 
The rational expression —= is not simplified, as there is a radical in the de- 


V49 
nominator. However, we know that V49 = 7; so we can simplify the denominator 
in such a way that it no longer contains a radical. 


V16— «4 
Va 7 Simplify the numerator and denominator. 


: : [75 . btn igs ‘ ee aah : 
The radical expression 3 is not simplified, as there is a fraction inside the radi- 


cal. We can simplify B to be 25, rewriting the radical without a fraction inside. 


[75 
~ = V25 =5 Simplify the fraction, then V25. 


Vi15 
Suppose we needed to simplify aia We cannot simplify V2, and the fraction itself 


cannot be simplified. In such a case, we will multiply both the numerator and de- 
nominator by an expression that will allow us to rewrite the denominator without a 
radical. Then we simplify. 


15 
V2 
SOLUTION If we multiply the denominator by V2, the denominator will equal 2 
and will be rationalized. 


Rationalize the denominator: 


VIS VIS V2 2 
VI V3 . we Multiply by 2 which makes the denominator equal 
to 2. Multiplying by Va is equivalent to multiplying by 1. 
V30 
air Multiply. 


Quick Check 6 
Rationalize the denominator. 


V70 


V3 


Because V30 cannot be simplified, this expression cannot be simplified further. 


11 
Rationalize the denominator: —= 
V12 
SOLUTION At first glance, we might think that multiplying the numerator and de- 
nominator by V 12 is the correct way to proceed. However, if we multiply the nu- 
merator and denominator by V3, the radicand in the denominator will be 36, 
which is a perfect square. 


Quick Check 7 


Rationalize the denominator: 
2, 


V20 
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V3 
by —> to make the radicand in the 
ra 
denominator a perfect square. 


= . Multiply 


11V3 
= ve Multiply. 
11V3 — er F 
eer Simplify the radical in the denominator. 
a i . ae 
Multiplying by erp also would be valid, but the subsequent process of simplifying 


would be difficult. One way to determine the best expression by which to multiply 
is to completely factor the radicand in the denominator. In this example, 
12 = 2?+3. The factor 2 is already a perfect square, but the factor 3 is not. Multi- 
plying by V3 makes the factor 3 a perfect square as well. 


5a7b'4c6 
Rationalize the denominator. Bonet (Assume that all vari- 
ab'c 


ables represent nonnegative values.) 


SOLUTION Notice that the numerator and denominator have common factors. 
We begin by simplifying the fraction to lowest terms. 


Sa°b4c® b’ 
< same ~ r 160% Divide out common factors and simplify. 
\/p Rewrite as the quotient of two square roots. 
BE ree Notice that the factors 16 and a® are 
16a°° already perfect squares, but c° is not. 
Vb Ve Ve 
= —=—:-—>= Multiply by —. 
Vibac? Ve Ve 
Vb'c 
= Multiply. 
V 16a°c® ii 
b'Vb 
= Aa c Simplify both radicals. 
ac 
Quick Check 8 
By yr 


Rationalize the denominator. (Assume that all variables represent 


75x38 y3z!5 


nonnegative values.) 


Rationalizing a Denominator 
That Has Two Terms 


Objective 6 Rationalize a denominator that has two terms. In the previ- 
ous examples, each denominator had only one term. If a denominator is a binomial 
that contains one or two square roots, we rationalize the denominator by multiply- 
ing the numerator and denominator by the conjugate of the denominator. For 


example, consider the expression We know from earlier in this section 


6 
Vil + V7 
that multiplying V11 + V7 by its conjugate V11 — V7 produces a product that 
does not contain a radical. 
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6 6 


Rationalize the denominator: 


Vilt v7 Vilt+ V7 Vil — V7 


6 
Vil + V7 


SOLUTION Because this denominator is a binomial, we multiply the numerator 
and denominator by the conjugate of the denominator. 


Vi - v7 Multiply the numerator and 


denominator by the conjugate of 
the denominator (V1I1 — V7). 


= 6V11 — 6V7 Distribute in the numerator. Multiply 
V1i1-V11 — VW7-W7 conjugates in the denominator. 
6V11 -—6 
- WiiWii = 1i<w7 WTS 7 
6V11 — 6V7 
= ——_ Subtract. 
6(V1I — V7) 
= 4 Factor the numerator. 
3 
6(V/11 — V7) - 
= r Divide out the common factor 2. 
2 
3(V11 -— V7) ee 
= Simplify. 
2 
Quick Check 9 
Vi 
Rationalize the denominator: ao 
4V/3 — 3V5 
Rati lize the d inator: ——————_— 
ationalize the denominator aia ais 


SOLUTION Because the denominator is a binomial, we begin by multiplying the 
numerator and denominator by the conjugate of the denominator, which is 


2V3 4+ V5. 


Multiply the numerator and 
denominator by the conjugate 
of the denominator. 
_ AV3+2V3 + AV3 V5 = 3V5+2V3 = 3V5°V5 

2V3*2V3 = VWarv5 


4V3 -3V5 _4V3 - 3V5 2V3 + V3 
2V3-— V5 -2V3— V5. 2V3 + V5 


Multiply numerators and 
denominators. 


_ 8-3 + 4VI5 — 6VI5 — 3°5 


Simplify each product. 


4°3—5 
_ 24+ 4V15 — 6V15 — 15 rer 
12:—'5 py 
- “__— Combine like terms and like radicals. 


Quick Check 10 


2V6 — 7V2 
2V6 + 3V2 


Rationalize the denominator: 


Vocabulary 


1. For any nonnegative x, Vx+ Vx = 
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BUILDING YOUR STUDY STRATEGY 


Note Taking, 4 Being an Active Learner Some students fall into the trap of 
taking notes mechanically without thinking about the material. In a math 
class, there can be no learning without thinking. Try to be an active learner 
while taking notes. Do your best to understand each statement you write in 


your notes. 

When your instructor writes a problem on the board, try to solve it your- 
self in your notes. When you have finished solving the problem, compare your 
solution to your instructor’s solution. If you make a mistake or your solution 
is different from your instructor’s solution, you can make editor’s notes on 
your solution. 


myc >| |B) BG) =) & 


WATCH DOWNLOAD READ REVIEW 


23. 6V3(9V6 — 4V15) 
24. 17V10(8V2 + 3V5) 
25. Vin’ Vint + V men! 


2. Two expressions of the form x + y and 


are called conjugates. 


26. V xy!" Vx7y3 — Vx¥y -) 


3. The process of rewriting an expression without a 27, Walp Yar BS + Vee 8 
radical in its denominator is called 


the denominator. 


4. To rationalize a denominator containing two terms 


28. Wx4y7z 710 (W/x8y 16,24 _ 1 o/ x8 1272) 


and at least one square root, multiply the numerator 


and denominator by the of the 
denominator. Multiply. 
29, (V2 + V35)(V/72 — V3) 
Multiply. Assume that all variables represent nonnega- 30. (V3 + V8)(V6 — V2) 
tive real numbers. 31. (7V2 + 4V3)(5V2 — V3) 
5. Vi2- V75 6. VB- V8 32, (8V5 — 3V2)(2V5 — 4V2) 
7. 4V27-6V3 8. 8125-220 33. (2V7 — 7V3)(2V7 — 6V3) 
9. 7\/32°5V6 10. 9\/30-4V/15 34. (V6 + 2V11)(9V6 + V11) 
11. 6V/24-20/18 12. 5¥/36-9¥/30 35. (6V3 + 4V5)(3V5 — 2V3) 
36. (2V2 — 9V7)(8V7 — 5V2) 
2B. Vx'7-Vx8 14. Vx8-Vx8 37. (4V5 — 3V2)? 
15. V6a'b> + V'10a°b° 16. V21a"°b*- V'14a°b? 38. (6 + 7V3)? 


17. Wx! yl025. WV xyz 2718 


Multiply. Assume that all variables represent nonnega- 


tive real numbers. 


19. V2(V8 — V6) 


21. V98(VI8 + V0) 


10,,14,17 6 9, 8 
18.97 gyal ay Multiply the conjugates. 


39. (V7 — V10)(V7 + Vi0) 
40. (V26 + V3)(V26 - V3) 
41. (9V6 + 3V8)(9V6 — 3-V8) 
20. V8(V2 + V3) 42. a 18 — 2V24)(5VI8 + 2V24) 
( 


43. (8 — 11V2)(8 + 11V2) 
22. V15(V30 — V35) 44, (4V3 + 15)(4V3 — 15) 
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Simplify. Assume that all variables represent nonnegative 
real numbers. 


126 100 

47. ./—- 4 at 
7 = 5 
135 14 
49. ,/—— a 
20 i 18 


Rationalize the denominator and simplify. Assume that 
all variables represent nonnegative real numbers. 


51. v8 52. — 
3 V7 
i 54 2 
53. V2 id V5 
55. af 56 ad 
“WV 11a’? “V 3n!° 
5 2x10 
57. ° 58. F} 
Ort Ty 
14 15 
59. —— 60. —= 
W112 50 
8 6 
61. 62. 
V18a \V/20b° 
48 29 
a re eet es 
x i gtyez mye 
Rationalize the denominator and simplify. 
°VB3- V7 “4/20 + V2 
67. _ 4v3 68. _ SVS. 
V3 + VII V15 — V5 
69. _ V3 _ 70. ave 
V13 - 3 4— V6 
ai 5V5 — 3V3 72 9V3 + 4V2 
“AALS te OA/3. * 5V3 -4V2 
7 IVI + 2V2 7 2V5+ V7 
“AVI — 5V2 “4V5 —- V7 


75. 


Mixed Practice, 77-98 


4V2 —- V3 
2V2 -— 3V3 


76. 


2V3 - 9V5 
* 6V3 - 4V5 


Simplify. Assume that all variables represent nonnegative 
real numbers. 


77. 


78. 
79. 


80. 
81. 


82. 


83. 


84. 
85. 
86. 
87. 


88. 


89. 
90. 
91. 
92. 


93. 


94, 


95. 


96. 


90 


98 
V 10x?» V 18x? 
(8V7 + 5V5)° 
28 
V32 
W25a8bc! +» W/25ab>c! 
4yI3 


3/ 2X 
54x12 

10V5 — 7V7 
V5+V7 

4 /162.x° y8z!5 

W/1080 

V60(7V3 — 2V15) 


(3V10 — 7V2)(4V10 + 9V5) 


8Vv2 

10 

~V7x°(2V14x — V7x'3) 
(9V7 — 8V8)(9V7 + 8V8) 


WV a 4 c4 
V 1008 
ab 
120° 
13V5 + 6 
10 — 7V5 
10x? 


36x 


(20V3 — 7V10)(8V3 + 15V2) 


(Va + Vb). 


(aVb + cVd). 


. Develop a general formula for 


. (18V7 — VI1)\(18V7 + VI) 
. (4V14 - 37) 


. Develop a general formula for 


the product 


the product 
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===- Writing in Mathematics 102. Solutions Manual Write a solutions manual page for 
the following problem. 
Answer in complete sentences. Simplify (5V2 + 4V3)(8V2 — 3V3). 


101. Explain how to determine whether two radical ex- 
pressions are conjugates. 


Section 9.4 

Find the prime factorization of the given number. 3. 1024 
1. 144 4. 29,106 
2. 1400 


OBJECTIVES 


‘1. Solve radical equations. 

@ Solve equations containing radical functions. 

3 Solve equations containing rational exponents. 

‘4. Solve equations in which a radical is equal to a variable expression. 
5S Solve equations containing two radicals. 

6 Solve applied problems involving a pendulum and its period. 

@ Solve other applied problems involving radicals. 


Solving Radical Equations 


Objective 1 Solve radical equations. A radical equation is an equation con- 
taining one or more radicals. Here are some examples of radical equations. 


Vx =9 W2x —-5 =3 x + Vx = 20 
W3x —8 = W2x +11 Vx—-44+Vxt8=6 


In this section, we will learn how to solve radical equations. We will find a way to con- 
vert a radical equation to an equivalent equation that we already know how to solve. 


Raising Equal Numbers to the Same Power 
| If two numbers a and b are equal, then for any n, a” = b". | 
If we raise two equal numbers to the same power, they remain equal to each other. 
We will use this fact to solve radical equations. 


Solving Radical Equations 

e Isolate a radical term containing the variable on one side of the equation. 

e Raise both sides of the equation to the mth power, where v is the index of the 
radical. For any nonnegative number x and any integern > 1, (W/x)" =x, 


e Ifthe resulting equation does not contain a radical, solve the equation. If the 
resulting equation does contain a radical, begin the process again by isolat- 
ing the radical on one side of the equation. 


Check the solution(s). 
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It is crucial that we check all solutions when solving a radical equation, as raising 
both sides of an equation to an even power can introduce extraneous solutions. 
When raising both sides of an equation to an nth power, it is possible to arrive at an 
extraneous solution—a solution that does not satisfy the original equation. In solv- 
ing a radical equation, all solutions must be checked. 


Y6x+4+7=11 
Wox+4=4 
(Vox + 43 = 43 


6x + 4= 64 
6x = 60 
x = 10 


Quick Check 1 
Solve. 


a) Vx+2=7 
b) Wx +9+10=6 


ie 


Solve Vx — 5 = 3. 


SOLUTION Because the radical Vx — 5 is already isolated on the left side of the 
equation, we begin by squaring both sides of the equation. 


Vx-—5=3 
(Vx — 5)? = 3* Square both sides. 
x—-5=9 Simplify. 


x =14 Add5to both sides. 


We need to check this solution using the original equation. 


V14—5=3 Substitute 14 for x. 


V9 = 3 Subtract. 
3 = 3 Simplify the square root. 


The solution x = 14 checks, so the solution set is {14}. 


Solve W6x + 4+7=11. 


SOLUTION In this example, begin by isolating the radical. 


Subtract 7 from both sides to isolate the radical. 
Raise both sides of the equation to the third power. 
Simplify. 

Subtract 4 from both sides. 

Divide both sides by 6. 


Now check the solution using the original equation. 


W6(10) +4+7=11 Substitute 10 for x. 
64 + 7=11 Simplify the radicand. 


4+ 7= 11 Simplify the cube root. 
11 =11 Add. The solution checks. 


The solution set is {10}. Because we raised both sides of the equation to an odd 
power, we did not introduce any extraneous solutions. 


Solve Vx + 8 =5. 


SOLUTION Begin by isolating Vx on the left side of the equation. 


Vx+8=5 
=A 


Subtract 8 from both sides to isolate 
the square root. 


(Vx)? = (-3)? Square both sides of the equation. 


Simplify. 
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Now check this solution using the original equation. 


V9 +8=5 Substitute 9 for x. 


3+8=5 Simplify the square root. The principal square root of 9 is 3, 
not —3. 


11 =5 Add. 


This solution does not check, so it is an extraneous solution. The equation has no 
solution; the solution set is ©. 


Quick Check 2 
Solve V2x —9- 8= —-lI1. 


If we obtain an equation in which an even root is equal to a negative number, 
such as Vx = —3, this equation will not have any solutions. This is because the 
principal even root of a number, if it exists, cannot be negative. 


Solving Equations Involving Radical Functions 


Objective 2 Solve equations containing radical functions. 


For f(x) = Vx? + 5x + 11 — 2, find all values for which f(x) = 3. 


SOLUTION Begin by setting the function equal to 3. 


f(x) =3 
Vx? +5x+11-—2=3 Replace f(x) with its formula. 
Vx? +5x4+11=5 Add 2 to both sides to isolate the radical. 
(Vx? + 5x +11)? = 5% Square both sides. 
x? +5x+11=25 Simplify. 
x? + 5x -14=0 The equation is quadratic, so collect all 
terms on the left side of the equation. 
(x + 7)(x — 2) =0 Factor. 
x+7=0 or x—2=0 Set each factor equal to 0. 
x=-7 or x =2 Solve. 


It is left to the reader to verify that neither solution is an extraneous solution: 
f(-7) = 3 and f(2) = 3. 


Quick Check 3 
For f(x) = V3x — 8 + 4, find all values x for which f(x) = 9. 


Solving Equations with Rational Exponents 


Objective 3 Solve equations containing rational exponents. The next ex- 
amples involve equations containing fractional exponents. Recall that x!” = Wx. 
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Quick Check 4 
Solve. 


a) x!? —-10 = -7 
b) (x +4)? +8=2 


Solve x1? + 7 = -3. 


SOLUTION Begin by rewriting x! as Wx. 


x34 7=-3 
Wxt+7=-3 Rewrite x‘? as Wx using radical notation. 


Wx = -10 Subtract 7 to isolate the radical. 
(Wx) = (-10)* Raise both sides to the third power. 
x = —1000 Simplify. 


It is left to the reader to verify that the solution is not an extraneous solution. The 
solution set is {—1000}. 


Solve (1 — 5x)!” — 3 = 3. 


SOLUTION Begin by rewriting the equation using a radical. 


G-$p)@=933 
V1 —5x-—3=3 Rewrite using radical notation. 
V1-—5x=6 Add 3 to isolate the radical. 
(V1 — 5x)? = 6? Square both sides. 
1 — 5x = 36 Simplify. 
—5x = 35 Subtract 1 from both sides. 
x = —7 Divide both sides by —5. 


It is left to the reader to verify that the solution is not an extraneous solution. The 
solution set is {—7}. 


Solving Equations in Which a Radical Is Equal 
to a Variable Expression 


Objective 4 Solve equations in which a radical is equal to a variable ex- 
pression. After we isolated the radical in all of the previous examples, the resulting 
equation had a radical expression equal to a constant. In the next example, we will 
learn how to solve equations that result in a radical equal to a variable expression. 


Solve V6x + 16 = x. 


SOLUTION Because the radical is already isolated, we begin by squaring both 
sides. This will result in a quadratic equation, which we solve by collecting all terms 
on one side of the equation and factoring. 


Vox + 16 = x 
(V6x + 16)? = x? Square both sides. 
6x + 16 = x? Simplify. 


0 = x*-—6x-—16 Collect all terms on the right side of 
the equation by subtracting 6x and 16 
from both sides. 

0 = (x — 8)(x + 2) Factor. 

x=8 or x =-2 Set each factor equal to 0 and solve. 


Quick Check 5 
Sols Wibse = 20) = ge, 


Quick Check 6 
Sols V2se ap al = se. 
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Now we check both solutions. 


x=8 x=-2 
6(8) + 16=8 (a6 — — 
V48 + 16=8 VS aE Io = =2 
V64 = 8 WA = —2 
s= 2=-2 
True False 
The solution x = —2 is an extraneous solution. The solution set is {8}. 


Solve Vx + 6 = x. 


Vxt+6=x 
Vx =x-6 
(Vz)? = (x— 6) 


x= x? — 12x + 36 


0 = x* — 13x + 36 


SOLUTION | Begin by isolating the radical. 


Subtract 6 from both sides to isolate 
the radical. 


Square both sides. 


Square the binomial by multiplying 
it by itself. 


Multiply. The resulting equation 
is quadratic. 


Subtract x to collect all terms on 
the right side of the equation. 


Factor. 
Set each factor equal to 0 and solve. 


The solution x = 4 is an extraneous solution. The solution set is {9}. 


Solving Radical Equations Containing 


Two Radicals 


Objective 5 Solve equations containing two radicals. 


Wox + 5= W4x — 3 


6x+5=4x -—3 


Solve W/6x + 5 = W/4x — 3. 


(W6x + 5)° = (W4x — 3)° Raise both sides to the fifth power. 


Simplify. 
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SOLUTION We raise both sides to the fifth power. Because both radicals have the 
same index, this will result in an equation that does not contain a radical. 
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2x+5=-3 Subtract 4x from both sides. 
2x = —8 Subtract 5 from both sides. 
x=-4 Divide both sides by 2. 


It is left to the reader to verify that the solution is not an extraneous solution. This 


Quick Check 7 solution checks, and the solution set is {—4}. 


Solve W/5x — 11 = W7x + 33. 


Occasionally, equations containing two square roots will still contain a square 
root after we have squared both sides. This will require us to square both sides a 
second time. 


Solve Vx +6 —- Vx -—1=1. 


SOLUTION We must begin by isolating one of the two radicals on the left side of 
the equation. We will isolate Vx + 6, as it is positive. 


Vx+t+6-Vx-1=1 
Vx+6=1+ Vx-1 Add Vx — 1 toisolate the radical 


Vx + 6 on the left side. 


(Vx + 6)? = (1 + Vx -— 1) Square both 
sides. 
x+6=(1+ Vx-1)(1 + Vx -1) Square the bi- 
nomial on the 
right side by 
multiplying it 
by itself. 
x+6=1-14+1°Vx—14+1-Vx—1+ Vx—1-Vx—-—1 Distribute. 
x+6=1+2Vx-14+x-1 Simplify. 
EOS 2Vxe = 1X Combine like 
terms. 
6=2Vx-1 Subtract x 
from both 
sides isolate 
the to radical. 
3=Vx-1 Divide both 
sides by 2. 
3* = (Vx — 1) Square both 
sides. 
9=x-1 Simplify. 
10 = x Add 1 to both 
Quick Check 8 sides. 


Solve. VS — 7-2 — 1. ; ; Pa ; 
It is left to the reader to verify that the solution is not an extraneous solution. The 


solution set is {10}. 


A Pendulum and Its Period 


Objective 6 Solve applied problems involving a pendulum and its pe- 
riod. The period of a pendulum is the amount of time it takes to swing from one 
extreme to the other and back again. The period T of a pendulum in seconds can be 


IL 
found by the formula T = 27 39° where L is the length of the pendulum in feet. 
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A pendulum has a length of 3 feet. Find its period, rounded to the 
nearest hundredth of a second. 


SOLUTION Substitute 3 for ZL in the formula and simplify to find the period T. 
L 
T = 27,/=- 
7\ 32 
[3 : 
T = 27 7 Substitute 3 for L. 


T © 1.92 Approximate using a calculator. 


Quick Check 9 


A pendulum has a length of 6 
feet. Find its period, rounded 
to the nearest hundredth of a 
second. 


The period of a pendulum that is 3 feet long is approximately 1.92 seconds. 
If a pendulum has a period of 1 second, find its length in feet. 
Round to the nearest hundredth of a foot. 


SOLUTION In this example, substitute 1 for T and solve for L.To solve this equa- 
tion for L, isolate the radical and square both sides. 


L 
P=) 
TN) 35 


1 = 297 39 Substitute 1 for T. 
L at , ‘ . 
— =,/— Divide both sides by 277 to isolate the radical. 
20 32 
i. rh : 
(+) = ( =) Square both sides. 
1 L ee 
y=) = Simplify. 
8 1 ToL 
3Z*—, = 32° Multiply both sides by 32 and simplify to isolate L. 
An? 32 
1 1 
8 
= = Simplify. 
Le 0.81 Approximate using a calculator. 


The length of the pendulum is approximately 0.81 foot. 


Quick Check 10 


If a pendulum has a period of 3 seconds, find its length in feet. Round to the near- 
est hundredth of a foot. 


Other Applications Involving Radicals 


Objective 7 Solve other applied problems involving radicals. 


A vehicle made 150 feet of skid marks on the asphalt before 
crashing. The speed, s, in miles per hour, the vehicle was traveling when it started 
skidding can be approximated by the formula s = V30df, where d represents the 
length of the skid marks in feet and frepresents the drag factor of the road. If the drag 
factor for asphalt is 0.75, find the speed the car was traveling. Round to the nearest 
mile per hour. 
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SOLUTION Begin by substituting 150 for d and 0.75 for f. 


5 = V30dF 

= V30(150)(0.75) Substitute 150 for d and 0.75 for f. 
s = V3375 Simplify the radicand. 
s = 58 Approximate using a calculator. 


The car was traveling approximately 58 miles per hour when it started skidding. 


Quick Check 11 


A vehicle made 215 feet of skid marks on the asphalt before crashing. The speed, s, 
the vehicle was traveling in miles per hour when it started skidding can be app- 
roximated by the formula s = V30df, where d represents the length of the skid 
marks in feet and f represents the drag factor of the road. If the drag factor for 
asphalt is 0.75, find the speed the car was traveling when it started skidding. 
Round to the nearest mile per hour. 


BUILDING YOUR STUDY STRATEGY 


Note Taking, 5 Formatting Your Notes A good note-taking system takes ad- 
vantage of the margins for specific tasks. You can use the left margin as a place 


to write down key words or to denote important material. You can then use 
the right margin to clarify steps in problems or to take down advice from your 
instructor. 
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PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary Solve. Check for extraneous solutions. 
1. A(n) ________ equation is an equation contain- 7, Vx + 3 = 10 8 Vx —-6=8 
ing one or more radicals. 9, W2x+9=5 10. W/4x — 3 =3 
2. If two numbers a and b are equal, then for any n, 1. VW5x +17 = -6 2. Wx -8=- 
ae 13. Vx+5-7=-2 14, V3x—8+11=4 
3. To solve a radical equation, first —_____ one 15. V/2x +74+3=6 
radical containing the variable on one side of the 


16. W/5x — 4+ 12 = 16 


equation. ; 
ws : V —-1-2= 
4, A(n) _______ solution is a solution to the ee ee ee 
equation that results when we raise a given 18. Vx? + x-44+6=10 
equation to a power but is not a solution to the 19. For the function f(x) = V3x + 9, find all values x 
original equation. for which f(x) = 12. 
5. An object suspended from a support so that it 20. For the function f(x) = Vx — 8 + 7, find all values 
swings freely back and forth under the influence of x for which f(x) = 13. 
gravity is called a(n) —____. 21. For the function f(x) = W5x — 1 + 5, find all val- 
6. The ______ of a pendulum is the amount ues x for which f(x) = 9. 
of time it takes the pendulum to swing from one ex- 22. For the function f(x =] — 3 —7, find all val- 
treme to the other and back again. ues x for which f(x) = 


23. 


24 


. For the function f(x) = Vx? — 5x + 2 + 10, find 
all values x for which f(x) = 14 
2 


. For the function f(x) = Vx? + 8x + 40 — 3, find 


all values x for which f(x) = 


Solve. Check for extraneous solutions. 


25. 
26. 


(x +10)! - 4 =3 


28. (2x — 35)"7+6=17 

29. (5x + 6)189 — 8 = -2 

30. (x? — 10x + 49)74+2=7 
31. x = V2x + 48 


32. V3x +10=x 
33. V4x +13=x-2 


~x+9= V6x + 46 


35. V2x —-5+4=x 
36. V3x +13-3=x 


37, x = V49 — 8x +7 
38. x = V2x +9-5 


39. 2x — 3 = V30 — 7x 
40. 3x + 5 = V27x + 27 
41.3x =1+ V4x?4+x4+7 


~x= V5445x-x*-3 


43. V4x — 15 = V3x 4+ 11 
44, W/ox + 7= Wx -—5 


Wx? = 8x +4 = W3x — 14 


46. V/5x? + 3x — 11 = V4x? — 6x — 25 
47. Vx+4=Vx-14+1 

48. Vx + 14- Vx -—10 =2 

49. V2x #3=14+ Vx4F1 

50. V2x + 11 =2+ Vx4+2 

51. V2x + 12=1+ Vx4+5 

52. V3x —-2+ Vx +3=3 

53. V3x+1-Vx+4=1 

54. V3x +3 - V2x -3=2 


L 
For Exercises 55-60, use the formula T = 277, |—-. 


55. 


56. 


32 
A pendulum has a length of 5 feet. Find its period, 
rounded to the nearest hundredth of a second. 


A pendulum has a length of 2.2 feet. Find its period, 
rounded to the nearest hundredth of a second. 


57. 


58. 


59. 


60. 
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9.5 Exercises 


A pendulum has a length of 1.8 feet. Find its period, 
rounded to the nearest hundredth of a second. 


A pendulum has a length of 3.5 feet. Find its period, 
rounded to the nearest hundredth of a second. 


If a pendulum has a period of 1.8 seconds, find its 
length in feet. Round to the nearest tenth of a foot. 


If a pendulum has a period of 3.5 seconds, find its 
length in feet. Round to the nearest tenth of a foot. 


Skid-mark analysis is one way to estimate the speed a car 
was traveling prior to an accident. The speed, s, the vehi- 
cle was traveling in miles per hour can be approximated 
by the formula s = \/30df, where d represents the length 
of the skid marks in feet and f represents the drag factor 
of the road. 


61. 


62. 


63. 


64. 


A vehicle involved in an accident made 70 feet of skid 
marks on the asphalt before crashing. If the drag fac- 
tor for asphalt is 0.75, find the speed the car was trav- 
eling when it started skidding. Round to the nearest 
mile per hour. 


A vehicle involved in an accident made 240 feet of 
skid marks on the asphalt before crashing. If the drag 
factor for asphalt is 0.75, find the speed the car was 
traveling when it started skidding. Round to the near- 
est mile per hour. 


A vehicle involved in an accident made 185 feet of 
skid marks on a concrete road before crashing. If the 
drag factor for concrete is 0.95, find the speed the car 
was traveling when it started skidding. Round to the 
nearest mile per hour. 


A vehicle involved in an accident made 60 feet of skid 
marks on a concrete road before crashing. If the drag 
factor for concrete is 0.95, find the speed the car was 
traveling when it started skidding. Round to the near- 
est mile per hour. 
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Body Surface Area (BSA), a measure of the surface area 
of a human body, is involved in many medical applica- 
tions including chemotherapy dosing. The BSA, in square 
meters, can be approximated using the Mosteller formula 


BSA = » Where h is the person’s height in centime- 


hw 
3600 
ters and w is the person’s weight in kilograms. Find the 
BSA of a person with the given measurements. Round to 


the nearest hundredth of a square meter. 


65. Adult male —height: 177 centimeters; weight: 89 kilo- 
grams 


66. Adult female—height: 163 centimeters; weight: 75 
kilograms 


67. 12-year-old female — height: 151 centimeters; weight: 
50 kilograms 


68. 16-year-old male —height: 171 centimeters; weight: 70 
kilograms 


69. If a person whose height is 190 centimeters has a BSA 
of 1.9 square meters, find the person’s weight to the 
nearest kilogram. 


70. If a person whose height is 155 centimeters has a BSA 
of 1.6 square meters, find the person’s weight to the 
nearest kilogram. 


A water tank has a hole at the bottom, and the rate r at 
which water flows out of the hole in gallons per minute 
can be found by the formula r = 19.8\/d, where d repre- 
sents the depth of the water in the tank, in feet. 


71. Find the rate of water flow if the depth of water in the 
tank is 49 feet. 


72. Find the rate of water flow if the depth of water in the 
tank is 9 feet. 


73. Find the rate of water flow if the depth of water in the 
tank is 13 feet. Round to the nearest tenth of a gallon 
per minute. 


74. Find the rate of water flow if the depth of water in the 
tank is 22 feet. Round to the nearest tenth of a gallon 
per minute. 

75. If water is flowing out of the tank at a rate of 30 gal- 
lons per minute, find the depth of water in the tank. 
Round to the nearest tenth of a foot. 


OBJECTIVES 


76. If water is flowing out of the tank at a rate of 100 gal- 
lons per minute, find the depth of water in the tank. 
Round to the nearest tenth of a foot. 


The sight distance d, in miles, to the horizon can be ap- 
proximated using the formula d = \1.5h, where h is the 
eyelevel of the person, in feet. Round all answers to the 
nearest tenth of a mile. 


77. A kayaker is paddling in the ocean when he sees the 
shore on the horizon. If the kayaker’s eyelevel is 2 feet 
above the water, how far does he have to paddle to 
reach the shore? 


78. Jon is climbing a rock wall on a cruise ship when he 
sees an island on the horizon. If his eyelevel is 150 
feet above the water, how far from the island is the 
cruise ship? 

79. The crow’s nest of a tall ship is a perch on the main mast 
that puts an observer at an eyelevel 100 feet above the 
water. If the observer sees the base of another ship on 
the horizon, how far away is the other ship? 


80. While on a cruise, Jean watches the sun set on the 
horizon. If Jean’s eyelevel is 35 feet above the water, 
what is the distance to the horizon? 


a==—- Writing in Mathematics 
Answer in complete sentences. 


81. Write a real-world word problem that involves esti- 
mating the speed a car was traveling when it started 
skidding, based on the length of its skid marks. Solve 
your problem, explaining each step of the process. 


82. What is an extraneous solution to an equation? Ex- 
plain how to determine that a solution to a radical 
equation is actually an extraneous solution. 


83. Newsletter Write a newsletter that explains how to 
solve a radical equation. 


‘1 Rewrite square roots of negative numbers as imaginary numbers. 
® Add and subtract complex numbers. 

3 Multiply imaginary numbers. 

4 Multiply complex numbers. 


‘5 Divide by a complex number. 
6 Divide by an imaginary number. 
® Simplify expressions containing powers of i. 


Quick Check 1 
Express in terms of i. 
a) V—36 

b) V—63 

c) —-V —-54 
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Imaginary Numbers 


Objective 1 Rewrite square roots of negative numbers as imaginary 
numbers. Section 9.1 stated that the square root of a negative number, such as 
V=1 and V—25, is not a real number. This is because no real number equals a neg- 
ative number when it is squared. The square root of a negative number is an 
imaginary number. 

We define the imaginary unit i to be a number that is equal to V—1. The num- 
ber i has the property that i? = —1. 


Imaginary Unit / 


All imaginary numbers can be expressed in terms of i because V~—1 is a factor of 
every imaginary number. 
Express V—25 in terms of i. 


SOLUTION Whenever we have a square root with a negative radicand, we begin 
by factoring out i. Then we simplify the resulting square root. 


V—25 = V25(-1) Rewrite —25 as 25(-1). 
= V25+V-1 Rewrite as the product of two square roots. 
= V25i Rewrite V—1 asi. 
= Si Simplify the square root. 


As you become more experienced at working with imaginary numbers, you may 
want to combine a few of the previous steps into one step. 
Express V —40 in terms of i. 


SOLUTION 


V-40 = V40:V-1 Rewrite as the product of two square roots. 
=2V10°i Simplify the square root. Rewrite V —1 as i. 
= 2iV10 Rewrite with iin front of the radical. 


A WORD OF CAUTION After rewriting the square root of a negative number, such as 
V—40, as an imaginary number, be sure that 7 does not appear in the radicand. Instead, 
i should be written in front of the radical. 


Express — V—12 in terms of i. 


SOLUTION Notice that in this example, a negative sign is in front of the square 
root as well as in the radicand. We simplify the square root first, making the result 
negative. 


—V-12 = —V12-V-1 Rewrite as the product of two square roots. 
= -2iV3 Simplify the square root. Rewrite V—1 as i. 
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Complex Numbers 


The set of imaginary numbers and the set of real numbers are subsets of the set of 
complex numbers. 


Complex Numbers 
A complex number is a number of the form a + bi, where a and b are real 


numbers. 


Real numbers are complex numbers for which b = 0: the real number 7 can be writ- 
ten as 7 + Oi. Imaginary numbers are complex numbers for which a = 0 but b # 0: 
the imaginary number 3/ can be written as 0 + 3i. We often associate the word 
complex with something that is difficult, but here complex refers to the fact that 
these numbers are made up of two parts. 


Real and Imaginary Parts of a Complex Number 


For the complex number a + bi, the number a is the real part and the number 
b is the imaginary part. 


Addition and Subtraction of Complex Numbers 


Objective 2 Add and subtract complex numbers. We now focus on opera- 
tions involving complex numbers. We add two complex numbers by adding the two 
real parts and adding the two imaginary parts. We can follow a similar technique for 
subtraction. 


Simplify (6 + 57) + (7 — 2i). 


SOLUTION Begin by removing the parentheses; then combine the two real parts 
and the two imaginary parts of these complex numbers. 
(6 + 5i) + (7 — 2i) =6 + 5i+7—2i Remove parentheses. 
= 13+ 3i Combine the two real parts. 
Combine the two imaginary parts. 


Notice that the process of adding these two complex numbers is similar to simpli- 
fying the expression (6 + 5x) + (7 — 2x). 


Simplify (—2 + 97) — (8 — 5iz). 


SOLUTION We must distribute the negative sign to both parts of the second com- 
plex number, just as we distributed negative signs when we subtracted variable 
expressions. 


(-2 + 91) — (8 — 5i) = -2 + 91-8 + 5i_ Distribute. 


= —-10 + 14i Combine the two real parts and 
combine the two imaginary parts. 


Quick Check 2 

Simplify. 

a) (3 + 127) + (—8 + 15i) 
b) (14 — 67) — (3 + 22i) 


Quick Check 3 
Multiply 47-157. 


Quick Check 4 
Multiply V—S + V—120. 
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Multiplying Imaginary Numbers 


Objective 3 Multiply imaginary numbers. Before learning to multiply two 
complex numbers, we will discuss the multiplication of two imaginary numbers. 
Suppose we wanted to multiply 67 by 97. Just as 6x-9x = 54x’, the product 6/ - 9i is 
equal to 54i*. However, recall that i? = —1. So this product is 54(—1), or —54. When 
multiplying two imaginary numbers, we substitute —1 for i”. 


Multiply 87 - 137. 


SOLUTION 


8i-13i = 104i? Multiply. 
= 104(-1) Rewrite i” as —1. 
—104 Multiply. 


Multiply V—24- V—45. 


SOLUTION Although it may be tempting to multiply —24 by —45 and combine 
the two square roots, we cannot do this. The property Vx: Vy = Vxy holds true 
only if x or y is nonnegative. We must rewrite each square root as an imaginary 
number before multiplying. 


V—24-V—45 = iV24-+iV45 Rewrite each radical as an imaginary 
number. 
= iV23-3-iV3?-5 Factor each radicand. 
=PvV2+s ss Multiply the two radicands. 
= 2-3-i?V2-3-5 Simplify the square root. 
= -6V30 Rewrite i* as —1 and simplify. 


When we multiply V24 by V45, our work will be easier if we factor 24 and 45 be- 
fore multiplying, rather than trying to simplify V 1080. 


Multiplying Complex Numbers 
Objective 4 Multiply complex numbers. We multiply two complex numbers 


by using the distributive property. Often, a product of two complex numbers will 
contain a term with i”, and we will rewrite i” as —1. 


Multiply 3i(4 — 5i). 


SOLUTION Begin by multiplying 37 by both terms in the parentheses. 


3i(4 — Si) = 31-4 — 3i-Si_ Distribute. 
= 12i — 157? Multiply. 
= 12i + 15 Rewrite 7? as —1 and simplify. 
= 15+ 12 Rewrite in the form a + Di. 


Quick Check 5 
Multiply —6i(7 + 87). 
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Multiply (9 + i)(2 + 7i). 


theses by each term in the second set. 
(9 + i)(2 + Ti) = 9-24 9-7) +i-2 + i°7i 
= 18 + 63) + 2i + 77” 
= 18 + 651-7 


Quick Check 6 = 11+ 65: 
Multiply (3 — 27)(8 + i). 


Multiply (7 + 2i)’. 


(7 + 2i)? = (7 + 2i)(7 + 2i) 
= 7-74 7-21 + 2-7 + 2i-2i 


= 49 + 147 + 143 + 477 
= 49 + 281 -— 4 
Quick Check 7 = 45 + 28/ 


Multiply (9 — 47)”. 
Multiply (5 + 67)(5 — 6/7). 


SOLUTION 


= 25 — 30i + 30i — 367” 


= 25 — 3677 
= 25 + 36 
Quick Check 8 = 61 


(5 + 6i)(5 — 61) = 5°5 — 5+6i + 61-5 — 6i-6i 


SOLUTION In this example, we must multiply each term in the first set of paren- 


Distribute (FOIL). 
Multiply. 

Add 63i + 2i. Rewrite i? as 
—1 and simplify. 

Combine like terms. 


SOLUTION Recall that we square a binomial by multiplying it by itself. 


Multiply 7 + 2: by itself. 
Distribute. 

Multiply. 

Add 14i + 14/7. Rewrite i? 
as —1 and simplify. 


Combine like terms. 


Distribute. 

Multiply. 

Combine like terms. 
Rewrite i? as —1 and 
simplify. 

Add. 


Multiply (7 + 47)(7 — 47). 


In the previous example, the two complex numbers that were multiplied were con- 
jugates. Their product was a real number that did not have an imaginary part. Two 
complex numbers of the form a + bi and a — bi are conjugates, and their product 
will always be equal to a* + b’. 


(a + bi)(a — bi) = a? — abi + abi — b’i* 
Sn pee 
=av+h 


Distribute. 
Combine like terms. 
Rewrite i” as —1 and simplify. 


Multiply (10 — 3i)(10 + 3i). 


SOLUTION We will use the fact that (a + bi)(a — bi) = a* + b’ for two complex 
numbers that are conjugates. 
(10 — 3i)(10 + 3i) = 10? + 32. The product equals a? + b’. 

= 100 +9 Square 10 and 3. 

= 109 Add. 


Quick Check 9 
Multiply (11 — 47)(11 + 4). 


Quick Check 10 


1 


Quick Check 11 


tp 2 
Simplily = = = 
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Dividing by a Complex Number 


Objective 5 Divide by a complex number. Because the imaginary number i 
is a square root (V—1), a simplified expression cannot contain i in its denominator. 
In a procedure similar to rationalizing a denominator (Section 9.4), we will use con- 
jugates to rewrite the expression without 7 in the denominator. 


2 


SOLUTION Begin by multiplying the numerator and denominator by the conju- 
gate of the denominator, which is 3 — i. 


a. ed Multiply the numerator and denominator 
3+i 3+i13-i by the conjugate of the denominator. 
6 — 2i 
-2-4 Multiply the numerators and denominators. 
a +P 
6 — 2i 
= 9 : Simplify the denominator. 
I . 
_ 23 — i) Factor the numerator. Divide out factors 
~ 10 common to the numerator and denominator. 
5 
3; 
== Simplify. 
5 
3 1, nee ; 
=3 73! Rewrite in the form a + bi. 
1+ 
Simplif : 
MURS 2S 


SOLUTION In this example, the numerator has two terms and we must multiply 
using the distributive property. 


1+ 6 _ 14+ 61 2—5i Multiply the numerator and denominator 
2+5i 2+51 2-5 by the conjugate of the denominator. 
2 — 5i + 12i — 30i° 
= Multiply. 
QP op 5? as 
2+ 7i — 30%? Combine like terms in the numerator. 
> 4 +25 Square 2 and 5 in the denominator. 
_ 2+ 7i + 30 Rewrite i” as —1 and simplify. Simplify 
29 the denominator. 
32 + Ti 
= xu Combine like terms. 
29 
32. «7 
wil ie ee py 
7919 9! Rewrite in the forma + bi 


6i 
2+ 5i 
to divide a complex number by another complex number, we begin by rewriting the 
expression as a fraction and then proceed as in the previous example. 


Note that the expression is equivalent to (1 + 61) + (2 + Si). If we are asked 
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Quick Check 12 


Simplify 


ils) = oi 
121 


Radical Expressions and Equations 


Dividing by an Imaginary Number 


Objective 6 Divide by an imaginary number. When a denominator is an 
imaginary number, we multiply the numerator and denominator by / to rewrite the 
fraction without i in the denominator. 


Sof 
Simplify 3i 
i 


SOLUTION Because the denominator is an imaginary number, we begin by multi- 
plying the fraction by ;. 


5+ 2 S+2ii 


Multiply the numerator and denominator by i. 


3i 3i i 
Si + 27° 
= Multiply. 
372 
5i — 2 
= 2 5 Rewrite i* as —1 and simplify. 
5i — 2 ; 
=—- 3 Factor —1 out of the denominator. 
—5i +2 
= Distribute. 


2 5 
= 3 _ 3 Rewrite in a — bi form. 


Powers of i 


Objective 7 Simplify expressions containing powers of i. Occasionally, i 
may be raised to a power greater than 2. We finish this section by learning to sim- 
plify such expressions. The expression i* can be rewritten as i” i, which is equiva- 
lent to —1-i, or —i. The expression i* can be rewritten as i”: i*, which is equivalent 
to —1(—1), or 1. The following table shows the first four positive powers of i: 


i Fe + 
ne 
i -l -i 1 
We can use the fact that it = 1 to simplify greater powers of i. 
P=i-i=1-i=i io = i*4-7 =1(-1) = -1 
U=i-P =1-28 = 1(-i) i Paper —ilei Si 


We can now see a pattern. 


tc =r lL « =h =r 1 


In general, to simplify i”, where n is a whole number, we divide n by 4. If the remain- 
der is equal to r, i” = i’. 
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Ieee Simplify i” 
Quick Check 13 SOLUTION _ If we divide the exponent 27 by 4, the remainder is 3.So i?” = 7 = —i. 


Simplify i*°. 


BUILDING YOUR STUDY STRATEGY 


Note Taking, 6 Rewriting Your Notes A good strategy is to rewrite your 
notes as soon as possible after class. The simple task of rewriting your notes 
serves as a review of the material that was covered in class. If you rewrite your 
notes while the material is still fresh in your mind, you have a better chance of 
being able to read what you have written. 


As you rework your notes, take the time to supplement them. Replace a 
brief definition with the full definition from the text. Add notes to clarify what 
you wrote down in class. 

Finally, consider creating a page in your notes that contains the problems 
(without solutions) your instructor solved during class. When you begin to re- 
view for the exam, this list of problems will be a good review sheet. 


PRACTICE WATCH DOWNLOAD READ REVIEW 


MyNiathLab\y aq BB, &G| = S 


Vocabulary 19. (6 — 7i) — (2 + 102) 
20. (1 + 6i) + (5 — 12%) 
21. (-3 + 81) + (3 — 4i) 


( 

1. The square root of a negative number is a(n) ; 
22. (5 — 91) + (5 + 97) 

( 

( 

( 


number. 


2. The imaginary unit 7 is a number that is equal to 
23. (12 + 137) — (12 — 132) 


24, (14 — i) — (21 + 113) 
25, (1 — 12i) — (8 + 81) + (5 = 43) 


3. The number i has the property that i? = ____ 


4. A(n) ________ number is a number of the form 

a + bi, where a and DP are real numbers. 
5. For the complex number a + bi, the number a is the ae aie a) ame ci) 
part. 


6. For the complex number a + bi, the number 5 is the 


part. Find the missing complex number. 
27. (4-7i) +2 =10 + 2i 
28. (11 + 101) + ? = 20 — 3i 


Express in terms of i. 
29. (3+ 4i) -? =1-5i 


tee ete 30. 2 — (-9 + Ti) = -15 — 3i 

9. V-8I 10. V—100 

1. —V—-169 12, -V/=225 Multiply. 

13. V—50 14. \/—18 31. 7i- 14: 32. 31°81 
33. —4i+5i 34, i(—9i) 

15, —\V/—252 16. V—243 
35. V—49- V—64 36. V—25+ V—25 
37. V—12: V-18 38. V—28-V/=7 


Add or subtract the complex numbers. 


17. (8 + 91) + (3 + 5i) 
18. (13 + 117) — (6 + 23) 


39. V—20° V—45 40. V—27- V—5S0 
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Multiply. Write your answer in a + bi form. 


41. 7i(8 + Si) 
43. —6i(9 + 4i) 


45. (7 + 2i)(5 + i) 
47. (3 — 5i)(4 + 107) 


49. (6 + Ti)’ 
51. (1 — Si)’ 


Multiply _ the 
53. (5 + 2i)(5 — 27) 


55. (12 — 8i)(12 + 8/) 
57. (5 + 6i)(5 — 6i) 


conjugates 
(a + bi)(a — bi) = a + B’. 


42. 3i(10 — 9i) 
44, —Si(11 — 14/) 


46. (9 + 8i)(1 + 4i) 
48. (5 — 7i)(4 — i) 


50. (10 + 4i)? 
52. (3 — 8i)? 


using the fact that 
54. (7 + 4i)(7 — 47) 


56. (6 — i)(6 + i) 
58. (11 + 3i)(11 — 3i) 


Simplify by rationalizing the denominator. Write your 


answer in a + bi form. 


63. 


65. 


60. 


Simplify by rationalizing the denominator. Write your 


answer in a + bi form. 


8 
67. — 
l 


6+i 
—4i 


2-91 
—8i 


Divide. Write your answer in a + bi form. 


3. (7 + 31) = 3 


(8 <7) (1+ 30 


74, (2 — 13i) + 6 


76. (5 + 8i) + (5 — 1li) 


Find the missing complex number. 
77. (4+ i)\(2) =4 + 35i 
78. (7 — 5i)(?) =31-i 


79. -=4-— 3i 

14+ 91 

i - =6-4i 
80. 0 3: ’ 
Simplify. 

81. i> 82. i” 
83. i” 84. i” 

- 26, 31 
85. 75 86. 1° + 
87. 71+ i> 88. i° — °° 


Mixed Practice, 89-114 


Simplify. Write your answer in a + bi form when appro- 
priate. 

89. (7 + 2i)(6 — 31) 

90. (4 — 6i)(4 + 61) 

9+ 4i 
Si 

92. 8i(17 — 31) 

93. —9i(12 + Si) 

94, (18 — 137) — (8 — Si) 


91. 


95, 12i + (4 — 2i) 


10 — 9i 
5-i 

97. (2 — 5i)(2 + Si) 

98. (14 — 11i) + (—23 + 6i) 

99, V—24- V-27 


100. (6 — 4i) + (8i) 


101. 


102. (16 — 9i) 

103. V—252 

104. (11 + 4i)(6 — 13) 
105. (9 — 3i)° 

106. 7i+ 12i 

107. (8 — 11i) + (15 + 21i) 
108. i207 


109. 
110. 
111. 


112. 


113. 
114. 


—147-9i 
V-20:V-15 
323 
7 — 6i 

—2i 


(30 — 17i) — (54 — 333) 
V—2673 
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o===- Writing in Mathematics 
Answer in complete sentences. 


115. Explain how adding two complex numbers is similar 
to adding two variable expressions. 
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CHAPTER 9 SUMMARY 


Section 9.1 Square Roots; Radical Notation 


Radical Expressions, Square Roots, pp. 481-483 


The principal square root of b, denoted V5, is the positive number a such 
that a? = b. 

The expression Vb is called a radical expression. 

The sign V is called a radical sign. 

The expression contained inside the radical sign is called the radicand. 


Radical Expressions, nth Roots, pp. 484-485 
For any positive integer n > 1 and any nonnegative number J, the nth 
root of b, denoted V/b, is the number that when raised to the nth 


power equals b: Wb = aif a" = banda and b have the same sign. 
The third root of b, V/b, is called the cube root of b. 
The number n is called the index of the radical. 


Product Property of Radicals, p. 486 
For any index n > 1 and any nonnegative numbers a and b, 


Va Wb = Vab 


Quotient Property of Radicals, pp. 486-487 
For any index n > 1 and any nonnegative numbers a and positive 
number pa = el 


v5 Vb 


Radical Functions, p. 487 
A radical function f(x) is a function that contains radicals. 


Domain of Radical Functions, pp. 487-488 

For an even root, the domain of a radical function is the set of all values 
for which the radicand is greater than or equal to 0. 

For an odd root, the domain of a radical function is the set of all real 
numbers. 


Section 9.2 Rational Exponents 


Simplify assuming that x is nonnegative: V 81x" 
V81x'° = 9x° because (9x°)? = 81x". 


Simplify: W/32a'°b? 
V/32a'>b* = 2a°b* because (2a*b*)* = 32a!>b”. 


Simplify: V50-V18 


V50- V18 = V900 
= 30 
396 
Simplify: oe 
= = V36 = 6 


For f(x) = V7x + 65 + 8, find f(8). 
f(8) = V7(8) + 65 + 8 

V121 +8 

1 8 


1+ 
19 


oll ll 


Find the domain of the radical function: 


f(x) = V2x-9+6 


Domain: >. c | 


Rational Exponents of the form 1/n, pp. 490-491 
For any integer > 1, a'/" is defined to be the nth root of a, or Wa. 


Rational Exponents of the form m/n, p. 491 
For any integers m and n,n > 1, a’"/" is defined to be (Wa). This is also 


equivalent to Va". 
The denominator in the exponent, n, is the root you are taking. 


The numerator in the exponent, m, is the power to which you raise this radical. 


Simplify: 1001 
100"? = 100 = 10 


Simplify: 2167 
21677 = 


Properties of Exponents, p. 492 
The properties of exponents also hold for rational exponents. 


1. For any base x, x7*x" = x7", 
2. For any base x, (x’")" = x". 
3. For any bases x and y, (xy)” = x"y". 
4. For any basex,— = x" (x #0). 
x 
5. For any base x,x°=1 (x #0). 
6. For any bases x and y, (=) = = (y # 0). 
1 


7. For any nonzero base x,x " = — (x # 0). 


x 


Chapter 9 Summary 


Simplify: (x°/4)77 


ene = hi 


Simplify: x°/° + x7/5 


How we al 
a 


Section 9.3 Simplifying, Adding, and Subtracting Radical Expressions 


529 


Simplifying Radicals, pp. 495-497 


1. Rewrite the radicand as a product of two factors. The exponent for 


the first factor should be the largest multiple of the radical’s index 
that is less than or equal to the factor’s original exponent. 
2. Use the product property to remove factors from the radicand. 


Like Radicals, p. 497 


Two radical expressions are called like radicals if they have the 
same index and the same radicand. 


Adding and Subtracting Radical Expressions, pp. 497-498 


1. Simplify each radical completely. 
2. Combine like radicals by adding/subtracting the factors in front 
of the radicals. 


Section 9.4 Multiplying and Dividing Radical Expressions 


Simplify: WV a!°b*c! 
Wa pic? = VW a '8p3¢!2 - ab? 
= abc! ab? 


3V2 and 7V2 


Add: 7V50 + 6/32 

7V50 + 6V32 = 7V25-2 + 6V16-2 
= 7:5V2 + 6:4V2 
= 35V2 + 24V2 
= 59V2 


Multiplying Radical Expressions, pp. 500-501 


If the index of each radical is the same, multiply factors in front of the 
radical by each other and multiply the radicands by each other. 
Simplify the resulting radical if possible. 


Multiplying Radical Expressions with Two or More Terms, pp. 501-503 


If one or more of the expressions contains at least two terms, multiply 
by using the distributive property. 


Squaring a Radical Expression with Two or More Terms, pp. 502-503 


To square a radical expression containing two or more terms, multiply 
the expression by itself. 


Multiply: 5V6+9V14 
5V6-9V14 = 45/84 
= 45V4-21 
= 45-2V21 
= 90V21 


Multiply: (7V2 + 3V3)(3V2 + 4V3) 
(7V2 + 3V3)(3V2 + 4V3) 
21V4 + 28V6 + 9V6 + 12V9 
= 21-2 + 28V6 + 9V6 + 12-3 
42 + 28V6 + 9V6 + 36 
= 78 + 37V6 


Multiply: (6V5 + V7)? 
(6V5 + V7) = (6V5 + V7)(6V5 + V7) 


= 36V25 + 6V35 + 6V35 4 
36-5 + 6V35 + 6V35 +7 
180 + 6V35 + 6V35 +7 

= 187 + 12V35 


Va9 
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Conjugates, p. 503 
Two radical expressions of the form a + banda — b are conjugates. 
The product of two conjugates a + banda — bisa’ — b’. 


Multiply: (8V2 + 7V11)(8V2 — 7V11) 
(8V2 + 7VI1)(8V2 — 7VT1) 
= (8V2) — (7V11)’ 
= 64V4 — 49V121 


= 64-2 — 49-11 
= 128 — 539 
= —411 
Rationalizing a Denominator with Only One Term, pp. 504-505 
1. Multiply both the numerator and denominator by a radical : ; . VI 
expression that results in the radicand being a perfect nth power. Rationalize the denominator: Vi2 
2. Simplify the radical in the denominator. 
3. If possible, simplify the fraction by dividing out factors that are 4v7 : V3 _ 4v21 
common to the numerator and denominator. VI2 V3 V36 
_ 4V21 
6 
_ 2v21 
3 
Rationalizing a Denominator with Two Terms Containing at Least One Square Root, pp. 505-506 

1. Multiply both the numerator and denominator by the conjugate of ee ee ee : : 6 
the denominator. Rationalize the denominator: 839 — 3/2 

2. Simplify the numerator and denominator. 7 1 

3. If possible, simplify the fraction by dividing out factors that are . = 3V2 _ 48 + 18V2 
common to the numerator and denominator. 8—3V2 8432 64 — 9-2 

_ 48 + 18V2 
46 
2(24 + 9V2) 
= 
_ 244+ 9V2 
23 
Section 9.5 Radical Equations and Applications of Radical Equations 
Solving Rational Equations, pp. 509-514 

1. Isolate one radical containing the variable on one side of the Solve: V15x —- 29 -1=x 
equation. V/i5x -29 -1= 

2. Raise both sides of the equation to the nth power, where n is the eae - - 1 
index of the radical. mane 2 =e - 

For any nonnegative number x and any integer n > 1, (Wx) = x. (V15x — 29)" = (x + 1) 

3. If the resulting equation does not contain a radical, solve the 15% = 29 = 2" + ox + 1 
equation. If the resulting equation does contain a radical, begin the 0 = x? — 13x + 30 
process again by isolating the radical on one side of the equation. 0 = (x = 3)(x = 10) 

4. Check the solution(s). g3eh 44050 

x=3 x = 10 
{3, 10} 


Extraneous Solutions, pp. 510-511 
A solution obtained in solving an equation that is not a solution to the 


original equation is called an extraneous solution. Extraneous 
solutions are excluded from the solution set. 


Solve: Vx +9=x+7 


(Vx + 9)? = (x + 7) 
x+9= (x + 7)(x +7) 
x+9=x7 + 14x + 49 
0 = x? + 13x + 40 
0 = (x + 5)(x + 8) 

x+5=0 x+8=0 
x=-5 x= —-8 

V(—8) dt ae) ae 


V1 = —1 (False) 
Extraneous solution 


{—5} 


Pendulum, pp. 514-515 


The period of a pendulum is the amount of time it takes to swing from 
one extreme to the other and back again. 
The period T of a pendulum in seconds can be found using the formula 


Pose 
a5? 


where L is the length of the pendulum in feet. 


Other Applications, pp. 515-516 
Use the formula provided to solve the given problem. 


Section 9.6 The Complex Numbers 


Chapter 9 Summary 531 


A pendulum has a length of 6 feet. Find its period, 
rounded to the nearest hundredth of a second. 


L 
Tao 
7 32 


7 32 
T ~ 2.72 


The period is approximately 2.72 seconds. 


A water tank has a hole at the bottom, and the rate r 
at which water flows out of the hole in gallons per 
minute can be found by the formula 


r = 19.8V4d, 


where d represents the depth of the water in the 
tank, in feet. 

Find the rate of water flow if the depth of water in the 
tank is 13 feet. Round to the nearest tenth of a 
gallon per minute. 


r = 19.8Vd 
r = 19.8V13 
r= 714 


The water flow is approximately 71.4 gallons per 
minute. 


Imaginary Numbers, p. 519 

The imaginary number / is defined to be equal to V—1. 
j= V-1 

-1 


1 
Zz 


Complex Numbers, p. 520 
A complex number is a number of the form a + bi, where a and b are 
real numbers. 


Adding/Subtracting Complex Numbers, p. 520 
To add two complex numbers, add the two real parts and add the two 
imaginary parts. 


To subtract two complex numbers, subtract the two real parts and subtract 


the two imaginary parts. 


Multiplying Imaginary and Complex Numbers, pp. 521-522 


When multiplying complex numbers, use the distributive property. For 
any occurrence of i” in the product, replace i” with —1. 


Complex Conjugates, p. 522 


Two complex numbers of the form a + bi anda — bi are conjugates, 
and their product is equal to a* + b’. 


Simplify: V—81 


TP 3i 


Subtract: (8 + 7i) — (13 — 47) 
(8 + 7i) — (13 — 41) = 8+ 7i- 13 + 4i 


Multiply: (11 + 8i)(9 — 57) 
(11 + 8i)(9 — 5i) = 99 — 551 + 721 — 407 
99 — 55i + 72i + 40 
= 139 + 171 


Multiply: (2 — 9i)(2 + 97) 
(2 — 9i)(2 + 9i) 
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Rationalizing Denominators— Complex Denominator, p. 523 


If a denominator contains a complex number, rationalize the 
denominator by multiplying the numerator and denominator 
by the conjugate of the denominator. 


Rationalizing Denominators— Imaginary Denominator, p. 524 
If a denominator contains an imaginary number, rationalize the 


denominator by multiplying the numerator and denominator by i. 


+ 4i 
Simplify by rationalizing the denominator: ; = 7 
344i 243i 64+ 9+ 814 127? 
2: 3. 2AP St 2? + 3 
6+ 9 + 8 — 12 
13 
_ 64+ 171 
13 
5 
13. 13 
Simplify by rationalizing the denominator: Bi 
i 
ee 
13) «137 i 
_ 8 
1377 
_ 8i 
~ =13 
a 
13" 


SUMMARY OF CHAPTER 9 STUDY STRATEGIES 


e A good set of class notes is a valuable study re- 
source. To ensure that you create the best set of 
notes you can, begin by choosing your seat wisely. 
Make sure you can see the entire board and can 
hear the instructor from your location. 

e Write down each step of the solution to a problem, 
whether or not you believe the step is necessary. 
Often, solutions seem clear while you are sitting in 
class but will not be so clear when you sit down to 
work the homework exercises. If you find yourself 
completely lost in class, do your best to write down 
every step so that you can make sense of the steps 
when reworking your notes after class. 


If you find that you are having trouble keeping 
up with your instructor, write down enough in- 
formation so that you will be able to understand 


the material after class has ended. Try using ab- 
breviations when appropriate and write down 
phrases rather than complete sentences. The use 
of a recorder, with your instructor’s permission, 
can help you fill in missing sections in your 
notes. A classmate can help you fill in missing 
notes as well. If your instructor gives you a cue 
that material is important, write that material in 
your notes immediately. You can catch up on 
missing material after class. 

Reworking your notes after class serves as an ex- 
cellent review of what was covered in class and 
gives you an opportunity to make your notes 
more legible and user friendly. During this time, 
you can fill in any holes in your notes and supple- 
ment your notes with extra material. 


CHAPTER 9 REVIEW 


Simplify the radical expression. Assume that all vari- 
ables represent nonnegative real numbers. [9.1] 


1. V25 
2. V169 
3. W/—64 
4, W/x° 
5. 
6 


oO 


V 81x? 
i 45/ 243xP yz 


Approximate to the nearest thousandth using a cal- 
culator. [9.1] 

7. V17 

8. V41 


Evaluate the radical function. Round to the nearest thou- 
sandth if necessary. [9.1] 

9. f(x) = Vx — 10, f(91) 
10. f(x) = Vx? + 6x — 19, f(3) 


Find the domain of the radical function. Express your 
answer in interval notation. [9.1] 

11. f(x) = V2x +6 

12. f(x) = W3x + 25 


Rewrite each radical expression by using rational expo- 
nents. Assume that all variables represent nonnegative 
real numbers. [9.2] 


13. Wa 
14. (Wx) 
ieee 
16. W/n8 


Rewrite as a radical expression and simplify if possible. 
Assume that all variables represent nonnegative real 
numbers. [9.2] 

17,4" 

18. (343x7!)*8 


Simplify the expression. Assume that all variables repre- 
sent nonnegative real numbers. [9.2] 


GB 332. 16 


20. (x38) 
23 
21. 


x2 


Worked-out solutions to Review Exercises marked with 


ee 
23.64-° 

2743 
24. as 


Simplify the radical expression. Assume that all vari- 
ables represent nonnegative real numbers. [9.3] 


25. V28 

26. Wx! 

27, Wx! y8zi5 
28. W/405a>p!2c!6 
29. V'180res!t4? 
30. V175r°s8¢4 


Add or subtract. Assume that all variables represent 
nonnegative real numbers. [9.3] 


31. 4V2 + 8V2 

32. Wx — Wx 

33. 5V20 + 3/125 

34. 6V12 — 8V50 + 9V75 


Multiply. Assume that all variables represent nonnega- 
tive real numbers. [9.4] 


35. W/4x2- W/18x4 
36. 5V3(2V6 — 4V3) 
37. (V3 + V8)(V6 — V2) 
. (10V5 — 7V11)(9V5 + 2V11) 
39. (2V15 — 9V3)? 
. (2V13 — 10V7)(2V13 + 10V7) 


Simplify. Assume that all variables represent nonnegative 
real numbers. [9.4] 


V224x° 


41. 
V2Xx 
08,3 
4”. 50a°b°c 
8a2bc8 


Rationalize the denominator and simplify. Assume that 
all variables represent nonnegative real numbers. [9.4] 


43. 


can be found on page AN-32. 
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Ti Express in terms of i. [9.6] 
45. ./-— 
18 61. V—49 
46, 20 62. V—40 
a'b°c 63. V—252 
a7. 8 64. — V—675 
Vil — V5 
—2V3 Add or subtract the complex numbers. [9.6] 
"10 VIS — 3-Vi2 65. (4 + 2i) + (7 + 3i) 
a9, VI t5V2 66. (9 — 4i) + (7 + 21) 
2V7 —3V2 67. (11 — 8’) — (10 — 13%) 
Pec aa 68. (6 + 12i) — (5 + Si) 
6+7V5 


Multiply. [9.6] 
Solve. [9.5] 


st, Viet 1=7 v0, V=5-V=50 

52. W7x — 15 = 5 71. 7i(3 — 4i) 

BO: VR ae Bae 72. (10 + 2i)(13 + 8) 
54. V17 — 4x —x=1 73. (9 — 3i) 

35. Ve #5 = V3x — 13 74, (3 + 14i)(3 — 14’) 


56. Vx + 8 =2- Vx - 12 


57. For the function f(x) = V3x + 4, find all values of x 
for which f(x) = 4. [9.5] 
58. For the function f(x) = Vx? — 6x + 11 + 8, find 


Simplify by rationalizing the denominator. Write your 
answer ina + bi from. [9.6] 


all values of x for which f(x) = 11. [9.5] 75. 6 
59. A pendulum has a length of 5 feet. Find its period, t= 
rounded to the nearest hundredth of a second. Use 6 15i 
[L “6 + 8i 
the formula T = 27,/=—. [9.5] ’ 
32 7 2+i 
60. A vehicle involved in an accident made 200 feet of °9 -—5i 
skid marks on the asphalt. The speed, s, the vehicle 16 
was traveling in miles per hour when it started gs) — 


skidding can be approximated by the formula 
s = V30df , where d represents the length of the skid 
marks in feet and f represents the drag factor of the Simplify. [9.6] 
road. If the drag factor for asphalt is 0.75, find the 453 
: go) i-- 
speed the car was traveling. Round to the nearest a 
mile per hour. [9.5] 80. 


For Extra Hel 
C HAPTE R 9 TE ST CHAPTER d Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 


4, Test Prep on DVD, in MyMathLab and on You{fJ) (search “WoodburyElemintAlg” and click on “Channels”). 


Simplify the radical expression. Assume that all vari- Simplify the expression. Assume that all variables repre- 


ables represent nonnegative real numbers. sent nonnegative real numbers. 
LL Vso 3, gril. qils 4. pis 
2. For f(x) = Vx? — 9x + 6, evaluate f(—5). Round pe 


to the nearest thousandth. 5, 125-28 


Simplify the radical expression. Assume that all vari- 
ables represent nonnegative real numbers. 


6. V72 


Add or subtract. 
8. 8V18 + 11 V2 -— 3200 


Multiply. 


9. 4.\V/5(7V10 — 235) 
10. (3: V6 — 4V8)(9 V6 — 2-V8) 


Rationalize the denominator and simplify. Assume that 
all variables represent nonnegative real numbers. 


AVI + 9V2 


Mathematicians in History 


thagotas of Samos, often referred to as simply Pythago- 
ras, was the leader of a society known as the Pythagoreans. This society was partially 
religious and partially scientific in nature. One of its mathematical achievements was 
the first proof of a theorem that related the lengths of the sides of a right triangle. 


This theorem is known as the Pythagorean theorem. 


Write a one-page summary (or make a poster) of the life of Pythagoras, the mathe- 
matical achievements of Pythagoras and his society, and the beliefs of the Pythagoreans. 


Interesting issues: 
What was the “semicircle”? 


Who were the mathematikoi? By what rules did they lead their lives? 

What number did the Pythagoreans consider to be the “best” number? Why? 
Which society was the first to know of the Pythagorean theorem? 

The Pythagoreans believed that all relationships could be expressed numerically as a ratio of two integers. They discovered, 
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Solve. 


1B. W6x+5=5 
14. Vx+28+2=x 


15. If a pendulum has a period of 4 seconds, find its 
length, rounded to the nearest tenth of a foot. Use the 


ee eee ee 
rmula = a. 
” MAE) 


16. Express V —99 in terms of i. 


Add or subtract the complex numbers. 


17. (2 — 3i) — (20 + 8) 


Multiply. 
18. (6 + 7i)(6 — 7i) 


Simplify by rationalizing the denominator. Write your 
answer in a + bi form. 
4+ 9i 
a= ot 


however, that the diagonal of a square whose side has length 1 is an irrational number. This number is V2. This discovery 
rocked the foundation of their system of beliefs, and they swore each other to secrecy regarding this discovery. A 
Pythagorean named Hippasus told others outside the society of this irrational number. What was the fate of Hippasus? 
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CHAPTER 


Solving Quadratic 
Equations by Extracting 
Square Roots; 
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The Quadratic Formula 
Equations That Are 
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Graphing Quadratic 
Equations 

Applications Using 
Quadratic Equations 
Quadratic and Rational 
Inequalities 

Chapter 10 Summary 


Quadratic Equations 


In this chapter, we will learn how to apply techniques other than factoring 
to solve quadratic equations. Quadratic equations are equations that can be writ- 
ten in the form ax* + bx + c = 0, where a # 0. One important goal of this 
chapter is to determine which technique will provide the most efficient solution 
to a particular equation. We also will apply these techniques to new application 
problems that previously could not be solved because they produce equations 
that are not factorable. In this chapter, we also will examine the graphs of quad- 
ratic equations and functions. The graph of a quadratic equation is called a 
parabola and is U-shaped. The techniques used to graph linear equations also 
will be applied in graphing quadratic equations, along with some new tech- 
niques. The chapter ends by examining inequalities that involve quadratic and 


rational expressions. 


STUDY STRATEGY 


Time Management When asked why they are having difficulties in a partic- 
ular class, some students claim that they do not have enough time. However, 
many of these students have enough time but lack the time management skills 


to make the most of their time. In this chapter, we will discuss effective time 
management strategies, focusing on how to make more efficient use of avail- 
able time. 


OBJECTIVES 


a Solve quadratic equations by factoring. 
@ Solve quadratic equations by extracting square roots. 


& Solve quadratic equations by extracting square roots involving a linear 
expression that is squared. 


4 Solve applied problems by extracting square roots. 
5 Solve quadratic equations by completing the square. 
6 Find a quadratic equation, given its solutions. 


Quick Check 1 


Solve. 
a) x? = 2x + 15 
b) x? = 121 
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Solving Quadratic Equations by Factoring 


Objective 1 Solve quadratic equations by factoring. In Chapter 6, we 
learned how to solve quadratic equations through the use of factoring. We begin 
this section with a review of this technique. We start by simplifying both sides of the 
equation completely. This includes any distributing that must be done and combin- 
ing like terms when possible. After that, we need to collect all of the terms on one 
side of the equation with 0 on the other side of the equation. Recall that it is a good 
idea to move the terms to the side of the equation that will produce a positive 
second-degree term. After the equation contains an expression equal to 0, we need 
to factor the expression. Finally, we set each factor equal to 0 and solve the resulting 
equation. 


Solve x* — 7x = —10. 


SOLUTION 


x? — 7x = -10 
x7 -— 7x +10=0 Add 10 to collect all terms on 
the left side. 
(x — 2)(x —5) =0 Factor. 


x-—2=0 or x-—5=0 Seteach factor equal to 0. 
x=2 or x=5 Solve the resulting equations. 


The solution set is {2, 5}. 


Solve x? = 49. 


SOLUTION 


x? = 49 
x7 - 49 =0 Collect all terms on the left side. 
(x + 7)(x — 7) =0 Factor (difference of squares). 


x+7=0 or x-—7=0 Seteach factor equal to 0. 


x=-7 or x=7 Solve the resulting equations. 


The solution set is {—7, 7}. 


Solving Quadratic Equations by Extracting 
Square Roots 


Objective 2 Solve quadratic equations by extracting square roots. In the 
preceding example, we tried to find a number x that, when squared, equals 49. The 
principal square root of 49 is 7, which gives us one of the two solutions. In an equa- 
tion where we have a squared term equal to a constant, we can take the square root 
of both sides of the equation to find the solution as long as we take both the posi- 
tive and negative square root of the constant. The symbol + is used to represent the 
positive and negative square root and is read as plus or minus. For example, x = +7 
means x = 7 or x = —7. This technique for solving quadratic equations is called 
extracting square roots. 
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Quick Check 2 


Solve. 
aa = 28 
b)x* + 32 =0 


Extracting Square Roots 


1. Isolate the squared term. 


2. Take the square root of each side. (Remember to take both the positive and 
negative (+) square root of the constant.) 


3. Simplify the square root. 
. Solve by isolating the variable. 


Now we will use extracting square roots to solve an equation that we would not 
have been able to solve by factoring. 


Solve x? — 50 = 0. 


SOLUTION The expression x” — 50 cannot be factored because 50 is not a perfect 
square. We proceed to solve this equation by extracting square roots. 
x? — 50=0 
<= 50 Add 50 to both sides to isolate x. 
+50 Take the square root of each side. 
x = +5V/2 Simplify the square root. V50 = V25+2 = 5V2 


: 


The solution set is {—5-V2, 52}. Using a calculator, we find that the solutions are 
approximately +7.07. 


A WORD OF CAUTION When taking the square root of both sides of an equation, do not 
forget to use the symbol + on the side of the equation containing the constant. 


This technique also can be used to find complex solutions to equations, as well as 
real solutions. 


Solve x? = —16. 


SOLUTION If we had added the 16 to the left side of the equation, the resulting 
equation would have been x* + 16 = 0. The expression x* + 16 is not factorable. 
(Recall that the sum of 2 squares is not factorable.) The only way to find a solution 
would be to take the square roots of both sides of the original equation. We pro- 
ceed to solve this equation by extracting square roots. 


x? = -16 
Vx? = +V-16 Take the square root of each side. 
x = +41 Simplify the square root. 


The solution set is {—4i, 4i}. Note that these two solutions are not real numbers. 


Objective 3 Solve quadratic equations by extracting square roots involv- 
ing a linear expression that is squared. Extracting square roots is an excellent 
technique for solving quadratic equations whenever the equation is made up of a 
squared term and a constant term. Consider the equation (2x — 7)* = 25. To use 
factoring to solve this equation, we would have to square 2x — 7, collect all terms 
on the left side of the equation by subtracting 25, and hope that the resulting ex- 
pression could be factored. Extracting square roots is a more efficient way to solve 
this equation. 
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Solve (2x — 7)? = 25. 


SOLUTION 


V (2x — 7)* = +V25_ Take the square root of each side. 


2x —7 = +5 Simplify the square root. Note that the 
square root of (2x — 7)? is 2x — 7. 


2x =7+5 Add7. 


x =— _ Divide by 2. 


Lee 
2 


= 6and i a = 1, so the solution set is {1, 6}. 


Solve (3x + 4)? + 35 = 15. 


SOLUTION 


(3x + 4)? + 35 = 15 
(3x + 4)? = -20 Subtract 35 to isolate the squared term. 
V (3x + 4)? = +V—20 Take the square root of each side. 
3x +4 = 42iV5 Simplify the square root. 
3x = —-4+2iV5 Subtract 4. 
x= ateeN2 Divide both sides by 3. 


3 


Because we cannot simplify the numerator in this case, these are the solutions. The 
—4 — 2iV5 -4 + 2} 
3 , 3 , 


solution set is { 


Quick Check 3 
Solve. 


a) (3x +1)?=100  b) 2(2x — 3)? +17 = -1 


Solving Applied Problems by Extracting 

Square Roots 

Objective 4 Solve applied problems by extracting square roots. Problems 
involving the area of a geometric figure often lead to quadratic equations, as area is 


measured in square units. Here are two useful area formulas that can lead to quad- 
ratic equations that can be solved by extracting square roots. 


Figure Square Circle 


Area A=s A 2 


7r 


ll 
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A square has an area of 40 square centimeters. Find the length of 
its side, rounded to the nearest tenth of a centimeter. 


SOLUTION In this problem, the unknown quantity is the length of the side of the 
square, while we know that the area is 40 cm’. We will let x represent the length of 
the side. Because the area of a square is equal to its side squared, the equation we 
need to solve is x” = 40. 


x” = 40 
V2 = +V40_ Take the square root of each side. 
x = +2V10 Simplify the square roots. 


Because x represents the length of the side of the square, it must be positive. We 
may omit the solution x = —2V 10. The solution is x = 2V10 cm. Rounding this 


Quick Check 4 to the nearest tenth, we know that the length of the side of the square is 6.3 cm. 


A square has an area of 

150 square inches. Find the 
length of its side, rounded to 
the nearest tenth of an inch. 


A circle has an area of 100 square feet. Find the radius of the 
circle, rounded to the nearest tenth of a foot. 


SOLUTION In this problem, the unknown quantity is the radius of the circle and 
we will let r represent the radius. Because the area of a circle is given by the for- 
mula A = mr’, the equation we need to solve is zr? = 100. 


ar” = 100 
tr 100 
a 
~~ = Divide both sides by 7. 
1 
Jz 100 ‘ 
rat os Take the square root of each side. 
100 
r= £,/—— Simplify. 


[100 
Again, we may omit the negative solution. The solution is r = ar ft. Rounding 


Quick Check 5 this to the nearest tenth, the radius is 5.6 feet. 


A circle has an area of 
20 square centimeters. Find 


the radius of the circle, rounded Solving Quad ratic Equations 
to the nearest tenth of a e 
by Completing the Square 


centimeter. 
Objective 5 Solve quadratic equations by completing the square. We 
can solve any quadratic equation by converting it to an equation with a squared 
term equal to a constant. Rewriting the equation in this form allows us to solve 
it by extracting square roots. We will now examine a procedure for doing this 
called completing the square. This procedure is used for an equation such as 
x? — 6x — 16 = 0, which has both a second-degree term (x”) and a first-degree 
term (—6x). 

The first step is to isolate the variable terms on one side of the equation with 
the constant term on the other side. This can be done by adding 16 to both sides of 
the equation. The resulting equation is x? — 6x = 16. 

The next step is to add a number to both sides of the equation that makes the 
side of the equation containing the variable terms a perfect square trinomial. To do 
this, we take half of the coefficient of the first-degree term, which in this case is —6, 
and square it. 
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After adding 9 to both sides of the equation, we obtain the equation 
x* — 6x + 9 = 25. The expression on the left side of the equation, x* — 6x + 9, is 
a perfect square trinomial and can be factored as (x — 3)’. The resulting equation, 
(x — 3) = 25, is in the correct form for extracting square roots. (This equation will 
be solved completely in the next example.) 

Here is the procedure for solving a quadratic equation by completing the 
square, provided the coefficient of the squared term is 1. 


Completing the Square 
1. Isolate all variable terms on one side of the equation, with the constant term 
on the other side of the equation. 


2. Identify the coefficient of the first-degree term. Take half of that number, 
square it, and add that to both sides of the equation. 


3. Factor the resulting perfect square trinomial. 


4. Take the square root of each side of the equation. Be sure to include + on 
the side where the constant is. 


. Solve the resulting equation. 


In the following example, we will complete the solution of x* — 6x — 16 = 0 by 
completing the square. 


Solve x? — 6x — 16 = 0 by completing the square. 


SOLUTION 


x? — 6x —- 16=0 
x? — 6x = 16 Add 16. 
-6x+9=164+9 (58) =(-3) =9 
Add 9 to complete the square. 
(x — 3P = 25 Simplify. Factor the left side. 
V(x — 3)? = +V25_ Take the square root of each side. 
x—-3= +45 Simplify the square root. 


x=3+5 Add3. 
3 +5 = 8and3 — 5 = —2,s0 the solution set is {—2, 8}. 
Note that the equation in the previous example could have been solved with less 


work by factoring x* — 6x — 16. Use factoring whenever possible because it is 
often the quickest and most direct way to find the solutions. 


Solve x? + 8x + 20 = 0 by completing the square. 


SOLUTION 


x’? + 8x + 20=0 
x? + 8x = —20 Subtract 20. 
x’? + 8x + 16 = -20+ 16 Half of 8 is 4, which equals 16 when 
squared: (8) = (4)? = 16. Add 16. 
+ 8x +16 =—4 Simplify. 
(x + 4)? = -4 Factor the left side. 
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Quick Check 6 
Solve by completing the square. 


a)x*? + 8x+12=0 
b) x? — 6x + 10=0 


V(x + 4)? = 4V-4 
x+4= +2i 
x= -44+2i 


Take the square root of each side. 
Simplify the square root. 
Subtract 4. 


The solution set is {—4 — 27, —4 + 2i}. 


Note that the expression x” + 8x + 20 does not factor; so completing the square is 
the only technique we have for solving this equation. In the first two examples of 
completing the square, the coefficient of the first-degree term was an even integer. 
If this is not the case, we must use fractions to complete the square. 


Solve x? — 5x — 5 = 0 by completing the square. 


SOLUTION. The expression x* — 5x — 5 does not factor, so we proceed with com- 
pleting the square. 


x -—5x-5=0 


+= Se 5 Add 5. 
yeas Sap ae 25 _ 5+ 25 Half of —5 a: = iad i Sa 2 when 
4 4 squared: (-3) = 7. Add =. 
go Gy he 25 _ = Add 5 and by rewriting 5 as a — ; 


whose denominator is 4:5 + 2 =F 


Factor. 


Take the square root of each side. 


5 3V5 
ae ae a8 Simplify the square root. 
S . 3V5 4 
x= 2 + “2 Add 3. 


5-3V5 54+ 3V5 
, * 3 ° 


The solution set is 


Quick Check 7 
Solve x? + 7x — 18 = 0 by completing the square. 


In the previous example, half of b was a fraction, causing us to add a fraction to both 


sides of the equation. In this case, factoring the resulting trinomial can be difficult. 
2 


b\? _b 
Keep this fact in mind: when adding (2) See to both sides while completing 


b 2 
the square, the trinomial will factor to be of the form € + >) . This fact can be 


bY? b 
verified by simplifying (« + =) and seeing that it is equal to x* + bx + —. 


4 


a8, BB 
=x toxt+2xK + 
2 2 4 


Multiply. 


Combine like terms. 
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A WORD OF CAUTION To solve a quadratic equation by completing the square, we must 
be sure that the leading coefficient is positive 1. If the leading coefficient is not equal 
to 1, we divide both sides of the equation by the leading coefficient. 


Solve 2x? — 9x + 5 = 0 by completing the square. 


SOLUTION The leading coefficient is 2,so we begin by dividing each term on both 
sides of the equation by 2. We can then solve this equation by completing the 
square. 


2x7 -9x +5=0 


sos 2. + oo 0 Divide both sides of the equation by 2 so that 
2 2 the leading coefficient is equal to 1. 
9 5 5 
Boje ye ee es 
x a* 5 Subtract > 
9 81 5 81 9 9 9\? 81 81 
‘ + = + Halt of -Zis -2.(-2)' = Add—t 
PP ig. a dg. ee Be a 
both sides of the equation. 
ee: i 81 41 Simplif 5 ma 81 40 is 81 
Xx x = = =— : 
2" 16 16 eS 1. eB 
9\2 AL Factor. In completing the square with x” — bx, 
aay > ae the expression on the left side will factor to be 


2. 


of the form (: = 2 


9\’ 41 
a) i +,/— Take the square root of each side. 


16 
V4i1 
i= : = A Simplify each square root. 
9+ V41 9 
x= 4 Add 4° 
The solution set is see del PE 
Quick Check 8 4 ° 4 . 


Solve 2x? — 32x + 92 = Oby 
completing the square. 


Finding a Quadratic Equation, 
Given Its Solutions 


Objective 6 Find a quadratic equation, given its solutions. 


Find a quadratic equation in standard form, with integer coeffi- 
cients, that has the solution set } —6, 5 : 


SOLUTION We know that x = —6 is a solution to the equation. This tells us that 
x + 6is a factor of the quadratic expression. Similarly, knowing that x = } is a SO- 
lution tells us that 2x — 1 is a factor of the quadratic expression. 


il 
an) 
11 
2*x = z 2 Miultiply both sides by 2 to clear the fractions. 
1 
2x = 1 Simplify. 
2x -1=0 Subtract 1. 
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Quick Check 9 


Find a quadratic equation in 
standard form, with integer 
coefficients, that has the 
solution set 3, Bois 


Multiplying these two factors will give us a quadratic equation with these two 
solutions. 


1 
x=-6 or x= z Begin with the solutions. 


x+6=0 or 2x-—1=0 Rewrite each equation so that 
the right side is equal to 0. 


(x + 6)(2x — 1) =0 Write an equation that has these 
two expressions as factors. 
2x7 -x+12x-6=0 Multiply. 
2x? + 1lx -6=0 Simplify. 


A quadratic equation that has the solution set {-6, 3} is 2x? + 11x -6=0. 


Notice that we say a quadratic equation rather than the quadratic equation. There 
are infinitely many quadratic equations with integer coefficients that have this solu- 
tion set. For example, multiplying both sides of the equation by 3 gives us the equa- 
tion 6x? + 33x — 18 = 0, which has the same solution set. 


Find a quadratic equation in standard form, with integer coeffi- 
cients, that has the solution set {—6i, 6i}. 


SOLUTION We know that x = —6/ is a solution to the equation. This tells us that 
x + 6i is a factor of the quadratic expression. Similarly, knowing that x = 67 is a 
solution tells us that x — 6i is a factor of the quadratic expression. Multiplying 
these two factors will give us a quadratic equation with these two solutions. 


x=-6i or x=6i Begin with the solutions. 


x + 6i=0 or x — 6i=0 Rewrite each equation so that 
the right side is equal to 0. 


(x + 6i)(x — 61) = 0 Write an equation with one 
side having these two expres- 
sions as factors. 


x? — 61x + 6ix — 367 =0 Multiply. 
x’? + 36=0 Simplify. Recall that i? = —1. 


A quadratic equation that has the solution set { —6i, 61} is x? + 36 = 0. 


Quick Check 10 


Find a quadratic equation in standard form, with integer coefficients, that has the 
solution set {—10i, 10/}. 


BUILDING YOUR STUDY STRATEGY 


Time Management, 1 Keeping Track The first step in achieving effective 
time management is keeping track of your time over a one-week period. 
Write down the times you spend on school, work, and leisure activities. This 
will give you a good idea of how much extra time you have to devote to study- 


ing, as well as how much time you devote to other activities. 

Once you have made needed changes to your current schedule, try to set 
aside more time for studying math. You should be studying between two and 
four hours per week for each hour you spend in class. Try to schedule some 
time each day rather than cramming all of your studying into the weekend. 
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Myniaihiab «zp [Ff | G | =I % 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary 31. 2(x — 9)? — 17 = 83 
1. The method of solving an equation by taking the $2,341) + 11 = 83 
square root of both sides is called solving by 2\? 49 
33.4 =]. = ee 
: 5 25 
2. To solve an equation by extracting square roots, 3\7 25 
first isolate the expression that is : aa ale 4) 16 


3. The method of solving an equation by rewriting the 
variable expression as a square of a binomial is 


Filli 38 ; 7 
Salledisolving by ill in the missing term that makes the expression a per 


fect square trinomial. Factor the resulting expression. 


35. x7 + 12x + __ 


4. To solve the equation x” + bx = c by completing 


the square, first add to both sides of the 


: 36. x7 — 2x + __ 
equation. 
37. x27 — 5x + __ 
Solve by factoring. 
yf a 38. x2 + 13x + __ 
5.x = 34— 100 
2 
6.x? + 9x + 14=0 ee = OA a 
7.97 + 7x =0 40. x7 + 18x + __ 
8. x? — 4x = 0 a bet 
9, 3x” - 13x +4=0 7 
42, x7 --—x+ __ 
3 
10. 2x? — 21x + 27 =0 
11,22 = 2¢ = 94 For Exercises 43-50, approximate to the nearest tenth 
2. 2-45 = —Ay when necessary. 
B. 2-9-0 43. The area of a square is 81 square meters. Find the 
14. 2-25 =0 length of a side of the square. 
1S 9a dee ye eG 44. The area of a square is 144 square feet. Find the 
jl : ; length of a side of the square. 
ee ae a 45. The area of a square is 128 square inches. Find the 
length of a side of the square. 
Solve by extracting square roots. 46. The area of a square is 200 square centimeters. Find 
17. 2 = 64 18. x2 = 81 the length of a side of the square. 
19. 2 —24=0 20. 2 -27=0 47. The area of a circle is 24 square inches. Find the radius 
of the circle. 
21. 2 = -72 22. x2 = -25 48. The area of a circle is 60 square centimeters. Find the 
radius of the circle. 
93 x2 4.52 = 99 49. The area of a circle is 250 square meters. Find the ra- 
4. 2-17 = 63 dius of the circle. 
' 50. The area of a circle is 48 square feet. Find the radius 
_7)2 = 
25, (x — 7) aa of the circle. 
26. (x + 3)? = 100 
2 oe 
Be es 7 7 Solve by completing the square. 
ce ane? 51. x? — 2x — 63 =0 52. x? + 10x — 39 =0 
29, (x + 5)? + 33 = 15 
( ) 


30. 
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53. 
54. 
55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 
72. 


73. 


74. 


75. 


76. 


x + 6x -11=0 
— 8x —17=0 
— 4x = -12 

+ 12x = —48 
— 14x + 30 =0 
2+ 20x + 125=0 
+ 8x + 44=0 
+ 26x — 84=0 
— 16 = -6x 

— 48 = 2x 

— 3x —-54=0 
+ 9x + 20 =0 


tN N N 


tN 


cn i. Oh. Oe. Oo. i . Oi. OO 2 Oe 
NN N NR N 


N 


N 


+ 7x —10=0 


& 


x -5x-8=0 
x - 9x + 36=0 
x? + 11x + 37=0 


5 
x? + ox4+1=0 


2 

23 7 
Oe os) —-=0 
6 8 


2x* — 2x - 144 =0 
4x” — 56x + 172 =0 


2x7 - 9x +4=0 


3x* — 13x - 30=0 


2x7 —- 6x +5=0 


4x”? — 20x + 29 =0 


Find a quadratic equation with integer coefficients that 
has the following solution set. 


77. 


79. 


81. 


83. 
85. 


{-5, 2} 78. {—4, -3} 
{6, 8} 80. {0, 5} 

3 ial 
{-2.3} 2, {oUt 
{—3, 3} 84. {—6, 6} 
{-5i, 5i} 86. {—i, i} 


Mixed Practice, 87-114 


Solve by any method (factoring, extracting square roots, 
or completing the square). 

87. x? + 13x + 30=0 

88. x7 + 12 =0 

89. x7 + 6x —-17=0 

90. (x — 5)? =1 

91. x? — 6x -7=0 

92. x7 — 8x = 0 


93, 2x? — 15x + 25 =0 


94. x? — 6x = —10 
95. (x — 4)? — 11 = 16 
96. x° — 5x — 36=0 
97. x? — 4x = 20 

98. x? + 85 = 18x 

99. x7 — 5x —-6 =0 
100. (2x + 8 -5=11 
101. x7 — 8x +19 =0 
102. x? — 20x + 91 =0 
103. 3(x + 3)? +13 = -11 
104. x7 -9=0 


105. x7 + 3x + 9=0 


106. x? — 2x + 50=0 
107. x7 + 16x = 0 


108. 6x? + 13x +6 =0 
109. x(x + 5) — 7(x + 5) =0 
110. (4x — 3)(4x — 3) = 25 


111, —16x? + 64x + 80 =0 


b\ bB-4 
112. (« + ) = sl where a, b, and c are con- 
2a 4a? 


stants anda # 0. 


113. =x? + =x =0 
3 3 3 


114, x? - 10x +11 =0 


a===- Writing in Mathematics 
Answer in complete sentences. 


115. Explain why you use the symbol + when taking the 
square root of each side of an equation. 
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OBJECTIVES 


‘1 Derive the quadratic formula. 

@ Identify the coefficients a, b, and c of a quadratic equation. 

® Solve quadratic equations by using the quadratic formula. 

‘4 Use the discriminant to determine the number and type of solutions 
of a quadratic equation. 

5. Use the discriminant to determine whether a quadratic expression is 
factorable. 

6 Solve projectile motion problems. 


The Quadratic Formula 


Objective 1 Derive the quadratic formula. Completing the square to solve a 
quadratic equation can be tedious. As an alternative, in this section, we will develop 
and use the quadratic formula, which is a numerical formula that gives the solu- 
tion(s) of any quadratic equation. 

We derive the quadratic formula by solving the general equation ax? + bx + 
c = 0 (where a, b, and c are real numbers and a # 0) by completing the square. Re- 
call that the coefficient of the second-degree term must be equal to 1; so the first 
step is to divide both sides of the equation ax? + bx + c = Obya. 


ax? + bx +c =0 


b 
e+—-x+5=0 Divide both sides by a. 
a a 
e+—x= — Subtract the constant term £. 
tog e PW ty? Half of 2is 2. (£) = B add& 
a 4a? a 4a’ to both sides of the equation. 
6, 2 bb — 4ac Simplify the right side of the equation as 
xt ext = i i sys fe 4ac 
a 4a 4a a single fraction by rewriting —7 as —7. 
bY p= 4 
(: + ) = ste Factor the left side of the equation. 
2a 4a? 
b\ b-4 
(: + ) =+ = Take the square root of both sides. 
2a 4a? 
b Vb? — dac Simplify the square root on the left side. 
x+ a + ; Rewrite the right side as the quotient of 
Aa two square roots. 
BW b? — 4dac Simplify the square root in the 
oe 2a = 2a denominator. 
b V b’ — 4ac b 
A= ee Subtract 5,. 
2a 2a : 
—b + Vb* — 4ac ; ; ; 
x= oF Rewrite as a single fraction. 


The Quadratic Formula 


For a general quadratic equation ax” + bx + c = 0 (where a, b, and c are real 
numbers and a # 0), the quadratic formula tells us that the solutions of this 
equation are given by 


—b + Vb? — 4ac 
a= . 


2a 
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Quick Check 1 
For the given quadratic 


equation, identify a, b, and c. 


a) x? + 1lx —- 13 =0 
b)5x* — 11 = 9x 
c) x” = 30 


If we can identify the coefficients a, b, and c in a quadratic equation, we can find the 
solutions of the equation by substituting these values for a, b, and c in the quadratic 
formula. 


Identifying the Coefficients to Be Used 
in the Quadratic Formula 
Objective 2) Identify the coefficients a, b, and c of a quadratic equation. 


The first step in using the quadratic formula is to identify the coefficients a, b, and c. 
We can do this only after the equation is in standard form: ax? + bx + c = 0. 


For the quadratic equation, identify a, b, and c. 
a) x7 — 6x +8 =0 


SOLUTION a=1,b = —6,andc = 8. Be sure to include the negative sign when 
identifying coefficients that are negative. 

b) 3x7 — 5x =7 

SOLUTION Before identifying the coefficients, we must convert this equation to 
standard form: 3x” — 5x — 7 = 0.Soa = 3,b = —5,andc = —7. 

oc x7 +8=0 


SOLUTION In this example, we do not see a first-degree term. In this case, b = 0. 
The coefficients that we do see tell us that a = 1 andc = 8. 


Solving Quadratic Equations 
by the Quadratic Formula 


Objective 3 Solve quadratic equations by using the quadratic formula. 
Now we will solve several equations using the quadratic formula. 


Solve x? — 6x + 8 =0. 


SOLUTION We can use the quadratic formula with a = 1,b = —6,andc = 8. 


—b + Vb? — 4ac 
x= 
2a 


6 + V(-6) — 4(1)(8) Substitute 1 for a, —6 for b, and 8 for c. When you 
= use the formula, think of the —b in the numerator 


x 


a1) as the “opposite of b.” The opposite of —6 is 6. 
6 + V36 — 32 
x= 5 Simplify each term in the radicand. 
6+ V4 
= ne Subtract. 
2 
642 
x= Simplify the square root. 


6+ 2 
2 


6-2 
= 4and 5 2; so the solution set is {2, 4}. 
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Note that the equation in the previous example could have been solved more 
quickly by factoring x* — 6x + 8 to be (x — 4)(x — 2) and then solving. Use fac- 
toring whenever possible, treating the quadratic formula as an alternative. 


Solve 3x? + 8x = —3. 


SOLUTION To solve this equation, we must rewrite the equation in standard form 
by collecting all terms on the left side of the equation. In other words, we will 
rewrite the equation as 3x” + 8x + 3 = 0. 

If an equation does not quickly factor, we should proceed directly to the quad- 
ratic formula rather than try to factor an expression that may not be factorable. 
Here a = 3,5 = 8,andc = 3. 


—8 + V(8)? — 4(3)(3) Substitute 3 for a, 8 for b, and 3 for c in 


2(3) the quadratic formula. 
—8 + V28 
aT al Simplify the radicand. 
—-84+2 
x= Ss2vi Simplify the square root. 
1 
2(-4 + V7) Factor the numerator and divide out the 
a 6 common factor. 
3 
—44 
x= “eM Simplify. 


—-4-vV7I -4+ V7 
3 / 3 
—2.22 and —0.45, respectively. 


The solution set is { \ These solutions are approximately 


Using Your Calculator Here is the screen that shows how to approximate 
St Vd VF 
3 and 3 : 


Quick Check 2 
Solve by using the quadratic formula. 


a) x’? + 7x — 30=0 


b)7x? + 21x = -9 
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Solve x* — 4x = —5. 


SOLUTION We begin by rewriting the equation in standard form: x* — 4x + 
5 = 0. The quadratic expression in this equation does not factor, so we use the 
quadratic formula with a = 1,b = —4,andc = 5. 


_ Ak V(-4) — 4(1)(5) Substitute 1 for a, —4 for b, and 5 for c in the 


x 


2(1) quadratic formula. 
4+ V-4 
a oe Simplify the radicand. 
442i Simplify the square root. Be sure to include i, 
ne as you are taking the square root of a negative 
number. 
1 
_ 2(2 + i) Factor the numerator and divide out the 
—— 2 common factor. 
1 
x=24+i Simplify. 


Quick Check 3 The solution set is {2 — i,2 + i}. 


Solve x? — 7x = —19. - : ; 
If an equation has coefficients that are fractions, multiply each side of the equation 


by the LCD to clear the equation of fractions. If we can solve the equation by fac- 
toring, it will be easier to factor without the fractions. If we cannot solve by factor- 
ing, the quadratic formula will be easier to simplify using integers rather than 
fractions. 


Solve $x? —-x +4 =0. 


SOLUTION The first step is to clear the fractions by multiplying each side of the 
equation by the LCD, which in this example is 6. 


1 1 
6° (Se x + >) = 6:0 Multiply both sides of the equation by the LCD. 


3x? —- 6x +2=0 Distribute and simplify. 


Now use the quadratic formula with a = 3,b = —6,andc = 2. 


6+ V/(-6) — 4(3)(2) Substitute 3 for a, —6 for b, and 2 for c 


x 


2(3) in the quadratic formula. 
6+ V12 
i Simplify the radicand. 
6+ 2V3 
x= ae Simplify the square root. 
1 
oe 23-2:V3) Factor the numerator and divide out 
6 common factors. 
3 
Quick Check 4 34 V3 — 
et il a aa Simplify. 
+—x+—-—=0. 
Solve AX 3° 5 0 


3-V334+V3 
3 7° 3 


The solution set is { \ These solutions are approximately 0.42 


and 1.58, respectively. 
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In addition to clearing any fractions, make sure the coefficient a of the second- 
degree term is positive. If this term is negative, you can collect all terms on the 
other side of the equation or multiply each side of the equation by negative 1. 


Solve —2x* + 11x + 6=0. 


SOLUTION We begin by rewriting the equation so that a is positive because fac- 
toring a quadratic expression is more convenient when the leading coefficient is 
positive. Also, we may find that simplifying the quadratic formula is easier when 
the leading coefficient a is positive. 


0 = 2x? — 11x — 6 Collect all terms on the right side of the equation. 


When the leading coefficient is not 1, factoring often is difficult or time-consuming — 
if the expression is factorable at all. In such a situation, go directly to the quadratic 
formula. In this example, we can use the quadratic formula with a = 2, b = —11, 
andc = —6. 


i ee V(-11) — 4(2)(—-6) Substitute 2 for a, —11 for b, and —6 for c 


2(2) in the quadratic formula. 
11 + V169 
a ae Simplify the radicand. 
If 4:13 
a Simplify the square root. 
i + 3 = 6 and 7 Se 5, so the solution set is {=5, 6. 


Quick Check 5 
Solve —6x” — 7x + 20 = 0. 


Although the quadratic formula can be used to solve any quadratic equation, it 
does not always provide the most efficient way to solve a particular equation. We 
should check to see whether factoring or extracting square roots can be used before 
we use the quadratic formula. 


General Strategy for Solving Quadratic Equations 


e Ifthe equation has one squared term that contains a variable and all other 
terms are constant terms, solve the equation by extracting square roots. 
Examples: x? -52=0 (x —- 7) -— 15 = 33 

¢ Ifthe equation is of the form x” + bx + c = Oorax’? + bx + c = Oand you 
can quickly factor the trinomial, solve the equation by factoring. 

Examples: x? —7x+12=0 2x? -5x+2=0 

e If you have an equation of the form x* + bx + c = 0 in which the trinomial 
cannot be factored and the coefficient b is even, consider solving the equa- 
tion by completing the square. If b is odd, as in x* + 5x + 7 = 0, or if the 
leading coefficient is not equal to 1, as in 2x” — 9x + 11 = 0, using the 
quadratic formula is often more efficient than completing the square. 
Examples: x?-—4x+8=0 x? + 16x -3=0 

e Inall other cases, use the quadratic formula. 
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Quick Check 6 


For each given quadratic 
equation, use the discriminant 
to determine the number and 
type of solutions. 


a) x? + 18x — 63 = 0 
b)x? + 5x + 42=0 
c) x? — 20x + 100 = 0 


Using the Discriminant to Determine 
the Number and Type of Solutions 
of a Quadratic Equation 


Objective 4 Use the discriminant to determine the number and type of 
solutions of a quadratic equation. In the quadratic formula, the expression 
b? — 4ac is called the discriminant. The discriminant can provide some information 
about the solutions. If the discriminant is negative (b> — 4ac < 0), the equation has 
two nonreal complex solutions. This is because we take the square root of a nega- 
tive number in the quadratic formula. If the discriminant is zero, b? — 4ac = 0, the 
equation has one real solution. In this case, the quadratic formula simplifies to 
be x = _ or simply x = = If the discriminant is positive, b> — 4ac > 0, 
the equation has two real solutions. The square root of a positive discriminant is a 
real number; so the quadratic formula produces two real solutions. The following 
chart summarizes what the discriminant tells us about the number and type of solu- 
tions of an equation: 


Solutions of a Quadratic Equation 
Based on the Discriminant 


Number and Type of Solutions 


Negative 
Zero 
Positive 


Two Nonreal Complex Solutions 
One Real Solution 
Two Real Solutions 


When working on an applied problem, we need to know if the corresponding equa- 
tion has no real solutions. (It also will be important to know this when we are graph- 
ing quadratic equations, which is covered later in this chapter.) 


For the quadratic equation, use the discriminant to determine the 
number and type of solutions. 


a) x’ — 6x —- 16=0 
SOLUTION 
(—6)? — 4(1)(-16) = 100 Substitute 1 for a, —6 for b, and —16 for c. 


Because the discriminant is positive, this equation has two real solutions. 
b) x? + 36 = 0 
SOLUTION 
(0)* — 4(1)(36) = —144 Substitute 1 for a, 0 for b, and 36 for c. 
The discriminant is negative. This equation has two nonreal complex solutions. 


c) x7 + 10x + 25 =0 


SOLUTION 
(10)* — 4(1)(25) = 0 Substitute 1 for a, 10 for b, and 25 for c. 


Because the discriminant equals 0, this equation has one real solution. 
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Using the Discriminant to Determine Whether 
a Quadratic Expression Is Factorable 

Objective 5 Use the discriminant to determine whether a quadratic ex- 
pression is factorable. The discriminant also can be used to tell us whether a 


quadratic expression is factorable. If the discriminant is equal to 0 or a positive 
number that is a perfect square (1,4, 9, and so on), the expression is factorable. 


For the quadratic expression, use the discriminant to determine 
whether the expression can be factored. 


a) x? — 6x — 27 


SOLUTION 


(—6)? — 4(1)(—27) = 144 Substitute 1 for a, —6 for b, and —27 for c. 


The discriminant is a perfect square (V144 = 12), so the expression can be 
factored. 


x? — 6x — 27 = (x — 9)(x + 3) 


b) 2x7 + 7x +4 


SOLUTION 
(7)? — 4(2)(4) =17 Substitute 2 for a,7 for b, and 4 for c. 


The discriminant is not a perfect square, so the expression is not factorable. 


Quick Check 7 
For each given quadratic expression, use the discriminant to determine whether 
the expression can be factored. 


a) x? + 14x + 12 
b) 5x” — 36x — 32 


Projectile Motion Problems 


Objective 6 Solve projectile motion problems. An application that leads to 
a quadratic equation involves the height, in feet, of an object propelled into the air 
after ¢ seconds. Recall that the height, in feet, of a projectile after t seconds can be 
found by the function h(t) = —16? + vot + s, where v is the initial velocity of the 
projectile and s is the initial height. 


Height of a Projectile 
h(t) = -16t? + vot +s 
t: Time (seconds) 
Vo: Initial velocity (feet/second) 
s: Initial height (feet) 


A rock is thrown at a speed of 48 feet/second from ground level. 
How long will it take until the rock lands on the ground? 


SOLUTION The initial velocity of the rock is 48 feet per second, so vy = 48. Be- 
cause the rock is thrown from ground level, the initial height is 0 feet. The function 
for the height of the rock after t seconds is h(t) = —16t7 + 48t. 
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The rock’s height when it lands on the ground is 0 feet, so we set the function 
equal to 0 and solve for the time fin seconds. 


—16t? + 48r = 0 Set the function equal to 0. 


0 = 161” — 48r Collect all terms on the right side of 
the equation so that the leading 
coefficient is positive. 


0 = 16¢(t — 3) Factor out the GCF (16f). 
16t¢ =0 or t—3=0 Seteach variable factor equal to 0. 
t=0 or t=3 Solve each equation. 


The time of 0 seconds corresponds to the precise moment the rock was thrown and 
does not represent the time required to land on the ground. The solution is 3 seconds. 


Quick Check 8 


A rock is thrown upward at an initial velocity of 80 feet per second from ground 
level. After how many seconds will the rock land on the ground? 


A golf ball is launched by a slingshot at an initial velocity of 88 feet 
per second from a platform that is 95 feet high. When will the golf ball be at a 
height of 175 feet? (Round to the nearest hundredth of a second.) 


SOLUTION The initial velocity of the golf ball is 88 feet per second, so vg = 88. 
Because the golf ball was launched from a platform 95 feet high, the initial 
height s = 95. The function for the height of the golf ball after t seconds is 
h(t) = —16t* + 88¢ + 95. 

To find when the golf ball is at a height of 175 feet, we set the function equal 
to 175 and solve for the time f in seconds. 


—16r? + 88t + 95 = 175 Set the function equal to 175. 


0 = 167 — 88t + 80 _—_ Collect all terms on the right side 
of the equation. 


0 = 8(2r7 — 11t + 10) Factor out the GCF (8). 
0 = 2¢? — 11t + 10 Divide both sides by 8. 
This trinomial does not factor, so we will use the quadratic formula with a = 2, 
b = —11, and c = 10 to solve the equation. 
11 + V(-11)? — 4(2)(10) 
t => 
2(2) 


_ il+ v4 Simplify the radicand and the 
a 4 denominator. 


Substitute 2 for a, —11 for b, and 10 for c. 


We use a calculator to approximate these solutions. 


11+ Vai 11 —- Val 
a ee ee 


The golf ball is at a height of 175 feet after approximately 1.15 seconds and again 
after approximately 4.35 seconds. 


Quick Check 9 


A projectile is launched at an initial velocity of 36 feet per second from the top of 
a building 40 feet high. When will the projectile be at a height of 50 feet? (Round 
to the nearest hundredth of a second.) 
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If a projectile is launched upward at a speed of 96 feet per second 
from a platform 7 feet above the ground, will it ever reach a height of 160 feet? If 
so, when will it be at this height? 


SOLUTION The function for the height of the projectile after t seconds is 
h(t) = —16t* + 96t + 7. We begin by setting the function equal to 160 and solving 
for ¢. 


—16r? + 96t + 7 = 160 Set the function equal to 160. 
0 = 16¢? — 96t + 153. — Collect all terms on the right side. 


The trinomial does not have any common factors other than 1,so we will use the 


quadratic formula with a = 16, b = —96, and c = 153 to solve this equation. 
96 + V(—96)? — 4(16)(153) 
t= Substitute 16 for a, —96 for b, and 153 for c. 
2(16) 
6 + V—-576 
t= csc cea Simplify the radicand and the denominator. 


32 


Because the discriminant is negative, this equation has no real-number solutions. 


Quick Check 10 The projectile does not reach a height of 160 feet. 


A projectile is launched at an 
initial velocity of 36 feet per 
second from the top of a build- 
ing 40 feet high. Will the projec- 
tile ever reach a height of BUILDING YOUR STUDY STRATEGY 


80 feet? If so, when will it be at 
this height? Time Management 2, Study after Class The best time to study new mate- 


rial is as soon as possible after class. Look for a block of time close to your 
class period. You can study the new material on campus if necessary. Try to 


A WORD OF CAUTION When the quadratic formula is used to solve an applied problem, a 
negative discriminant indicates that there are no real solutions to this problem. 


study each day at the same time. Begin each study session by reworking your 
notes; then move on to attempting the homework exercises. 

If possible, establish a second study period during the day to use for review 
purposes. This second study period should take place later in the day and can be 
used to review homework or notes or to read ahead for the next class period. 


Myniaihiab «zp [#F | G = & 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary Solve by using the quadratic formula. 
1. The _____ formula is a formula for calculating 7. x’ — 5x — 36=0 
the solutions of a quadratic equation. 8. x2 + 4x —45=0 
2. In the quadratic formula, the expression b? — 4ac is 9, x7 —4x +2=0 
le ————— 10. x2 + 10x + 13 =0 
3. If the discriminant is negative, the quadratic ie 4x47 =0 


equation has real solutions. 


Dees = 
4. If the discriminant is zero, the quadratic equation 12, _ a ee 
has ______ unique real solution. 13. x° + 12 =0 
5. If the discriminant is positive, the quadratic 14, x’ + 12x =0 
equation has real solutions. 15. x27 + 7x +11 =0 
6. If the discriminant is 0 or a positive perfect square, the 16. x7 + 8x +21 =0 
quadratic expression in the equation is ______. 17. x2 — 3x - 88 = 0 
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18. x7 — 6x - 10 =0 Mixed Practice, 53-88 
19. 2x’ — 5x — 12 = 0 Solve each of the following quadratic equations using 
0. 3x2 + 4x +8=0 the most efficient technique (factoring, extracting squ- 
21. x2 — 4x = -32 are roots, completing the square, or using the quadratic 
55 246 5 formula). 

~x +Ox = 

cme _— = 

23. x7 -— 3x =9 53. . 5x — 15 =0 
24. x? = 7x 54. x° — 68 = 0 


55. 3x7 + 2x -1=0 

56. x? — 20x + 91 =0 

57. (5x — 4)? = 36 

58. 7x(8x — 3) + 4(8x — 3) =0 


25. —4 = 19x — 5x? 
26. 4x — x7 = 3 

27. x7 — 6x +9 =0 
28. x7 + 10x + 25 =0 


29, x2 — 24-0 59. 2x7 + 8x = —9 
30. x7 + 49 =0 60. x? + 179x = 0 
31. x(x — 4) + 3x = 20 61. x’ + 324 = 0 
32, (2x + 1)(x — 3) = -9 eee, 
1 3 5 12 
33, x°- ax t+7=0 63. 6x? — 29x + 28 =0 
2 3 1 64. x7 + 8x -9 =0 
34, =x? x + 0 22757 
3 5 4 65. 3(2x + 1) 7 = 23 
35. —x? + 7x —- 12 =0 
36. —2x7 + 15x = 8 66. 5x7 + 11x -9=0 
For each of the following quadratic equations, use the dis- 67. x? — 9x — 21 =0 
criminant to determine the number and type of solutions. 68. 4x2 — 25 = 0 
37. x? + 12x — 30 =0 69. 16x? — 24x +9 =0 
38. x? — 9x + 21 =0 70. x? — 15x + 50 =0 
39. 2x7 — 3x +5=0 1.x? +x+20=0 
40. 25x? — 20x + 4=0 72. x? + 13x + 36 =0 
2 _ _ = 
‘ie 2k 5 1% alae, 
5 6 74. 3x? — 2x —- 16 =0 
42. x° —5x -9=0 75. x° — 6x +10=0 
43. 9x2 — 12x +4=0 76. (x — 8)? + 13 = 134 
2 1 3 2 1 
44. 2 — =x +—==0 wee = 
x ae 9 77. a* + 3% 5) 0 


78. x? + 3x -18 =0 
Use the discriminant to determine whether each of the 79. 2x(3x + 7) — 5(3x + 7) = 0 
given quadratic expressions is factorable. If the expression 80. (2x + 3)2- 10 =71 


can be factored, write factorable. Otherwise, write prime. 
fe 4 fe , P 81. 2(2x — 9)? +13 = 77 


45, x? + 12x — 35 82. x7 + x-72=0 
46. x? + 30x + 221 3. 43x -4=0 
AT, x? + 52x + 667 84. x7 + 10x + 21 =0 
48. x? — 88x + 1886 85. x7 — 10x + 18 =0 
49, 35x — 116x + 65 8%. 2424 44=0 
50. 2x7 + 13x — 25 87. x2 — 16x + 63 = 0 
51. Sx* — 16x — 18 88. 4x? — 12x — 11 =0 


52. 32x* + 76x — 33 
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10.3 Equations That Are Quadratic in Form 


For Exercises 89-102, use the function h(t) = —16¢ + 96. An object is launched upward at an initial velocity of 
Vol +S. 116 feet per second from a cliff 300 feet above a 
beach. At what time(s) is the object 350 feet above 

89. An object is launched upward from the ground at an the ground? Round to the nearest tenth of a second. 


90. 


91. 


92. 


93. 


94. 


95. 


initial speed of 128 feet per second. How long will it 
take until the object lands on the ground? 


An object is launched upward at an initial speed of 
48 feet per second from a platform 160 feet above the 
ground. How long will it take until it lands on the 
ground? 


Ubaldo Jimenez is standing on a cliff above a beach. 
He throws a rock upward at a speed of 70 feet per 
second from a height 90 feet above the beach. How 
long will it take until the rock lands on the beach? 
Round to the nearest tenth of a second. 


Jan is standing on the roof of a building. She launches 
a water balloon upward at an initial speed of 44 feet 
per second from a height of 20 feet. How long will it 
take until the balloon lands on the ground? Round to 
the nearest tenth of a second. 


An object is launched upward at an initial velocity of 
80 feet per second from ground level. At what time(s) 
is the object 64 feet above the ground? 


An object is launched upward at an initial speed of 
112 feet per second from ground level. At what 
time(s) is the object 160 feet above the ground? 


An object is launched upward at an initial velocity of 
120 feet per second from the top of a building 50 feet 
high. At what time(s) is the object 195 feet above the 
ground? Round to the nearest tenth of a second. 


OBJECTIVES 


A rock is thrown upward at the given velocity from a 
height of 5 feet above the ground. Does the rock reach a 
height of 30 feet above the ground? If it does, state how 
long the rock takes to reach the height of 30 feet. (Round 
to the nearest tenth of a second.) If it does not, explain. 


97. 
98. 
99. 
100. 


101. 


102. 


16 feet per second 
48 feet per second 
42 feet per second 
30 feet per second 


A projectile is launched straight up from the ground. 
If it takes 6 seconds for the projectile to land on the 
ground, find the original velocity of the projectile. 


A projectile is launched straight up from the ground. 
If it takes 7.5 seconds for the projectile to land on the 
ground, find the original velocity of the projectile. 


e===- Writing in Mathematics 


Answer in complete sentences. 


103. 


Explain how the discriminant tells whether an equa- 
tion has two real solutions, one real solution, or two 
nonreal complex solutions. 


@ Solve equations by making a u-substitution. 
(2. Solve radical equations. 

3) Solve rational equations. 

‘4 Solve work-rate problems. 


In this section, we will learn how to solve several types of equations that are 
quadratic in form. For example, x* — 13x” + 36 = 0 is not a quadratic equation, 
but if we rewrite it as (x*)* — 13(x?) + 36 = 0, we can see that it looks like a quad- 
ratic equation. 
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Quick Check 1 
Solve x* — x? — 12 = 0. 


Solving Equations by Making a u-Substitution 


Objective 1 Solve equations by making a u-substitution. One approach to 
solving equations that are quadratic in form is to use a u-substitution. We substitute 
the variable u for an expression such as x? so that the resulting equation is a quad- 
ratic equation in wu. In other words, the equation can be rewritten in the form 
au’ + bu + c = 0. We can then solve this quadratic equation applying the methods 
presented in Sections 10.1 and 10.2 (factoring, extracting square roots, completing 
the square, and using the quadratic formula). After solving this equation for u, we 
replace u with the expression it previously substituted for and then solve the result- 
ing equations for the original variable. 


Solve x* — 13x? + 36 = 0. 


SOLUTION Let u = x*. We can then replace x’ in the original equation with u, 
and we can replace x* with uv’. The resulting equation will be vu? — 13u + 36 = 0, 
which is quadratic. 


x’ — 13x? + 36 =0 
uw — 13u + 36 =0 Substitute u for x”. 
(u — 4)(u— 9) =0 Factor. 
u—-4=0 or u-—9=0 Set each factor equal to 0. 
u=4 or u=9 Solve. 


Now we replace u with x? and solve the resulting equations for x. 


u=4 or u=9 
xv=4 or x7=9 Substitute x? for u. 
Vx =4V4 or Vx? = +4V9 Solve by taking the square roots 
of both sides of the equation. 
x= +2 or x = +3 Simplify the square root. 


The solution set is {—2, 2, —3, 3}. 


A WORD OF CAUTION When solving an equation by using a u-substitution, do not stop 
after solving for u. You must solve for the variable in the original equation. 


The challenge is determining when a u-substitution will be helpful and determining 
what to let u represent. Look for an equation in which the variable part of the first 
term is the square of the variable part of a second term; in other words, its exponent 
is twice the exponent of the second term. Then let u represent the variable part with 
the smaller exponent. 


Find the w-substitution that will convert the equation to a quadratic 
equation. 


a) x — 7Vx — 30=0 


SOLUTION Let u = Vx. This allows us to replace Vx with u and x with wu’, be- 
cause u’ = (Vx)? = x. The resulting equation is uv? — 7u — 30 = 0, which is 


quadratic. 


b) x77 + 9x17 + 8=0 


SOLUTION Let u = x'?. We can then replace x7? with u’, because (x7)? = x7/, 


The resulting equation is v2 + 9u + 8 = 0. 
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c) (x? + 6x)? + 13(x? + 6x) + 40 =0 


SOLUTION Letu = x’ + 6xas this is the expression that is being squared. The re- 
sulting equation is u? + 13u + 40 = 0. 


Quick Check 2 


Find the u-substitution that will convert the given equation to a quadratic 
equation. 


a)x + 11Vx — 26 =0 
b) 2x73 — 17x43 + 8 =0 
c) (x? — 4x)? — 9(x? -— 4x) — 36 =0 


Solve x + 3Vx — 10 = 0. 


SOLUTION Let u = Vx. The resulting equation is u? + 3u — 10 = 0, which is a 
quadratic equation solvable by factoring. If we could not use factoring, we would 
have to use the quadratic formula to solve for wu. 


x+3Vx-10=0 


ue + 3u-10=0 Replace Vx with uw. 
(u — 2)(u+ 5) =0 Factor. 
u-2=0 or u+5=0 Set each factor equal to 0. 
u=2 or u=-—S5 Solve for u. 
Vx =2 or Vx=-5 Replace u with Vx. 
(Vx)? = 2? or (Vx)? = (—5)? Square both sides of the 
equation. 
x=4 or x=25 Simplify. 


Recall that any time we square each side of an equation, we must check for extra- 
neous roots. 


Check (x = 25) 


(25) + 3V(25) — 10 = 0 Substitute 25 for x in the original equation. 
25 + 3-5 —10=0 Simplify the square root. 
30 = 0 Simplify. 
So x = 25 is not a solution of the equation. We could have seen this before squar- 
ing each side of the equation Vx = —5. The square root of x cannot be negative, 


so the equation Vx = —5 cannot have a solution. The check whether x = 4 is 
actually a solution is left to the reader. The solution set is {4}. 


A WORD OF CAUTION Whenever we square both sides of an equation, such as in the pre- 
vious example, we must check the solutions for extraneous roots. 


Solve x27 — 6x13 —7 = 0. 


SOLUTION. Let u = x'?. The resulting equation is uv? — 6u — 7 = 0, which can be 
solved by factoring. 
x73 — 6x13 —-7=0 

uw —6u-7=0 Replace x? with u. 
(u-—7)(u+1)=0 Factor. 
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Quick Check 3 
Solve. 


a)x — 6x77 +5=0 
b) x7? — 4x17 +3=0 


Quick Check 4 
Solve x +7 = Vx + 9. 


u-7=0 or u+1=0 Set each factor equal to 0. 
u=7 or u=-—l Solve for u. 
P=] or eee 1 Replace u with x'”. 
(x3)3 = 73 or (x3)? = (-1)?_ Raise each side to the 
third power. 
x = 343 or x=-1 Simplify. 


The solution set is {—1, 343}. 


Solving Radical Equations 


Objective 2 Solve radical equations. Some equations that contain square 
roots cannot be solved by a w-substitution. When this happens, we will use the tech- 
niques developed in Section 9.5. We begin by isolating the radical; then we proceed 
to square both sides of the equation. This can lead to an equation that is quadratic. 


Solve Vx + 7+5=-x. 


SOLUTION We begin by isolating the radical so that we may square each side of 
the equation. 


Vxt+74+5=x 
Vx+7=x-5 Subtract 5 to isolate the radical. 


(Vx + 7)? = (x — 5)? 
x +7 = (x — 5)(x — 5) Square the binomial by multiplying 
it by itself. 
x+7=x* = 10x + 25 Multiply. 
0 = x? - 11x + 18 


Square both sides. 


Subtract x and 7 to collect all terms 
on the right side of the equation. 


0 = (x — 2)(x — 9) Factor. 
x-2=0 or x-—9=0 Set each factor equal to 0. 


x=2 or x=9 Solve. 


Because we have squared each side of the equation, we must check for extraneous 
roots. 


x=2 x=9 
Qe = (2) (9) +7+5= (9) 
VO+5= V16 +5 = 
34+5= 4+5= 
8=2 9=9 
False True 


The solution x = 2 is an extraneous solution and must be omitted. The solution 
set is {9}. 


Solving Rational Equations 


Objective 3 Solve rational equations. Solving rational equations, which were 
covered in Chapter 7, often requires that we solve a quadratic equation. We begin to 
solve a rational equation by finding the LCD and multiplying each side of the equation 
by it to clear the equation of fractions. The resulting equation could be quadratic, as 
demonstrated in the next example. Once we solve the resulting equation, any solution 
that causes a denominator in the original equation to be equal to 0 must be omitted. 


Quick Check 5 


Solve 
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Sol Be ap 2 6 
olve = ; 

x—-4 x+3 x?—-x--12 
SOLUTION We begin by factoring the denominators to find the LCD. The LCD is 
(x — 4)(x + 3), and solutions of x = 4 and x = —3 must be omitted because 
either would result in a denominator of 0. 


x oy 2 6 
x-—4 x+3 x—-x--12 
Ff 6 The LCD is 
x-4 «+3 (x -4)\(x +3) (x —- 4)(x 4 3). 
x 2 6 
= + . + — — + ee sss 
PCa er) (; -4 x+ 5) eee) (x — 4)(x + 3) 
Multiply by the LCD. 
1 x 1 2 
x Bie + (x - 4 : 
e—4)( ) G4) ( )\Q+3) (+3) 
1 1 6 


Distribute and divide 
out common factors. 


x(x + 3) + 2(x — 4) =6 Multiply remaining factors. 
x’? + 3x+2x-8=6 Multiply. 
x? + 5x —8 =6 Combine like terms. 


x? + 5x —14=0 Collect all terms on the 
left side by subtracting 6. 


(x + 7)(x — 2) =0 Factor. 
x+7=0 or x-—2=0 Set each factor equal to 0. 
x=-7 or x=2 Solve. 


Because neither solution causes a denominator to equal 0, we do not need to omit 
either solution. The solution set is {—7, 2}. 


Solving Work-Rate Problems 


Objective 4 Solve work-rate problems. The last example of the section is a 
work-rate problem. Work-rate problems involve rational equations and were intro- 
duced in Chapter 7. 


A water tower has two drainpipes attached to it. Alone, the smaller 
pipe takes 15 minutes longer than the larger pipe to empty the tower. If both drain- 
pipes are used together, the tower can be drained in 30 minutes. How long does it 
take the small pipe alone to drain the tower? (Round your answer to the nearest 
tenth of a minute.) 


SOLUTION | If we let t represent the amount of time it takes for the larger pipe to 
drain the tower, then the time required for the small pipe to drain the tower can be 
represented by ¢t + 15. Recall that the work-rate is the reciprocal of the time re- 
quired to complete the entire job. So the work-rate for the smaller pipe is ahs 
and the work-rate for the large pipe is i To determine the portion of the job com- 
pleted by each pipe when both are working, we multiply the work-rate for each 
pipe by the amount of time it takes for the two pipes together to drain the tower. 
Here is a table showing the important information. 
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Quick Check 6 


Working alone, Gabe can clean 
the gymnasium floor in 50 min- 
utes less time than it takes Rob. 
If both janitors work together, 
it takes them 45 minutes to 
clean the gymnasium floor. 
How long does it take Gabe, 
working alone, to clean the 
gymnasium floor? (Round your 
answer to the nearest tenth 

of a minute.) 


Time to Complete Portion of the 
Pipe the Job Alone Work-Rate | Time Working | Job Completed 
: 1 30 
Smaller t + 15 minutes F245 30 P4158 
: 1 30 
Larger t minutes Pi 30 = 


After adding the portion of the tower drained by the smaller pipe in 30 minutes to 
the portion of the tower drained by the larger pipe, the sum will equal 1, which rep- 
resents finishing the entire job. The equation is ae +224, 


30 0 
Ps 1 The LCD is ¢(t + 15). 
t+ 15 t 
30 30 Multiply both sides by 
t(t + 15)>- + = t(t + 15)-1 
( >) (; +15 t ) ( ) the LCD: 
1 30 1 30 ed cx 
t «tot + 15) = Ht + 15) Distribute and divide 
alae (+ 45) ( ) ( ) out common factors. 
30t + 30(t + 15) = t(t + 15) Multiply remaining 
factors. 
30¢ + 30¢ + 450 = ¢? + 15t Multiply. The resulting 
equation is quadratic. 
60t + 450 = ¢ + 15t Combine like terms. 


0 = ¢ — 45t — 450 Collect all terms on the 
right side of the equation. 


The quadratic expression does not factor, so we will use the quadratic formula. 


ck V(-45)? — 4(1)(—450) Substitute 1 for a, —45 for b, 
2(1) and —450 for c. 


, = 45. + 3825 


5 Simplify the radicand. 


At this point, we must use a calculator to approximate the solutions for t. 


+ — 
45 Ne ~ 53.4 45 vee acted 


We omit the negative solution, so t ~ 53.4. The amount of time required by the 
small pipe is represented by ¢ + 15; so it takes the small pipe approximately 
53.4 + 15, or 68.4, minutes to drain the tank. 


BUILDING YOUR STUDY STRATEGY 


Time Management, 3 When to Study When should you study math? Try to 
schedule your math study sessions for the time of day you are at your 


sharpest. For example, if you feel most alert in the mornings, reserve as much 
time as possible in the mornings to study math. If you get tired while studying 
late at night, change your study schedule so that you can study math when you 
are more alert and focused. 


10.3 Exercises 563 


MyWiathLably «az lF 4 | = & 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary Solve. 
1. Replacing a variable expression with the variable u 33. Vx? + 6x = 4 
to rewrite an equation as a quadratic equation is 34, Vx2 — 8x = 3 
called solving by —_____. se Kaan 
2. Whenever both sides of an equation are squared, it Sh AJAe 50 ae eS 
is necessary to check for ___________ solutions. 


37. Vx + 15-—x=3 
38. V3x7 + 8x+5-5=2x 


Solve by making a u-substitution. 39. Vx —-1+2=V2x4+5 
§ Qa Se 2426 40. V2x+3-Vx-2=2 
4. x+ + 5x? - 36 =0 
5. x4 — 6x2 +9=0 Solve. 
6. xt + 12x? + 32 =0 40 
41.x = 
x +6 
7.2 Ie =Te =0 2 
ee 
x 
4 a 
8 x + x°-2=0 7 60 
9, x* — 13x? + 36 = 0 Ng 
4 2 = 
10. x* + 8x° + 16 =0 19 90 
11. x — 13Vx + 36 = 0 oa a 
12. x — 10Vx + 21 =0 pele, 7 10 
13. x + 2Vx — 48 =0 “y x +2 ale 2) 
15. x + 9Vx + 20 =0 sg” yas Pao, aas 
17. x — 8x4? +7=0 sila ae aaarre oe ae 
18. x + 4x'* — 21 =0 * 4 7 
19. x + 9x? +18 =0 SL 2eo ga oe ad 
20. « — 112°? + 30 = 0 49. One small pipe takes twice as long to fill a tank as a 
21. x — 2x1? —- 80 =0 larger pipe does. If the two pipes together take 40 min- 
22.x + 10x? +25 =0 utes to fill the tank, how long does it take each pipe in- 


94. 273 — Syl 4 G =H dividually to fill the tank? 


2/3 a 
ee Ee —s 50. Rob takes 5 hours longer than Genevieve to paint a 


25. x + 5x!" — 6 = 0 room. If they work together, they can paint a room in 
26. x7 — 12x13 + 20 = 0 6 hours. How long does it take Rob to paint a room by 
27. x7 + 9x3 + 20 =0 himself? 


28. x79 — 4x3 — 45 =0 

29. (x — 3)? + 5(x — 3) +4 =0 
30. (x + 7)? + 2(x + 7) —-24=0 
31. (2x — 9)? — 6(2x — 9) - 27 =0 


32. (4x + 2)? — 4(4x + 2) — 00 =0 
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51. 


52. 


53. 


54. 


A small hose takes 1 hour longer than a large hose to 
fill a tank. If the two hoses are used at the same time, 
they can fill the tank in 3 hours. How long does it take 
to fill the tank using the smaller hose alone? Round 
to the nearest tenth of an hour. 


A water tank has two drainpipes attached to it. The 
larger pipe can drain the tank in 2 hours less than the 
smaller pipe can. If both pipes are being used, they 
can drain the tank in 5 hours. How long does it take 
the smaller pipe alone to drain the tank? Round to 
the nearest tenth of an hour. 


A new printer can print a set of newsletters in 15 min- 
utes less than an older printer can. If both printers 
work simultaneously, they can print the set of 
newsletters in 40 minutes. How long does it take the 
older printer alone to print the set of newsletters? 
Round to the nearest tenth of a minute. 


It takes Alison 10 minutes more than it takes 
Elaine to stain a cedar fence. If they work together, 
the two of them can stain a cedar fence in 25 minutes. 
How long does it take Alison to stain a cedar fence? 
Round to the nearest tenth of a minute. 


Mixed Practice, 55-78 


Solve using the technique of your choice. 


55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 


x? — 8x —-13=0 

(7x — 11)? — 6(7x — 11) =0 
x — 2Vx — 48 =0 

x? + 15x + 54=0 

(3x — 2)? = 32 

x73 + 3x13 —-4=0 
x?—5x+14=0 

xt — 5x? — 36 =0 


Oulc 
O 


Section 10.3 
Solve. 
1. (x — 3)? = 49 


2. 


x7 - 9x — 36 =0 


63. 
64. 


65. 


66. 
67. 
68. 
69. 
70. 
71. 


72. 


73. 
74. 
75. 
76. 
77. 
78. 


x? — 6x —-91=0 

(2x + 15)? = 18 

x+1 7 5 
xt+3 xt4 247x412 
3x7 +x-8=0 
V3x—-2=x-2 

x+ Vx-12=0 

(5x + 3)? + 2(5x + 3) — 15 =0 
x = Vox — 2743 

(x + 8)? = -144 

x+3 9 2 
ak Gao ava 
xt — 3x7 -4=0 

x? + 13x + 50=0 

x73 + 12x13 + 35 =0 

x? — 15x + 56=0 

x? + 10x + 25 =0 

(x + 4)? = -108 


e===- Writing in Mathematics 


Answer in complete sentences. 


79. 


80. 


3. 
4. 


Suppose you are solving an equation that is quadratic 
in form by using the substitution u = x*. Once you 
have solved the equation for u, explain how you 
would solve for x. 


Suppose you are solving an equation that is quadratic 
in form by using the substitution wu = Vx. Once you 
have solved the equation for u, explain how you 
would solve for x. 


x -—6x-13=0 
x?+ 11x + 40 =0 
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OBJECTIVES 


@® Graph quadratic equations in standard form. 
@ Graph parabolas that open downward. 
& Graph quadratic equations of the form y = a(x — h)? + k. 


Graphing Quadratic Equations 
in Standard Form 


Objective 1 Graph quadratic equations in standard form. The graphs of 
quadratic equations are not lines like the graphs of linear equations or V-shaped 
like the graphs of absolute value equations. The graphs of quadratic equations are 
U-shaped and are called parabolas. Let’s consider the graph of the most basic quad- 
ratic equation: y = x*. We will first create a table of ordered pairs to represent 
points on the graph. 


The figure at the right shows these points and 
the graph of y = x’. Notice that the shape, 
called a parabola, is not a straight line, but is 
U-shaped. 

The point where the graph changes from 

decreasing to increasing is called the vertex. 

In the figure, the vertex is located at the bottom 

of the parabola. Notice that if we draw a verti- 

cal line through the vertex of the parabola, the 

left and right sides become mirror images. The 

graph of an equation is said to be symmetric if 

we can fold the graph along a line and the two -4 
sides of the graph coincide; in other words, a Vertex 
graph is symmetric if one side of the graph is a 
mirror image of the other side. A parabola is al- 
ways symmetric, and we call the vertical line through the vertex the axis of symmetry. 
For this parabola, the equation of the axis of symmetry is x = 0. 

We graph parabolas by plotting points, and the choice of our points is very im- 
portant. We look for the y-intercept, the x-intercept(s) if there are any, and the ver- 
tex. We also use the axis of symmetry to help us find “mirror” points that are 
symmetric to points we have already graphed. 

As before, we find the y-intercept by substituting 0 for x and solving for y. 
We will see that the y-intercept of a quadratic equation in standard form 
(y = ax? + bx + c) is always the point (0, c). We find the x-intercepts, if there 
are any, by substituting 0 for y and solving for x. This equation will be quadratic, 
and we solve it using previous techniques. 

A parabola opens upward if a > 0, and the vertex will be at the lowest point of 
the parabola. A parabola opens downward if a < 0, and the vertex will be at the 
highest point of the parabola. Parabolas that open downward will be covered later 
in this section. To learn how to find the coordinates of the vertex, we begin by com- 
pleting the square for the equation y = ax’ + bx + ¢. 


y Axis of 
Symmetry 
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y=ax?+bx+c 
_ ( dn 2 ) Subtract c from both sides. Factor a from 
yrc=alx + -—x = 
the two terms containing x. 
b? ee b b. b ay b? 
pret Faas ere: Half of — is 57 Add - Ste 
the terms inside the parentheses. Because 
there is a factor in front of the parenthe- 
2 2 
ses, add a-——,, or —,, to the left side. 
4a’ 4a 
b\2  4ac — hb? Factor the trinomial inside the parenthe- 
yraxt a + Aa ses. Solve for y and collect all terms 
on the right side of the equation. 
b  4ac-— b? 
Natee = = = 
ia 4a 4a 
Because a squared expression cannot be negative, the minimum value of y occurs 
b —b 
when x + — = 0, or in other words, when x = —. 
2a 2a 


If the equation is in standard form, y = ax’ + bx + c, we can find the x-coordinate 
‘ —b : : 
of the vertex using the formula x = Fa" We then find the y-coordinate of the ver- 
a 


tex by substituting this value for x in the original equation. 


Strategy for Graphing Quadratic Equations 
in Standard Form (y = ax? + bx + c) 


e Find the vertex. 


—b . : : 
Use the formula x = oo to find the x-coordinate of the vertex. Substitute 
a 


this value for x in the original equation to find the y-coordinate. 
e Find the y-intercept. 
Substitute 0 for x to find the y-coordinate of the y-intercept. The y-intercept 
is (0, c). 
e Find the x-intercept(s) if there are any. 
Substitute 0 for y in the original equation and solve for x if possible. If you 
cannot solve the equation by factoring, use the quadratic formula. 
e Use the axis of symmetry to add additional points to the graph. 
The axis of symmetry is a vertical line extending upward from the vertex. 
It can be used to find the point on the parabola that is symmetric to the 
y-intercept. 


Graph y = x? + 6x + 8. 


—b 
SOLUTION We begin by finding the vertex using the formula x = aa to find its 
a 
x-coordinate. 


—6 —b 
x =>, = —3 Substitute 1 for a and 6 for bin x = —. 
2(1) 2a 
Now we substitute this value for x in the original equation and solve for y. 
y = (-3)* + 6(-3) + 8 Substitute —3 for x. 
y=-1 Simplify. 


The vertex is at (—3, —1). 


Quick Check 1 
Graph y = x? — 8x + 7. 
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Because the equation is in standard form, the y-intercept is the point (0, c). In 
this case, the y-intercept is (0, 8). (Alternatively, we could substitute 0 for x and 
solve for y.) 

To find the x-intercepts, we substitute 0 for y and attempt to solve for x. 


O=x*+6x+8 Substitute 0 for y in the original equation. 
0 = (x + 2)(x + 4) _ Factor the trinomial. 
x=-2 or x =-—4 Set each factor equal to 0 and solve. 


The x-intercepts are (—2, 0) and (—4, 0). 

On the left is a sketch showing the vertex, y-intercept, x-intercepts, and axis of 
symmetry. The y-intercept is three units to the right of the axis of symmetry; so 
there is a mirror point with the same y-coordinate located three units to the left of 
this axis. The completed graph of the parabola is shown below. 
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Using Your Calculator You can use the TI-84 to graph parabolas. To graph 
y = x* + 6x + 8, begin by tapping the [YJ key and keying x” + 6x + 8 next to Y, as 
shown in the screen shot on the left. 

To graph the parabola, tap the key. On the right is the screen you should 
see in the standard viewing window. 


Flokd Flokz Platz 
Wy ERE +6H+8 
ses 
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wy 
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Graph y = x* — 4x — 7. 


—b 
SOLUTION Again, we begin by finding the vertex using the formula x = on 
a 


4 
x= = 2 Substitute 1 for a and —4 for b. 


We substitute 2 for x in the original equation to find the y-coordinate of the vertex. 
y = (2)? — 4(2) — 7 Substitute 2 for x. 
y=-11 Simplify. 


The vertex is at (2, —11). 
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Quick Check 2 
Graph y = x? + 6x — 9. 


Because this equation is in standard form, we see that the y-intercept is (0, —7). 
Now we find the x-intercepts by substituting 0 for y and solving the equation 


for x. 


0 = x*-— 4x —7 Substitute 0 for y. 


Because we cannot factor this expression, we use the quadratic formula to find 


the x-intercepts. 


“9 eV =a) 

x= 2(1) Substitute 1 for a, —4 for b, and —7 for c. 
4+ V44 

aS Simplify the radicand and denominator. 
4+2V11 

a Simplify the square root. 


1 
_ 2(2 + V11) Divide out common 
—— z factors. 

1 


x=2+ Vi11 Simplify. 
Because 2 + V11 ¥ 5.3 and2 — V11 ¥ —-1.3, 


the x-intercepts are approximately (5.3,0) and < 
(~1.3, 0). 

At the right is a sketch of the parabola 
showing the vertex, y-intercept, x-intercepts, 
and axis of symmetry (x = 2). Also shown is 
the point (4, -7), which is symmetric to the 
y-intercept. 


m@ eee eee eee ee eee 


Occasionally, a parabola will not have any x-intercepts. In this case, we will have a 
negative discriminant (b” — 4ac) when using the quadratic formula. If the vertex is 
above the x-axis, the parabola does not have x-intercepts. If the vertex is on the 


x-axis, the vertex is the only x-intercept of the parabola. 


Graph y = x? — 2x + 2. 


Now we substitute 1 for x in the original equation 
and solve for y. 


y = (1)? — 2(1) + 2 Substitute 1 for x. 
y=1 Simplify. 


The vertex is at (1, 1). 

Because the equation is in standard form, we see 
that the y-intercept is (0, 2). 

If we plot these two points on the graph, we see 
that there cannot be any x-intercepts. The vertex is 
above the x-axis, and the parabola moves only in an 
upward direction from there. Therefore, this parabola 
does not have any x-intercepts. 


2 
x= ) = 1 Substitute 1 for a and —2 for b. 


—b 
SOLUTION. The x-coordinate of the vertex is found using the formula x = aa 
a 


Quick Check 3 
Graph y = x? + 6x + 12. 


Quick Check 4 
Graph y = —x? + 9x + 10. 
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If we overlooked the visual evidence and chose to use the quadratic formula 


2+ V-4 


to find the x-intercepts, we would have ended up with x = . Because the 


discriminant is negative, the equation does not have any real solutions and the 
parabola does not have any x-intercepts. 

The graph shows the axis of symmetry (x = 1) and a third point, (2, 2), that is 
symmetric to the y-intercept. 


A WORD OF CAUTION If a parabola that opens upward has its vertex above the x-axis, 
there are no x-intercepts. 


Graphing Parabolas That Open Downward 


Objective 2 Graph parabolas that open downward. Some parabolas open 
downward rather than upward. The way to determine which way a parabola will 
open is by writing the equation in standard form: y = ax* + bx + c. If ais positive, 
as it was in the previous examples, the parabola will open upward. If a is negative, 
the parabola will open downward. For instance, the graph of y = —3x* + 5x — 7 
would open downward because the coefficient of the second-degree term is nega- 
tive. The following example shows how to graph a parabola that opens downward. 


Graph y = —x? + 4x + 12, 


SOLUTION Begin by finding the x-coordinate of the vertex. 


-—4 
x= = 2 Substitute —1 for a and 4 for b. 
2(-1) 


Now substitute 2 for x in the original equation to find the y-coordinate. 


y = —(2)? + 4(2) + 12 Substitute 2 for x. 
y= 16 Simplify. 


The vertex is at (2, 16). 

Because this equation is already in standard form, the y-intercept is (0, 12). 

If we plot the vertex and the y-intercept on the graph, we will see that there 
must be two x-intercepts. The vertex is above the x-axis, and the parabola opens 
downward; so the graph must cross the x-axis. To find the x-intercepts, we substi- 
tute 0 for y in the original equation and solve for x. 


0 = -x? + 4x +12 Substitute 0 for y. 


x’? — 4x — 12 =0 Collect all terms on the left side of the equation 
so that the coefficient of the squared term is positive. 


(x — 6)(x + 2) = 0 Factor. 


x=6 or x =-2 Set each factor 
equal to 0 and 
solve. 


The x-intercepts are (6, 0) and (—2, 0). 

At the right is the graph, showing the 
axis of symmetry (x = 2) and the point 
(4, 12) that is symmetric to the y-intercept. 
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Quick Check 5 


il 
Graph y = ra 


2) 


= Sp = ah 
2) 


1 
Graph y = a — 2x +4. 


SOLUTION This parabola will open downward because the second-degree term 
has a negative coefficient. Begin by finding the x-coordinate of the vertex. 


——~— = -—2 Substitute -) for a and —2 for b. 


1 
y= mi 2)? — 2(-2) + 4 Substitute —2 for x. 
y=-2+4+4 Simplify each term. 
y=6 Simplify. 


The vertex is at (—2, 6). 

The equation is in general form, so the y-intercept is (0, 4). 

Because the vertex is above the x-axis and the parabola opens downward, the 
graph must have two x-intercepts. To find the x-intercepts, substitute 0 for y in the 
original equation and solve for x. 


1 
0= —5e — 2x +4 Substitute 0 for y. 


Collect all terms on the left side of the 
equation so that the coefficient of the 
squared term is positive. 


1 
xe + 2x-4=0 


Multiply both sides of the equation by the 


1 
2{ —x* + 2x —-4]=2-0 
(F * ) LCD (2) to clear the equation of fractions. 


x?>+4x-8=0 Distribute and simplify. 


Because we cannot factor this expression, we must use the quadratic formula to 
find the x-intercepts. 


—4 4 V(4)? — 4(1)(-8) 

x= 2(1) Substitute 1 for a,4 for b, and —8 for c. 
—-4+ V48 

a Simplify the radicand and denominator. 
—-4+44V3 

x= ae Simplify the square root. 

x= —-2+2V3 Simplify. 


Because —2 + 2V3 ® 1.5 and —2 — 2V3 = 
—5.5, the x-intercepts are approximately 
(1.5, 0) and (—5.5, 0). 

To the right is the graph, showing the 
axis of symmetry (x = —2) and the point 
(—4, 4) that is symmetric to the y-intercept. 


Quick Check 6 
Find the vertex and axis of 


symmetry for the parabola. 


a)y =(x+2)?-8 
Dy > 20 8 aT 
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A WORD OF CAUTION If a parabola that opens downward has its vertex below the 
X-axis, it has no x-intercepts. 


Graphing Quadratic Equations of the Form 
y= a(x —h)?+k 


Objective 3 Graph quadratic equations of the form y = a(x — h)? + k. 
Now that we have covered graphing quadratic equations in standard form, we turn 
our attention to graphing equations of the form y = a(x — h)* + k. One of the dif- 
ferences between graphing equations of this form is in the way we find the vertex. 


Graphing Equations of the Form y = a(x — h)? + k 
The graph of the quadratic equation y = a(x — h)? + k isa parabola with ver- 


tex (h, k) and axis of symmetry x = h. The parabola opens upward if a is posi- 
tive and opens downward if a is negative. 


If a > 0, the expression a(x — h)* + k achieves its minimum value k when x = h; 
so the vertex of y = a(x — h)’ + kis the point (h, k). Recall that (x — h)? is non- 
negative and has its minimum value when x — h = 0, or x = A. In this case, 
a(x — h)* is equal to 0 and a(x — h)? + k = k. A similar argument holds true for 
(h, k) being the vertex of y = a(x — h)’ + kin the case of a < 0. 


Find the vertex and axis of symmetry for the parabola. 
a) y= (x — 4)? +3 
SOLUTION This equation is in the form y = a(x — h)? + k. The axis of symme- 
try is x = 4 and the vertex is (4, 3). 
b) y= -(x +1) -4 


SOLUTION This parabola opens downward, but that does not affect how we find 
the axis of symmetry or the vertex. The axis of symmetry is x = —1, and the vertex 
is (-1, —4). 


Graph y = (x + 4)? — 9. 


SOLUTION This parabola opens upward, and the vertex is (—4, —9). Next, we find 
the y-intercept. 

y= (0+ 4)?—9 Substitute 0 for x. 

y= Simplify. 
The y-intercept is (0,7). Because the parabola opens upward and the vertex is 
below the x-axis, the parabola has two x-intercepts. We find the coordinates of 


the x-intercepts by substituting 0 for y and solving for x by extracting square 
roots. 


0 = (x + 4)? —9 Substitute 0 for y. 


9=(x + 4/ Add 9 to isolate (x + 4)’. 
+V9 = V(x +4)? Take the square root of each side. 
+3 =x+4 Simplify each square root. 


-443=x Subtract 4 to isolate x. 
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The x-coordinates of the x-intercepts are —4 + 3 = —1 and —4 — 3 = —7. The x- 
intercepts are (—1, 0) and (—7, 0). The axis of symmetry is x = —4, and the point 
(—8, 7) is symmetric to the y-intercept. 


>< 


10 
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Quick Check 7 ne 
Graph y = (x + 2)? + 3. 
Graph y = —(x — 2)? - 1. 


SOLUTION This parabola opens downward, and the vertex is (2, —1). 
Next, we find the y-intercept by substituting 0 for x. 


y = —(0 — 2)* — 1 Substitute 0 for x. 


y=-4-1 Simplify. 
y=-5 Simplify. 
The y-intercept is (0, —5). y 
Because the parabola opens downward and the ot 
vertex is below the x-axis, the parabola does not have L 
any x-intercepts. < ! oy on Oy Saad 


The axis of symmetry is x = 2, and the point 
(4, —5) is symmetric to the y-intercept. 


Quick Check 8 
Graph y = —(x + 1)? + 4. 
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BUILDING YOUR STUDY STRATEGY 


Time Management, 4 Setting Goals One way to get the most from a study 
session is to establish a set of goals to accomplish for each session. Setting 


goals will encourage you to work quickly and efficiently. Many students set a 
goal of studying for a certain amount of time, but time alone is not a worthy 
goal. Create a to-do list each time you start a study session, and you will find 
that you have a greater chance of reaching your goals. 


Powered by CouseCompass'and MathX” 
MyMathiab\) 
Vocabulary 
1. The graph of a quadratic equation is a U-shaped 
graph called a(n) : 
2. A parabola opens upward if the leading coefficient 
is 
3. A parabola opens downward if the leading 
coefficient is 
4. The turning point of a parabola is called its 
5. To find the of a parabola, substitute 0 
for x and solve for y. 
6. To find the of a parabola, substitute 0 


for y and solve for x. 


Find the vertex of the parabola as well as the equation of 
the axis of symmetry associated with each of the follow- 
ing quadratic equations. 


7. 
8. 
9. 
10. 


15. 
16. 


17. 


18. 


11 
12 
13. 
14 


y=x? + 8x —- 22 


y = x? — 6x — 45 

y= x’ -— 7x +10 

y =x? + 9x + 40 
~y = —x? + 12x + 62 
y= x? -— 4x +17 

y = 2x? + 8x — 19 
~y = 3x? + 6x + 16 

y = —4x? + 24x - 11 

y = —2x? — 20x + 175 

yortort8 

1, 

yous + 6x — 32 

y = x? + 10x 
»y=x4+ 10 
~y=(x-7/P +12 
~y=(x+2)P4+9 
y= @Prip=5 
~y=(x-6)P- 13 
y= -(x-9P -7 

= -(x+ 4-6 
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Find the x- and y-intercepts of the parabola associated 
with the given quadratic equations. If necessary, round 
to the nearest tenth. If the parabola does not have any 
x-intercepts, state no x-intercepts. 


27. y = x? + 3x — 40 
28. y = x? — 11x + 28 
29. y= x? -5x4+3 
30. y= x? + 6x —9 
31. y = x? + 5x +15 
32. y=x?-2x+6 


33. y = 2x + 6x — 15 
34. y = 2x? + 5x — 42 


35. y = —x? — 5x +6 
36. y = —x* + 8x — 12 
37, y = —x* + 6x + 20 
38. y = —x? — 10x + 32 
39. y = —x? + 7x — 15 
40. y = —x? + 8x — 22 
4. y = x? — 8x + 16 
42. y= x? + 12x 

43. y=(x-7/-9 
44, y =(x + 2)?-6 
45. y=(x+5/4+4 
46. y = (x +9)? -4 
47. y = -(x- 1)? + 12 
48. y = -(x - 8)? -1 


Graph the given parabolas. Label the vertex and all 
intercepts. 


49, y=x?-2x-3 


50.y=x?+x-6 
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51. y = x? — 5x 52.y=x°+6x+9 
2 1, 3 

53. y= x° -— 2x -1 54. y x 24-4 
2 2 

55. y = x? — 6x + 10 56. y = x? + 6x + 10 


57. y= —x* + 4x -—4 58. y= -x? -—4x +5 


1, 
59. y = — 5% ox = 3 


60. y= -x* + 4x-1 


61. y = -x? + 3x-4 


63. y = (x — 3-4 


62. y = —x? — 2x -3 


64. y =(x+ 17-9 
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65. y= —(x - 2)’ +1 66. y = —(x + 37? + 9 70. y = (x — 2)? +3 


e===- Writing in Mathematics 


Answer in complete sentences. 
67. y = (x - 47 -2 : ; 
71. Explain how to determine that a parabola does not 


have any x-intercepts. 


72. Newsletter Write a newsletter explaining how to 
graph an equation of the form y = ax’ + bx +c. 


68. y= -(x +1)? +3 69. y = —(x — 2)? -4 


OBJECTIVES 


1. Solve applied geometric problems. 
@ Solve problems by using the Pythagorean theorem. 
® Solve applied problems by using the Pythagorean theorem. 


In this section, we will learn how to solve applied problems resulting in quadratic 
equations. 


Solving Applied Geometric Problems 


Objective 1 Solve applied geometric problems. Problems involving the 
area of a geometric figure often lead to quadratic equations, as area is measured in 
square units. Here are some useful area formulas. 
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Rectangle Triangle 


Figure 


l b 
Dimensions Length /, Width w Base b, Height h 


1 
Area A=lI-w A= 5bh 


The height of a triangle is 5 centimeters less than its base. The area 
is 18 square centimeters. Find the base and the height of the triangle. 


SOLUTION In this problem, the unknown quantities are the base and the height, 
while we know that the area is 18 square centimeters. Because the height is given 
in terms of the base, a wise choice is to represent the base of the triangle as x. Be- 
cause the height is 5 centimeters less than the base, it can be represented by x — 5. 
This information is summarized in the following table: 


a >) 
Unknowns Known 
Base: x Area: 18 cm? 
Height: x — 5 
x 
X sh 


Because the area of a triangle is given by the formula A = sbh, the equation we 
need to solve is 5x (x — 5) = 18. 


sxx — 5) = 18 
td 
Z* zulx — 5) = 2-18 Multiply both sides by 2. 
1 
x? = 5x = 36 Simplify each side of the equation. 
x? — 5x —- 36=0 Rewrite in standard form. 
(x — 9)\(x + 4) =0 Factor. 
x-9=0 or x+4=0 Seteach factor equal to 0. 
x=9 or x= -4 Solve. 
Look back at the table of unknowns. If x = —4, the base is —4 centimeters and the 
height is —9 centimeters, which is not possible. The solutions derived from x = —4 


are omitted. If x = 9, the base is 9 centimeters, while the height is 9 — 5 = 4 
centimeters. 
Base: x = 9 
Height!.x —-5 =9-5=4 


Now put the answer in a complete sentence with the proper units. The base of the 
triangle is 9 centimeters, and the height is 4 centimeters. 


Quick Check 1 


The base of a triangle is 2 inches longer than three times its height. If the area of 
the triangle is 60 square inches, find the base and height of the triangle. 


Quick Check 2 


The length of a rectangle is 

8 inches more than its width. 
The area of the rectangle is 

350 square inches. Find the 
length and the width of the rec- 
tangle, rounded to the nearest 
tenth of an inch. 
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The length of a rectangle is 7 inches less than twice its width. The 
area of the rectangle is 240 square inches. Find the length and the width of the rec- 
tangle, rounded to the nearest tenth of an inch. 


SOLUTION | In this problem, the unknown quantities are the length and the width, 
while we know that the area is 240 square inches. Because the length is given in 
terms of the width, a wise choice is to represent the width of the rectangle as x. Be- 
cause the length is 7 inches less than twice the width, it can be represented by 
2x — 7. This information is summarized in the following table: 


Unknowns Known 
Length:2x — 7 | Area:240 in. 
Width: x x 
2x—-7 
ee (Ce ee 


Because the area of a rectangle is equal to its length times its width, the equation 
we need to solve is x(2x — 7) = 240. 
x(2x — 7) = 240 
2x* — 7x = 240 Distribute. 
2x* — 7x —240=0 Rewrite in standard form. 


This trinomial does not factor, so we will use the quadratic formula with a = 2, 
b = —7,and c = —240 to solve the equation. 


—(-7) + V(-7)? — 4(2)(—240) substitute 2 for a, —7 for b, and 


—— 2(2) —240 for c. 
_ 7+ V1969 Simplify the radicand and 
~ 4 the denominator. 


We use a calculator to approximate these solutions. 


+ — 
7 . 1969 ~ D8 7 * 1969 205 


We may omit the negative solution, as both the length and width of the rectangle 
would be negative. If x ~ 12.8, the width is approximately 12.8 inches, while the 
length is approximately 2(12.8) — 7 = 18.6 inches. 


Width: x ~ 12.8 
Length: 2x — 7 © 2(12.8) — 7 = 18.6 


The width of the rectangle is approximately 12.8 inches, and the length is approxi- 
mately 18.6 inches. 


Solving Problems by Using the 
Pythagorean Theorem 


Objective 2 Solve problems by using the Pythagorean theorem. Other 
applications of geometry that lead to quadratic equations involve the Pythagorean 
theorem, which is an equation that relates the lengths of the three sides of a right 
triangle. 

The side opposing the right angle is called the hypotenuse and is labeled c in the 
figure at the top of the next page. The other two sides that form the right angle are 
called the legs of the triangle and are labeled a and b. (It makes no difference which is 
a and which is b.) 
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c (Hypotenuse) 


Quick Check 3 


One leg of a right triangle 
measures 5 inches, while the 
hypotenuse measures 11 inches. 
Find, to the nearest hundredth 
of an inch, the length of the 
other leg of the triangle. 


Ladder 


Quick Check 4 


An 8-foot ladder is leaning 
against a wall. If the bottom 
of the ladder is 2 feet from the 
base of the wall, how high 

up the wall is the top of the 
ladder? (Round to the nearest 
tenth of a foot.) 
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Pythagorean Theorem 


For any right triangle whose hypotenuse has length c and whose legs have 
lengths a and b, respectively, 


e+b=c’. 


A right triangle has a hypotenuse that measures 18 inches, and one of 
its legs is 6 inches long. Find the length of the other leg, to the nearest tenth of an inch. 


SOLUTION In this problem, the length of one of the legs is unknown. We can 
label the unknown leg as either a or b. 


Unknowns Known 
a b: 6 in. 
Hypotenuse (c): 18 in. 
a+ 6 = 18? Substitute 6 for b and 18 for cin a? + b? = c’. 
a’ + 36 = 324 Square 6 and 18. 
a’ = 288 Subtract 36. 
Va = +V288 Solve by extracting square roots. 


a= +122 Simplify the square root. 


Because the length of a leg must be a positive number, we are concerned only with 
12 V2, which rounds to 17.0 inches. The length of the other leg is approximately 
17.0 inches. 


Applications of the Pythagorean Theorem 


Objective 3 Solve applied problems by using the Pythagorean theorem. 
Now we turn our attention to solving applied problems using the Pythagorean theo- 
rem. In these problems, we begin by drawing a picture of the situation. We must be able 
to identify a right triangle in the figure in order to apply the Pythagorean theorem. 


A 5-foot ladder is leaning against a wall. If the bottom of the lad- 
der is 3 feet from the base of the wall, how high up the wall is the top of the ladder? 


SOLUTION The ladder, the wall, and the ground form a right triangle, with the 
ladder being the hypotenuse. In this problem, the height of the wall, which is the 
length of one of the legs in the right triangle, is unknown. 


Unknowns Known 
a b:3 ft 
Hypotenuse (c):5 ft 
at+3?=5 Substitute 3 for b and 5 for cin a’? + b* = c’. 
a+9=25 Square 3 and 5. 
a’ = 16 Subtract 9. 
Va? = +VI6 Solve by extracting square roots. 
a= +4 Simplify the square root. 


Again, the negative solution does not make sense in this problem. The ladder is 
resting at a point on the wall that is 4 feet above the ground. 


miles is the flight? 


120? + 50? 
14,400 + 2500 
16,900 = 

+ V16,900 = 
+130 = 


Visalia 


Quick Check 5 


Cassie’s backyard is in the 
shape of a rectangle whose 
dimensions are 70 feet by 

240 feet. She needs a hose that 
will extend from one corner of 
her yard to the corner that is 
diagonally opposite to it. How 
long does the hose have to be? 


studying is to take 
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The Modesto airport is located 120 miles north and 50 miles west 
of the Visalia airport. 


If a plane flies directly from Visalia to Modesto, how many 


SOLUTION The directions of north and west form a 90-degree angle, so the pic- 
ture shows a right triangle whose hypotenuse (the direct distance from Visalia to 
Modesto) is unknown. 


Unknowns Known 
Hypotenuse c a: 120 mi 
b: 50 mi 


Cc Substitute 120 for a and 50 for b in a? + b? = c’. 
ce? Square 120 and 50. 
e Simplify. 


a] 


Cc 


Solve by extracting square roots. 
Simplify the square root. 


The negative solution does not make sense in this problem. The direct distance 
from the Visalia airport to the Modesto airport is 130 miles. 


BUILDING YOUR STUDY STRATEGY 


Time Management, 5 Studying Difficult Subjects First and Taking Brief 
Breaks If you have more than one subject to study, as most students do, the 
order in which you study the subjects is important. A good idea is to arrange 


your study schedule so that you study the most difficult subject first, while you 
are most alert. 
Another suggestion to keep your mental energy at its highest while you are 


brief ten-minute study breaks. One study break per hour 


will help keep you from feeling fatigued. 


Vocabulary 
1: 


State the formula for the area of a triangle. 


. In aright triangle, the side opposite the right angle 
is called the 


. In a right triangle, the sides adjacent to the right 
angle are called 


. The ____ theorem states that for any right 
triangle whose hypotenuse has length c and whose 
two legs have lengths a and b, respectively, 
GCtPeae. 
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For all problems, approximate to the nearest tenth when 
necessary. 


5. The length of a rectangle is 5 inches more than its 
width. If the area of the rectangle is 66 square inches, 
find its length and width. 


6. The width of a rectangle is 6 feet less than its length. 
If the area of the rectangle is 112 square feet, find its 
length and width. 

7. The length of a rectangle is twice its width. If the area 


of the rectangle is 120 square meters, find its length 
and width. 
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8. 


10. 


11. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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The length of a rectangle is 3 inches more than twice 
its width. If the area of the rectangle is 75 square 
inches, find its length and width. 


. The width of a rectangle is 13 feet less than twice its 


length. If the area of the rectangle is 68 square feet, find 
its length and width. 


The length of a rectangle is 7 meters more than four 
times its width. If the area of the rectangle is 650 
square meters, find its length and width. 


The base of a triangle is 5 inches more than its height. 
If the area of the triangle is 42 square inches, find the 
base and height of the triangle. 


. The height of a triangle is 1 foot less than three times 


its base. If the area of the triangle is 22 square feet, 
find the base and height of the triangle. 


The height of a triangle is 1 inch more than twice its 
base. If the area of the triangle is 15 square inches, 
find the base and height of the triangle. 


The height of a triangle is 7 inches less than its base. If 
the area of the triangle is 32 square inches, find the 
base and height of the triangle. 


A rectangular photograph has an area of 80 square 
inches. If the width of the photograph is 2 inches less 
than its height, find the dimensions of the photograph. 


The area of a rectangular patio is 700 square feet. If 
the length of the patio is 5 feet less than twice its 
width, find the dimensions of the patio. 


The length of a rectangular rug is 10 inches less than 
twice its width. If the area of the rug is 2160 square 
inches, find its dimensions. 


The width of a rectangular room is 14 meters less than 
twice its length. If the area of the room is 125 square 
meters, find its dimensions. 


The width of a rectangular table is 16 inches less than its 
length. If the area of the table is 540 square inches, find 
its dimensions. 


Steve has a rectangular lawn, and the length of the 
lawn is 25 feet more than its width. If the area of the 
lawn is 7000 square feet, find its dimensions. 


Tina made a quilt that was 8 inches taller than it was 
wide. She then sewed a 4-inch border around the en- 
tire quilt. If the area of the quilt and its border is 1920 
square inches, find the dimensions of the quilt without 
the border. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


The length of a rectangular swimming pool is 2 meters 
more than twice its width. The pool is surrounded by 
a concrete deck that is 2 meters wide. If the area of 
the surface of the pool and deck is 180 square meters, 
find the dimensions of the pool. 


A kite is in the shape of a triangle. The base of the 
kite is twice its height. If the area of the kite is 256 
square inches, find the base and height of the kite. 


A hang glider is triangular in shape. If the base of the 
hang glider is 2 feet more than twice its height and the 
area of the hang glider is 30 square feet, find the hang 
glider’s base and height. 


The sail on a sailboat is shaped like a triangle, with an 
area of 46 square feet. The height of the sail is 8 feet 
more than the base of the sail. Find the base and 
height of the sail. 


A kite is in the shape of a triangle and is made with 
250 square inches of material. The base of the kite is 
20 inches longer than the height of the kite. Find the 
base and the height of the kite. 


The two legs of a right triangle are 10 inches and 
16 inches. Find the hypotenuse of the triangle. 


The two legs of a right triangle are 7 centimeters and 
12 centimeters. Find the hypotenuse of the triangle. 


A right triangle with a hypotenuse of 15 feet has a leg 
that measures 9 feet. Find the length of the other 
leg. 

A right triangle with a hypotenuse of 25 inches has a 
leg that measures 24 inches. Find the length of the 
other leg. 

A right triangle with a leg that measures 12 meters 
has a hypotenuse of 24 meters. Find the length of the 
other leg. 

A right triangle with a leg that measures 8 feet has a 
hypotenuse of 23 feet. Find the length of the other leg. 


Patti drove 80 miles to the west and then drove 60 miles 
south. How far is she from her starting location? 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


Victor flew to a city that was 700 miles north and 2400 
miles east of his starting point. How far did he fly to 
reach this city? 


George is casting a shadow on the ground. If George 
is 2 feet shorter than the length of the shadow on the 
ground and the tip of the shadow is 10 feet from the 
top of George’s head, how tall is George? 


A 15-foot ladder is leaning against the wall. If the dis- 
tance between the base of the ladder and the wall is 
3 feet less than the height of the top of the ladder on 
the wall, how high up the wall does the ladder 
reach? 


A guy wire 40 feet long runs from the top of a pole to 
a spot on the ground. If the height of the pole is 5 feet 
more than the distance from the base of the pole to 
the spot where the guy wire is anchored, how tall is 
the pole? 


40 ft 


A 12-foot ramp leads to a doorway. If the distance 
between the ground and the doorway is 8 feet less 
than the horizontal distance covered by the ramp, 
how high above the ground is the doorway? 


A rectangular computer screen is 13 inches wide and 
10 inches high. Find the length of its diagonal. 


The bases on a baseball diamond form a square 
whose side is 90 feet. How far is it from home plate to 
second base? 


The length of a rectangular quilt is 1 foot more than 
its width. If the diagonal of the quilt is 6.5 feet, find 
the length and width of the quilt. 


The diagonal of a rectangular table is 9 feet, and the 
length of the table is 5 feet more than its width. Find 
the length and width of the table. 


Use the following fact about right triangles for Exercises 
43-46: The legs of a right triangle represent the base and 
height of that triangle. 


43. 


The height of a right triangle is 3 feet less than the base 
of the triangle. The area of the triangle is 54 square 
feet. 


a) Use the information to find the base and height of 
the triangle. 


b) Find the hypotenuse of the triangle. 


44, 


45. 


46. 
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The base of a right triangle is 4 feet less than twice 

the height of the triangle. The area of the triangle is 

24 square feet. 

a) Use the information to find the base and height of 
the triangle. 

b) Use the information to find the hypotenuse of the 
triangle. 

A road sign indicating falling rocks is in the shape 


of an equilateral triangle, with each side measuring 
80 centimeters. 


80 cm 
Base 


a) Use the Pythagorean theorem to find the height 
of the triangle. Round to the nearest tenth of a 
centimeter. 


b) Find the area of the sign. 


A farmer fenced in a corral in 
the shape of an equilateral tri- 
angle, with each side measur- 
ing 30 feet. 


a) Use the Pythagorean theo- 
rem to find the height of 
the triangle. Round to the 
nearest tenth of a foot. 


b) Find the area of the corral. 


a==- Writing in Mathematics 


Answer in complete sentences. 


47. 


48. 


Write a word problem whose solution is The length of 
the rectangle is 14 feet, and the width is 9 feet. The 
problem must lead to a quadratic equation. 


Write a word problem associated with the equation 
60° + b? = 90°. Explain how you created the problem. 
Solve your problem, explaining each step. 
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In 


OBJECTIVES 


oy Solve quadratic inequalities. 

2. Solve rational inequalities. 

(3 Solve inequalities involving functions. 

4 Solve applied problems involving inequalities. 


Quadratic Inequalities 


Objective 1 Solve quadratic inequalities. In this section, we will expand our 
knowledge of inequalities to include two different types of inequalities: quadratic 
inequalities and rational inequalities. 


Quadratic Inequalities 


A quadratic inequality is an inequality that can be rewritten as ax? + bx + c < 0, 
ax? + bx +c < 0,ax? + bx +c > 0,orax? + bx +c = 0. 


The first step to solving a quadratic inequality is to find its zeros, which are values 
of x for which ax” + bx + c = 0. For example, to find the zeros for the inequality 
x’ + 9x — 22 > 0, we set x” + 9x — 22 equal to 0 and solve for x. 


x? + 9x — 22 =0 Set the quadratic expression equal to 0. 
(x + 11)(x — 2) =0 Factor. 
x=-11 or x=2 Set each factor equal to 0 and solve. 


The zeros for this inequality are —11 and 2. 

The zeros of an inequality divide the number line into intervals and often act as 
boundary points. In any particular interval created by the zeros of an inequality, each 
real number in the interval is a solution of the inequality or each real number in the 
interval is not a solution of the inequality. By picking one value in each interval and 
testing it, we can determine which intervals contain solutions and which do not. 

When solving a strict inequality involving the symbol < or >, the zeros are not 
included in the solutions of the inequality and we place an open circle on each zero 
on the number line. When solving a weak inequality involving the symbol = or =, 
the zeros are included in the solutions of the inequality and we place a closed circle 
on each zero. 


Solve x7 + x — 20 <0. 


SOLUTION We begin by finding the zeros. 


x? + x — 20=0 Set the quadratic expression equal to 0. 
x + 5)(x — 4) =0 Factor. 
x=-5 or x =4 Set each factor equal to 0 and solve. 
The zeros for this inequality are —5 and 4. We plot these zeros on a number line 
and create boundaries between the three intervals, which have been labeled I, II, 


and III in the figure that follows. The zeros are included as solutions, and we place 
closed circles on the number line at x = —S and x = 4. 


I il il 


+t + 1 + 1 + 1 1 1 +1 ++ 4 
-10-9 -8 7 6 5 4-3 2-1 0 1 2 3 4 
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Now we choose a value from each of the three intervals we have created to be the 
test points. A test point is a value of the variable x that we use to evaluate the ex- 
pression in the inequality, allowing us to determine which intervals contain solu- 
tions of the inequality. We will use x = —6, x = 0, and x = 5. Because we are 
looking for intervals where x” + x — 20 < 0, the solution will be made up of 
the intervals whose test points produce a negative result when substituted into the 
expression x’ + x — 20. 


Test Point (x) —6 0 5 
(-—6)? + (-—6) — 20 (0)? + (0) — 20 (5)? + (5) — 20 
x? +x — 20 = 36 — 6 — 20 — OO 20 = 25 +5 — 20 
= 10 = —20 = 10 


The only test point for which the expression x* + x — 20 is negative is x = 0, 
which is in interval II; so the interval [—5, 4] is the solution of this inequality. 


7-6-5 4-32-10 12 3 4 5 6 


When the expression with which we are working can be factored, we can use a sign 
chart to determine which intervals are solutions to the inequality. A sign chart is a 
chart that can be used to determine whether an expression is positive or negative 
for certain intervals of real numbers. A sign chart focuses on whether a factor is 
positive or negative for each interval, by the use of a test point. If we know the sign 
of each factor, we can easily find the sign of the product, allowing us to solve the 
inequality. The initial sign chart should look like the following: 


We fill in the first row by determining the sign of each factor when x = —6. Be- 
cause —6 + 5 is negative, we put a negative sign in the first row underneath x + 5. 
In the same way, x — 4 is negative when x = —6; so we put another negative sign 
in the first row underneath x — 4. The product of two negative factors is positive; 
sO we put a positive sign in the first row under (x + 5)(x — 4). Here is the sign 
chart after it has been completed. 


Test Point x+5 x-4 (x + 5)(x — 4) 


= 6 = = als 
0) ali = = 
5 -: 2 + 


Notice that the product is negative in the interval containing the test point x = 0. 
Therefore, the solution is the interval [—5, 4]. 


Sa Sh a Se a 
Quick Check 1 7654-32-10 12 3 4 5 6 
Solve x? — 14x + 48 = 0. 


If the quadratic expression does not factor, we cannot use a sign chart. In that case, 
we will find the zeros of the expression by using the quadratic formula. We will then 
substitute the values for the test points directly into the quadratic expression. 
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Solve x7 + 6x +4>0. 


SOLUTION We find the zeros by solving the equation x” + 6x + 4 = 0. Because 
x’ + 6x + 4 does not factor, we will use the quadratic formula to solve the equation. 


-6 + V@ — 4(1)(4) 


x= 2(1) Substitute 1 for a, 6 for b, and 4 for c. 
—6 + V20 
a Simplify the radicand. 
—-6+42V5 
x= ao Simplify the square root. 
1 
2(-3+ V5) - 
x= a a Divide out common factors. 
I 
x=-34 V5 Simplify. 


The zeros for this inequality are —-3 — V5 and —3 + V5. We need an approxi- 
mate value for each zero to determine where each zero belongs on the number 
line. These two zeros are approximately equal to —0.8 and —5.2. The zeros are not 
included as solutions, so we place open circles at the zeros. 


+ 
t+—t+—_+—of—-—_+*—_+—0-+—+ + 4 
8 7 -6 5 4-3 2-1 0 1 2 


< 


> 


We will use x = —6, x = —1, and x = 0 as test points. We are looking for intervals 
where the expression x* + 6x + 4 is greater than 0, and our solution will be made 
up of the intervals whose test points produce a positive result when substituted 
into x? + 6x + 4. 


Test Point 7+ 6x+4 Sign 
all (ly + Gel) 44) = =i = 
0 (0)? + 6(0) +4 =4 + 


Notice that the product is positive in the intervals containing the test points 
x = —6and x = 0. Here is the solution. 


-3-\5 -3 +5 


10-9 -8 -7 6 5 4-3 2-1 01 2 3 4 


In interval notation, we can express this solution as (—0co,-3 — V5)U 
(—3 + V5, 00). (Notice that we used the exact values in the solution, not the ap- 
proximate values.) 


Quick Check 2 
Solve x? + 3x — 15 = 0. 


If the expression in the inequality has no zeros, every real number is a solution of 
the inequality or the inequality has no solutions at all. 
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Solve x7 — 5x +7=0. 


SOLUTION We begin by looking for the zeros of x” — 5x + 7. Because this 
expression does not factor, we will use the quadratic formula. 


—(-5) + V(-5)? - 4(1)(7) 


x= Substitute 1 for a, —5 for b, and 7 for c. 


2(1) 
La eVe3 
- 2 


x Simplify the radicand and denominator. 


The discriminant is negative, so this expression has no real zeros. In this case, we 
can pick any real number and use it as the only test point. When x = 0, we can see 
that x? — 5x + 7 is equal to 7, which is not less than or equal to 0. This inequality 
has no solution. 


Quick Check 3 
Solve x* — 5x + 20 > 0. 


Rational Inequalities 


Objective 2 Solve rational inequalities. 


Rational Inequalities 


A rational inequality is an inequality that involves a rational expression, such as 


+ 
as 7 2%. 


x—-4 


There are two differences between solving a rational inequality and solving a quad- 
ratic inequality. The first difference is that the zeros of the numerator and the denom- 
inator are used to divide the real number line into intervals. The second difference is 
that the zeros from the denominator are never included in the solution, even when 
the inequality is a weak inequality involving = or =. This is because if a value causes 
a denominator to equal 0, the rational expression is undefined for that value. 


x+3)(x+5 
Saleen g 
eS 1 


SOLUTION Begin by finding the zeros of the numerator. 


(x + 3)(x + 5) 


x 


0 Set the numerator equal to 0. 


—-3 or x =-5 Set each factor equal to 0 and solve. 
The zeros of the numerator are —3 and —5. Now find the zeros of the denominator. 


x —1=0 Set the denominator equal to 0. 


x=1 Solve. 


The zero of the denominator is 1. Here are all of the zeros on a single number line, 
dividing the number line into four intervals. 


< 


> 


t—}—4—|—4—_—_+—_+—_)—_ + 
76-5 4-3 2-1 0 1 2 3 


Keep in mind that the value x = 1 cannot be included in any solution, as it is a zero 
of the denominator. We will use the values x 6,x 4,x = 0,and x = 2as test 
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points. Because the numerator factors and the denominator is a linear expression, we 
can use a sign chart. We are looking for intervals where the expression is positive. 


(x + 3)(x + 5) 


x-1 


The intervals containing x = —4 and x = 2 are solutions of this inequality, as rep- 
resented on the following number line: 


7-6-5 4-3 2-1 012 3 4 5 


This can be represented in interval notation as [—5, —3] U (1, ©). 


Quick Check 4 
(ce ae Ais = 0) 
Solve G2). = 0. 


A WORD OF CAUTION When we solve a rational inequality, the zeros of the denominator 
are excluded as solutions because the rational expression is undefined for those values. 


x7 — 4x — 12 
SS €, 


0. 
vr -9 


Solve 


SOLUTION Begin by finding the zeros of the numerator. 


x? —- 4x —-12 =0 Set the numerator equal to 0. 
(x — 6)(x + 2) =0 Factor. 
x-6=0 or x+2=0 Set each factor equal to 0. 
x=6 or x=-2 Solve. 


The zeros of the numerator are 6 and —2. Now find the zeros of the denominator. 


x7>-9=0 Set the denominator equal to 0. 
(x + 3)(x — 3) =0 Factor. 
x+3=0 or x-—3=0 Set each factor equal to 0. 
x=-3 or x=3 Solve. 


The zeros of the denominator are —3 and 3. Here are all of the zeros on a single 
number line, dividing the number line into five intervals. 


a ot 
<+—_1—o—- 


| | 
T T 
5 4-32-10 1 2 


In this example, none of the zeros can be included in any solution, as the inequality 
was strictly less than 0 and not less than or equal to 0. We will use the values 
x = —4,x = —2.5,x = 0, x = 4, and x = 7 as test points. Here is the sign chart; 
keep in mind that we are looking for intervals in which this expression is negative. 
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Test Point x-6 x+2 x+3 x-3 


The intervals containing x = —2.5 and x = 4 are solutions of this inequality, as 
represented on the following number line: 


5432-10 12 3 4 5 67 8 


This can be represented in interval notation as (—3, —2) U (3, 6). 


Quick Check 5 


7 
SoWe a = eG, 
ge ap Sie ap al 


When solving rational inequalities, if the inequality contains expressions on both 
sides, we must rewrite the inequality in such a way that there is a single rational ex- 
pression on one side of the inequality and 0 on the other side. We then solve the in- 
equality the same way we solved the previous examples. 


v+4x4+ 9 
SS 


I = 2. 
Solve 7EG 


SOLUTION Begin by subtracting 2 from both sides of the inequality; then com- 
bine the left side of the inequality as a single rational expression. 


xv+4x4+ 9 
SS 


=2 
x +6 
>+ 4x +9 
x “*~=— 220 Subtract 2 from both sides. 
x +6 
x? +4x4+9 x+6 : x6 : 
° = —e, 
Tas PLE 0 Multiply 2 by ea that both expressions 


have the same denominator. 
x7 +4x+9-—2x-12 
x+6 


aes tet 
77 s* = 39 Simplify the numerator. 
x +6 


= 0 _ Distribute and combine numerators. 


Now find the zeros of the numerator. 


x’? + 2x — 3 =0 Set the numerator equal to 0. 
(x — 1)(x + 3) = 0 Factor. 
x-1=0 or x+3=0 Set each factor equal to 0. 


x=1 or x=-3 Solve. 
The zeros of the numerator are 1 and —3. Now find the zeros of the denominator. 


x+6=0 — Set the denominator equal to 0. 
—6 Solve. 


x 
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The only zero of the denominator is —6. Here are all of the zeros on a single num- 
ber line, dividing the number line into four intervals. 


In this example, the zeros from the numerator are included as solutions, while the 
zeros from the denominator are excluded as solutions. We will use the values 


x 7 es 4,x = 0, and x = 2 as test points. Here is the sign chart; keep in 
’ ere _ (x + 3)(x— 1), 
mind that we are looking for intervals in which the expression ——..—@ 5 
positive. - 

(x + 3)(x — 1) 


Test Point x+3 x-1 x+6 


x+6 


0 alte = alle = 
2 + Z ZL + 
The intervals containing x = —4 and x = 2 are solutions to this inequality, as 


represented on the following number line: 


10-9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 


Quick Check 6 This can be represented in interval notation as (—6, —3] U [1, 0). 
2 
-1 
Solve ~ fi << Al, 
w= 


Solving Inequalities Involving Functions 


Objective 3 Solve inequalities involving functions. We move on to exam- 
ining inequalities involving functions. 


Given f(x) = x? — 2x — 16, find all values x for which f(x) < 8. 


SOLUTION We begin by setting the function less than or equal to 8. 


f(x) =8 
x’ — 2x — 16 = 8 Set the function less than or equal to 8. 
x? — 2x — 24 <0 Subtract 8 to write the inequality in standard form. 


We now find the zeros for this inequality. 


x*-— 2x —-24=0 Set the quadratic expression equal to 0. 
(x — 6)(x + 4) =0 Factor. 
x-6=0 or x+4=0 Set each factor equal to 0. 


K=6 or x= =4 Solve. 


The zeros for this inequality are 6 and —4. 


<+— +1 + 1 ++ 11 ++ + 
54-32-10 12 3 4 5 6 7 8 


Quick Check 7 

Given f(x) = x? + 10x + 35, 
find all values x for which 
f(x) < 14. 
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We will use x = —5, x = 0, and x = 7 as our test points. Our solution will be made 
up of the intervals whose test points produce a negative result when substituted into 
the expression x” — 2x — 24. Here is the sign chart after it has been completed. 


Test Point x-6 x+4 (x — 6)(x + 4) 


= 5 = = 2S 
0 =, als = 
ji 2 - + 


The product is negative in the interval containing the test point x = 0. Here is our 
solution represented on a number line. 


65432-1012 3 4 5 67 8 


In interval notation, the solution is expressed as [ —4, 6]. 


Solving Applied Problems Involving Inequalities 


Objective 4 Solve applied problems involving inequalities. 


A projectile with an initial ve- 
locity of 96 feet per second is fired from the 
roof of a building 72 feet tall. The height of the 
projectile, in feet, after t seconds is given by 
the function h(t) = —16r + 96¢ + 72. Dur- 
ing what period of time is the projectile at 
least 200 feet above the ground? 


SOLUTION To find the time interval that the 
projectile is at least 200 feet above the ground, = 
we must solve the inequality h(t) = 200. Enno 


h(t) = 200 
—16¢? + 96t + 72 = 200 Replace h(t) with —161? + 96t + 72. 


—16r + 96t — 128 = 0 Subtract 200 to rewrite the inequality in 
standard form. 


167? — 96t + 128 = 0 Multiply both sides of the inequality by —1. 
Change the direction of the inequality. 


Now we find the zeros of the inequality. 


16t? — 96¢ + 128 = 0 
16(t? — 6f + 8) =O Factor out the common factor 16. 
16(t — 2)(t — 4) = 0 Factor the trinomial. 


t=2 or t=4 Seteach variable factor equal to 0 and solve. 


The zeros of the inequality are f = 2 andt = 4. 


We will use ¢ = 1,¢ = 3, andt = Sas test points. (Note that ¢ must be greater than 
or equal to 0 because it represents the amount of time since the projectile was 
fired.) In this case, we will substitute the values for the test points in the function 
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A(t). If the function’s output for one of the test points is 200 or higher, each point 
in the interval containing the test point is a solution to the inequality h(t) = 200. 


A(1) = —16(1)? + 96(1) + 72 | A(3) = —16(3)? + 96(3) +72 | n(5) = —16(5)? + 96(5) + 72 
= -16(1) + 96 + 72 16(9) + 288 + 72 16(25) + 480 + 72 
= -16+ 96 + 72 = -144 + 288 + 72 = —400 + 480 + 72 
= 152 = 216 = 152 


The inequality h(t) = 200 is true only in the interval containing the test point 
t = 3;so the projectile’s height is at least 200 feet from 2 seconds after launch until 
4 seconds after launch. 


| 


Quick Check 8 

A projectile with an initial 
velocity of 272 feet per second 
is fired from ground level. The 


height of the projectile, in feet, 
after ¢ seconds is given by the 
function h(t) = —16¢? + 272t. 


During what period of time is 
the projectile at least 960 feet 


BUILDING YOUR STUDY STRATEGY 


Time Management, 6 Studying at Work Many students have jobs, and this 
commitment takes away a great deal of time from their studies. If possible, 


find a job that allows you opportunities to study while at work. Be sure to take 
full advantage of any breaks you receive. A ten-minute work break may not 


above the ground? : : ‘ : 
e seem like much time, but you can read through a series of note cards or review 


your class notes during the break. 


—_— 
oo <a Zz G = 
Powered by CourseCompass”and MathXt Serene 
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~ x(x - 4) >0 


Vocabulary 


1. A(n) inequality is an inequality 


involving a quadratic expression. 


2. The of a quadratic inequality in 9, x7 -4x-21<0 
standard form are values of the variable for which 
the quadratic expression is equal to 0. 

3. The zeros of a(n) inequality are 10. x7 + 9x + 18 <0 


not included in the solutions of that inequality. 
. The zeros from the of a rational 
inequality are never included as a solution. 


1. x? -— 10x + 16=0 


Solve each quadratic inequality. Express your solution 
on a number line and using interval notation. 


5. (x — 5)(x — 1) <0 


~x74+3x-54>0 


IA 


13. x? — 25 


6. (x + 3)\(x — 2) > 0 


14. x? — 4x 


7. —2(x — 6)(x +3) =0 


15. x7 +6x+3>0 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


x -—5x-11 <0 


3x7 -5x-12=0 


2x7 +7x+4<0 


+3x+5>0 


v?4+7x+14>0 


x?7-2x+24<0 


vr+x4+8<0 


x? — 8x < 20 


-x?+10x-5>0 


—-x°+6x+1<0 


Solve each polynomial inequality. Express your solution 
on a number line and using interval notation. 


27. 


28. 


29. 


30. 


(x — 1)(x + 2)(x - 4) = 0 


(x + 8)(x — 5)(x — 2) $0 


(x — 7)*(x + 5)(x + 9) = 0 


(x — 10)°(x + 4)*(x - 4) =0 
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10.6 Exercises 


Solve each rational inequality. Express your solution on 
a number line and using interval notation. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


41. 


42. 


(x + 7)(x — 4) 


(<= S\e4 10) 


x—-4 


————— <0 
x? + 9x + 18 


x? + 11x + 24 


>0 
x+5 


x? — 2x — 48 
ee 
x? + 13x + 36 


eet 30. 
x74+3x—-—28 — 


x? — 81 
tt 
x? — 15x + 54 
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43. 


45. 


47. 


49. 


50. 


51. 


52. 


53. 


4x —7 
x—-4 


>3 


x7 + 9x + 12 
x +3 


x7 +3x+ 10 
a a 
x-2 


x? + 7x +21 
a 3 
x+4 


A projectile with an initial velocity of 64 feet per sec- 
ond is fired upward from the roof of a building 27 feet 
tall. The height of the projectile, in feet, after t seconds 
is given by the function h(t) = —16r? + 64¢ + 27. For 
what length of time is the projectile at least 75 feet 
above the ground? 


A projectile with an initial velocity of 208 feet per sec- 
ond is fired upward from the roof of a building 98 feet 
tall. The height of the projectile, in feet, after t seconds 
is given by the function h(t) = —16r? + 208r + 98. 
For what length of time is the projectile at least 450 
feet above the ground? 


A projectile with an initial velocity of 32 feet per sec- 
ond is fired upward from ground level. The height 
of the projectile, in feet, after t seconds is given by 
the function h(t) = —16t? + 32¢. For what length of 
time is the projectile at least 12 feet above the 
ground? 


A projectile with an initial velocity of 48 feet per sec- 
ond is fired upward from ground level. The height 
of the projectile, in feet, after t seconds is given by 
the function h(t) = —16¢? + 48r. For what length of 
time is the projectile at least 20 feet above the 
ground? 


A projectile with an initial velocity of 125 feet per sec- 
ond is fired upward from the roof of a building 48 feet 
tall. 


a) List the function A(t) that gives the height of the 
projectile in feet after ¢ seconds. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


b) For what time interval is the projectile at least 200 
feet above the ground? 

A projectile with an initial velocity of 150 feet per sec- 

ond is fired upward from the roof of a building 80 feet 

tall. 


a) List the function h(t) that gives the height of the 
projectile in feet after ¢ seconds. 


b) For what time interval is the projectile at least 300 
feet above the ground? 

Given f(x) = x* — 8x + 12, 

which f(x) = 0. 

Given f(x) = x* + 13x — 5, 

which f(x) = 0. 


find all values x for 


find all values x for 


Given f(x) = x* — 5x + 13, find all values x for 
which f(x) = 7. 
Given f(x) = x? + 4x — 31, 
which f(x) < 14. 


find all values x for 


+ 
Given f(x) = i~ find all values x for which 


f(x) = 0. 


> _ 17x + 70 
Given f(x) = = ; i: , find all values x for 
x” + 2x — 48 
which f(x) < 0. 
7 _ 8x — 33 
Given f(x) = ss 7 find all values x for 


x? + 13x + 42’ 
which f(x) > 0. 


. x? + 14x + 24 
even) x? +6x+5 


which f(x) = 0. 


, find all values x for 


Find each quadratic inequality whose solution is given. 


63. 


64. 


432-1 0412 3 4 ~°5 


—_— 
9-8 -7 6 5 4-3 2-1 0 1 2 3 


5 432-1012 3 4 5 
<|—_|+—_+"_ |" ==* Pa 
2-1 01 2 3 4°55 


Find each rational inequality whose solution is given. 


67. 


6-5 43-2-1 01 2 3 4 5 6 7 
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S ———— o===- Writing in Mathematics 
Answer in complete sentences. 


71. Solutions Manual Write a solutions manual page 
69. for the following problem. 
76-5 4-3 2-1 012 3 4 2 
x” — 6x — 16 
Solve —_,-____~ = 0, 
x” — 16 
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CHAPTER 10 SUMMARY 


Section 10.1 Solving Quadratic Equations by Extracting Square Roots; Completing the Square 


Solving a Quadratic Equation by Factoring, p. 537 


1. Write the equation in standard form: Solve: x? + 10x — 35 = 9x — 5 
ax? + bx +c=0 x’ + 10x — 35 = 9x — 5 
2. Completely factor the quadratic expression. x + x — 30=0 
3. Set each factor equal to 0 and solve. (x + 6)(x — 5) =0 
x+6=0 x-5=5 
x=-6 x= 


{—6, 5} 


Solving a Quadratic Equation by Extracting Square Roots, pp. 537-540 
1. Isolate the squared term. Solve: (x + 4)? — 7 = 42 
2. Take the square root of each side. (Remember + when taking 
the square root of the constant.) 
3. Simplify the square root. (x + 4)? = 49 


4. Solve the resulting equation. (x +4) \/49 
x+4 ae 
x=-4+7 
4+7=3 4-7 11 
{-11,3} 
Solving a Quadratic Equation by Completing the Square, pp. 540-543 
1. Isolate all variable terms on one side of the equation, with the Solve by completing the square: x7 + 8x + 4=0 
constant term on the other side of the equation. . P 
2. Ifthe coefficient of the second-degree term is not equal to 1, xr 8x =U 8\r_ A= 16 
divide both sides of the equation by that coefficient. x + 8x = —4 
3. Identify the coefficient of the first-degree term. Take half of 2+ Bx + 16 4+ 16 
that number, square it, and add that to both sides of the equation. (x + 4 = 12 
4. Factor the resulting perfect square trinomial. 7 
5. Take the square root of each side of the equation. Be sure to (x + 4) £V12 
include + on the side where the constant is. x+4= 42V3 
6. Solve the resulting equation. x=—-4+42V3 
{-4 — 2V3, —4 + 2V3} 


Section 10.2 The Quadratic Formula 


Quadratic Formula, pp. 547-551 


The quadratic formula can be used to solve any quadratic equation that is Solve using the quadratic formula: x? + 6x — 20 = 0. 
written in standard form: ha% 70 
a= > _ > C= = 


ax? + bx+c=0 


6+ V6 — 4(1)(—20) 
The quadratic formula is x= 24) 
re —b+ Vb? — 4ac _ -6 + V116 
2a : a 2 
—6 + 2V29 
a 
2(-3 + V29) 
a 5 
x=-34 V29 


{-3 — V29,-3 + V29} 


Discriminant, p. 552 

The radicand, b? — 4ac, is called the discriminant. 

If the discriminant is positive, the quadratic equation has two 
real solutions. 

If the discriminant is equal to 0, the quadratic equation has one 
real solution. 

If the discriminant is negative, the quadratic equation has two 
nonreal complex solutions. 


Projectile Problems, pp. 553-555 


The height, in feet, of a projectile after ¢ seconds can be found using 
the function 


h(t) = -16t? + vot + s, 


where Vy is the initial velocity of the projectile and s is the initial height. 


Section 10.3 Equations That Are Quadratic in Form 


Chapter 10 Summary 595 


Use the discriminant to determine the number and 
type of solutions. 


2x7 + 9x +11=0 
b? — 4ac = 9 — 4(2)(11) = 81 — 88 = -7 


Because the discriminant is negative, the equation has 
two nonreal complex solutions. 


An object with an initial velocity of 80 feet per second 
is launched upward from a cliff 240 feet above a 
beach. When will the object land on the ground? 
Round to the nearest tenth of a second. 


Vo = 80, 5 = 240 
h(t) = —16t? + 80t + 240 
A(t) =0 
16t? + 80f + 240 = 0 
16(t? — 5¢ — 15) = 0 


(5) 2VC5F 40Gb) 
2(1) 
5+ V85 
po 3 
aos ~ —21 aa Td 
Omit negative 


solution. 


The object will land on the ground in approximately 
7.1 seconds. 


Solving Equations Using a u-Substitution, pp. 558-560 


Concept 
1. Substitute the variable u for an expression in such a 
way that the resulting equation is a quadratic equation 
in terms of u. 


Equation Substitution 
ax* + bx? +c =0 u= x? 
ax + bVx +c =0 u= Vx 
ax + bx? +c=0 u= xi? 
ax? + bx!® +c¢=0 u= x18 


2. Solve for u. 

3. Replace u with the expression for which u was 
substituted and solve for the original variable. 

4. Check for extraneous roots. 


Solving Radical Equations, p. 560 

1. Isolate one radical containing the variable on one side of the 
equation. 

2. Raise both sides of the equation to the nth power, where n is the 
index of the radical. 

For any nonnegative number x and any integer 

n> 1, (va)? =X. 

3. Ifthe resulting equation does not contain a radical, solve the 
equation. If the resulting equation does contain a radical, begin the 


process again by isolating the radical on one side of the equation. 
4. Check the solution(s). 


Example 
Solve: x* — 5x? — 36 = 0 


xt — 5x? — 36 =0 


Let u = x’. 
w— 5u —- 36=0 
(ut+ 4)(u—- 9) =0 
u+4=0 u—9=0 
ged u=9 
v= -4 x2=9 
V2 = +V-4 Vx = +V9 
x = +2i x= +3 
{—2i, 2i, —3, 3} 
Solve: V4x + 334+3=x 
V4x+33+3=x 
V4x +33 =x-3 


(Vax + 33)? = (x — 3y° 
4x + 33 = x7 -6x+9 
0 = x7 — 10x — 24 
0 = (x + 2)(x — 12) 


Ke 12 
x 


x+2=0 
x=-2 
Omit extraneous root. 


{12} 
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Solving Rational Equations, pp. 560-561 


Find the LCD of all rational expressions in the equation and then multiply 
both sides of the equation by that LCD. Solve the resulting equation. 


Any solution that causes a denominator in the original equation to be 
zero must be omitted. 


Work-Rate Problems, pp. 561-562 

The work-rate for a person or machine is equal to the reciprocal of the 
time required to complete the whole task. 

The amount of work done by a person or machine is equal to the product 
of the work-rate and the time spent working. 


The amount of work done by each person or machine must add up to 
equal 1. 


14 
Siiver die o 7 = 0 
x x 
LCD: x? 
5 14 
(i 5-4) — 2.9 
x x 
5) 14 
1+x? “x? 57x =0 
x x 
5 x 14 1 
1+ x? “x “x =0 
x F e 
7+ 5x-14=0 
(x + 7)(x — 2) =0 
x+7=0 x-2=0 
x=-7 x=2 
1-7;2} 


Jerry takes 30 minutes longer than George takes to 
mow the same lawn. If Jerry and George work 
together using two lawn mowers, they can mow the 
lawn in 20 minutes. How long would it take each of 
them to mow the lawn? 


Time | Work Time Work 
Person | Alone | Rate | Working | Done 
Jerry t + 30 . 20 za 
t + 30 t + 30 
George t . 20 = 
t t 
20 20 
+—-=1 
t+30 ¢ 
LCD: t(t + 30) 
20 20 


t(t 4 30)*7 + t(t + 30): : = 1-t(t + 30) 
20t + 20(t + 30) = t(t + 30) 
20t + 20t + 600 = ¢ + 30t 
0 =? — 10t — 600 
= (t + 20)(t — 30) 


t+ 20 =0 t—30= 

t = —20 t = 30 
Omit negative 
solution. 


It would take Jerry 60 minutes and George 30 minutes. 
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Section 10.4 Graphing Quadratic Equations 


Graphing Quadratic Equations of the Form y = ax? + bx + c, pp. 565-571 


1. Find the vertex. Graph: y = x? — 6x — 7 

The x-coordinate is found using the formula -(-6) 6 

—b x= =-=3 
are ay 2 
2 = = 

Substitute this value for x and solve for y to find the y-coordinate. ae al eae ea ue 
2. Find the y-intercept by substituting 0 for x and solving for y. Vertex: (3, —16) 
3. Determine whether the parabola opens upward or downward. y-intercept: (0, —7) 


If a is positive, the parabola opens upward. 
If a is negative, the parabola opens downward. 
4. Find the x-intercept(s) if any exist. 
If the parabola has x-intercepts, find them by substituting 0 for y and 
solving the resulting quadratic equation for x. 


5. Find the axis of symmetry (: = Z) and use symmetry 


to find other points on the parabola. 


Graphing Quadratic Equations of the Form y = a(x — h)? + k, pp. 571-572 

1. Find the vertex, which is (h, k). Graph: y = (x + 2)’ — 9 

2. Find the y-intercept by substituting 0 for x and solving for y. Vertex: ( 

3. Determine whether the parabola opens upward or downward. 

If a is positive, the parabola opens upward. 
If a is negative, the parabola opens downward. y-intercept: (0, —5) 

4. Find the x-intercept(s) if any exist. (x + 2)?-9=0 
If the parabola has x-intercepts, find them by substituting 0 for y and (x +2) =9 
solving the resulting quadratic equation for x. 5 

5. Find the axis of symmetry (x = h) and use symmetry to find other (x + 2) +V9 
points on the parabola. x+2=+ 


2~ wa 
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Section 10.5 Applications Using Quadratic Equations 


Area of a Rectangle, p. 577 
The unknowns will be the length and the width. 
The formula is 


Area = Length: Width. 


Pythagorean Theorem, pp. 577-578 
For any right triangle whose hypotenuse has length c and whose other two 
legs have lengths a and b, 


e+pP=c’. 


Applications of the Pythagorean Theorem, pp. 578-579 


To solve an applied problem using the Pythagorean theorem, find a right 
triangle. 

The Pythagorean theorem also can be used to solve problems involving 
the diagonal of a rectangle. 


The length of a rectangle is 3 inches more than its 
width. If the area of the rectangle is 100 inches, find 
its dimensions. Round to the nearest tenth of an 
inch. 


Unknowns 
Length: x + 3; width: x 
x(x + 3) = 100 
x? + 3x — 100 = 0 


3 + V3? — 4(1)(-100) 
7 2(1) 
y —3 + V 409 
2, 
—3 — V40 —34+V 
SRE te see ees 
2 2 

Omit negative 
solution. 


Length:x +3 + 86+ 3 = 11.6 

Width: x ~ 8.6 

The length is approximately 11.6 inches, and the width 
is approximately 8.6 inches. 


A right triangle has a hypotenuse that measures 25 cen- 
timeters, and one of the legs measures 7 centimeters. 
Find the length of the other leg. 


Unknown 
Leg:a 
eC+e=2 
at+ 7 = 257 
a + 49 = 625 
a’ = 576 
= V576 
a= 24 


The length of the other leg is 24 centimeters. 


The diagonal of a rectangular table is 10 feet, and the 
length of the table is 5 feet more than its width. Find 
the length and width of the table. Round to the 
nearest tenth of a foot. 


Unknowns 
Length: x + 5; width: x 


Pepa 2 
(x + 5)? + x? = 10° 
x? + 10x + 25 + x? = 100 
2x7 + 10x — 75 =0 
-10 + V10? — 4(2)(—75) 
- 2(2) 
_ —104V700 
. 4 
—10 — V700 —10 + V700 
x= —9.1 isc = 41 
4 4 
Omit negative 
solution. 


Lengthix+52%41+5=91 

Width: x ~ 4.1 

The length of the table is approximately 9.1 feet and 
the width is approximately 4.1 feet. 
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Section 10.6 Quadratic and Rational Inequalities 


Solving Quadratic Inequalities, pp. 582-585 


1. Rewrite the inequality in standard form by collecting all terms Solve: x? — 6x — 27 > 0 

on one side of the inequality. 
2. Find the zeros of the inequality by setting ax? + bx + c equal to Zeros 

0 and solving for x. x? — 6x — 27=0 
3. Use the zeros of the inequality to break a number line into intervals. (x + 3)(x - 9) =0 


4. Select a test point from each interval and use it to determine whether 


each point in that interval is a solution. This can be done by using Fa NE BS 
a sign chart or by substituting the test point into the original < O H O Or 
inequality. 10-8 -6 -4 2 0 2 4 6 8 10 


5. Express the solution on a number line and using interval notation. 
e If the inequality is a strict inequality (< or >), the zeros cannot 

be included as solutions. 
e If the inequality is a weak inequality (= or =), the zeros are —4 (—4)? — 6(—4) — 27 = 13 | True 
included as solutions. 


Test Point x? — 6x — 27 > 0? 


0 (0)? — 6(0) — 27 = —27__| False 
10 (10)? — 6(10) — 27 = 13 True 
tO 
10-8 - -4 2 0 2 4 6 8 10 
(—00, -3) U (9, 00) 
Solving Rational Inequalities, pp. 585-588 
1. Rewrite the inequality in standard form by collecting all terms on one .« =2ee 3 
: : z Solve: —_,—__— 2.0 
side of the inequality. er 4 
2. Find the zeros of the inequality by setting the numerator equal to 0 
and the denominator equal to 0, solving each equation for x. Zeros 
3. Use the zeros of the inequality to break a number line into intervals. 2. 35 2 Ae 
’ : : : x° — 2x —-35=0 x -4=0 
4. Select a test point from each interval and use it to determine (x + 5)(x — 7) =0 (x + 2)(x — 2) =0 
whether each point in that interval is a solution. This can be done Ce—5 of eer KE or eed 
by using a sign chart or by substituting the test point into the 
original inequality. <4 +--+ |---| +++" FH > 
5. Express the solution on a number line and using interval notation. 10-8 6 42 02 4 6 8 10 
e If the inequality is a strict inequality (< or >), the zeros from 
the numerator cannot be included as solutions. Test : 
e If the inequality is a weak inequality (= or =), the zeros from Point | x+5 | x—7|x+2|x—2 | Sign 
the numerator are included as solutions. 6 
e Regardless of the type of inequality, the zeros from the 
denominator cannot be included as solutions. —4 op = = = = 
0) ae = ah = a 
3 
8 + + + 


REVIEW OF CHAPTER 10 STUDY STRATEGIES 


Poor time management can cause a student to do poorly in a math class. To maximize 
the time you have available to study mathematics and to use your time effectively, con- 
sider the following: 


¢ Record how you spend your time over the period e Set goals for each study session and record the 
of one week. Look for ways you might be wasting goals in a to-do list. 
time. Create an efficient schedule to follow. e Study your most difficult subject first, before you 
e Study new material as soon as possible after class. become fatigued. 
Save review work for later in the day. ¢ If you must work, try to find a job that will allow you 
e Arrange your schedule so that you can study math- to do some studying while at work. At the very least, 
ematics when your mental energy is at its highest. make efficient use of your work breaks to study. 


CHAPTER 10 REVIEW 


Solve by factoring. [10.1] 


1. x? + 11x + 28 =0 

.x7 + 7x — 30=0 
.x7+ 4x = 0 

. 2x7 — 13x + 15 =0 
2x? + 7x —- 12 =3x-7 
. x? — 9x + 23 = (x — 6) 


Nunn BW WK 


Solve by extracting square roots. [10.1] 


7, x7? = 49 
8. x7 —- 72 = 
9x7 +4= 


2x + 7)? + 20 = 141 


Solve by completing the square. [10.1] 


13. x* — 2x -8=0 
14. x? —6x+3=0 
15. x° + 14x + 47 =0 


16. x° +5x+10=0 


Solve by using the quadratic formula. [10.2] 


17.x° + 7x +1=0 
18. x7 + 4x -2=0 
19. x7 —-3x + 9=0 


20. 4x? — 20x + 29 =0 


21. 2x7 — 5x +9 =x? — 9x + 30 
22. x(x + 4) = 16x — 37 


Solve by using a u-substitution. [10.3] 
23. x1 — 5x7 +4=0 

24.x —4Vx - 32 =0 

25. x + 7x'?-8=0 

26. x73 — 4x13 — 21 =0 


Solve. [10.3] 


27, Vxr2+x-2=2 
28. Vx +15-x=9 


Worked-out solutions to Review Exercises marked with 


600 


Solve. [10.3] 


Qi Rog 
x x 


x 7 3 
30. = 
x-3 x-2 x%-—5x+6 


Solve using the most efficient method. [10.1, 10.2, 10.3] 


31. x7 — 19x + 90 =0 

32. x1 + 5x? —- 36 =0 

33. (x + 6)? +11 =3 

34. x7 + 4x + 16=0 

35. x7 + 10x = 0 

36. x” — 6x — 20 =0 

37. V3x + 49 =x+3 

38. V2x +9 = V4x +1-2 


39.x —1-—=0 
x 


40. 3x? — 8x +2 =0 


41. x + 5x!2 —- 24=0 
42. (x + 9)? + 64=0 


For each function f(x), find all values x for which 
J(x) = 0. [10.1, 10.2, 10.3] 


43. f(x) = (x + 12)? — 16 


44, f(x) = x* — 7x — 20 


Find a quadratic equation with integer coefficients that 
has the given solution(s). [10.1] 

45. {—9, 4} 

46. {4} 


49. {—5i, 5i} 
50. {—8i, 8i} 


Find the vertex and axis of symmetry of the parabola as- 
sociated with the given quadratic equation. [10.4] 

51. y = x? — 8x — 20 

52. y = x? + 5x — 16 

53. y = —x? — 2x + 35 

54.y = (x —-3)/-4 


can be found on page AN-35. 


Find the x- and y-intercepts of the parabola associated 
with the given equation. If the parabola does not have 
any x-intercepts, state no x-intercepts. [10.4] 
55.y = x7 + 6x4 11 

56. y =x? —4x -3 


57, y = —x* + 10x — 25 
58. y = (x + 4)? - 8 


Graph each quadratic equation. Label the vertex, the 
y-intercept, and any x-intercepts. [10.4] 


59. y =x? + 8x + 15 60. y = -—x* +2x+3 


6l.y=x?+4x-2 


62. y= x? + 4x48 63) y= -(x + 37 +4 
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64. y = (x — 2)? -9 


Solve each quadratic inequality. Express your solution 
on a number line and using interval notation. [10.6] 


65. x° —-9x +14=<0 
66. x7 + 9x+8>0 


67. x° + 4x -11>0 


68. x7 + 3x + 40=0 


Solve each rational inequality. Express your solution on 


a number line and using interval notation. [10.6] 
Dae 
69. x 15x + 54 a 
x—7 


ear! 
2. 7... on = 9 
x + 2x — 80 


Given each function f(x), solve the inequality f(x) = 0. 
Express your solution on a number line and using inter- 
val notation. [10.6] 


TL. f(x) = x? + 15x + 50 


x? — 16 


Tee £9) = x? - 10x + 9 
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For Exercises 73 and 74, use the function h(t) = 
—167 + vot +s. [10.2] 


73. A projectile is launched upward from the ground at a 
speed of 104 feet per second. How long will it take un- 
til the projectile lands on the ground? 


74. A projectile with an initial velocity of 66 feet per sec- 
ond is launched upward from the roof of a building 
30 feet high. How long will it take until the projectile 
lands on the ground? Round to the nearest hundredth 
of a second. 


75. A water tank is connected to two pipes. When both 
pipes are open, they can fill the tank in 4 hours. The 
larger of the pipes can fill the tank in 2 hours less time 
than the smaller pipe can. How long will it take the 
smaller pipe alone to fill the tank? Round to the near- 
est tenth of an hour. [10.3] 


76. A tree-trimming company has two crews. If both 
crews work together, they can trim all of the trees on 
campus in 32 hours. The faster crew can trim all of the 
trees in 6 hours less than the slower crew can. How 
long will it take the faster crew, working alone, to trim 
all of the trees on campus? Round to the nearest 
tenth of an hour. [10.3] 


77. A rectangular photograph has an area of 288 square 
centimeters. If the length of the photo is 2 centimeters 
longer that its width, find the dimensions of the 
photo. [10.5] 


78. A rectangular swimming pool covers an area of 500 
square feet. If the length of the pool is 13 feet more 
than its width, find the dimensions of the pool. Round 
to the nearest tenth of a foot. [10.5] 


79. Ann needs to fly to a city that is 1000 miles north and 
800 miles east of where she lives. If the airplane flies a 
direct route, how far will the flight be? Round to the 
nearest tenth of a mile. [10.5] 


80. The diagonal of a rectangular workbench is 12 feet 
long. If the width of the workbench is 3 feet less than 
the length of the workbench, find the dimensions of 
the workbench. Round to the nearest tenth of a foot. 
[10.5] 


For Extra Help 


CHAPTER 10 TEST — gcxaziss 


Test Prep 


1. Solve by factoring. x* + 9x + 18 = 0 
2. Solve by extracting square roots. (3x — 8)* — 6 = 58 


3. Solve by completing the square. x7 — 14x — 3 = 0 


4. Solve by using the quadratic formula. 
x? —- 6x +12=0 


5. Solve by using a u-substitution. x* — 8x? — 48 = 0 


6. Solve by using a u-substitution. x + 8x'*-—9 =0 


Solve. 
7. (4x — 1)? — 13 = 12 
8. 2x? — 15x — 27 =0 
9. x7 — 14x + 40 =0 
x 6 8 
x+8 x-4 374+ 4x - 32 
11. x’ — 10x + 34 =0 


10. 


Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 
on DVD, in MyMathLab |) _ and on You{fi) (search “WoodburyElemintAlg” and click on “Channels"). 


Find a quadratic equation with integer coefficients that 
has the given solutions. 

12. {5,5} 

13. {—4i, 4i} 


Find the vertex of the parabola associated with the given 
quadratic equation. 


14, y = x? + 8x — 39 
15. y = (x —- 7) + 20 
16. Find the x- and y-intercepts of the parabola associ- 


ated with y = x” — 10x + 20. Round to the nearest 
tenth if necessary. 


17. Graph y = -(x + 1)? + 4. 
Label the vertex, the 
y-intercept, and any 
x-intercepts. 
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18. Graph y = x* — 10x + 13. Label the vertex, the x? + 11x + 24 
’ 20. Solve. ————— = 
y-intercept, and any x-intercepts. a Se 14 


21. The area of a rectangular playing field is 3600 square 
yards. If the width of the field is 60 yards less than the 
length of the field, find the dimensions of the field. 
Round to the nearest tenth of a yard. 


22. Daniel flies to a resort town 1500 miles south and 800 
miles west of where he lives. How far away is the re- 
sort town from where he lives? 


19. Solve. x7 + 3x — 28 >0 


Mathematicians in History 7a — 


2 variste Galois was a brilliant mathematician who was interested 
in the algebraic solutions of equations. The amount and depth of work accomplished 
by Galois, who died before his 21st birthday, is legendary. Galois showed that there is 
no general solution of equations that are fifth degree or higher: 


axe + bx toe t+ dx’ t+ex+f=0 


Write a one-page summary (or make a poster) of the mathematical achievements 
of Galois, his fascinating (but short) life, and the details surrounding his untimely 
death. 


Interesting issues: 

When and where was Galois born? 

What was the fate of Galois’s father? 

Galois twice failed the admittance exam to Ecole Polytechnique. On his second 
attempt, what did he do to one of the examiners? 

Galois was expelled from Ecole Normale in December 1830. Why was he expelled? 
Galois was arrested in 1831 after raising a toast to King Louis-Philippe. What was the toast? How did Galois make it? 

In 1831, Galois was arrested on Bastille Day. What was the charge? 

On the night before his death, Galois wrote a letter to his friend Auguste Chevalier. What were the contents of the letter? 
What were the circumstances that led to Galois’s death? How old was Galois at the time? 

Which mathematician published Galois’s papers in 1846? 


Functions 


Review of Functions 
11.2 Linear Functions 


11.3 Quadratic Functions . 
he) ietlkes mmeiiens aad function and the cubic function. We also will cover the algebra of functions, 


In this chapter, we will continue to explore functions. In addition to linear 


and quadratic functions, we will examine new functions such as the square root 


Their Graphs learning ways to create a new function from two or more existing functions. We 
11.5 The Algebra of Functions 


11.6 Inverse Functions 
Chapter 11 Summary 


will finish the chapter by discussing inverse functions. 


STUDY STRATEGY 


Study Environment It is very important to study in the proper environment. 
This chapter will focus on how to create an environment that allows you to get 
the most out of your study sessions. We will discuss where to study and what 
the conditions should be in that location. 


OBJECTIVES 


® Review of functions, domain, and range. 

(2. Represent a function as a set of ordered pairs. 

& Use the vertical-line test to determine whether a graph 
represents a function. 

‘4 Use function notation. 

‘5 Evaluate functions. 

6 Interpret graphs of functions. 


Functions; Domain and Range 


Objective 1 Review of functions, domain, and range. Suppose a college 
charges its students a $50 registration fee in addition to an enrollment fee of $26 
per unit. A student who signs up for 12 units would be charged $312 for the classes 
(12 units times $26 per unit) plus the $50 registration fee, or a total of $362. The 
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amount a student pays depends on the number of units the student takes. We say 
that the amount a student pays is a function of the number of units in which the stu- 
dent is enrolled. In general, if a student is taking x units, the student’s fees can be 
found using the formula 50 + 26x. 

Recall from Chapter 3 that a function is a relation that takes an input value and 
assigns a particular output value to it. In the previous example, the input value is 
the number of units the student is taking and the output value is the total fees for 
that student. For a relation to define a function, each input value must be assigned 
one and only one output value. In terms of the previous example, this means that 
students who are taking the same number of units pay the same amount of money. 
It is not possible for two students to each take 12 units but pay a different amount. 

As we first saw in Chapter 3, the set of input values for a function is called the 
domain of the function. The domain for the previous example is the set of units in 
which a student can be enrolled. The possible values in the domain would be the set 
{1,2,3,...}. The set of output values for a function is called the range of the func- 
tion. Here is a table showing possible values in the range of this function. 


Domain (Units) il 2; 3 ee BG 


Range (Fees, $) | 50 + 26(1) = 76 | 50 + 26(2) = 102 | 50 + 26(3) = 128 | ... | 50 + 26x 


If there is no maximum number of units that a student can take, this table would 
continue indefinitely. 

Although many of our functions will be given by a formula, many functions will 
not. For instance, consider the set of students enrolled in your math class. If we asked 
each student in your class to tell us the month of his or her birthday, a function would 
exist in which the input value is a student and the output value is the month of the 
student’s birthday. The domain of this function is the set of students in your math 
class, and the range is the set of months from January through December. 


The World Cup is a soccer tournament that is held every four years. 
Here are the winners of the World Cup for the years 1930-2010. (The tournament 
was not held in 1942 or 1946 due to World War II.) 


Year Winner Year Winner 
1930 Uruguay 1978 Argentina 
1934 Italy 1982 Italy 
1938 Italy 1986 Argentina 
1950 Uruguay 1990 West Germany 
1954 West Germany 1994 Brazil 
1958 Brazil 1998 France 
1962 Brazil 2002 Brazil 
1966 England 2006 Italy 
1970 Brazil 2010 Spain 
1974 West Germany 


a) Does a function exist for which the input value is the year of the tournament 
and the output value is the winner of that tournament? 


SOLUTION Because each year listed has only one winner, this correspondence is 
a function. This is true even though some teams, such as Italy, have won more than 
once. By the definition of a function, each input value must be associated with one 
and only one output value. It is possible for more than one input value to be asso- 
ciated with the same output value. 

The domain of this function is the set of years in which the World Cup has 
been held, and the range of this function is the set of teams that have won the 
World Cup. 
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b) Does a function exist for which the input value is the winner of a tournament 
and the output value is the year the country won the tournament? 


SOLUTION No, this correspondence is not a function, as one input value could be 
associated with more than one output value. For instance, the input value Italy is 
associated with the years 1934, 1938, 1982, and 2006. 


Quick Check 1 
Here are the names and ages of the five members of a study group. 


Name Tiffany Tyler Teresa Tim Tina 
Age 19 22 9) 20 24 


a) Does a function exist for which the input value is the name of a member of the 
study group and the output value is the age of that person? 

b) Does a function exist for which the input value is the age of a member of the 
study group and the output value is the name of the person? 


Ordered-Pair Notation 


Objective 2 Represent a function as a set of ordered pairs. Functions can 
be expressed as a set of ordered pairs. The first coordinate of each ordered pair will 
be the input value of the function, and the second coordinate will be the correspon- 
ding output value. A set of ordered pairs represents a function if none of the first 
coordinates are repeated. 


Determine whether the set of ordered pairs is a function. If it is a 
function, state its domain and range. 


{(—3, 9), (~2, 4), (1, 1), (0, 0), (L 1), (2, 4), (3, 9)} 


SOLUTION This set of ordered pairs is a function because no first coordinate is 
repeated. Notice that three pairs of ordered pairs share the same second coordi- 
nate. This does not violate the definition of a function. Although each possible in- 
put value of a function can be associated with only one output value, a particular 
output value of a function can be associated with several different input values. 
The domain of this function is the set {—3, —2, —1,0, 1, 2, 3}. 
The range is {0, 1, 4, 9}. 


Quick Check 2 


Determine whether the set of ordered pairs is a function. If it is a function, state 
its domain and range. 


(ie, —3), (13, —2), (10; = 1), (7,0), 40: 1) 


Vertical-Line Test 


Objective 3 Use the vertical-line test to determine whether a graph rep- 
resents a function. Although we have examined only sets of ordered pairs that 
have a finite, or limited, number of ordered pairs, the graph of an equation may rep- 
resent a function as well. The graph of an equation represents an infinite, or unlim- 
ited, number of ordered pairs. If there are two ordered pairs on the graph of an 
equation that share the same x-coordinate but they have different y-coordinates, 
the graph does not represent a function. 


Quick Check 3 

Use the vertical-line test to de- 
termine whether the following 
graph represents a function. 


WR , 
oo ae 


| 
i) 
T 
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Determine whether the graph below represents a function. 


y 


OD 


SOLUTION This graph does not represent a function because there are points on 
the graph that have the same x-coordinates but different y-coordinates. For exam- 
ple, the points (6, 5) and (6, —2) have the same x-coordinate but different y-coor- 
dinates. This means that one input value is associated with more than one output 
value, violating the definition of a function. 


aA 
A 
6T- (6, 5) 
4+ 
y= 
sae 8 
eo 
ails 
-6L 
v 


To determine whether a graph represents a function, we will apply the vertical-line test. 


The Vertical-Line Test 


If a vertical line can be drawn that intersects a graph at more than one point, 
the graph does not represent a function. 


The graph from the previous example fails the vertical-line test because a vertical 
line can be drawn that falls through both (6, 5) and (6, —2); so the graph does not 
represent a function. 


Use the vertical-line test to determine whether the graph below 
represents a function. 


SOLUTION We cannot draw a vertical line that intersects this graph at more than 
one point. This graph passes the vertical-line test, so it does represent a function. 
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Function Notation 


Objective 4 Use function notation. y 


Consider the following graph of the equation 
y=2x +5. 

Because the graph passes the vertical-line test, 
the graph represents a function. The equation is 
solved for y in terms of x, and we say that y is a 
function of x. The input of this function is x, and 
the output is y. The value of y depends on the 
value of x, and we say that y is the dependent vari- 
able in the equation. Typically, the equation will be 
solved for the dependent variable in terms of the 
other variable. The other variable in an equation is 
called the independent variable. In this equation, 
the variable x is the independent variable. 

Saying that y is a function of x can be expressed symbolically as y = f(x). We 
read f(x) as “fof x.” The letter f is the name of the function, and x represents the 
input value of the function. The input variable is always the independent variable. 
The notation f(x) represents the output value of a function f for the input value x. 


A WORD OF CAUTION The notation f(x) represents the output of function f for the input 
value x. It does not indicate the product of f and x. We often use the letter f for the name 
of a function, but we may choose any letter, such as g, h, or F or even a Greek letter such 


as @ (phi). 


Because y = 2x + 5 isa function, we also can write it as f(x) = 2x + 5. When an 
equation contains f(x) instead of y, the equation is expressed in function notation. 


f(x) = 2x +5 f(x) =2x +5 f(x) =2x +5 
t t t 
The variable inside the f(x) is the output value The expression on the 
parentheses is the input of the function f when right side of the equation 
variable for the function. | the input value is x. is the formula for this 
function. 


Evaluating Functions 


Objective 5 Evaluate functions. Finding the output value of a function f(x) 
for a particular value of x is called evaluating the function. To evaluate a function 
for a particular value of the variable, we substitute that value for the variable in the 
function’s formula, then simplify the resulting expression. 


Let h(x) = x? + 7x — 30. Find h(-8). 


SOLUTION In this example, we need to square the input value. Keep in mind that 
when —8 is squared, the result is positive. The use of parentheses should help. 


h(—8) = (—8)? + 7(-8) — 30 Substitute —8 for x. 
= —22 Simplify. 


Quick Check 4 
Let f(x) = x” — 3x — 20. Find f(—5). 
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Let f(x) = 7x — 5. Find f(3a + 2). 


SOLUTION _ In this example, we are substituting a variable expression, 3a + 2, for 
the input variable x rather than substituting a constant as in previous examples. 


f(a +2) =7(3a +2) —5 Substitute 3a + 2 for x. 
=2la+14-5  Miultiply. 
=2la+9 Combine like terms. 


Quick Check 5 
Let f(x) = —4x + 21. Find f(3m — 9). 


Interpreting Graphs 


Objective 6 Interpret graphs of functions. The ability to read and interpret 
a graph is a valuable skill because the graph of a function reveals important informa- 
tion about the function itself. To begin, we can determine the domain and range of a 
function from its graph. Recall that the domain of a function is the set of all possible 
input values for that function. This can be read from left to right along the x-axis on a 
graph. The range of a function is the set of all possible output values for the function, 
and this can be read vertically from the bottom to the top of the graph along the 
y-axis. The following graph of a function f(x) will help us understand these concepts. 


The graph begins at the point (5,2) and y 
extends upward to the right. We can express 10 
the domain of the function in interval nota- 
tion as [5, 00), as the set of possible input 8 
values begins at x = 5 and continues with- 2. 
out bound. The range of the function is 36 
[2, 00), as the lowest function value is 2, 
and the values of the function increase 4 
without bound from there. F 

1 
i Domain 
! ! ! ! ! 
2 2 ato ei 
—2- 


Consider the graph of f(x) shown here. 
This graph extends indefinitely to the left 
and to the right, so the domain of the func- 
tion f(x) is the set of all real numbers R. 
For the range, this function has a minimum 
value of —6, as the point (—2, —6) is the 
lowest point on the graph. The function in- 
creases without limit, so the range of the 
function f(x) is [—6, co). 


We can use the graph of a function to evaluate the function for a particular input 
value even when we do not know the formula for the function. 
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Suppose we wanted to use the 
graph of a function f(x) to evaluate the 
function when x = 6, or in other words, 
find f(6). The point on the graph that 
has an x-coordinate of 6 is the point 
(6,5). Because the y-coordinate is 5, 
we know that f(6) = 5. 


We also can use the graph of a function to determine which input value(s) produce 


a particular output value. 

Suppose we wanted to use the graph of 
a function f(x) to determine the values 
of x for which the function f(x) = —7.We 
are looking for a point or points on the 
graph that have a y-coordinate of —7. 
There are two such points on this graph: 
(—4, —7) and (—6, —7). f(x) = —7 when 
x = —4and when x = —6. 


BUILDING YOUR STUDY STRATEGY 


Study Environment, 1 Location When you are choosing a place to study, se- 
lect one that is free from distractions. For example, if you study in a room that 


has a television on, you will find yourself repeatedly glancing up at the televi- 
sion. This steals time and attention from the task at hand. Working in a room 
that has people entering and exiting can be distracting as well. 


Vocabulary 


1. 


A(n) —_______ is a relation that takes one input value 
and assigns one and only one output value to it. 


. The _______ of a function is the set of all possible 


input values, and the of a function is the 
set of all possible output values. 


. Substituting a value for the function’s variable 


and simplifying the resulting expression is called 
the function. 


2 Lhe is a method that determines 


whether a graph represents a function. 


5. 


7. 


ee eae <zp| [3 | | = a 
MyMathLab |) PRACTICE WATCH DOWNLOAD READ REVIEW 


Does a function exist for which the input value is a 
college graduate and the output value is the start- 
ing salary for that graduate’s first job? Explain. 


. Does a function exist for which the input value is a 


woman and the output value is the number of chil- 
dren the woman has? Explain. 


Does a function exist for which the input value is a 


person and the output value is the number of jobs 
the person has held in his or her lifetime? Explain. 
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8. Does a function exist for which the input value isan —_ Use the vertical-line test to determine whether the graph 
orchestra and the output value is the number of play- _—srepresents a function. 
ers in that orchestra? Explain. 


9. Does a function exist for which the input value is a 
temperature in degrees Fahrenheit and the output 
value is a city that had that temperature as its high 
temperature last Tuesday? Explain. 


10. Does a function exist for which the input value is the 
price per share of a stock and the output value is the 
name of the stock? Explain. 


Determine whether the set of ordered pairs is a function. 
Uf it is a function, state its domain and range. 


11. {(1960, Kennedy), (1964, Johnson), (1968, Nixon), 
(1972, Nixon), (1976, Carter), (1980, Reagan), (1984, 
Reagan)} 


12. {(2003, Marlins), (2004, Red Sox), (2005, White Sox), 
(2006, Cardinals), (2007, Red Sox)} 
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15. {(—6,5), (—3, 5), (0, 5), (3, 5), (6, 5)} 


16. {(9, —3), (4, -2), (1, -1), (0,0), (1, 1), (4, 2), (9, 3)} 
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Evaluate the given function. 45. 


25. f(x) = 2x — 9, f(-6) 


y. 
ot 
26. f(x) = —3x + 8, f(-17) eee 


3 [ 
27. f(x) = —5x 2,4(2) <ryeg as apie 

7 [ 
28. f(x) = 4x 3.7 1) Ay 
29, f(x) = —~x + 10, f(9) ~ : 

3 4 
30. f(x) = 2x - 8, F(-16) ee: | 
4 “i004 2 a 

31. f(x) = 7x — 4, f(a + 6) 2 
32. f(x) = 3x — 20, f(b — 8) = 
33. f(x) = —2x — 17, f(5n + 2) 
34. f(x) = —4x + 11, f(3m — 10) Use the graph of the function f(x) to find the indicated 
35. f(x) = x? + 7x — 8, f (5) function value. 
36. f(x) = x* — 3x — 12, f(6) 47. f(-3) 
37. f(x) = x* — 9x + 16, f(-7) 
38. f(x) = x* + 8x — 23, f(-4) 
39. f(x) = (x + 6)" + 37, f(3) 
40. f(x) = (x — 4)* — 60, f(-9) 
41. f(x) = [3x — 2| + 17, f(-4) 
42. f(x) = |4x + 19| — 21, f(-8) 


Determine the domain and range of the function f(x) on 
the graph. Also determine the x- and y-intercepts of the 48. f(4) 
function if they exist. 


43. 


50. f(4) 


>< 


N ff Da w 
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Use the graph of the function f(x) to determine which 
values of x satisfy the given equation. 


51. f(x) = -4 52. f(x) = —2 
y y 
A A 
8b st 
Bi ei 
4b 4L 
2h 2F 
< 1 Cy 1 |_| 1 jot LyX < i ri id —S 
2.0 atop Bo 10 eS eel 8 
=? —2- 
—4b —AL 
~6 -6 
Vv Vv 


Draw a graph of a function f(x) that meets the given 
conditions. 


55. f(1) = 2, f(3) = 7, f(5) = 4, and f(8) = 6 
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56. f(—5) = —4, f(—2) = 1, f(0) = 3, f(2) = —4, and 


57. Domain: (—©o, co); range: [—4, co), f(1) = —3 


58. Domain: [—2, ©), range: [3, 00), f(2) = 5 


a===- Writing in Mathematics 
Answer in complete sentences. 


59. If a vertical line can be drawn that intersects a graph 
at two points, explain why this graph does not repre- 
sent a function. 


60. Explain how to find the domain and range of a func- 
tion from its graph. 


61. Given the graph of a function f(x), explain how to 
find all values x for which f(x) = 2. Use an example 
to illustrate the process. 


62. Given the graph of a function f(x), explain how to 
find f(2). Use an example to illustrate the process. 
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Section 11.1 
Graph. Label all intercepts. 3.y=x?-8x+7 4,.y=-(x-4)/4+1 


1 y=3x-9 2. 4x — 3y = —24 


OBJECTIVES 


1. Graph linear functions. 

2 Determine a linear function from its graph. 

3. Determine a linear function from data. 

4 Solve applied problems involving linear profit functions. 


As discussed in Chapter 3, a linear function is a function that can be written in the 
form f(x) = mx + b, where m and b are real numbers. 


Graphing Linear Functions 


Objective 1 Graph linear functions. Recall that the graph of a linear function 
is a line and that the two characteristics that determine the graph of a line are its 
y-intercept and its slope. To graph a linear function, f(x) = mx + b, we begin by 
putting the y-intercept, which is the point (0, b), on the graph. Next, we use the 
slope m of the line to find additional points on the graph. 


SOLUTION We begin by plotting the y-intercept (0, 4) on the graph. 

The slope of this line is m = —3. Beginning at the y-intercept, we can find a 
second point on the line by moving two units down and three units to the right, 
which is at the point (3, 2). 


Quick Check 1 
Graph f(x) = ay = 6, 


Quick Check 2 
Graph f(x) = —5. 
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Some functions do not have an x-intercept. One example is a constant function of 
the form f(x) = b. The graph of this function is a horizontal line that has a y-intercept 
at the point (0, b). The reason this type of function is called a constant function is 
that its output value remains the same, or stays constant, regardless of the input 
value x. 


Graph f(x) = 2. 


SOLUTION _ The graph of this constant function is a horizontal line with a y-intercept 
at (0, 2). 


Finding a Linear Function for a Given Situation 


Objective 2 Determine a linear function from its graph. We can deter- 
mine the linear function f(x) = mx + b from its graph if we can find the coordi- 
nates of at least two points that lie on its graph. We begin by finding m. If the line 
passes through the points (x,, y,) and (x2, y,), we can find the slope of the line using 


the formula m = a 
x2 ~ X1 
Consider the line passing through the points (1, 7) 
and (3, 4), as shown in the graph at the right. We can 
substitute 1 for x,, 7 for y,, 3 for x,, and 4 for y, in the 
formula m = ae to find m. 
Xy — Xy 
4-7 _ 
m = ——— Substitute into m = a. 
3-1 Ky 2 
eee a Simplify the numerator and 
2 denominator. 


Now that we have found the slope, we know that the function is of the form 
f(x) = —3x + b. We turn our attention to finding b. We choose one of the points 
on the line, substitute its coordinates in the function, and solve for b. Because the 
point (1,7) is on the graph of the function, we know that f(1) = 7. 
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Quick Check 3 

Use the given graph to 
determine the linear function 
f(x) on the graph. 


PLS 7 
3 
~5 (1) +b=7 Substitute 1 for x in the function f(x). 
3 . 
> +b= Multiply. 


>. (- 3 r ») = 2.7 Multiply both sides of the equation by 2 to clear the 
equation of fractions. 


1 
2: (-3) +2+b=2-7 Distribute and divide out common factors. 
—3+2b=14 — Simplify. 
2b=17 Add3 to both sides to isolate the term containing b. 
= — Divide both sides by 2. 


To Determine a Linear Function from Its Graph 
1. Determine the coordinates of two points (x,, y,) and (x2, y,) on the line. 
yz VM 
X2 — x 


2. Find the slope m of the line using the formula m = 


3. Substitute the value found for m in the formula for a linear function, 
f(x) = mx + b.Then set f(x,) = y,, or f(x2) = y, and solve for b. 


4. Substitute the value for b in the formula f(x) = mx + b. 


Use the given graph to determine the 
linear function f(x) on the graph. 


SOLUTION We begin by determining the coordi- 
nates of any two points on the line. This line passes 9 ~<~—5 
through the points (2, —2) and (3,1). Now we find 
the slope m of the line. 
1 — (—2) yo VM 


m = ———__ Substitute into m = ————. 
322 Ka Ky 


m=3 Simplify. 


The function is of the form f(x) = 3x + b. Because 
the point (3,1) is on the graph of the function, we 
know that f(3) = 1. We can use this fact to find b. 


f(3) =1 
3(3) + b=1  — Substitute 3 for x in the function f(x). 
9+b=1 Multiply. 
b = —8 Subtract 9 from both sides to isolate b. 


Replacing b with —8, we find that the function is f(x) = 3x — 8. 


Quick Check 4 


Mary held her wedding rece- 
ption at a country club. There 
were 150 guests at the reception, 
and Mary was charged $3500. 
Juliet held her wedding rece- 
ption at the same country club 
and was charged $2100 for 80 
guests. Find a linear function 
f(x) = mx + bwhose input is 
the number of guests at a recep- 
tion and whose output is the 
corresponding charge by the 
country club. 
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Finding a Linear Function from Data 


Objective 3 Determine a linear function from data. 


The freezing point of water is 0°C on the Celsius scale and 32°F 
on the Fahrenheit scale. The boiling point of water is 100°C on the Celsius scale 
and 212°F on the Fahrenheit scale. Find a linear function F(x) = mx + b whose 
input is a Celsius temperature and whose output is the corresponding Fahrenheit 
temperature. 


SOLUTION Because a Celsius temperature of 0°C corresponds to a Fahrenheit 
temperature of 32°F, we know that F(0) = 32. In a similar fashion, we know that 
F (100) = 212. We can find the slope of this linear function by using (0, 32) for 
(x1, y,) and (100, 212) for (x2, yz). 


212 = 32 ; 
ae 0 Substitute. 
9 ee , 
oe Simplify the fraction to lowest terms. 


The function is of the form F(x) = 2x + b. We will now use the fact that 
F(0) = 32 to find b. 


9 
5 (9) + b = 32 Substitute 0 for x in the function F(x). 


b = 32 Simplify. 


The function that converts a Celsius temperature x to its corresponding Fahrenheit 
temperature is F(x) = 2x + 32. 


Applications of Linear Functions 


Objective 4 Solve applied problems involving linear profit functions. 
A specific business application that can involve linear functions is determining the 
cost to manufacture x units of a product. Functions also can be used to determine 
the revenue that will be generated by selling those x units as well as the profit that 
will result from their sale. 

Suppose a company is manufacturing items. Such a company has fixed costs 
(rent, utilities, and so on.) as well as variable costs that depend on the number of 
items manufactured (materials, payroll, and so on.). The cost function C(x) is equal 
to the fixed costs plus the variable costs associated with producing x items. The 
revenue function R(x) tells us how much money will be earned by selling these 
x items. The revenue function is equal to the product of the selling price of each 
item and the number of those particular items sold. Finally, the profit function P(x) 
is equal to the difference of the revenue function and the cost function; that is, 
P(x) = R(x) — C(x) because profit is how much revenue is left over after costs 
are paid. 


A student club decides to sell burgers on campus to raise money. 
The club must pay the college a $25 fee to reserve space for a booth. In addition, it 
must spend another $40 for condiments and paper goods. The club determines that 
it will cost $0.55 for ingredients to make each burger, and it plans to sell the burg- 
ers for $3 each. 
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a) Find the cost function C(x), the revenue function R(x), and the profit function 
P(x). 


SOLUTION The cost function is equal to the fixed costs plus the cost to make x 
burgers. The fixed costs are $65 ($25 for booth space and $40 for condiments and 
paper goods). Each burger costs $0.55 for ingredients, so it costs $0.55x for the in- 
gredients in x burgers. The cost function is C(x) = 65 + 0.55x. 

Because each burger is sold for $3, the revenue function for selling x burg- 
ers is R(x) = 3x. The profit function is equal to the difference of the revenue 
function and the cost function, P(x) = R(x) — C(x). In this example, 
P(x) = 3x — (65 + 0.55x), which simplifies to P(x) = 2.45x — 65. 


b) How much profit will be generated if the club makes and sells 50 burgers? 


SOLUTION To determine the profit, evaluate the profit function P(x) = 2.45x — 65 
when x = 50. 
P(50) = 2.45(50) — 65 Substitute 50 for x. 
= 57.5 Simplify. 


Making and selling 50 burgers will generate a profit of $57.50. 


c) How many burgers does the club need to make and sell to break even? 
SOLUTION The club breaks even when the profit is 0. 


P(x) =0 Set P(x) equal to 0. 
2.45x — 65 = 0 Replace P(x) with its formula. 
2.45x = 65 Add 65 to both sides. 
x * 26.5 Divide both sides by 2.45. 


Because the club cannot break even until it sells 26.5 burgers, it needs to make and 
sell 27 burgers to reach this point. 


d) If the goal of the club is to raise $500, how many burgers does it need to make 
and sell? 


SOLUTION Begin by setting the profit function equal to $500 and solving for x. 


P(x) = 500 Set P(x) equal to 500. 
2.45x — 65 = 500 Replace P(x) with its formula. 
2.45x = 565 Add 65 to both sides. 
x * 230.6 Divide both sides by 2.45. 


This solution needs to be a whole number, as the club cannot make 230.6 burgers. 
Making and selling only 230 burgers would result in a profit of only 2.45(230) — 65, 
or $498.50. The club needs to make and sell 231 burgers to raise at least $500. 


Quick Check 5 
Ross decides to sell calendars that feature the pictures of 12 renowned 
mathematicians. To do this, he must pay $50 for a business license. Each calendar 
costs Ross $1.25 to produce, and he plans to sell them for $9.95 each. 


a) Find the cost function C(x), the revenue function R(x), and the profit function 
IPs). 
b) How many calendars will Ross have to produce and sell to make a $1000 profit? 
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BUILDING YOUR STUDY STRATEGY 


Study Environment, 2 Noise Noise can be a major distraction while you are 
studying. Some students need total silence while they are working; if you are 
one of those students, make sure you select a location that is free of noise. This 


is not easy to do in a public location such as a library, but you may be able to 
find a room or cubicle that is devoted to silent studying. 

The amount of noise you can handle may depend on the type of studying you 
are doing. Music and other noises may provide a pleasant background while 
you are reviewing, but can be distracting while you are learning new material. 


PRACTICE WATCH DOWNLOAD 
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Vocabulary 9. f(x) =2x +4 10. f(x) = 3x -—9 
1. A(n) ______ function is a function of the form 
f(x) = mx + b. 
2. The function describes how much must be 
spent to produce x items. 
3. The _____ function describes how much money 
is earned from selling x items. 
4. The function is equal to the difference 


between the revenue function and the cost function. 


Graph each function. 
5. f(x) =x -7 6. f(x) =x+4 11. f(x) = -3x + 3 12. f(x) = —4x - 8 


13. g(x) = 4x - 6 14. g(x) = -—6x + 4 
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15. f(x) = oe -—4 


18. f(x) = ox = 2 


19. f(x) = = 


21. f(x) =7 


22. f(x) = -2 


Use the graph to determine the linear function f(x) on the 


graph. 


24. 
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John’s telephone plan charges him a connection fee 


for each call, in addition to charging him per minute. 
A 10-minute phone call costs a total of $0.69, while a 
30-minute phone call costs $1.29. 


a) Find a linear function f(x) = mx + b whose input 
is the length of a call in minutes and whose output 
is the corresponding charge for that call. 


b) In your own words, explain what the slope and y- 
intercept of this function represent. 


c) Use the function from part a to determine the cost 
of a phone call that lasts 44 minutes. 

A community college charges each of its students a 

registration fee. Students also pay a tuition fee for 


33. 


34. 


35. 


36. 
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each academic unit they take. Last semester Amadou 
took 12 units and paid a total of $855, while Jia Li took 
15 units and paid a total of $1050. 


a) Find a linear function f(x) = mx + b whose input 
is the number of units taken by a student and 
whose output is the total fees paid. 


b) In your own words, explain what the slope and 
y-intercept of this function represent. 


c) Use the function from part a to determine the total 
fees paid by a student taking 18 units. 


A car rental company charges a base fee for each car 
rented, in addition to a fee for each mile driven. If a 
person drives a car for 100 miles, the total charge is 
$35. If a person drives a car for 150 miles, the total 
charge is $42.50. 


a) Find a linear function f(x) = mx + b whose input 
is the number of miles driven and whose output is 
the corresponding total charge for renting the car. 


b) In your own words, explain what the slope and 
y-intercept of this function represent. 


c) Use the function from part a to determine the cost 
of renting a car and driving it 260 miles. 


A certain county charges a flat fine for speeding, in 
addition to a fee for each mile per hour a driver goes 
over the speed limit. A driver who was going 63 mph 
in a 55 mph zone was fined $159, while another 
driver who was traveling 58 mph in a 40 mph zone 
was fined $249. 


a) Find a linear function f(x) = mx + b whose input 
is the number of miles per hour over the speed 
limit that a person was driving and whose output is 
the fine that must be paid. 


b) Use the function from part a to determine the fine 
for a person who was driving 56 mph in a 45 mph 
zone. 


An elementary school booster club is wrapping gifts 
at a local mall as a fund-raiser. In addition to paying 
$50 to rent space for the day, the booster club also had 
to spend $75 on materials. It decides to charge $4 to 
wrap each gift. 


a) Find the cost function C(x), the revenue function 
R(x), and the profit function P(x). 


b) How much profit will be generated if the booster 
club wraps 75 gifts? 


Members of a sorority have set up a car wash to 
raise money for a scholarship fund. They paid a gas 
station $20 to use the parking lot and water. They 
also paid $10 for soap and buckets. They are charg- 
ing $5 per car. 
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37. 


38. 


39. 


a) Find the cost function C(x), the revenue function 
R(x), and the profit function P(x). 


b) How much profit will be generated if they wash 
185 cars? 


The art club at a community college is selling burgers 
at lunchtime as a fund-raiser. The club spent $12 for 
condiments and supplies. The cost for the meat and 
bun for each burger is $0.40, and the club is charging 
$3 for each burger. 


a) Find the cost function C(x), the revenue function 
R(x), and the profit function P(x). 


b) How much profit will be generated if the art club 
sells 60 burgers? 


A student has started a business selling her home- 
made fruit jams at a local farmer’s market. She spent 
$25 to rent a space at the market. Each jar of jam 
costs her $3.25 to make, and she sells each jar for $6. 


a) Find the cost function C(x), the revenue function 
R(x), and the profit function P(x). 


b) How much profit will be generated if she sells 30 jars 
of jam? 

Marge has started a business selling gift baskets out of 

her home. She spent $1200 remodeling her home to 

accommodate the business. Each basket costs her 

$7.50 to make, and she sells them for $29.95 each. 

Customers pay all shipping fees. 


a) Find the cost function C(x), the revenue function 
R(x), and the profit function P(x). 


b) How many gift baskets will she have to make and 
sell to generate a profit of at least $10,000? 


OBJECTIVES 


40. 


Tina has started an online business in which she sells 
a book of her favorite recipes. She spent $1500 on her 
office and technology, and each book costs her $0.50 
to produce. She sells each book for $8. 


a) Find the cost function C(x), the revenue function 
R(x), and the profit function P(x). 


b) How many books will she have to sell to break 
even? 


. If f(x) = mx + 7 and f(5) = 22, find m. 
42. 8) =3 
43. 


If f(x) = mx — 6 and f( 4, find m. 
If f(x) = mx — 13 and f(—6) = —25, find m. 


. If f(x) = mx + 24 and f(—9) = S51, find m. 


a= - Writing in Mathematics 


Answer in complete sentences. 


45. 


47. 


Explain how to graph a linear function. Use an exam- 
ple to illustrate the process. 


. Explain how to determine a linear function f(x) from 


its graph, provided that you know the coordinates of 
two points on the graph. Use an example to illustrate 
the process. 


Write a word problem whose solution is The company 
will break even if it makes and sells 2385 items. 


. Explain why the break-even point for a profit func- 


tion P(x) corresponds to the function’s x-intercept. 


@ Graph quadratic functions of the form f(x) = a(x — h)? + k by shifting. 
(2. Find the maximum or minimum value of a quadratic function. 
3 Solve applied maximum-minimum problems. 


4 Simplify difference quotients for quadratic functions. 


Objective 1 Graph quadratic functions of the form f(x) = a(x — h)? + k 
by shifting. Before we learn to graph a quadratic function of the form 
f(x) = a(x — h) + k by shifting, let’s recall a few facts from Chapter 10 about this 


type of function. 
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Graph of f(x) = a(x — h)? + k 
e The graph is a U-shaped parabola. 


e The parabola opens upward if a > 0, and it opens downward if a < 0. 

e The vertex, or turning point, of the parabola is the point (h, k). 

e The axis of symmetry is x = h. 

e The y-coordinate of the y-intercept of the parabola is equal to f(0). 

e If the parabola has any x-intercepts, they can be found by setting f(x) = 0 
and solving for x. 

e The domain of a quadratic function is the set of all real numbers: (—©%, co). 

The range can be determined from the graph. 


The basic quadratic function f(x) = x has its vertex at the origin. Here is its graph. 


x | A(x) 
-2 | 4 
-1 1 

0 0 

1 1 

2 4 


Other quadratic functions can be graphed by shifting or translating this basic graph. 


Vertical Translations 


The function f(x) = x? + k can be graphed by shifting the parabola f(x) = x 
vertically by & units. The vertex moves from (0, 0) to (0, k). 


2 


f(x) =x +3 f(x) =x?-2 
Shift the basic parabola Shift the basic parabola 
three units upward. two units downward. 


|2 Units Downward 
v 


Horizontal Translations 


The function f(x) = (x — h)* can be graphed by shifting the parabola 
f(x) = x’ horizontally by 4 units. The vertex moves from (0, 0) to (A, 0). 
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Quick Check 1 

Sketch the graph of 
fie 2) = by 
shifting. State the domain and 
range of the function. 


f(a)=(e=1) f(x) = (x + 4) 
Shift the basic parabola Shift the basic parabola 
one unit to the right. four units to the left. 


=) 
| Right 1 Unit Left 4 Units |~ 
2b 2 


Vv v 


In general, we can sketch the graph of f(x) = (x — h)’ + k by shifting the graph of 
f(x) = x* by A units in the horizontal direction and by k units in the vertical direction. 


Sketch the graph of f(x) = (x — 3)? — 4 by shifting. State the 
domain and range of the function. 


SOLUTION The vertex of this parabola is y 
(3, —4), so we shift the basic parabola three 
units to the right and four units down. 


We can add more detail to the graph by adding its intercepts. Notice that by shift- 
ing, we already know that the x-intercepts are (1,0) and (5,0). We can determine 
the y-intercept by finding f(0). 


f(0) = (0 — 3)? —4 =5 Substitute 0 for x and simplify. 


The y-intercept is (0, 5). Here is the graph, includ- 
ing all intercepts. 


The domain of the function is (—©o, co). By looking at the graph, we see that the 
lowest value of this function is —4. So the range of the function is [ —4, 00). 


Quick Check 2 

Sketch the graph of 
fae 1) aby 
shifting. State the domain and 
range of the function. 
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Sketch the graph of f(x) = (x + 2)? + 5 by shifting. State the 
domain and range of the function. 


SOLUTION The vertex of this parabola is (—2, 5), so we shift the basic parabola 
two units to the left and five units up. 


We can determine that the y-intercept is (0, 9) by finding f(0). 
f(0) =(0+ 27 +5=44+5=9 


Also, because the vertex is above the x-axis and the parabola opens upward, there 
are no x-intercepts. The domain of the function is (—0°0, co). The lowest value of 
this function is 5,so the range of the function is [5, ©). 


We know that the graph of f(x) = a(x — h)* + k opens downward when a < 0. 
To sketch the graph of a parabola in this situation, we begin by rotating the graph 
of f(x) = x* about the x-axis as shown. Following this rotation, we can shift the 
graph horizontally and/or vertically, depending on the values of h and k. 


f(x) = x? 


Rotate 
about 


A 


Sketch the graph of f(x) = —(x + 1)* + 3 by shifting. State the 
domain and range of the function. 


SOLUTION Because a <0, we know that this y 
parabola opens downward. We begin by rotating the qt 
parabola f(x) = x* about the x-axis. The vertex of 
this parabola is (—1, 3), so we now shift the parabola 
one unit to the left and three units up. 
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Quick Check 3 

Sketch the graph of 

f(x) = —(x — 2)? + 4 by shift- 
ing. State the domain and range 
of the function. 


We can add more detail to the graph by adding the x- and y-intercepts. To find the 
y-intercept, find f(0). 


f(0) =-(0+ 1" +3=-14+3=2 


We can find the x-intercepts by setting the function equal to 0 and solving for x. 


—(x+1/?+3=0 Set the function equal to 0. 
—(x +1)? = -3 Subtract 3 from both sides. 
(x +1) =3 Divide both sides by —1. 
V(x +1)? = +vV3 Take the square root of each side. 


x = -1 + V3 Simplify and solve for x by subtracting 1. 


—1 + V3 = 0.7 and -1—V3 ® —2.7, so the x-intercepts can be plotted at (0.7, 0) 
and (—2.7, 0). Here is the graph, including all intercepts. 


The domain of the function is (—00, co). The highest value of this function is 3, so 
the range of the function is (—©9, 3]. 


State the rotation, horizontal shift, and vertical shift used to graph 
the given function. 


a) f(x) = (x - 9 +17 


SOLUTION Because a > 0, there is no rotation about the x-axis. The vertex for 
this parabola is (9, 17). The horizontal shift is 9 units to the right, and the vertical 
shift is 17 units up. 


b) f(x) = (x + 12)? -5 


SOLUTION Because a > 0, there is no rotation about the x-axis. The vertex for 
this parabola is (—12, —5). The horizontal shift is 12 units to the left, and the vertical 
shift is 5 units down. 


c) f(x) = -(x + 8)? + 21 
SOLUTION Because a < 0, there is a rotation about the x-axis. The vertex for the 


rotated parabola is (—8, 21). The horizontal shift is 8 units to the left, and the ver- 
tical shift is 21 units up. 


Quick Check 4 


State the rotation, horizontal shift, and vertical shift used to graph the given 
function. 


a) f(x) = (x + 13)? -—7 


b) f(x) = —(x — 4)? + 30 
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Minimum and Maximum Values 
of Quadratic Functions 


Objective 2 Find the maximum or minimum value of a quadratic function. 


Maximum and Minimum Values of a Function 


The smallest possible output of a function is called the minimum value of the 
function. The greatest possible output of a function is called the maximum 
value of the function. 


Each parabola that opens upward has a minimum value at its vertex. It has no max- 
imum value. 

To find the minimum value of a quadratic function whose graph is a parabola 
that opens upward, we need to find the y-coordinate of its vertex. For example, we 
can see that the following parabola does not go below the line y = —4, which is the 
y-coordinate of the vertex. The minimum value of this parabola is —4. 


Recall that for quadratic functions of the form f(x) = ax* + bx + c, we can find 
b 

the x-coordinate of the vertex using the formula x = Oa" To find the y-coordinate of 
a 


the vertex, we evaluate the function for this value of x. If a > 0, this y-coordinate will 
be the minimum value of the function. 

For quadratic functions of the form f(x) = a(x — h)* + k, the vertex is (h, k). 
If a > 0, the minimum value of the function is k. 


Find the minimum value of the function f(x) = 3x? — 12x + 17. 


SOLUTION Because the graph of this function is a parabola that opens upward 
(a > 0), the function has a minimum value at its vertex. To find the vertex, we 


—b 
begin by finding the x-coordinate using the formula x = oe 
a 
—(-12) : — 
x= ~2(3) = 2 Substitute 3 for a and —12 for b and simplify. 


The minimum value of this function occurs when x = 2. To find the minimum 
value, we evaluate the function when x = 2. 


f(2) = 3(2)? — 12(2) + 17 Substitute 2 for x. 
=5 Simplify. 


The minimum value for this function is 5. 
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Quick Check 5 

Find the maximum or minimum 
value of a quadratic function. 

a) f(x) = —x? + 10x — 35 

b) f(x) = 5(x — 2)? + 47 


Do all quadratic functions have a minimum value? No, if the graph of a quadratic 
function is a parabola that opens downward, the function does not have a minimum 
value. Such a function does have a maximum value, which can be found at the vertex. 


Find the maximum or minimum value of the function 
—3(x + 2)? -—5. 


SOLUTION Because this parabola will open downward, the function has a maxi- 
mum value at its vertex. The vertex of this function is (—2, —5). The maximum 
value of the function is —5, which occurs when x = —2. 


Applied Maximum-—Minimum Problems 


Objective 3 Solve applied maximum-minimum problems. 


What is the maximum product of two numbers whose sum is 40? 


SOLUTION There are two unknown numbers in this problem. If we let x repre- 
sent the first number, we can represent the second number with 40 — x. 


Unknowns 
First number: x 
Second number: 40 — x 


The product of these two numbers is given by the function f(x) = x(40 — x). This 


function simplifies to be f(x) = —x* + 40x. Because this function is quadratic and 
its graph is a parabola that opens downward (a < 0), its maximum value can be 
—b 


found at the vertex. The maximum product occurs when x = Fa" 
a 


_ -40 
~ -2(-1) 


= 20 Substitute —1 for a and 40 for b and simplify. 


The maximum product occurs when x = 20. 


First number: x = 20 
Second number: 40 — x = 40 — 20 = 20 


The two numbers whose sum is 40 that have the greatest product are 20 and 20. 
The maximum product is 400. 


Quick Check 6 


What is the maximum product of two numbers whose sum is 62? 


A farmer wants to fence off a rectangular pen for some pigs. If he 
has 120 feet of fencing, what dimensions would give the pen the largest possible 
area? 


SOLUTION There are two unknowns in this problem: the length and the width of 
the rectangle. 
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Suppose we let x represent the length of the rectan- x 
gle. Because the perimeter is equal to 120 feet, the 
total length of the remaining two sides is 120 — 2x. 
Pen 

pn ee ee 
2) > 
60 — x. x 


Therefore, each remaining side is 


XN 


The width of a rectangle is equal to the difference of half the perimeter and the 
length,W = f — L.To verify this, solve the formula for the perimeter of a rectan- 
gle, P = 2L + 2W, for W. 


Unknowns 


Length: x 
Width: 60 — x 


The area of a rectangle is equal to its length times its width. The area of this pen is 
given by the function A(x) = x(60 — x) = —x? + 60x. Because this function is 
quadratic and its graph is a parabola that opens downward (a < 0), its maximum 
; —b 
value can be found at the vertex. The maximum area occurs when x = o 
a 


x= =D = 30 Substitute —1 for a and 60 for b and simplify. 


The maximum area occurs when x = 30. 


Length: x = 30 
Width: 60 — x = 60 — 30 = 30 


The maximum area occurs when both the length and the width are 30 feet. The 
maximum area that can be enclosed is 900 square feet. 


Quick Check 7 


What is the largest possible rectangular area that can be fenced in with 264 meters 
of fencing? 


Difference Quotients 


Objective 4 Simplify difference quotients for quadratic functions. 
f(x + h) — f(x) 


The difference quotient h is used to determine the rate of 


change for a function f(x) at a particular value of x. 


We will now learn how to simplify this difference quotient for quadratic functions. 
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For the function f(x) = x* — 8x + 14, simplify the difference 
f(x + h) — f(x) 
A . 


quotient 


SOLUTION We begin to simplify the difference quotient by simplifying f(x + h). 


f(x +h) = (x + hy — 8(x + h) + 14 Substitute x + h for x. 
(x + h)\(x + h) — 8(x + h) + 14 Square x + h by 
multiplying it by itself. 
x? + xh + xh + W — 8(x +h) +14 Multiply using the 
distributive property. 
x? + 2xh + Wh? -— 8(x +h) + 14 Combine like terms. 
x? + 2xh + W’ — 8x — 8h + 14 Distribute. 


There are no like terms to combine, so we can substitute into the difference quotient. 


f(x +h) — f(x) (x? + 2xh + PW? - 8x — 8h + 14) — (x? — 8x + 14) 


h h 
Substitute for f(x + h) and f(x). 


x? +2xh + We - 8x — 8h+14—-— x7 4+ 8x —- 14 


h 
Simplify the numerator by removing 
parentheses. 
2xh + h? — 8h 
=< h Combine like terms. 
1 
K(2x + h — 8) _ 
= , Divide out common factors. 
1 


=2xt+th-8 Simplify. 
fle + h) — f) 
h 


=2x+h-8 for f(x) =x? -8x+14 


Quick Check 8 
For the function f(x) = x* + 3x + 317, simplify the difference quotient 
f(x + h) — f(x) 

A : 


BUILDING YOUR STUDY STRATEGY 


Study Environment, 3 Work space When you sit down to study, you need 
a space large enough to accommodate all of your materials. Make sure you 
can fit your textbook, notes, homework notebook, study cards, calculator, 


ruler, and other supplies on your desk or table. Anything you might use 
should be within easy reach. If your work space is disorganized and cluttered, 
you will waste time searching for something you need and shuffling through 
your materials. 
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Vocabulary 20. f(x) = x? - 4 21. f(x) = (x — 3) 


1. The graph of a quadratic equation is a U-shaped 
graph called a(n) ; 


2. The turning point of a parabola is called its 


3. To find the ___________ of a parabola, substitute 
0 for x and solve for y. 


4. To find the ____ of a parabola, substitute 
0 for y and solve for x. 


5. To graph the function f(x) = (x — hf)’, apply 


a(n) _______ shift of / units. 
6. To graph the function f(x) = x* + k, apply a(n) 
sore as 22. f(x) = (x +2) 23, f(x) = (x -4)?-1 
7. A quadratic function whose graph opens upward has 
a(n) ______ value at its vertex. 
8. A quadratic function whose graph opens downward 
has a(n) _____ value at its vertex. 
Without actually graphing the function, state the shift(s) 
that are applied to the graph of f(x) = x? to graph the 
given function. If the graph of f(x) = x? must be rotated 
about the x-axis, state this first. 
9. f(x) = (x + 6) 
10. f(x) = (x - 8) 
11. f(x) = x° +9 
12. f(x) =x? -11 
13. f(x) = (x -5)-9 
14, f(x) = (x + 12)* + 30 24. f(x) = (x - 3) -9 3. 7(4)=@=1)"=-4 
15. f(x) = (x + 10)? — 40 
16. f(x) = (x — 4)? + 49 
17. f(x) = -(x - 2)? + 13 


18. f(x) = -(x + 7)? — 16 


Graph the function by shifting. Label the vertex, y-intercept, 
and any x-intercepts. (Round x-intercepts to the nearest 
tenth.) State the domain and range of the function. 


19. f(x) =x? +7 
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27. f(x) =(x +3) —-5 


28. f(x) = (x + 4)? -3 


33. f(x) = -(x + 4)? +9 


36. f(x) = -(x +1)? +8 


37. f(x) = -(x + 2)? -3 


Determine whether the given quadratic function has a 
maximum value or a minimum value. Then find that max- 
imum or minimum value. 


39. f(x) = x* — 8x + 20 

40. f(x) = x? — 6x — 35 

Al, f(x) = —x? + 4x — 30 
42. f(x) = —x? + 14x — 76 
43. f(x) = (x -—7)/ + 18 

44, f(x) = (x + 3)? -— 19 

45, f(x) = —(x + 16) — 33 
46. f(x) = —(x — 14)? + 47 
47. f(x) = 7(x — 4)? + 46 
48. f(x) = —8(x + 11)? — 50 
49, f(x) = 3x? — 20x + 121 
50. f(x) = —2x” -— 14x + 207 


52. 


53. 


54. 


55. 


. A girl throws a rock upward with an initial velocity of 


32 feet/second. The height of the rock (in feet) after t sec- 
onds is given by the function h(t) = —16r? + 321 + 5. 
What is the maximum height the rock reaches? 


A pilot flying at a height of 5000 feet determines that 
she must eject from the plane. The ejection seat 
launches with an initial velocity of 144 feet/second. 
The height of the pilot (in feet) t seconds after ejection 
is given by the function h(t) = —16¢? + 144¢ + 5000. 
What is the maximum height the pilot reaches? 


At the start of a college football game, a referee tosses a 
coin to determine which team will receive the opening 
kickoff. The height of the coin (in meters) after ¢t seconds 
is given by the function h(t) = —4.9¢° + 2.1¢ + 1.5. 
What is the maximum height the coin reaches? 


If an astronaut on the moon throws a rock upward 
with an initial velocity of 78 feet per second, the 
height of the rock (in feet) after f seconds is given by 
the function h(t) = —2.6t? + 78t + 5. What is the 
maximum height the rock reaches? 


What is the maximum product of two numbers whose 
sum is 24? 


56. 


57. 


58. 


59. 


60. 


61. 


62. 
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What is the maximum product of two numbers whose 
sum is 100? 


A farmer has 300 feet of fencing to make a rectangu- 
lar corral. What dimensions will result in the maxi- 
mum area? What is the maximum area possible? 


Emeril wants to fence off a rectangular herb garden 
adjacent to his house, using the house to form the 
fourth side of the rectangle as shown. 


Garden 
SVSRVBRs 


If Emeril has 80 feet of fencing, what dimensions of 
the herb garden will produce the maximum area? 
What is the maximum possible area? 


A company produces small frying pans. The average 
cost to produce each pan in dollars is given by the 
function f(x) = 0.000625x? — 0.0875x + 6.5, where 
x is the number of pans produced (in thousands). For 
what number of pans is the average cost per pan min- 
imized? What is the minimum average cost per pan 
that is possible? 


A company produces radios. The average cost to pro- 
duce each radio in dollars is given by the function 
f(x) = 0.009x? — 0.432x + 9.3, where x is the num- 
ber of radios produced (in thousands). For what num- 
ber of radios is the average cost per radio minimized? 
What is the minimum cost per radio that is possible? 


A minor league baseball team is considering raising 
ticket prices for the upcoming season. If it raises 
ticket prices by x dollars, the expected revenue func- 
tion per game is r(x) = —250(x — 3)? + 37,750. 
(This takes into account lower attendance that will be 
caused by higher prices.) What increase in ticket 
prices will produce the maximum revenue for the 
baseball team? What is the maximum revenue that is 
possible? 


A movie theater is considering lowering ticket prices. 
If it lowers ticket prices by x dollars, the expected rev- 
enue function per week is r(x) = —500(x — 2.5)? + 
28,025.What decrease in ticket prices will produce the 
maximum revenue for the theater? What is the maxi- 
mum revenue that is possible? 
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Determine a quadratic function that results when apply- 
ing the given shifts to the graph of f(x) = x’. 

63. Shift six units to the right. 

64. Shift four units up. 

65. Shift 3 units to the left and 11 units down. 


66. Shift two units to the right and five units down. 


67. Rotate about the x-axis, shift 7 units to the right and 
13 units up. 


68. Rotate about the x-axis, shift 9 units to the left and 
22 units down. 


For the function f(x), simplify the difference quotient 


f(x + h) — f(x) 


h 
69. f(x) =x -4 
70. f(x) = x* — 10x 


OBJECTIVES 


TL. f(x) = x* — 9x +17 

72. f(x) = x? + 8x + 45 

73. f(x) = 3x? — 11x + 49 
74, f(x) = —x* — 16x + 105 


v===- Writing in Mathematics 
Answer in complete sentences. 


75. Explain how to determine that a parabola does not have 
any x-intercepts. 


76. Explain how to determine whether a quadratic func- 
tion has a minimum value or a maximum value. Ex- 
plain how to find the minimum or maximum value of 
a quadratic function. Use an example to illustrate the 
process. 


77. Newsletter Write a newsletter explaining how to graph 
a function of the form f(x) = (x — h)? + k. 


@ Graph absolute value functions by shifting. 
(2. Graph square-root functions. 

3 Graph cubic functions. 

4 Determine a function from its graph. 


In this section, we will learn how to graph absolute value functions by shifting. We 
first learned how to graph these functions by plotting points in Section 8.3. We will 
then move on to learn how to graph square root functions and cubic functions. 


Objective 1 Graph absolute value functions by shifting. Recall from 
Section 8.3 that the graph of an absolute value function f(x) = a|x — h| + kis 
V-shaped. Here is the graph of the basic absolute function f(x) = |x]. 


i x | fx) 
= ee 
Sle 
0 0 
1 1 
2 2 
OL 


To sketch the graph of the function f(x) = |x — h| + k, we shift the graph of 
f(x) = |x| by / units horizontally and by k units vertically. The tip of the V, the 
point where the function changes from decreasing to increasing, should be located 


at (h, k). 


Quick Check 1 
Sketch the graph of 


f(x) = |x + 1| + 5 by shifting. 


State the domain and range of 
the function. 
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We can add details such as x- and y-intercepts to the graph. To determine the 
y-coordinate of the y-intercept, we find f(0). To find the x-intercepts, if any exist, 
we set the function equal to 0 and solve for x. 

The domain of an absolute value function is the set of all real numbers: 
(—00, 00). The range of the function can be determined by examining the graph. 


Sketch the graph of f(x) = |x — 3| + 4 by shifting. State the 
domain and range of the function. 


SOLUTION In this example, h = 3 and k = 4. We need to shift the graph of 
f(x) = |x| by three units to the right and by four units up. 


2L 
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We can add more detail to the graph by adding its intercepts. Notice that by shifting, 
we already know that there are no x-intercepts. We can determine the y-intercept by 
finding f(0). 


f(0) = |O — 3| + 4=7 Substitute 0 for x and simplify. 


The y-intercept is (0, 7). Here is the graph, including all intercepts. 


The domain of the function is (—©°, co). By looking at the graph, we see that the 
lowest value of this function is 4; so the range of the function is [4, 0). 
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Quick Check 2 

Sketch the graph of 

f(x) = |x — 4| — 2 by shifting. 
State the domain and range of 
the function. 


Sketch the graph of f(x) = |x + 2| — 5 by shifting. State the 
domain and range of the function. 


SOLUTION In this example, h = —2 and k = —5. We need to shift the graph of 
f(x) = |x| by two units to the left and by five units down. 


To find the y-intercept, we need to find f(0). 


f(0) = |0+2|-5=2-5=-3 


The y-intercept is (0, —3). To find the x-intercepts, we set the function equal to 
0 and solve. 


lx + 2|}-5=0 Set the function equal to 0. 
Ix +2|=5 Isolate the absolute value. 
x+2=5 or x+2=-5 Rewrite as two linear equations. 
x=3 or x = -—7 Solve each equation by subtracting 2. 


The x-intercepts are (3, 0) and (—7, 0). Here is the graph, including all intercepts. 


_6L 
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The domain of the function is (—co, co). By looking at the graph, we see that the 
lowest value of this function is —5; so the range of the function is [—5, co). 


To graph a function of the form f(x) = —|x — h| + k, we begin by rotating 
the graph of f(x) = |x| about the x-axis. (Recall that the negative sign in front of 
the absolute value indicates that the graph opens downward.) We finish by applying 
any horizontal or vertical shifts that are necessary. 


Sketch the graph of f(x) = —|x — 4| — 1 by shifting. State the 
domain and range of the function. 


SOLUTION In this example, h = 4 and k = —1. After rotating the graph of 
f(x) = |x| about the x-axis, we need to shift this rotated graph by four units to the 
right and by one unit down. 


Quick Check 3 

Sketch the graph of 

f(x) = —|x — 2| — 3 by shift- 
ing. State the domain and range 
of the function. 
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Notice that by shifting, we already know that there are no x-intercepts. We can deter- 
mine the y-intercept by finding f(0). 


f(0) = -|0 — 4 -1 = -4 —-1 =~—S_ Substitute 0 for x and simplify. 


The y-intercept is (0, —5). Here is the graph, including all intercepts. 


4 
A 


The domain of the function is (—©°, co). By looking at the graph, we see that the 
greatest value of this function is —1; so the range of the function is (— 0°, —1]. 


Graphing Square-Root Functions 


Objective 2 Graph square-root functions. Now we will learn to graph the 
square-root function. The basic square-root function is the function f(x) = Vx. 
Recall that the square root of a negative number is an imaginary number, so the 
radicand must be nonnegative. We begin to graph this function by selecting values 
for x and evaluating the function for these values. It is a good idea to choose values 
of x that are perfect squares, such as 0, 1, and 4. 


The domain of this function, which is read from left to right along the x-axis on this 
graph, is [0, 00). The range of this function, which is read from bottom to top along 
the y-axis, is also [0, 00). 

We now turn our attention to graphing square-root functions of the form 
f(x) =aVx-h+k. 

To sketch the graph of the function f(x) = Vx — h + k, we shift the graph of 
f(x) = Vx by A units horizontally and by k units vertically. The graph of the func- 
tion should begin at the point (A, k). 
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Quick Check 4 

Sketch the graph of 

f(x) = Vx — 2 + 6by 
shifting. State the domain and 
range of the function. 


As with the absolute value function, we can add details such as x- and y-intercepts 
to the graph. To determine the y-coordinate of the y-intercept, we find f(0). To find 
the x-intercepts, if any exist, we set the function equal to 0 and solve for x. 

The domain of the function f(x) = Vx —h+ kis [h, ©), and the range is 
[k, CO). Both the domain and range can be determined from the graph of the 
function. 


Sketch the graph of f(x) = Vx — 5 + 3 by shifting. State the do- 
main and range of the function. 


SOLUTION In this example, h = 5 and y 
k = 3. We need to shift the graph of ét 
f(x) = Vx by five units to the right and 
by three units up. 


Notice that by shifting, we already know that there are no x-intercepts or y-intercepts. 
The graph begins at (5,3) and moves only up and to the right from there. 
The domain of the function is [5, 00), and the range is [3, 00). 


Using Your Calculator You can graph square-root functions using the TI-84. To 
enter the function from Example 4, f(x) = Vx — 5 + 3, tap the key. Enter 
Vx — 5 + 3 next to Y;. Use parentheses to separate the radicand from the rest of the 
expression. Tap the key labeled to graph the function in the standard window. 


Flsti Flokz Flote 
sy BT Ca-t94+3 
YES 


domain and range of the function. 


SOLUTION In this example, h = —2 y 
and k = —3. We need to shift the graph 2h 
of f(x) = Vx by two units to the left - 
and by three units down. < 


We can add more detail to the graph by plotting the x- and y-intercepts. To find the 
y-intercept of this function, we evaluate f(0). 
f(0) = V0 +2 —3 Substitute 0 for x. 
= V2 -3 Simplify the radicand. 
~ —1.6 Approximate using a calculator. 


Quick Check 5 

Sketch the graph of 

f(x) = Vx +1—2by 
shifting. State the domain and 
range of the function. 
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The y-intercept is located approximately at (0, —1.6). To find the x-intercept, we 
set the function equal to 0 and solve for x. 


Vx +2-3=0 
Vx +2 =3 
(Vx + 2)? = 3? 
x+2=9 
x=7 


Set the function equal to 0. 

Add 3 to isolate the square root. 
Square both sides. 

Simplify each side. 

Subtract 2. 


The x-intercept is at (7, 0). Here is the graph, including all intercepts. 


The domain of this function is [—2, 00), and the range is [—3, 00). 


To graph a function of the form f(x) = —Vx — h + k, we begin by rotating 
the graph of f(x) = Vx about the x-axis. 


We finish by applying any horizontal or vertical shifts that are necessary. 


domain and range of the function. 


k=1. After rotating the 


left and by one unit up. 


SOLUTION In this example, h = —7 and 
graph of 
f(x) = Vx about the x-axis, we need to 2 
shift the rotated graph by seven units to the 


Sketch the graph of f(x) = —Vx + 7 + 1 by shifting. State the 


Notice that by shifting, we already know that the x-intercept is (—6, 0). We can 
determine the y-intercept by finding f(0). 


f(0) = -V0+7+1=-V7+1#-1.6 Substitute 0 for x and simplify. 
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Quick Check 6 

Sketch the graph of 

f(x) = —Vx + 1 — 5 by shift- 
ing. State the domain and range 
of the function. 


The y-intercept is approximately (0, —1.6). Here is the graph, including all intercepts. 


The domain of the function is [—7, 0©). By looking at the graph, we see that the 
greatest value of this function is 1;so the range of the function is (— ©, 1]. 


To graph a function of the form f(x) = V—(x — h) + k, we begin by rotating 
the graph of f(x) = Vx about the y-axis. 
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We finish by applying any horizontal or vertical shifts that are necessary. 


Sketch the graph of f(x) = V—(x — 3) + 6 by shifting. State the 
domain and range of the function. 


SOLUTION In this example, h = 3 and k = 6. After rotating the graph of 


f(x) = Vx about the y-axis, we need to shift the rotated graph by three units to 
the right and by six units up. 


= 
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Notice that by shifting, we already know that there are no x-intercepts. We can 
determine the y-intercept by finding f(0). 
f(0) = V-(0 — 3) +6 = V3 +6#7.7 Substitute 0 for x and simplify. 


The y-intercept is approximately (0, 7.7). Here is the graph, including the y-intercept. 
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From the graph, we see that the domain of the function is (—©o, 3] and the range 
is [6, 00). 


Quick Check 7 


Sketch the graph of f(x) = V—(x + 4) — 2 by shifting. State the domain and 
range of the function. 


Graphing Cubic Functions 


Objective 3 Graph cubic functions. The other function we will investigate in 
this section is the cubic function. The basic cubic function is the function f(x) = x°. 
Here is a table of function values for values of x from —2 to 2. 


x f(x) = x? (x, {(x)) 
(=2)) = <8 (=27=5) 
ae Fey (1 a1 (i!) 


0 f(0) =0 =0 (0, 0) 
1 ie Get) 
2 (OS e=e (2,8) 


We plot these points and draw a smooth curve through them. The graph at the left 
extends forever to the left and to the right; so the domain is the set of all real num- 
bers R, which can be expressed as (— 00, ©). The graph also extends forever up- 
ward and downward; so the range of this function is also (— 0%, 00). This is true for 
all cubic functions. 

To sketch the graph of the function f(x) = (x — h)? + k, we shift the graph of 
f(x) = x3 by A units horizontally and by & units vertically. 
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Sketch the graph of f(x) = (x + 2)3 — 1 by shifting. State the 
domain and range of the function. 

SOLUTION In this example, 4 = —2 and k = —1. We need to shift the graph of 
f(x) = x° by two units to the left and by one unit down. 


Quick Check 8 The domain of the function is (—00o, 0o), and the range is (— 00, 00). 
Sketch the graph of 

f(x) = (x — 1)? + 1 by To graph a function of the form f(x) = —(x — h)* + k, we begin by rotating the 
shifting. State the domain and graph of f(x) = x° about the x-axis. 
range of the function. 
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We finish by applying any horizontal or vertical shifts that are necessary. 
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Sketch the graph of f(x) = —(x — 1)? + 4 by shifting. State the 
domain and range of the function. 


SOLUTION In this example, h = 1 and k =4. After rotating the graph of 
f(x) = x* about the x-axis, we need to shift the rotated graph by one unit to the 


right and by four units up. 


Quick Check 9 

Sketch the graph of 

f(x) = —(x + 3) by shifting. 
State the domain and range of 
the function. 


The domain of the function is (—00, 00), and the range is (— 00, 00). 


Determining a Function from Its Graph 


Objective 4 Determine a function from its graph. 


Determine the function f(x) = Vx —hA+k that has been 


SOLUTION The graph of this function tells us that f(x) is a square-root function. 
To find the function, let’s focus on the point where this graph begins, which is at 
(—9, —4). The function f(x) = Vx has been shifted by nine units to the left and 
by four units down, so h = —9 and k = —4. The function is f(x) = Vx + 9 — 4. 
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Determine the function f(x) = (x — h)? +k that has been 


SOLUTION From the graph, we see that f(x) is a function of the form 
f(x) = (x — h)* + k. Focusing on the point where the graph flattens out, (—6, 4), 
we see that the function f(x) = x* has been shifted by six units to the left and by 
four units up. So h = —6 and k = —4, and the function is f(x) = (x + 6)° + 4. 


Quick Check 10 
Determine the function f(x) that has been graphed. 
a) y b) y 


BUILDING YOUR STUDY STRATEGY 


Study Environment, 4 Lighting Lighting is an important consideration 
when you select a study area. Some students prefer a bright, well-lit room, 
while other students become fidgety and uncomfortable in this type of light- 
ing. Some students prefer to work in a room with soft, warm light, while other 
students become drowsy in this type of lighting. Some students prefer to work 
in a room with ample natural light. Whatever your preference, make sure 
there is enough light so that you can see clearly without straining your eyes. 
Working with insufficient light will make your eyes tired, which will make you 
tired as well. 
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11.4 Exercises 
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MyMathiab|) PRACTICE 
8. f(x) = —-|x +2] -1 


Vocabulary 
1. To find the domain of a square root function, set the 
—_______ greater than or equal to 0 and solve. 
2. The domain and range of any cubic function are the 
1 f= =e 7/2 


set of 
Graph the given absolute value function and state its 
domain and range. 

3. f(x) = |x -—2| +6 4, f(x) = |x - 4| -3 


=|x—5| +4 


10. f(x) 


Graph each given square-root function and state its domain 


and range. 
=Vx+2 


11. f(x) 


5. f(x) =|x+1|-5 


6. f(x) = |x + 3| -2 


= —|x + 6| +3 
13. f(x) = Vx +4+6 


7. f(x) 
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14. f(x) = Vx +1-7 


15. f(x) = Vx —-5-2 


16. f(x) = Vx — 9 — 10 


17. f(x) = -Vx-24+3 


18. f(x) = -Vx+5-4 


19. f(x) = V=@—3) +1 


20. f(x) = V-(x +2) +4 


Graph the given cubic function and state its domain 
and range. 


21. f(x) =x -1 22. f(x) = (x +1) 


23. f(x) = (x +4) +1 24, f(x) = (x -— 2)? -4 
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25. f(x) =(x+2)32+7 26. (x+1)3-10 31. 
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a===- Writing in Mathematics 
Answer in complete sentences. 


37. Explain the similarities in and differences between 
graphing a quadratic function and graphing a square- 
root function. 


38. Explain why both the domain and the range of a cu- 
bic function are the set of real numbers. 
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OBJECTIVES 
‘1 Find the sum, difference, product, and quotient functions for two 
functions f(x) and g(x). 
2 Solve applications involving the sum function or the difference function. 
@ Find the composite function of two functions f(x) and g(x). 
4 Find the domain of a composite function (f ° g)(x). 


In this section, we will examine several ways to combine two or more functions into 
a single function. Just as we use addition, subtraction, multiplication, and division to 
combine two numbers, we can use these operations to combine functions as well. 


The Sum Function and the Difference Function 


Objective ‘1 Find the sum, difference, product, and quotient functions 
for two functions f(x) and g(x). The function that results when two functions 
f(x) and g(x) are added together is called the sum function and is denoted by 
(f + g)(x). The function (f — g)(x) is the difference of the two functions f(x) and 
g(x). 


The Sum Function 
| For any two functions f(x) and g(x), (f + g)(x) = f(x) + g(x). | 


The Difference Function 


For any two functions f(x) and g(x), (f — g)(x) = f(x) — g(x). 


If f(x) = x? + 3x — 10 and g(x) = 3x” — 5x — 9, find the fol- 
lowing: 


a) (f + g)(x) 
SOLUTION Begin by rewriting (f + g)(x) as f(x) + g(x). 


if + elle) = fle) + es) Rewrite as the sum of the 
two functions. 


= (x* + 3x — 10) + (3x? — 5x — 9) Substitute for each 


function. 
= 3° + ax— 104 3x° = Sx = 9 Remove parentheses. 
= 4x* — 2x - 19 Combine like terms. 


b) (f — g)(x) 
SOLUTION Begin by rewriting (f — g)(x) as f(x) — g(x). 


(f — g)(x) = f(x) -— g(x) Rewrite as the difference 
of the two functions. 
= (x? + 3x — 10) — (3x — 5x — 9) Substitute for each 
function. 
= x? + 3x —10 —-3x7+5x4+9 Distribute to remove 
parentheses. 
= —2x? + 8x-1 Combine like terms. 


Quick Check 1 

If f(x) = x* — 9x + 20 and 
g(x) = 3x — 44, find the given 
function. 


Quick Check 2 
If f(x) = 3x + 4 and 
g(x) = 4x — 7, find (f+ g)(x). 
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11.5 The Algebra of Functions 


c) (f + g)(-3) 


SOLUTION Because we have already found that (f + g)(x) = 4x? — 2x — 19, 
we can substitute —3 for x in this function. 


(f + g)(x) = 4x? — 2x — 19 
(f + g)(-3) = 4(-3)? - 2(-3) — 19 Substitute —3 for x. 
= 23 Simplify. 


(f + g)(-3) = 23. An alternative method to find (f + g)(—3) is to substitute —3 
for x in the functions f(x) and g(x) and then add the results. The reader can verify 
that f(-—3) = —10 and g(—3) = 33;so (f + g)(—3) = —10 + 33 = 23. 


The Product Function and the 
Quotient Function 


The function (f+ g)(x) is the product of the two functions f(x) and g(x). The 


function 2 (x) is the quotient of the two functions f(x) and g(x). 


The Product Function 
For any two functions f(x) and g(x), (f° g)(x) = f(x)* g(x). 


The Quotient Function 


For any two functions f(x) and g(x), (Z 
& 


If f(x) = x — 5 and g(x) = x? + 6x + 8, find (f- g)(x). 


SOLUTION Begin by writing (f° g)(x) as f(x) + g(x). 


(f-8)(x) = f(x) + 8(*) 


Rewrite as the product 
of the two functions. 


= (x — 5)(x? + 6x + 8) 
= x° + 6x? + 8x — 5x? — 30x — 40 


Substitute for each function. 
Multiply using the 
distributive property. 

= x° + x? — 22x — 40 Combine like terms. 


If f(x) = x* — 3x — 40 and g(x) = x? — 25, find (An and list 
§ 


any restrictions on its domain. 


x 
SOLUTION Begin by writing (An as 7 . Then simplify the resulting rational 
g(x 


expression, if possible, using the techniques in Section 7.1. 
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f _ f(x) ; 
= ](x) = Rewrite as the quotient of the two functions. 
g g(x) 
B= Bal) 
= se Substitute for each function. 
eo = D5 
(x — 8)(x + 5) : 
Factor the numerator and denominator. 
(x + 5)(x — 5) 
‘ 
= iat sai Divide out common factors 
(e+ -SI(x — 5) 
-—8 
= : ~s Simplify. 


Recall that any value x for which the denominator of a rational expression, such as 


(Fe, is equal to 0 is not in the domain of the function. In this case, x # —5,5. 


Quick Check 3 
If f(x) = x? + 3x — 18 and g(x) = x? + 13x + 42, find (E) and list any 


restrictions on its domain. 


Applications 


Objective 2 Solve applications involving the sum function or the 
difference function. 


The number of public elementary 
and secondary schools in the United States in a par- 
ticular year can be approximated by the function 
f(x) = 950x + 82,977, where x represents the num- 
ber of years after 1990. The number of private ele- 
mentary and secondary schools in the United States 


in a particular year can be approximated by the wy -? « 
function g(x) = 188x + 25,941, where again x rep- (ea ae : 


resents the number of years after 1990. (Source: U.S. 
Department of Education, National Center for Edu- 
cation Statistics) 


a) Find (f + g)(x). In your own words, explain what this function represents. 


SOLUTION 


(f + g)(x) = f(x) + g(x) Rewrite as the sum of 
the two functions. 


= (950x + 82,977) + (188x + 25,941) Substitute for each 


function. 
= 950x + 82,977 + 188x + 25,941 Remove parentheses. 
= 1138x + 108,918 Combine like terms. 


(f + g)(x) = 1138x + 108,918. This function gives the combined number of pub- 
lic and private elementary and secondary schools x years after 1990. 
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b) Find (f + g)(19). In your own words, explain what this number represents. 


SOLUTION 


(f + g)(x) = 1138x + 108,918 
(f + g)(19) = 1138(19) + 108,918 Substitute 19 for x. 
= 130,540 Simplify. 


This number tells us that there will be a total of approximately 130,540 public and 
private elementary and secondary schools in 2009, which is 19 years after 1990. 


Quick Check 4 


The number of students enrolled at a public college in the United States in a par- 
ticular year can be approximated by the function f(x) = 111,916x + 9,528,000, 
where x represents the number of years after 1990. The number of students 
enrolled at a private college in the United States in a particular year can be 
approximated by the function g(x) = 43,973x + 2,591,000, where again x repre- 
sents the number of years after 1990. (Source: U.S. Department of Education, 
National Center for Education Statistics) 


a) Find (f + g)(x). In your own words, explain what this function represents. 
b) Find (f — g)(x). In your own words, explain what this function represents. 


Composition of Functions 


Objective 3 Find the composite function of two functions f(x) and g(x). 
Another way to combine two functions is to use the output of one function as the in- 
put for the other function. When this is done, it is called the composition of the two 
functions. For example, consider the functions f(x) = x + 5 and g(x) = 2x + 1. If 
we evaluated the function g(x) when x = 7, the output will be 15. 


g(7) = 2(7) + 1 Substitute 7 for x. 
= 15 Simplify. 


We can visualize this with a picture of a function “machine.” The machine takes an 
input of 7 and creates an output of 15. 


7 — /g(x)=2x+1) — 15 


Now if we evaluate the function f(x) when x = 15, this is a composition of the two 
functions. The output of function g(x) is the input of the function f(x). 


f(45) =15 +5 Substitute 15 for x. 
= 20 Add. 


The function f(x) takes an input of 15 and creates an output of 20. 


7 ——> | g(x) =2x+1) — 15 —> | f(x) =x+5]} —— 20 


Symbolically, this can be represented as f(g(7)) = 20. 
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Composite Function 


For any two functions f(x) and g(x), the composite function (f ° g)(x) is 
defined as (f ° g)(x) = f(g(x)) and read “f of g of x.” 
The symbol ¢ is used to denote the composition of two functions. 


Suppose that f(x) = 3x — 5 and g(x) = 4x + 9 and that we want to find 
(f ° g)(5). We rewrite (f ° g)(5) as f(g(5)) and begin by evaluating g(5). 


g(5) = 4(5) + 9 Substitute 5 for x. 


= 29 Simplify. 
Now we evaluate f(29). 
iF * BS) = J (et) 
= f(29) Substitute 29 for g(5). 
= 3(29) — 5 Substitute 29 for x in the function f(x). 
= 82 Simplify. 


5 ——> | g(x) =4x +9} — > 29 —=> | f(x) =3x-5] — 82 


Again, suppose that f(x) = 3x — 5 and g(x) = 4x + 9 and that we want to 
find the composite function (f ° g)(x). We begin by rewriting (f ° g)(x) as 
f(g(x)); then we replace g(x) with the expression 4x + 9. 


(f° g(x) = F (g(x) 
= f(4x + 9) Replace g(x) with 4x + 9. 
= 3(4x + 9) — 5 Substitute 4x + 9 for x in the function f(x). 
= 12x +27—5 Distribute. 
= 12x + 22 Combine like terms. 


Notice that if we evaluate this composite function for x = 5, the output will be 
12(5) + 22, or 82. This is the same result we obtained by first evaluating g(5) and 
then evaluating f(x) for this value. 


Given that f(x) = 2x + 1l and g(x) = 3x — 10, find (f ° g)(x). 


SOLUTION When finding a composite function, it is crucial to substitute the cor- 
rect expression into the correct function. A safe way to ensure this is by rewriting 
(f ° g)(x) as f(g(x)) and then replacing the “inner” function with the appropri- 
ate expression. In this example, we will replace g(x) with 3x — 10. Then we will 
evaluate the “outer” function for this expression. 


(F » g)(x) = fle) 
Quick Check 5 = f(3x — 10) Replace g(x) with 3x — 10. 
Given that f(x) = 4x — 9 and = 2(3x — 10) + 11 Substitute 3x — 10 for x in the function f(x). 
Bla 2x 1 7, tm f 2° 2) x): = 6x — 20+ 11 Distribute. 
= 6x —-9 Combine like terms. 


Given that f(x) = 5x — 6and g(x) = x? + 2x — 8, find the given 
composite functions. 


a) (f ° g)(x) 
SOLUTION 


(f ° g)(x) = f(g(x)) 
= f(x? + 2x - 8) Replace g(x) with x* + 2x — 8. 


Quick Check 6 


Given that f(x) = x + 3 and 
g(x) = x’ — 3x — 28, find the 
given composite functions. 


a) (f ° g)(x) 
b)(g ° f)(x) 
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= 5(x7 + 2x —8) —6 Substitute x? + 2x — 8forxin 
the function f(x). 


= 5x? + 10x — 40 — 6 Distribute. 
= 5x* + 10x — 46 Combine like terms. 


b) (g ° f)(x) 


SOLUTION In this example, the outer function g(x) is a quadratic function. 


(g ° f)(x) = a(f(x)) 

= g(5x — 6) Replace f(x) with 
an = 6. 

= (5x — 6)? + 2(5x — 6) — 8 Substitute 5x — 6 for 
x in the function g(x). 

= (Sx — 6)(5x — 6) + 2(5x — 6) — 8 Square the binomial 
5x — 6 by multiplying 
it by itself. 


= 25x? — 30x — 30x + 36 + 10x —12 —8 Multiply 
(32= G)(s4 = 6) 
and 2(5x — 6). 

= 25x? — 50x + 16 Combine like terms. 


The Domain of a Composite Function 


Objective 4 Find the domain of a composite function (f ° g)(x). The do- 
main of a composite function (f © g)(x) is the set of all input values x in the do- 
main of g(x) whose output from g(x) is in the domain of f(x). In all of the previous 
examples, the domain was the set of all real numbers R, as none of the functions had 
any restrictions on their domains. 


+ 
Given that f(x) = . * 
— 


and g(x) = 6x + 15, find (f ° g)(x) 
and state its domain. 


SOLUTION Because g(x) is a linear function, there are no restrictions on its do- 
main. Once we find the composite function (f ° g)(x), we will find the domain of 
that function. 


(f ° g)(x) = f(g(x)) 


= f(6x + 15) Replace g(x) with 6x + 15. 
(ee Substi 6x + 15 for x in the functi 

a tit t t ‘ 
2(6x 4+ 15) 1 ubstitute 6x or x in the function f(x) 
6x + 154+ 9 oh! 

aoe aes | Distribute. 
6x + 24 


= 4 08 Combine like terms. 
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So(f ° g)(x) = a = =. The composite function is a rational function, and we find 
the restrictions on the domain by setting the denominator equal to 0 and solving. 


12x + 29 =0 Set the denominator equal to 0. 
12x = —29 Subtract 29. 
29 is 
AS 5 Divide by 12. 


The domain of this composite function (f ° g)(x) is the set of all real numbers 


Quick Check 7 except 3. 


2x +5 


Given that f(x) = a7 an 


d 


B= a4, andy oe) a) 
and state its domain. 


BUILDING YOUR STUDY STRATEGY 


Study Environment, 5 Being Comfortable It is important that you are com- 


fortable while studying, without being too comfortable. If the room is too 
warm, you may get tired. If the room is too cold, you may be distracted by 


thinking about how cold you are. If your chair is not comfortable, you may 
fidget and lose your concentration. If your chair is too comfortable, you may 
get sleepy. You may have the same problem if you eat a large meal before sit- 
ting down to study. In conclusion, choose a situation where you will be com- 
fortable but not too comfortable. 


MyMathLab\) 


Vocabulary 


1. For two functions f(x) and g(x), the function 
denoted by (f + g)(x) is called the 

2. For two functions f(x) and g(x), the difference 
function is denoted by —___. 


—~ 


function. 


3. For two functions f(x) and g(x), the product function 
is denoted by —______. 


4. For two functions f(x) and g(x), the function 


denoted by a is called the function. 


5. When the output of one function is used as the input 
for another function, this is called the 
of the two functions. 


6. For any two functions f(x) and g(x), the —____ 
function (f ° g)(x) is defined as (f ° g)(x) = 
f(g(x)). 


For the given functions f(x) and g(x), find 
a) (f + g)(x) Bf + g8)(8) OCF + 8)(-3) 


7. f(x) = 4x + 11, g(x) = 3x -17 


8. f(x) = 2x — 13, g(x) = —7x + 6 


<zp| 


-=) G| = 


PRACTICE WATCH DOWNLOAD READ 


9, f(x) = 5x + 8, g(x) =x? -—x- 19 
10. f(x) = x? — 7x + 12, g(x) = x* + 4x — 32 


For the given functions f(x) and g(x), find 
a) (f — g)(x) Bf — g)(6) O(f — g)(-S) 


11. f(x) = 6x — 11, g(x) = -2x -—5 

12. f(x) = 8x — 13, g(x) = 8x + 13 

13. f(x) = 10x + 37, g(x) = x? — 5x - 12 

14, f(x) = x? + 7x + 100, g(x) = —x? + 12x - 25 


For the given functions f(x) and g(x), find 
a) (f-g)(x) b)(f+8)(5) oO (f+8)(-3) 


15. f(x) = 2x —-3, g(x) =x+4 
16. f(x) = 3x + 7, g(x) =4x-1 


17. f(x) =x — 6,g(x) = x* + 3x-4 


18. 
For 
a) ( 

19. 

20. 


21. 


22. 


f(x) = 2x — 5, g(x) =x? -5x+8 


the given functions f(x) and g(x), find 


Ney o(2)y 0(E\- 


g g 
f(x) =3x+1g(x)=x+7 


f(x) = 6x — 22, g(x) = x? + 11x + 10 
f(x) = x? -— 9, g(x) = x7 + Tx + 12 


f(x) = x7 + 10x + 16, g(x) = x? -—x—- 72 


Let f(x) = 2x + 9 and g(x) = 5x — 1. Find the following. 


(f + g)(8) 24. (f + g)(—2) 
(f= 204) 26. (f — g)(5) 
(f+ g)(10) 28. (f+ g)(—3) 
Pe f 
eNO 30. ({)o 


Let f(x) = 5x — 9 and g(x) = 2x — 17. Find the follow- 
ing and simplify completely. 


31. 
33. 


(f + g)(x) 
(f+ 8)(*) 


32. (f — g)(x) 


Let f(x) = x — 10 and g(x) = x — 8x — 20. Find the fol- 
lowing and simplify completely. 


35. 
36. 


37. 


38. 
39. 


(f — g)(*) 
(f + g)(x) 


(Je 


(f+ 8)(*) 

The number of male doctors, in thousands, in the 
United States in a particular year can be approxi- 
mated by the function f(x) = 10.4x + 398, where x 
represents the number of years after 1980. The num- 
ber of female doctors, in thousands, in the United 
States in a particular year can be approximated by the 
function g(x) = 9.1x + 49, where again x represents 
the number of years after 1980. (Source: American 
Medical Association) 


41. 
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11.5 Exercises 


a) Find (f + g)(x). In your own words, explain what 
this function represents. 


b) Find (f + g)(40). In your own words, explain what 
this number represents. 


. The number of male inmates who are HIV positive in 


the United States in a particular year can be approxi- 
mated by the function f(x) = 223x + 20,969, where 
x represents the number of years after 1995. The num- 
ber of female inmates who are HIV positive in the 
United States in a particular year can be approxi- 
mated by the function g(x) = 83x + 2102, where 
again x represents the number of years after 1995. 
(Source: U.S. Department of Justice, Bureau of Justice 
Statistics) 


a) Find (f + g)(x). In your own words, explain what 
this function represents. 


b) Find (f + g)(27). In your own words, explain what 
this number represents. 


The number of master’s degrees, in thousands, 
earned by females in the United States in a particu- 
lar year can be approximated by the function 
f(x) = 9.2x + 181.8, where x represents the number 
of years after 1990. The number of master’s degrees, 
in thousands, earned by males in the United States in 
a particular year can be approximated by the func- 
tion g(x) = 3.4x + 160.9, where again x represents 
the number of years after 1990. (Source: U.S. Depart- 
ment of Education, National Center for Education 
Statistics) 


a) Find (f — g)(x). In your own words, explain what 
this function represents. 
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b) Find (f — g)(30). In your own words, explain what 
this number represents. 


42. The amount of money, in billions of dollars, spent on 
health care that was covered by insurance in the 
United States in a particular year can be approxi- 
mated by the function f(x) = x* + 11x + 244, 
where x represents the number of years after 1990. 
The amount of money, in billions of dollars, spent on 
health care that was paid out of pocket in the United 
States in a particular year can be approximated by the 
function g(x) = 6x + 129, where again x represents 
the number of years after 1990. (Source: U.S. Centers 
for Medicare and Medicaid Services) 


a) Find (f — g)(x). In your own words, explain what 
this function represents. 


b) Find (f — g)(40). In your own words, explain what 
this number represents. 


Let f(x) = 4x + 7 and g(x) = x — 3. Find the following. 


43. (f ° g)(5) 44. (f ° g)(—2) 
45. (g © f)(-1) 46. (g ° f)(10) 
For the given functions f(x) and g(x), find 

a) (f° g)(x) bf g)(5) 


AT. f(x) = 3x + 2,9(x) =x? + 5x -6 
48. f(x) = 2x — 7, g(x) = x? — 8x + 10 
49, f(x) = x? — 7x + 12, g(x) =x+8 
50. f(x) = x2 + 9x — 22, g(x) = 4x - 3 
For the given functions f(x) and g(x), find 
a) (f° g)(x) b) (ge f)(x) 

51. f(x) = 3x + 5, g(x) =2x +4 

52. f(x) = 5x — 9, ¢(x) = —x + 6 

53. f(x) = x + 4, g(x) = x? + 3x — 40 


54, f(x) = x? — 7x — 18, g(x) =x -9 


For the given functions f(x) and g(x), find (f ° g)(x) 
and state its domain. 


5 
55. f(x) = s rer, = 2x + 13 
2h. = 3 
56. f(x) ae 5° 8%) =x+8 


57. f(x) = V2x — 10, g(x) =x + 11 


58. f(x) = Vx — 2, g(x) = 3x + 14 


For the given function f(x), find (f ° f)(x). 
59. f(x) = 3x — 10 

60. f(x) = —5x + 18 

61. f(x) = x* + 6x + 12 


62. f(x) = x* — 2x -— 15 


For the given functions f(x) and g(x), find a value of x 
for which (f ° g)(x) = (g ° f)(*). 

63. f(x) = x7 + 4x + 3, g(x) = x45 

64. f(x) = x? + 6x —9, g(x) =x -3 

65. f(x) = x + 7, g(x) = x? — 25 

66. f(x) = x — 4, g(x) = 2x? + 15x + 18 


For the given function g(x), find a function f(x) such that 
(f° g)(x) =x. 

67. g(x) =x+8 

68. g(x) = —S5x 


69. g(x) =3x + 8 


70. g(x) = 4x - 17 


a===- Writing in Mathematics 
Answer in complete sentences. 


71. In general, is (f + g)(x) equal to (g + f)(x)? If 
your answer is yes, explain why. If your answer is no, 
give an example that shows why, in general, they are 
not equal. 


72. In general, is (f — g)(x) equal to (g — f)(x)? If 
your answer is yes, explain why. If your answer is no, 
give an example that shows why, in general, they are 
not equal. 
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OBJECTIVES 


‘1 Determine whether a function is one-to-one. 


‘2. Use the horizontal-line test to determine whether a function 
is one-to-one. 


(3. Understand inverse functions. 

4 Determine whether two functions are inverse functions. 
‘5 Find the inverse of a one-to-one function. 

6 Find the inverse of a function from its graph. 


One-to-One Functions 


Objective 1 Determine whether a function is one-to-one. Recall that for 
any function f(x), each value in the domain corresponds to only one value in the 
range. 


One-to-One Function 


If every element in the range of a function f(x) has at most one value in the do- 
main that corresponds to it, the function f(x) is called a one-to-one function. 


In other words, if f(x) is different for each input value x in the domain, f(x) is a 
one-to-one function. 

Suppose for some function f(x), both f(—1) and f(3) are equal to 2. This func- 
tion is not a one-to-one function because one output value is associated with two 
different input values. However, the function shown in the following table is a one- 
to-one function, because each function value corresponds to only one input value. 


fix 0nl el] 2225s 


A function whose input is a person’s name and whose output is that person’s 
birthday is not a one-to-one function because several people (input) can have the 
same birthday (output). A function whose input is a person’s name and whose out- 
put is that person’s Social Security number is a one-to-one function because no two 
people can have the same Social Security number. 


Determine whether the function represented by the set of ordered 
pairs {(—7, —5), (-5, —2), (—2, 4), (3,3), (6, -7)} is a one-to-one function. 


SOLUTION Because each x-value corresponds 
to only one y-value and each y-value corre- 

sponds to only one x-value, the function is one- \ 
to-one. 


Domain Range 
x y 
Quick Check 1 


Determine whether the function represented by the set of ordered pairs 
{(-4, —9), (2, -7), (1, -6), (2, -7), (6, —11)} is a one-to-one function. 
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Quick Check 2 


Determine whether the 
function is one-to-one. 


Horizontal-Line Test 


Objective 2 Use the horizontal-line test to determine whether a function 
is one-to-one. We can determine whether a function is one-to-one by applying 
the horizontal-line test to its graph. 


Horizontal-Line Test 


If a horizontal line can intersect the graph of a function at more than one point, 
the function is not one-to-one. 


Consider the graph of a quadratic function shown. 
We can draw a horizontal line that intersects the 
function at two points, as indicated. The coordinates 
of these two points are (—2, 6) and (2, 6). This shows 
that two different input values, —2 and 2, correspond 
to the same output value (6). Therefore, the function 
is not one-to-one. 


The linear function graphed is a one-to-one function. No y 
horizontal line crosses the graph of this function at more than 6r 
one point, so the function passes the horizontal-line test. AL 

ot 


Use the horizontal-line test 
to determine whether the function is one- 
to-one. 


& ‘ 
ee ee id 


SOLUTION We can draw a horizontal line 
that crosses the graph of this absolute value 
function at more than one point, as shown 
here. This function fails the horizontal-line 
test and is not one-to-one. 


Fresno 
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Inverse Functions 


Objective 3 Understand inverse functions. Anne commutes to work from 
Visalia to Fresno each day. She starts by taking Highway 198 west and then takes 
Highway 99 north. How does she return home each day? She begins by taking 
Highway 99 south and then takes Highway 198 east. Her trips are depicted in the 
map at the left. 

The second route takes Anne back to the starting point. The two routes have an 
inverse relationship. In this section, we will be examining inverse functions. 

The inverse of a one-to-one function “undoes” what the function does. For 
example, if a function f(x) takes an input value of 3 and produces an output 
value of 7, its inverse function takes an input value of 7 and produces an output 
value of 3. 


Inverse of 


Sf) 


We see that the ordered pair (3, 7) is in the function f(x) and that the ordered pair 
(7,3) is in the inverse function of f(x). The inputs of a function are the outputs of 
its inverse function, and the outputs of a function are the inputs of its inverse func- 
tion. In general, if (a, b) is in a function, (b, a) is in the inverse of that function. 


Verifying That Two Functions Are Inverses 


Objective 4 Determine whether two functions are inverse functions. We 
can determine whether two functions are inverse functions algebraically by finding 
their composite functions. 


Inverse Functions 


Two one-to-one functions f(x) and g(x) are inverse functions if (f ° g)(x) = x 
and (g ° f)(x) = x. 


If f(x) and g(x) are inverse functions, each function “undoes” the actions of the 
other function. 


The function g takes an input value x The function f takes this value and 
and produces an output value g(x). produces an output value of x. 
& & 
f 


So f(g(x)) = x, or in other words, (f ° g)(x) = x. Ina similar fashion, we could 
show that (g ° f)(x) = x as well. 
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Quick Check 3 

Determine whether the follow- 
ing two functions are inverse 
functions: 


(ee) = A , a(x) =4x +7 


Quick Check 4 
Determine whether the follow- 
ing two functions are inverse 
functions: 

1 


f(x) = 3° + 4, 


f(x) = 5x — 2, g(x) = 


Determine whether the following two functions are inverse functions: 
+2 


SOLUTION Both of these functions are linear functions and are one-to-one. We 
will determine whether (f ° g)(x) = x and (g ° f)(x) = x. (Replace the inner 
function with its formula, substitute that expression for x in the outer function, and 
simplify. ) 


(f° g)(x) = x (9° f)(x) =x 
Cees) = de) (eo) er (o)) 
ae = (5x — 2) 
1 5 ) G22 
ee a ae 7 5 
= 5 5) ) z et a2 
Lif Sap 2 5 
(222) > _ 
soap =? ° 
x _ obe 
7s 
1 


Determine whether the following two functions are inverse functions: 


3 
a 8%) =3x+4 


SOLUTION These two functions are linear and one-to-one. We begin by determin- 
ing whether (f ° g)(x) = x. 


(f ° g)(x) = flg(x)) 


= f(3x + 4) Replace g(x) with 3x + 4. 
1 3 

= 43% + 4) — 4 Substitute 3x + 4 for x in the function f(x). 
3 3 

= rhe +1- 4 Distribute. 
3 1 Bede 

= rhe + 4 Combine like terms. 


(f ° g)(x) # x. These two functions are not inverses. 
Note that it is not necessary to check (g ° f)(x) because both composite func- 
tions must simplify to x for the two functions to be inverse functions. 


Finding an Inverse Function 


Objective 5 Find the inverse of a one-to-one function. We use the nota- 
tion f~!(x) to denote the inverse of a function f(x). We read f'(x) as f inverse of x. 


A WORD OF CAUTION When a superscript of —1 is written after the name of a function, 
the —1 is not an exponent; it is used to denote the inverse of a function. In other words, 


: 1 
f*(x) is not the same as —. 


f(x) 
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Here is a procedure that can be used to find the inverse of a one-to-one function f(x). 


Finding f~'(x) 

. Determine whether f(x) is one-to-one. We can use the horizontal-line test to 
determine this. If f(x) is not one-to-one, it does not have an inverse function. 

. Replace f(x) with y. 

. Interchange x and y. We interchange these two variables because we know 
that the input of f(x) must be the output of f-'(x) and the output of f(x) 
must be the input of f'(x). 

. Solve the resulting equation for y. This allows us to express the inverse func- 
tion as a function of x. 

. Replace y with f~'(x). 


Find f '(x) for the function f(x) = 5x — 3. 


SOLUTION We begin by determining whether the function is one-to-one. Because 
the function is a linear function, it is one-to-one. Shown at the left is the graph of 
f(x). The function clearly passes the horizontal-line test. 

We begin to find f(x) by replacing f(x) with y. 


f(x) =5x - 3 
y=5x-—3 Replace f(x) with y. 
x =5y —3 Interchange x and y. 


x+3=5y Add 3 to isolate the term containing y. 

+3 
ss a Divide both sides by 5 to isolate y. 
alee x +3 Replace y with f'(x). It is customary 
5 to write f~'(x) on the left side. 
. er x +3 . : 
The inverse of f(x) =5x —3 is f(x) = , which could be written as 

1 3 
(x) =ix4+ 5. 
Quick Check 5 P) 5* 5 


Find f '(x) for the function 
f(x) = 5x + 10. 


Find f'(x) for the function f(x) = and state the restrictions 


x+1 
on its domain. 


SOLUTION In this example, f(x) is a ra- y 
tional function. We have not yet learned 105 
to graph rational functions, but the graph 
of f(x), which has been generated by 
technology, is shown at the right. (We 
could use a graphing calculator or soft- 
ware to generate this graph.) The func- 
tion passes the horizontal-line test. 


<TH 4 
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Begin to find f '(x) by replacing f(x) with y. 


8 
ia) xb 1 
ee Replace f(x) with 
are eplace f(x) with y. 
2 Interchange x and 
x= x ; 
yt & x 
x(y+1)= ae (cet) Multiply both sides by y + 1 to clear the 
; equation of fractions. 
x(y+1)=8 Simplify. 
xy+x=8 Multiply. 
xy=8-x Subtract x from both sides to isolate 
the term containing y. 
8 — 
SS ss Divide both sides by x to isolate y. 
1 8-—x =| 
f(x) = = Replace y with f-"(x). 
8 8 — 
The inverse of f(x) = oa is 7 (4) = - “ 


Note that the domain of this inverse function is the set of all real numbers ex- 
cept 0, because the denominator of the function is equal to 0 when x = 0. This 
makes the inverse function undefined when x = 0. 


Quick Check 6 


See nee : 
and state the restrictions on its 


3) SP 
Find f '(x) for the function f(x) = 


domain. 


Recall that the output values of a one-to-one function are the input values of its 
inverse function. So the range of a one-to-one function f(x) is the domain of its in- 
verse function f '(x). Occasionally, if the range of a one-to-one function f(x) is 
not the set of real numbers, we must restrict the domain of f~'(x) accordingly. This 
is illustrated in the next example. 


Find f '(x) for the function f(x) = Vx + 4 — 2. State the domain 
of f-'(x). 


SOLUTION Begin by showing that the function is one-to-one. Following is the 
graph of f(x). (For help on graphing square-root functions, refer back to Sec- 
tion 11.4.) The function passes the horizontal-line test, so it is a one-to-one func- 
tion that has an inverse function. The range of f(x) is [—2, 00), and this is the 
domain of its inverse function f'(x). 


| 
n 
TT 


< 


Quick Check 7 

Find f-'(x) for the function 
f(x) = Vx — 9 + 8. State the 
domain of f~'(x). 
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Begin to find f '(x) by replacing f(x) with y. 


f(x) = Vx +4-2 
y= Vx+4-—2 Replace f(x) with y. 
x = Vy+4-2 Interchange x and y. 


x+2=Vy+4 Add 2 to both sides to isolate the radical. 
(x +2)’ = (vy +4) Square both sides. 
(x + 2)\(xn+2)=y+4 Square x + 2 by multiplying it by itself. 
e+4x+4=yt+4 Multiply (x + 2)(x + 2). 
xv+4x=y Subtract 4 from both sides to isolate y. 
f(x) = x? + 4x Replace y with f‘(x). 


The inverse of f(x) = Vx + 4 — 2 is f-\(x) = x? + 4x. The domain of f7!(x) is 
[—2, 00). 

At the left is the graph of f~'(x). Notice that the graph does pass the horizontal- 
line test with this restricted domain. If we did not restrict this domain, the graph of 
f(x) would be a parabola and the function would not be one-to-one. 


Finding an Inverse Function from a Graph 


Objective 6 Find the inverse of a function from its graph. We know that if 
f(x) is a one-to-one function and f(a) = b, f-'(b) = a. This tells us that if the point 
(a, b) is on the graph of f(x), the point (b, a) is on the graph of f7!(x). 


If the function is one-to-one, find its inverse. 


{(-2, -3), (-1, -2), (, 1), (1,5), (2,13)} 


SOLUTION Because each value of x corresponds to only one value of y and each 
value of y corresponds to only one value of x, this is a one-to-one function. 

To find the inverse function, we interchange each x-coordinate and y-coordinate. 
The inverse function is {(—3, —2), (—2, -1), (1, 0), (5, 1), (13, 2)}. 


For the given graph of a one-to-one function f(x), graph its inverse 
function f-!(x). 


2 


"EEE 468 10.12" 
-2 


< 


SOLUTION We begin by identifying the coordinates of some 
points that are on the graph of this function. We will use the 
points (2, 0), (3,1), and (6, 2). 

By interchanging each x-coordinate with its corresponding 
y-coordinate, we know that the points (0, 2), (1,3), and (2, 6) 
are on the graph of f'(x). We finish by drawing a graph that 


passes through these points. Shown at the right is the graph of L 
f(x) ; atlijtiisisgy 


e 
i=) 


T1111 
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Quick Check 8 
For the given graph of a one- 


to-one function f(x), graph its 


inverse function f '(x). 


yy) 
A 


-10f 


Vocabulary 


LLL 5 
10/12 


Here are the graphs of f(x) and f '(x) 
from the previous example on the same set 
of axes, along with the line y = x. Notice 
that the two functions look somewhat simi- 
lar; in fact, they are mirror images of each 
other. For any one-to-one function f(x) 
and its inverse function f '(x), their graphs 
are symmetric to each other about the line 
y = x. If we fold the graph along the line 
y = x, the graphs of f(x) and f '(x) will lie 
on top of each other. 


BUILDING YOUR STUDY STRATEGY 


Study Environment, 6 Distractions Under ideal circumstances, you should 
do some of your studying on campus and some at home. The best time for 
studying new material is as soon as possible after class. Because studying new 


material takes more concentration, find a location with few distractions. Most 
campus libraries have an area designated as a silent study area. 

While studying at home, stay away from the computer, phone, and television. 
These devices will steal time away from you, without your even realizing it. 


1. If f(x) is different for each input value x in its 


domain, f(x) is a(n) 
2. If a(n) 


function. 


can intersect the graph of 


a function at more than one point, the function is 


not one-to-one. 


3. If f(x) is a one-to-one function such that f(a) = b, 
its ______ function f~!(x) is a function for which 


f(b) = a. 


4. Two one-to-one functions f(x) and g(x) are inverse 


functions if both (f ° g)(x) and (g ° f)(x) are 


equal to __. 


5. The inverse function of a one-to-one function f(x) 


is denoted by _____.. 


6. If the point (a, b) is on the graph of a one-to-one 


function, the point 
inverse of that function. 


is on the graph of the 


<=> = a 
6) =o" Zo 
PRACTICE WATCH DOWNLOAD READ REVIEW 


Determine whether the function f(x) is a one-to-one 
function. 


Determine whether the function represented by the set of 
ordered pairs is a one-to-one function. 

11. {(—9, —3), (—4, 0), (1, 1), (5, —2), (10, -3)} 

12. {(1, 4), (3, 8), (5, 12), (7, 8), (9, 4)} 

13. {(—8, —4), (—5,3), (—1, 0), (4, 3), (9, 10) } 
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14. {(0,1), (1, 2), (2, 4), (3, 8), (4, 16) } 

15. Is the function whose input is a person and whose 
output is that person’s mother a one-to-one function? 
Explain your answer in your own words. 


16. Is the function whose input is a student and whose 
output is that student’s favorite math teacher a one-to- 
one function? Explain your answer in your own words. 


17. Is the function whose input is a state and whose out- 
put is that state’s governor a one-to-one function? 
Explain your answer in your own words. 


18. Is the function whose input is a licensed driver and 

whose output is that driver’s license number a one-to- 
one function? Explain your answer in your own words. Determine whether the functions f(x) and g(x) are in- 
verse functions by showing that (f° g)(x) =x and 


(g ° f)(*) =*. 


25. f(x) =x +5, g(x) =S+x 
Use the horizontal-line test to determine whether the 26. f(x) =x + 8, g(x) =x-8 
function is one-to-one. 4 
19. y 27. f(x) = 4x, g(x) = a 
e 28. f(x) = 7x, g(x) = —7x 
6b 
L x+4 
4p 29. f(x) = 3x — 4, g(x) = 3 
[ 1 
<u LLisy 30. f(x) = 2x + 5, g(x) = 5% — 5 
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For the given function f(x), find f~'(x). 


33. f(x) =x +9 
34. f(x) =x-4 
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41. f(x) = x + 6 


42. f(x) = = — 10 


x 
46. f(x) = ; —5 
47. f(x) = = ; 
48. f(x) = 
Te) 
arta a 
SL. f(x) =2 — 
52. f(x) = os 


For the given function f(x), find f~'(x). State the domain 


of f-"(x). 


53. f(x) = Vx 

54, f(x) = Vx —4 

55. f(x) = Ve =7 

56. f(x) = Vx —6-2 


61. f(x) = x? — 6x + 8 (x = 3) (Hint: Try completing 
the square.) 

62. f(x) = x? + 4x — 12 (x = —2) (Hint: Try complet- 
ing the square.) 


If the function represented by the set of ordered pairs is 
one-to-one, find its inverse. 


63 1-5, -17) (1,-9.4, 


5), (4,1), (7,7) } 


64. {(—2, -1), (0,5), (1, 8), (4, 17), (7, 26) } 


65. {(—2,21), (-1, 17), (0, 13), (1, 9), (2, 13)} 


66. {(—10, 4), (—9, 5), (—6,6), (—1, 7), (6, 8)} 


For the given graph of a one-to-one function f(x), graph 
its inverse function f~'(x) without finding a formula for 
f(x) or f~"(x). 
y 
67. cat 
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Graph a one-to-one function f(x) that meets the given 
criteria. 


71. f(x) is a linear function, f(4) = 9, and f-'(5) = —2. 


72. f(x) is a linear function, f '(5) = —7, and 


f (—6) = 8. 


73. f(x) is a quadratic function, the domain of f(x) is 
restricted to [3, 00), f(3) = -1, f(4) = 0, f7(3) =5, 
and f '(8) = 6. 
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74. f(x) is a quadratic function, the domain of f(x) is 
restricted to [1, 0), f-'(—-8) = 1, f-1(-2) = 3, and 
reas. 


a===- Writing in Mathematics 
Answer in complete sentences. 


75. Explain how the horizontal-line test shows whether a 
function is or is not one-to-one. 


76. Explain how to find the inverse function of a one- 
to-one function f(x). Use an example to illustrate the 
process. 


77. Solutions Manual Write a solutions manual page for 
the following problem. 


3+ 2x 
4x? 


find 


For the one-to-one function f(x) = 


f"(x). 
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CHAPTER 11 SUMMARY 


Section 11.1 Review of Functions 


Functions, pp. 604-606 


A function is a rule that takes an input value and assigns 
a particular output value to it. For a rule to define 
a function, each input value must be assigned one 
and only one output value. The set of input values 
for a function is called the domain of the function. 
The set of output values for a function is called the range 
of the function. 


The Vertical-Line Test, pp. 606-607 

If a vertical line can be drawn that intersects a graph 
at more than one point, the graph does not represent 
a function. 


Function Notation, p. 608 


Function notation is a way to present the formula 
for the output value of a function for the input x. 


Evaluating Functions, pp. 608-609 

To evaluate a function for a particular value of the 
variable, substitute that value for the variable in 
the function’s formula, then simplify the resulting 
expression. 


Interpreting Graphs, pp. 609-610 

The domain of a function can be read from left to right 
along the x-axis on a graph. 

The range of a function can be read vertically from the 
bottom to the top of the graph along the y-axis. 

An x-intercept is a point at which a graph intersects the 
x-axis. The y-coordinate of an x-intercept is 0. 

A y-intercept is a point at which a graph intersects 
the y-axis. The x-coordinate of a y-intercept is 0. 


Is a relation whose input value is a student at your college and 
whose output value is the month the student was born a 
function? 

Yes, because each student has only one birth month. 


Not a function 


f(x) = 3x + 14 

Function name: f 

Input variable: x 

Formula for output: 3x + 14 


For f(x) = x? + 7x — 24, find f(—5). 
f(-5) = (—5Y + 7(-5) — 24 
25 — 35 — 24 
34 


Ill 


Domain: [ —4, 00); range: [—3, 00) 
x-intercept: (5, 0); y-intercept: (0, —1) 


Section 11.2 Linear Functions 


Chapter 11 Summary 
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Linear Functions, p. 614 


A linear function is a function that can be written in the 
form f(x) = mx + b, where m and b are real numbers. 


Graphing Linear Functions, pp. 614-615 

A linear function is a function of the form f(x) = mx + b, 
where m and b are real numbers. 

To graph a linear function, begin by plotting its y-intercept at 
(0, b). Then use the slope m to find other points. 


f(x) = 7x — 18 


2 
Graph: f(x) = —3* +5 


2 
y-intercept: (0,5); slope: =3 


Constant Functions, p. 615 

A function of the form f(x) = b is called a constant 
function. The graph of a constant function is a 
horizontal line whose y-intercept is the point (0, b). 


v 
Graph: f(x) = —6 
y 
A 
Qe 
I i l i i i l i Ll 
“6-4/3 [| 324 ~ 
=). 
4p 
| (0, -6) 
<—$—$—$ eg > 
Lf) =-6 
_gt- 
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Determining a Linear Function from Its Graph, pp. 615-616 
1. Determine the coordinates of two points (x, y;) 
and (x2, y) on the line. 
2. Find the slope m of the line using the formula 
ya Ji 


m = ———. 
X27 Xy 


3. Set f(x,) = y, or f(x2) = 2, and solve for b. 


4. Write the formula for the function using 
f(x) = mx + b. 


Business Applications, pp. 617-618 

The cost function C(x) is equal to the fixed costs plus 
the variable costs associated with producing x items. 

The revenue function R(x) tells how much money will 
be taken in by selling x items. 

The profit function P(x) is equal to the difference of 
the revenue function and the cost function, 
P(x) = R(x) — C(x). 


Section 11.3 Quadratic Functions 


Find the linear function on the graph. 


v 
The graph passes through (3, —5) and (6, —3). 
=—a> (3) 2 f(3) = -5 
ale 3 3(3) + b= —5 
fla) = 5x +b 2+b=-5 
b=-7 
f(x) = a = 7 


Emma decided to start selling her homemade jam. She spent 
$250 on new kitchen equipment, and each jar of jam costs her 
$2 to make. She will sell each jar for $5. How many jars does 
she need to make and sell to earn a profit of $800? 


C(x) = 2x + 250, R(x) = 5x 
P(x) = 5x — (2x + 250) = 3x — 250 


3x — 250 = 800 
3x = 1050 
x = 350 


Emma needs to make and sell 350 jars of jam. 


Quadratic Functions, p. 622 

A quadratic function is a function that can be written 
in the form f(x) = ax? + bx + c, where a, b,andc 
are real numbers and a # 0. 


f(x) = x? — Tx — 18 
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Graphing Functions of the Form f(x) = a(x — h)? + k, pp. 622-626 


e Determine whether the parabola opens upward or Graph: f(x) = (x + 3)? —5 
downward. 
° Shift the graph of f(x) = x? by h units horizontally geal eae (-3, 5) 
and by & units vertically. cele : og ; : 
° Find the y-intercept of the parabola by finding f(0). Shift basic graph of f(x) = x left by 3 units and down by 5 units. 
e If there are any x-intercepts, set the function equal y-intercept: (0, 4) 


to 0 and solve for x. 


f(x) =(0+ 3? -5=9-5=4 


x-intercepts: (—5.2, 0), (—0.8, 0) 


Minimum and Maximum Values of Quadratic Functions, pp. 627-629 


If the graph of a quadratic function is a parabola that opens Find the maximum or minimum value: f(x) = x? — 14x + 90 
upward, the function has a minimum value. The minimum The function has a minimum value. 
value of the function is the y-coordinate of the vertex. —(-14) 
If the graph of a quadratic function is a parabola that opens x= =7 
downward, the function has a maximum value. The maximum 2(1) 
value of the function is the y-coordinate of the vertex. f(7) 7)? — 14(7) + 90 


=f 

= 49 — 98 + 90 
= 41 

The minimum value is 41. 


Section 11.4 Other Functions and Their Graphs 


Graphing an Absolute Value Function f(x) = a|x — h| + k, pp. 634-637 


Shift the graph of f(x) = |x| by / units horizontally and Graph: f(x) = |x — 2| +3 
by k units vertically. h=2,k =3 

The domain of the function is the set of all real numbers, Shift basic graph of f(x) = |x| right by 2 units and up by 3 units. 
while the range is restricted and can be read from the 
graph. y 


Domain: (— 00, co); range: [3, co) 
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Graphing a Square Root Function f(x) = aVx — h + k, pp. 637-641 
Shift the graph of f(x) = Vx by A units horizontally 


Graph: f(x) = Vx + 2-7 
and by k units vertically. Shift basi hof Se ore eee ee 
The domain and range of the function are restricted Bele prape ol i) yan agi Ome ean eee 
and can be read from the graph. h=-2,k=—-7 
y 
A 
Qe 
! ! it ! ! ! ! 
os a ae ee ee ee 
Lot 


Domain: [ —2, 0o); range: [—7, 00) 


Graphing a Cubic Function f(x) = a(x — h)? + k, pp. 641-643 
Shift the graph of f(x) = x* by h units horizontally 


Graph: f(x) = (x + 1)*- 4 
and by &k units vertically. Shift basi hie aie ued fodiens 
The domain and range of the function are both ift basic graph of f(x) = x" left by 1 unit and down by 4 units. 
unrestricted. h=-1,k = -4 


Domain: (—0©0, 00); range: (— 00, co) 


Section 11.5 The Algebra of Functions 


Operations with Functions: Sum Function, pp. 648-649 
For any two functions f(x) and g(x), For f(x) = x? — 9x + 22 and g(x) = x* + 5x + 17, find 
(f + g)(x) = f(x) + g(x). (f + g)(*). 


(f + g)(x) = (x? 9x + 22) + (x? + 5x + 17) 


Operations with Functions: Difference Function, pp. 648-649 
For any two functions f(x) and g(x), 


(f — g)(x) = F(x) — g(x). 


Operations with Functions: Product Function, pp. 649-650 
For any two functions f(x) and g(x), 


(f-g)(x) = f(x) +(x). 


Operations with Functions: Quotient Function, pp. 649-650 
For any two functions f(x) and g(x), 


= ~ g(x) #0. 


Composition of Functions, pp. 651-654 


For any two functions f(x) and g(x), the 
composite function (f ° g)(x) is defined as 


(f ° g)(x) = f(8(x)). 


Section 11.6 Inverse Functions 


Chapter 11 Summary 


For f(x) = 3x* + 4x — 19 and g(x) = 2x? — 8x + 35, find 
(f — g)(*). 


(f — g)(x) = (3x? + 4x — 19) — (2x? — 8x + 35) 
3x? + 4x — 19 — 2x? + 8x — 35 
=x? + 12x — 54 


For f(x) = 5x — 4and g(x) = 2x + 7, find (f+ g)(x). 


(f-g)(x) = (Sx — 4)(2x + 7) 
10x? + 35x — 8x — 28 
10x? + 27x — 28 


ll 


f 
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For f(x) = x? + 15x + 56 and g(x) = x? — 64, find (E)a, 


(2) x? + 15x + 56 


g x? — 64 
(x + 7)(x + 8) 
(x + 8)(x — 8) 
ce 
ae gtr —8,8 


One-to-One Functions, pp. 657-658 

If each value in the range of a function f(x) corresponds 
to only one value in the domain, the function is called 
a one-to-one function. 

If two different input values for f(x) are associated with 
the same output value, f(x) is not a one-to-one 
function. 


Horizontal-Line Test 


If a horizontal-line can intersect the graph of a function 
at more than one point, the function is not one-to-one. 


Not one-to-one 
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Inverse of a Function, pp. 659-660 

If a one-to-one function assigns an input value x to 
an output value y, that function’s inverse assigns 
the input value y to an output value x. 

The notation f '(x) is used to denote the inverse of 
a one-to-one function f(x). 


If f(x) is a one-to-one function and f(3) = 10, then f-'(10) = 3. 


Verifying That Two Functions Are Inverses, pp. 659-660 
Two one-to-one functions f(x) and g(x) 

are inverse functions if (f ° g)(x) = x 

and(g ° f)(x) = x. 


Finding an Inverse Function for a One-To-One Function f(x), pp. 660-663 


1. Replace f(x) with y. 

2. Interchange x and y. 

3. Solve the resulting equation for y. 
4 


. Replace y with f-'(x). 


+ 
Verify that f(x) = 2x — 3 and g(x) = x 5 : 
are inverse functions. 
(f° g)(x) (g ° f)(x) 
ee eae = g(2x — 3) 
= Db) (2x = 3) +3 
af BS > 2 
- a 2 ) a _ 2x 
=x+3-3 7) 
= ¥ = 7 
The functions are inverses. 
For f(x) = 7x + 19, find f-!(x). 
y= 7x + 19 
x= Ty +19 
x —19=7Ty 
w= 19. 
7 y 
, x —- 19 
Ma) =*5 


SUMMARY OF CHAPTER 11 STUDY STRATEGIES 


This chapter's study strategies focused on creating the proper study environment. 


e Find a location that is free from distractions. 


e Determine what level of background noise you can 


tolerate without becoming distracted. 


e Select a location that accommodates all of your 


materials. 


e Select a location that provides sufficient lighting. 


e Select a location that is comfortable, including a tem- 
perature that is neither too hot nor too cold. 


e Find locations at home and on campus that are con- 
ducive to studying and stay away from distractions 
such as TV while you are studying. 


CHAPTER 11 REVIEW 


1. Does a function exist for which the input value isa | Determine the domain and range of the function 
mathematics instructor and the output value is the = graphed. [11.1] 
state in which the instructor was born? [11.1] 


2. Does a function exist for which the input value is the mm y 2 y 
political party of a state’s governor and the output 10, 10 
value is the state? [11.1] 8 gl 
: ; - ee causaine 
Use the vertical-line test to determine whether the graph 4 me 
represents a function. [11.1] ) ob 
3. sp tgaene® = tobe 
—2 —2. 
-4 
-6 
-8 


Use the graph of the function f(x) to find the indicated 
function value. [11.1] 


15. /(4) es 
16. f(-1 [ 
rn (-1) ; 
< 7 i c i al P jj if | 4 6 >xX 
~gt 
Vv 
Use the graph of the function f(x) to determine which 
Evaluate the given function. [11.1] values of x satisfy the given equation. [11.1] 
5. f(x) = 2x, f(-5) ee a —: 


= 3x - 7, f(4) 18. f(x) = —5 


No fa wo 


Worked-out solutions to Review Exercises marked with can be found on page AN-43. 
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Graph each function, [11.2] 
19. f(x) = —3x — 6 


20. f(x) = 2x + 4 


Use the graph to determine the linear function f(x) on 
the graph. [11.2] 


23. 


y 
A 


| 
On 
<1 


24. 


ROO 
TT < 


| 
aN 


25. A rental car company charges a fixed fee for renting 
a car, in addition to charging per mile driven. If a per- 
son rents a car and drives it 250 miles, the charge is 
$42.50. If a person rents a car and drives it 400 miles, 
the charge is $50. [11.2] 

a) Find a linear function f(x) = mx + b whose input 
is the number of miles driven and whose output is 
the corresponding charge for renting the car. 


b) Use the function from part a to determine the cost 
of renting a car and driving it 75 miles. 

26. A college club is selling snow cones to raise money. In 
addition to paying $40 to rent space for the day, the 
club also had to spend $60 on a snow cone machine. 
The supplies to make each snow cone cost $0.10, and 
the club is charging $1.50 for each snow cone. [11.2] 
a) Find the cost function C(x). 

b) Find the revenue function R(x). 
c) Find the profit function P(x). 


d) How much profit will be generated if the club sells 
400 snow cones? 


Sketch the graph of the function by shifting. Label 
the vertex, y-intercept, and any x-intercepts. (Round 
x-intercepts to the nearest tenth if necessary.) State the 
domain and range of the function. [11.3] 


27. f(x) = (x - 2) -9 
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28. f(x) = (x +1) +3 For the given function f(x), simplify the difference 
_ JS(x + h) — f(x) 
quotient h . [11.3] 


37. f(x) = x* + 13 
38. f(x) = x? — 6x — 33 


Sketch the graph of the given function by shifting and 
state its domain and range. [11.4] 


39. f(x) = |x —2| -4 


40. f(x) = —|x +3|-2 


Graph the given square-root function and state its 
domain and range. [11.4] 


41. f(x) = Vx —-2+7 


Find the maximum or minimum value for each of the given 
quadratic functions. [11.3] 
GD f(x) = x? — 12x + 60 
32. f(x) = —x? + 16x — 70 
33. f(x) = (x + 9)? — 25 
34, f(x) = —(x + 8)? -— 39 
35. A projectile is launched upward with an initial velocity of 
176 feet/second from the roof of a building. The height of 
the projectile (in feet) after t seconds is given by the func- 


tion h(t) = —16t? + 176¢ + 42. What is the maximum 
height the projectile reaches? [11.3] 


42, f(x) = Vx+5-3 


36. A farmer has 144 feet of fencing to make a rectangular 
corral. What dimensions will result in the maximum area? 
What is the maximum area possible? [11.3] 
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43. f(x) = -Vx+1+2 


44. f(x) = V-(x - 2) +5 


Graph the given cubic function and state its domain 
and range. [11.4] 


GS) f(x) = (x - 2) 46. f(x) =x -1 


Determine the function f(x) that has been graphed. 


[11.4] 
47. y 
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49. y 
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Let f(x) = x? + 9x — 22 and g(x) =x +11. Find the 
following. [11.5] 


50. (f + g)(—S) 
52. (f+ g)(8) 


51. (f — g)(15) 


53. (2) 1 


For the given functions f(x) and g(x), find (f + g)(x). 
[11.5] 


54, f(x) = 6x — 11, g(x) = 4x + 35 

For the given functions f(x) and g(x), find (f — g)(x). 
[11.5] 

55. f(x) = 8x — 33, g(x) = —8x + 55 

For the given functions f(x) and g(x), find (f+ g)(x). 
[11.5] 

56. f(x) =x -— 9, g(x) =x+4 


For the given functions f(x) and g(x), find (4) (x). [11.5] 
57. f(x) = x* — x — 6, g(x) = x? — 10x + 21 —— 
Let f(x) =x +4 and g(x) = x? — 14x + 48. Find the 
following. [11.5] 


58. (f ° g)(8) 59. (g ° f)(9) 


For the given functions f(x) and g(x), find (f ° g)(x). and 
(g ° f)(*). 11.5] 


60. f(x) = 6x — 17, g(x) = 3x + 20 
61. f(x) = 2x + 15, g(x) = —4x + 9 


GD f(x) = x — 8, e(x) = x? + 7x — 56 


63. f(x) = 3x + 7, g(x) = x? -— 9x +41 


64. Is the function whose input is a person and whose 
output is that person’s favorite fast-food restaurant a 
one-to-one function? Explain your answer in your 
own words. [11.6] 


65. Is the function whose input is a player on your 
school’s basketball team and whose output is that 
player’s uniform number a one-to-one function? 
Explain your answer in your own words. [11.6] 


Use the horizontal-line test to determine whether the 
function is one-to-one. [11.6] 


66. 67. 


Hn oO CO 
iii 


Determine whether the functions f(x) and g(x) are inverse 
functions by evaluating whether (f° g)(x) =x and 
(g ° f)(*) =x. [11.6] 
68. f(x) = 3x + 4, g(x) = 4x -— 3 
x + 10 
2 


69. f(x) = 2x — 10, g(x) = 


1 
70. f(x) = 4x + 18, g(x) = 47 + 
= 


71. f(x) = —5x + 9, g(x) = 5 
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For the given function f(x), find f~'(x). State the 
domain of f~'(x). [11.6] 


72. f(x) =x — 10 


73. f(x) = 2x — 15 


9x +2 
Ge fG)=— 
7X 

The PR) Fes OA 


For the given graph of a one-to-one function f(x), graph 
its inverse function f~\(x). [11.6] 
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For Extra Help 


Cc HAPTE R 1 1 TE ST 4 CHAPTER Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 
° 


Test Prep on DVD, in MyMathLab | _ and on Youfff) (search "WoodburyElemIntAlg” and click on “Channels”). 


1. Does a function exist for which the input value is a 
state and the output value is the state’s capital 
city? 


8. f(x) =ir-4 


2. Use the vertical-line test to determine whether the 
graph represents a function. 


9. A ceramics shop holds birthday parties for children. 
They charge a party fee in addition to a fee for each 
guest attending. A party with 10 guests costs $105, 
while a party with 25 guests costs $210. Find a linear 
function f(x) = mx + b whose input is the number 
of guests and whose output is the cost of the party. 


< 


Graph the function by shifting. Label the vertex, y- 
intercept, and any x-intercepts. Round to the nearest 


Evaluate the given function. tenth if necessary. 


3, f(x) = -2x + 35, f(-8) 10. f(x) = (x + 4-6 
4. f(x) = 5x + 16, f(6a — 5) 
5. f(x) = x? — 15x + 54, f(-9) 


6. Determine the domain and range of the function f(x) 
that has been graphed. 


—10 


< 


Graph each function. 
7. f(x) = —4x + 6 


12. A young child throws a ball upward with an initial 
velocity of 20 feet/second. The height of the ball 
(in feet) after ¢ seconds is given by the function 
h(t) = —16f* + 20¢ + 3. What is the maximum height 
the ball reaches? 
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Graph the given function and state its domain and range. 17. If f(x) =5x —2 and g(x) = x* — 4x — 13, find 
13. f(x) = |x + 4| -5 (f + g)(-2 
18. If f(x) =x-—6 and g(x) = x? + 6x + 36, find 
(f+ g)(*). 


Let f(x) = x + 7 and g(x) = 2x — 8. Find the following. 
19. (f ° g)(6) 20. (g ° f)(6) 


14. f(x) = Vx + 1-3 15. f(x) = (x+1)3+8 For the given functions f(x) and g(x), find (f ° g) (x). 
21. f(x) = 4x + 13, g(x) = —2x 4+ 23 
22. f(x) = x”? — 9x — 30, g(x) =x + 12 
23. Use the horizontal-line test to determine whether the 
function is one-to-one. 


at 


16. Determine the function f(x) on the graph. 24. Determine whether f(x) =2x —16 and g(x) = 


5X + 8 are inverse functions. Recall that f(x) and 
g(x) are inverse functions if (f ° g)(x) = x and 


(g ° f)(x) = x. 


For the given function f(x), find f~'(x). 


25. f(x) = —4x + 20 


26. f(x) = 


Mathematicians in History 
Leonhard = uler (pronounced “oiler”) is believed by many to have 


been the greatest mathematician of the 18th century. He was clearly one of the most 
prolific, authoring more than 800 papers and books. He is credited with introducing 
the function notation f(x) that is still used today. 

Write a one-page summary (or make a poster) of the life of Euler and his mathe- 
matical achievements. 


Interesting issues: 

e Where and when was Leonhard Euler born? 
e On what currency did Euler's face appear? 
e What are the Seven Bridges of K6nigsberg? 
e Who invited Euler to Berlin in 1741? 

e On the day he died, Euler was lecturing to his grandchildren. What was the subject? What were his last words? 
e Besides function notation, what other notation did Euler introduce? 

e What physical condition did Euler have for the last 20 years of his life? 
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Solve. [8.1] 
1. |x + 3) -8 =-2 


Solve the inequality. Graph your solution on a number 
line and write your solution in interval notation. [8.2] 


2¢ =24 9 = 17 


3. -11 = 4x - 13 = 39 


Solve the inequality. Graph your solution on a number 
line and write your solution in interval notation. [8.2] 


4, 2x +1|>5 


5. |x| — 8 < -3 


Factor completely. [8.4] 


6. x? — 3x — 54 
7. 4x? — 36x + 32 
8. x7 + 11x + 30 
9. 49x? — 64 


Solve. [8.5] 


10. 3x — 2y = 22 
7x + 4y = 34 


Solve. [8.5] 
Wxt+y+z=6 
x + 3y — z= 20 
2x —4y + z= —16 


Evaluate the radical function. (Round to the nearest 
thousandth if necessary.) [9.1] 


12. f(x) = V6x — 58, f(19) 


Rewrite as a radical expression and simplify if possi- 
ble. Assume that all variables represent nonnegative 
values. [9.2] 


13. (16x!°)32 


Simplify the expression. Assume that all variables repre- 
sent nonnegative values. [9.2] 
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Simplify the radical expression. Assume that all vari- 
ables represent nonnegative values. [9.3] 


15. V75r?25!%9 


Subtract. Assume that all variables represent nonnegative 
values. [9.3] 


16. 7V108 — 2V48 


Multiply. Assume that all variables represent nonnega- 
tive values. [9.4] 


17. (4V3 — 2V5)(5V3 + 4V5) 


Rationalize the denominator and simplify. Assume that 
all variables represent nonnegative values. [9.4] 


abc? 
Varb®c 
5V5 + 6V2 
"A4V5 - 3V2. 


18. 


19 


Solve. Check for extraneous solutions. [9.5] 


20. V2x+7-3=4 
21.Vx+6=x 


22. For the function f(x) = V2x — 9, find all values x 
for which f(x) = 5. [9.5] 


Express in terms of i. [9.6] 


23. V—360 


Multiply. [9.6] 
24, (2 + 5i)(9 — 2i) 


Rationalize the denominator. [9.6] 
Si 


25. 
a a 


Solve by extracting square roots. [10.1] 
26. (x + 2)? + 41 = 23 
Solve by using the quadratic formula. [10.2] 


27. 3x? — 10x - 21 =0 


Solve by using a u-substitution. [10.3] 
28. x* — 11x? + 18 =0 
29. x + 3Vx - 10 =0 


Solve. [10.3] 
30. Vx +23 -x=3 


Solve. [10.1-10.2] 
31. x? — 12x + 27 =0 


Graph the quadratic equation. Label the vertex, the 
y-intercept, and any x-intercepts. [10.4] 


32. y = -x7 + 8x +6 


33. y=x?-4x4+7 


Solve the quadratic inequality. Express your solution on 
a number line and in interval notation. [10.6] 


34. x7 — 10x + 24 <0 


Solve the rational inequality. Express your solution on a 
number line and in interval notation. [10.6] 


x? — 2x — 48 
——_— <= 


38: x+5 


36. The length of a rectangular lawn is 5 feet more than its 
width. If the area of the lawn is 980 square feet, find the 
dimensions of the lawn. Round to the nearest tenth of 
a foot. [10.5] 
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37. A projectile is launched upward with an initial velocity 
of 80 feet per second from the roof of a building 12 feet 
high. How long will it take until the projectile lands 
on the ground? Round to the nearest hundredth of a 
second. (Use the function h(t) = —16f* + vot + s.) 
[10.2] 


38. A water tank is connected to two pipes. When both 
pipes are open, they can fill the tank in 5 hours. The 
larger of the pipes can fill the tank 3 hours sooner 
than the smaller pipe can. How long will it take the 
smaller pipe, working alone, to fill the tank? Round to 
the nearest tenth of an hour. [10.3] 


Evaluate the given function. [11.1] 
39. f(x) = 3x — 10, f(4n — 11) 
40. f(x) = x* — 10x + 51, f(-5) 


Graph the function. [11.2] 


41. f(x) = -5x —4 


42. A company charges a fixed fee for renting a moving 
van, in addition to charging per mile driven. If a per- 
son rents a moving van and drives it 100 miles, the 
charge is $35. If a person rents a moving van and 
drives it 160 miles, the charge is $44. [11.2] 


a) Find a linear function f(x) = mx + b whose in- 
put is the number of miles driven and whose out- 
put is the corresponding charge for renting the 
moving van. 


b) Use the function from part a to determine the cost of 
renting a moving van and driving it 300 miles. 


Find the maximum or minimum value for the given 
quadratic function. [11.3] 


43. f(x) = x” — 30x + 129 


44. A projectile is launched upward with an initial veloc- 
ity of 144 feet/second from the roof of a building. The 
height of the projectile (in feet) after ¢ seconds is 
given by the function h(t) = —16r? + 144r + 50. 
What is the maximum height the projectile reaches? 
[11.3] 
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Graph the given function by shifting and state its domain 
and range. [8.3, 11.3, 11.4] 


45. f(x) = (x -3)?-4 


46. f(x) = |x — 2] -— 5 


47. f(x) = Vx 4-1 


Find (f + g)(x). [11.5] 
49. f(x) = 7x + 11, g(x) = 3x — 42 


Find (f ° g)(x) and (g ° f)(x). [11.5] 
50. f(x) =x + 6,g(x) =x? — 2x + 12 


Determine whether the functions f(x) and g(x) are inverse 
functions. Recall that f(x) and g(x) are inverse functions 


if (f° g)(¥) = x and (go f)(x) = x. [11.6] 
x—-8 


51. f(x) = 3x + 8, g(x) = 3 


For the given function f(x), find f~'(x). [11.6] 
52. f(x) = 3x — 19 


3 
x—9 


53. f(x) = 


Logarithmic and 
Exponential Functions 


Exponential Functions 
12.2 Logarithmic Functions 
12.3 Properties of Logarithms 


In this chapter, we will investigate exponential functions and logarithmic 


functions. These types of functions have many practical applications, in- 


12.4 Exponential and cluding calculating compound interest and population growth, using radio- 
Logarithmic Equations carbon dating, and determining the intensity of an earthquake or the pH of a 
12.5 Applications of Exponen- het 
tial and Logarithmic Sete: 
Functions 
12.6 Graphing Exponential 
andi Toganienmic STUDY STRATEGY 
Functions 
Chapter 12 Summary Practice Quizzes Creating practice quizzes is an excellent way to prepare for 


exams. It is important to put yourself in a test environment before taking a 
test, without facing the consequences of a test. Practice quizzes will tell you 
which topics you understand and on which topics you need further work. 
Throughout this chapter, we will revisit this study strategy and help you incor- 


SS porate it into your study habits. 


OBJECTIVES 


1 Define exponential functions. 

(2. Evaluate exponential functions. 

3) Graph exponential functions. 

‘4 Define the natural exponential function. 
5 Solve exponential equations. 

6 Use exponential functions in applications. 


Definition of Exponential Functions 


Objective 1 Define exponential functions. Would you rather have $1 mil- 
lion or $1 that gets doubled every day for 30 days? You may be surprised by 
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just how much that $1 is worth at the end of 30 days. The following table shows 
you: 


Day Amount ($) Day Amount ($) Day Amount ($) 
il $1 11 $1024 21 $1,048,576 
2) $2 12 $2048 22; $2,097,152 
3 $4 13 $4096 238 $4,194,304 
4 $8 14 $8192 24 $8,388,608 
5 $16 iS $16,384 2S) $16,777,216 
6 $32 16 $32,768 26 $33,554,432 
i $64 le; $65,536 Di $67,108,864 
8 $128 18 $131,072 28 $134,217,728 
9) $256 19 $262,144 29 $268,435,456 

10 $512 20 $524,288 30 $536,870,912 


After 30 days, the $1 would turn into over $500 million. Notice that although the 
total grew quite slowly at first, it increased quickly toward the end of the 30 days. 
The amount of money after x days can be expressed as f(x) = 2*'. This is an ex- 
ample of exponential growth, which is based on exponential functions. 


Exponential Function 


A function that can be written in the form f(x) = b*, where b > Oandb # 1, 
is called an exponential function with base b. 


[If b = 1, then f(x) is simply the constant function f(x) = 1.] 


This type of function is called an exponential function because the variable is in an 
exponent. Some examples of exponential functions are as follows: 


foy=2* payaso fy =(Z) fey= ar pepe eter 


Evaluating Exponential Functions 


Objective 2 Evaluate exponential functions. We evaluate exponential func- 
tions the same way we evaluate other functions: substitute the specified value for 
the function’s variable and then simplify the resulting expression. 


Let f(x) = 3°. Find the following: 
a) f(4) 
SOLUTION 


Begin by substituting 4 for x and then simplify the resulting expression. 
f(4) = 34 Substitute 4 for x. 
= 81 Simplify. 
b) f(0) 


SOLUTION Substitute 0 for x. 


3° Substitute 0 for x. 


1 Simplify. Recall that raising a nonzero base to the exponent 0 is 
equal to 1. 


12.1 Exponential Functions 687 


c) f(-2) 
SOLUTION Substitute —2 for x. 


f(-2) =3° Substitute —2 for x. 
1 
= zy Rewrite the expression without a negative exponent. Recall 
1 
hat b" = —. 
that b pr 
= Simplif 
9 pity. 
Quick Check 1 
Let f(x) = 4*. Find f(5) and f(—3). 


Let f(x) = 5+3** + 16. Find f(6). 


SOLUTION This function, although more complex than those in previous exam- 
ples, also is an exponential function. Substitute 6 for x and then simplify. 


f(6) = 5+3°*+ 16 Substitute 6 for x. 
= 5-3*°+16 Simplify the exponent. 
Quick Check 2 


Let f(x) = 2°77? = 19. 
Find f(—1). 


= 61 Simplify. 


Using Your Calculator To simplify the expression 5-3? + 16 with the TI-84, you 
use the button labeled [*]. Here is how the calculator screen should look. 


sea 2+16 
61 


Graphs of Exponential Functions 


Objective 3 Graph exponential functions. To understand the behavior of 
exponential functions, we must examine the graphs of these functions. In this sec- 
tion, we will learn to create a quick sketch of the graph of an exponential function. 
A more thorough presentation of graphing exponential functions, including finding 
x-intercepts, will be given in Section 12.6. For now, we will plot points for selected 
values of x. 

Consider the function f(x) = 2*. Here is a table of values of f(x) for values of x 
ranging from —3 to 3. 


We plot the ordered pairs and then draw a smooth curve passing through those 
points. The domain of this function is the set of all real numbers (—co, ©). As we 
look to the left of the graph, the function gets closer to the x-axis without actually 
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touching it. In this case, we say that the x-axis is a horizontal asymptote for the 
graph of the function f(x) = 2*. 


A horizontal asymptote is a horizontal line that the graph of a function ap- 
proaches as it moves to the left or to the right. The horizontal asymptote is placed 
on the graph as a dashed line because the points on the asymptote are not part of 
the graph of the exponential function. 


The horizontal asymptote also helps us determine the range of an exponential 
function. As the values of x decrease, the values of f(x) get closer and closer to 0 
without ever reaching it. As the values of x increase, the function values increase 
without limit. The range of this function is (0, ©o). 

An exponential function of the form f(x) = b* (b > 1) is an increasing func- 
tion. This means that as x increases, so does f(x). The graph of an increasing func- 
tion moves upward as it moves from left to right. Notice that the function increases 
at a slow rate for values of x that are less than 0, but increases more rapidly as the 
values of x increase. 

To graph an exponential function of y 
the form f(x) = b* where b > 1, we begin 4 
by graphing the horizontal asymptote on 
the x-axis, which is the line y = 0. Next, we 
plot a point on the y-axis at (0, 1), as well 
as two other points at (1, b) and {| —1, a) 
Then we draw the graph of the function 
through these points, increasing toward the 
right and approaching the horizontal as- 
ymptote toward the left. 
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Quick Check 3 


Graph f(x) = 5* and state the 
domain and range of f(x). 


Graph f(x) = 3* and state the domain and range of f(x). 


SOLUTION. We begin by plotting the hori- 
zontal asymptote on the x-axis. Next, we 
i 

plot points at (0,1), (1,3), and (1,4). 
We finish by drawing the smooth curve 
passing through these points. 

The domain of any exponential func- 
tion is (—0o, oo). From the graph, we see 
that the range is (0, ©). 


Here are the graphs of f(x) = 2* and 
g(x) = 3* on the same set of axes. Notice 
that for positive values of x, the function 
g(x) = 3* increases more quickly than the 
function f(x) = 2* does. For exponential 
functions of the form f(x) = b*, b > 1, the 
function increases more quickly for larger 
values of the base b. 


The graph of an exponential function of the form f(x) = b* where 0 < b < 1,such 
1 x 
as f(x) = (3) , decreases from left to right. To graph an exponential function of 


this form, we begin by graphing the horizontal asymptote on the x-axis, which is the 
line y = 0. Next, we plot a point on the y-axis at (0, 1), as well as two other points at 


1 
(1, b) and (-1 +) Then we draw the graph of the function through these points, 


decreasing toward the right and approaching the horizontal asymptote. 


y 
A 


y=0 (0,1) & C,4) 


Note that a function such as f(x) = 5 ~* is also a function of this form because 


it can be rewritten as f(x )= (3 Ve 


690 CHAPTER 12 Logarithmic and Exponential Functions 


Quick Check 4 


1 x 
Graph f(x) = (+) and state 


the domain and range of f(x). 


Graph f(x) = (3) and state the domain and range of f(x). 


SOLUTION Begin by plotting the horizontal asymptote on the x-axis. Next, plot 
1 
points at (0, 1), € >), and (—1,3). Finish by drawing the smooth curve passing 


through these points. 


—2b 
Vv 


The domain of any exponential function is (—0o, 00). From the graph, we see that 
the range is (0, ©). 


One last fact about exponential functions is that they are one-to-one functions. We 
can determine that exponential functions are one-to-one functions by applying the 
horizontal-line test. 


The Natural Exponential Function 


Objective 4 Define the natural exponential function. One number that 
will be used as the base of an exponential function is an irrational number that is 
denoted by the letter e and is called the natural base. 


The Natural Base e 
| é  2.7182818984.... | 


The use of the letter e to denote this number is credited to Leonhard Euler. You 
may think that he chose e because it was the first letter of his last name, but many 
math historians claim that he had been using the letter a in his writings and that e 
was simply the next vowel available. 


The Natural Exponential Function 
| The function f(x) = eis called the natural exponential function. | 
Calculators have a built-in function for evaluating the natural exponential function. 
It usually is listed above the key labeled “In.” 


Let f(x) = e*. Find the following and round to the nearest 
thousandth: 


a) f(5) 
SOLUTION 


f(5) =e Substitute 5 for x. 
148.413 Approximate using a calculator. 


2 


Quick Check 5 

Let f(x) = e*. Find f(—1) and 
f (4.3). Round to the nearest 
thousandth. 
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b) f(-1.7) 
SOLUTION 
f(-1.7) =e? — Substitute —1.7 for x. 


0.183 Approximate using a calculator. 


2 


Using Your Calculator The TI-84 has a built-in function e*, which is a 2nd func- 
tion above the key labeled [LN]. To calculate e°, begin by tapping the key, followed 
by the key. Notice that the calculator gives you a left-hand parenthesis. After you 
key the exponent 5, close the parentheses by tapping (J. After you tap , your 
calculator screen should look as follows: 


eco) 
145.4131391 


To graph f(x) = e*, we will begin by creating a table of values for this function. 


As with any exponential function of the form y 
f(x) = b’, the horizontal asymptote is the line 
y = 0. The domain of this function is the set 
of all real numbers (—©9, co), while the range 
is (0, 0). 


Solving Exponential Equations 


Objective 5 Solve exponential equations. An exponential equation is an 
equation containing a variable in an exponent, such as 2* = 16. One technique for 
solving exponential equations is to write both sides of the equation in terms of the 
same base. If this is possible, we can then apply the one-to-one property of expo- 
nential functions to solve the equation. 


One-to-One Property of Exponential Functions 


For any positive real number b (b # 1) and any real numbers r and s, if b" = b’, 


thenr = s. 
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Solve 2* = 16. 


SOLUTION Begin by expressing 16 as a power of 2. 
2* = 16 
2* =2* Rewrite 16 as 2‘. 
x =4 Use the one-to-one property of exponential functions. 


The solution set is {4}. 


a2 1 
gr = 1 


Solve 
SOLUTION We can rewrite # as3°. 


1 
3x42 7 3 
27 
3*'2 = 33 Rewrite #5 as 3°. 
FEDQVH= =3 If’ = D’,thenr='s, 


x = -—5 Subtract 2. 


The solution set is {—5}. 


Quick Check 6 
Solve. 


a) 4° = 256 b) er =9 


Applications 


Objective 6 Use exponential functions in applications. We conclude this 
section with an application of exponential functions. 


The population of a particular small town can be approximated by 
the function f(x) = 75,000: e°°'**, where x represents the number of years after 
1990. What will the population of the town be in 2020? 


SOLUTION _ To predict the town’s population in 2020, we evaluate the function for 
x = 30, which is 2020 — 1990. 
f(30) = 75,000- e°'8% — Substitute 30 for x. 
= 75,000: e°4 Simplify the exponent. 


128,701 Approximate using a calculator. Round to the 
nearest person. 


2 


The town’s population in 2020 will be approximately 128,701. 


Quick Check 7 


The total revenues generated in a given year by McDonald’s (in billions of 
dollars) can be approximated by the function f(x) = 7.4- 1.08", where x repre- 
sents the number of years after 1992. Use this function to predict the total reve- 
nues of McDonald’s in 2018. (Source: McDonald’s Corporation) 
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BUILDING YOUR STUDY STRATEGY 


Practice Quizzes, 1 Assess Your Knowledge Many students have an easy 
time following along in class or doing their homework but struggle when at- 
tempting to do problems on an exam or a quiz. While you work through your 
exercises, all of your resources are available—textbooks, solutions manual, 
notes, tutor, and study group members. However, when you are taking an exam 


or a quiz, you do not have access to these resources. A student who is relying 
too heavily on his or her resources may not realize this fact until it is too late. 

Creating and taking your own practice quiz is an excellent way to assess 
your knowledge. You can put yourself in a test situation without facing the con- 
sequences of taking an actual test. Attempt the problems without using any of 
your resources, and you will determine which topics require more study. 


MyNixthiab\y «zp [# | G = & 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary Evaluate the given function. 
1. A function that can be written in the form 15. f(x) = 4*-°, f(5) 
f(x) = b*,b > Oand b # 1, is called a(n) 16. f(x) = 4* — 3, f(5) 
function with base b. 17. f(x) = 3**? — 19, f(4) 
2. A(n) is a horizontal line that 18. f(x) = 3*-4 + 46, f(8) 
the graph of a function approaches as it moves to the 19. f(x) = 52**! + 400, f(2) 
left or to the right. 20. f(x) = 23*-4 — 225, f(3) 
3. If f(x) increases as x increases, f(x) is said to be 1\"*4 
a(n) ________ function. 21. f(x) = r) » f (2) 
4. If f(x) decreases as x increases, f(x) is said to be 1\7-5 
a(n) _____ function. 22. f(x) = (5) » f(10) 
5. The one-to-one property of exponential functions 23. f(x) = 4% + 18, f(-2) 
states that for any positive real number b (b # 1) 24. f(x) = 8* — 52, f(-3) 


and any real numbers r and s,if b" = b’, then 


6. The function f(x) = e* is called the 
exponential function. 


Graph f(x). Label the horizontal asymptote. State the 
domain and range of the function. 


Let f(x) = 2". Find the following. 25. f(x) = 4" 26. f(x) = 10° 
7. f(4) 8. f(7) 
9. F(0) 10. f(—1) 


Let f(x) = (2). Find the following. 
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27. f(x) = (ay 28. f(x) = (3) 


30. f(x) = 2* 


31. f(x) = 6" 32. f(x) = 8" 


Let f(x) = e. Find the following, rounded to the nearest 
thousandth. 

33. f (2) 

34. f(-1) 
35. f(—5.2) 
36. f (4.13) 


Evaluate the given function. Round to the nearest 
thousandth. 


37. f(x) =e" F(-1) 


38. f(x) = e**?, f (3) 
39. f(x) =e, f(-2) 
40. f(x) = e-5, f(2.7) 


Solve. 

41. 3* = 81 42. 2* = 32 

43. 5* = 125 44. 10* = 100,000 

45, 6° = 3 46. 4° = % 

47, 2*-© = 32 48. 7*-3 = 343 

49, 5**4 = 3 50. 10° = iq99 
1\x+1 1 1\x-2 1 

51. (3) = a5 52. (4)" = a6 

53.6" = 216 54, 8**!4 = 64 

55, 34°13 = saa 56. 25*-22 = a8 

oo Va ag. 1 = 7 

59, 2° +376 = 16 60. 37-8415 = 27 

61. Wendy deposited $5000 in an account that pays 


62. 


63. 


64. 


65. 


66. 


67. 


13% annual interest, compounded annually. The 
balance after ¢ years is given by the function 
f(t) = 5000(1.13)'. What will the balance of this ac- 
count be after 40 years? 


Mary deposited $350 in an account that pays 5% an- 
nual interest, compounded annually. The balance af- 
ter t years is given by the function f(t) = 350(1.05)’. 
What will the balance of this account be after 6 years? 


Dylan deposited $10,000 in an account that pays 
9% annual interest, compounded quarterly. The 
balance after ¢ years is given by the function 
f(t) = 10,000(1.0225)*. What will the balance of 
this account be after 5 years? 


Adam deposited $50,000 in an account that pays 
6% annual interest, compounded quarterly. The 
balance after ¢ years is given by the function 
f(t) = 50,000(1.015)*. What will the balance of this 
account be after ten years? 


In 1995, a particular Cal Ripken baseball card was 
valued at $8. By 2003, the card had increased in value 
to $20. The value of the card can be approximated by 
the function f(t) = 8-e°''”, where t represents the 
number of years after 1995. Assuming that the value 
of the card continues to grow exponentially, predict 
the value of the card in 2017. 


The average ticket price for attending a movie has 
been increasing exponentially. The average ticket 
price in a particular year can be approximated by the 
function f(t) = 4.69-e°°°”, where f represents the 
number of years after 1998. (This average price in- 
cludes both first run and subsequent runs as well as all 
special pricing.) Use this function to predict the aver- 
age ticket price in 2015. (Source: Motion Picture 
Association of America (MPAA)) 

The net revenues of Amazon.com in a particular year, 
in billions of dollars, can be approximated by the 
function f(t) = 2.8-e°!’°", where ¢ represents the 


number of years after 2000. If net revenues continue 
to grow at this rate, predict the net revenues of 
Amazon.com in 2016. (Source: Amazon.com, Inc.) 
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Assuming that this rate of growth continues, use this 
function to predict the number of U.S. wineries in 
2025. (Source: Alcohol and Tobacco Tax and Trade 


Bureau) 


68. The number of Walmart stores in a particular year can 
be approximated by the function f(t) = 2440+ e°°, 
where f represents the number of years after 1993. As- 
suming that this rate of growth continues, use this 
function to predict the number of Walmart stores in 
2018. (Source: Walmart Stores, Inc.) 


69. If a container of water whose temperature is 80°C is 
placed in a refrigerator whose temperature remains a 
constant 4°C, the temperature of the water, in degrees 
Celsius, after ¢ minutes is given by the function 
f(t) = 4+ 76-e°°'*, What will the temperature of 
the water be after 60 minutes? 


e===- Writing in Mathematics 


70. If a person dies in a room that is 70°F, the body’s tem- 
perature in degrees Fahrenheit after ¢ hours is given 
by the function f(t) = 70 + 28.6-e°*. What will 
the body’s temperature be after 3 hours? 


Answer in complete sentences. 


x 


73. Explain the difference between the graph of f(x) = b 
forb>1 and0<b<1. 


71. The average cost of a loaf of white bread in a particu- 
lar year can be approximated by the function 
f(t) = 0.74+ 1.033‘, where ft represents the number of 
years after 1993. Use this function to approximate the 
cost of a loaf of white bread in 2020. (Source: U.S. 
Bureau of Labor Statistics) 


74. Explain the difference between the graph of 
(x) = 2" and g(x) = x’, 


75. Create an exponential equation whose solution is 


72. The number of U.S. wineries in a particular year can x = 4 and explain how to solve the equation. 


be approximated by the function f(t) = 669+ 1.055’, 
where ¢ represents the number of years after 1975. 


OBJECTIVES 


1. Define logarithms and logarithmic functions. 

@ Evaluate logarithms and logarithmic functions. 

@ Define the common logarithm and natural logarithm. 

‘4 Convert back and forth between exponential form and logarithmic form. 
5 Solve logarithmic equations. 

‘6 Graph logarithmic functions. 

7 Use logarithmic functions in applications. 


Logarithms 


Objective 1 Define logarithms and logarithmic functions. In this section, 
we will examine numbers called logarithms. Prior to the development of modern 
technology such as computers and handheld calculators, logarithms were used to 
help perform difficult numeric calculations. Although this is no longer a practice, 
logarithms are still important in today’s society and are used in a variety of applica- 
tions, such as the study of earthquakes and the pH of a chemical substance. 
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Quick Check 1 
Evaluate. 

a) log,16 b) log; 4 
c) logy,12 d) loge 1 
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Suppose we are trying to determine what power of 2 is equal to 10; in other 
words, we are trying to solve the equation 2“ = 10 for a. This unknown exponent a 
is a logarithm that can be expressed as log, 10. We read log, 10 as the logarithm, 
base 2, of 10. 


Logarithm 


For any positive real number b (b # 1) and any positive real number x, we de- 
fine log, x to be the exponent to which b must be raised to equal x. The number 
x is called the argument of the logarithm. The argument must be a positive 
number, as it is the result obtained from raising a positive number to a power. 


So log; 25 is the exponent to which 5 must be raised to equal 25. In other words, 
log; 25 is the value of y that is a solution to the equation 5” = 25. Because we know 
that 5? = 25, we know that log; 25 = 2. 


Logarithmic Functions 


For any positive real number b such that b # 1, a function of the form 
f(x) = log, x is called a logarithmic function. This function is defined for val- 
ues of x that are greater than 0; so the domain of this function is the set of posi- 
tive real numbers: (0, ©). 


Later in this section, we will see that logarithmic functions are the inverses of expo- 
nential functions. 


Evaluating Logarithms 
and Logarithmic Functions 


Objective 2 Evaluate logarithms and logarithmic functions. Now we will 
shift our focus to evaluating logarithms. 


Evaluate log, 8. 


SOLUTION To evaluate this logarithm, we need to determine what power of 2 is 
equal to 8. Because 2° = 8, log, 8 = 3. 


1 
Evaluate log, —. 
valuate logs 75 


1 
SOLUTION. We need to determine what power of 4 is equal to the fraction 16° The 


only way a number greater than 1 can be raised to a power and produce a result 
1 1 
7” or 16’ log, 16 ~ 2: 


less than 1 is if the exponent is negative. Because 47 = 


One important property of logarithms is that for any positive number b (b # 1), 
log, b = 1. For example, log; 7 = 1. Another important property of logarithms is 
that for any positive number b (b # 1), log, 1 = 0. For example, logy 1 = 0. 


Quick Check 2 


Given the function 
f(x) = log, x, find 


f (ase): 


Quick Check 3 

Evaluate. Round to the nearest 
thousandth if necessary. 

a) log 10,000 

b) log 75 
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Given the function f(x) = log, x, find f(16). 


SOLUTION We evaluate a logarithmic function the same way we evaluate any 
other function. We substitute 16 for x and then simplify the resulting expression. 


f(16) = log, 16 Substitute 16 for x. 
=4 Because 2* = 16, log, 16 = 4. 


Common Logarithms, Natural Logarithms 


Objective 3 Define the common logarithm and natural logarithm. We 
will use two logarithms more often than others. The first is called the common 
logarithm. 


Common Logarithm 
| The common logarithm is a logarithm whose base is 10. | 


In this case, we will write log x rather than log,, x, and the base is understood to be 10. 


A WORD OF CAUTION When working with a logarithm whose base is not 10, we must be 
sure to write the base because log x is understood to have a base of 10. 


Scientific calculators have built-in functions to calculate common logarithms. This 
function is typically denoted by a button labeled “log.” 


Evaluate the given common logarithm. Round to the nearest thou- 
sandth if necessary. 


a) log 100 


SOLUTION To evaluate log 100, we must determine what power of the base 10 is 
equal to 100. Because 10° = 100, log 100 = 2. A calculator would produce the 
same result. 


b) log 321 


SOLUTION _ To evaluate log 321, we use a calculator because we do not know what 
power of 10 is 321. Rounding to the nearest thousandth, we find that 
log 321 ~ 2.507. To check this result, we evaluate 10° on a calculator, which 
should be approximately equal to 321. 


Using Your Calculator The TI-84 has a built-in function for calculating the com- 
mon logarithm of a number. To evaluate log 321, tap the button labeled (LOG). Notice 
that the calculator gives you a left-hand parenthesis. The argument of the logarithm 
needs to be enclosed in parentheses. Then key 321 and close the parentheses by tap- 
ping 0). After you tap [ENTER], your calculator screen should look as follows: 


logtSe13 
2, SHG SB32 


The other logarithm that we will use frequently is called the natural logarithm. 
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Natural Logarithm 


The natural logarithm, denoted In x, is the logarithm whose base is the natural 


base e. 


Recall from the previous section that e is a real number that is approximately equal 
to 2.718281828. Scientific calculators have built-in functions for calculating natural 
logarithms by using a button labeled “In.” 


Evaluate the given natural logarithm. Round to the nearest thou- 
sandth if necessary. 


a) Ine’ 
SOLUTION To evaluate In e’, we must find an exponent a such that e* = e’. In this 


case,a = 7;solne’ = 7. 
Example 5a illustrates another important property of logarithms. 


log, b’ 
| For any positive base b (b # 1), log, b’ = r. | 


b) In 45 


SOLUTION This logarithm must be evaluated by a calculator. Rounded to the 
nearest thousandth, In 45 ~ 3.807. 


Quick Check 4 
Evaluate the following and round to the nearest thousandth if necessary. 
a) Ine? b) In 605 


Using Your Calculator The TI-84 also has a built-in function for calculating the 
natural logarithm of a number. To evaluate In 45, begin by tapping the key. After 
keying the argument 45, close the parentheses by tapping [L)] and then tap . Your 
calculator screen should look as follows: 


Inie4sa 
3, 88666249 


Exponential Form, Logarithmic Form 


Objective 4 Convert back and forth between exponential form and log- 
arithmic form. Consider the equation 5° = 125. This equation is said to be in 
exponential form, as it has a base (5) being raised to a power (3). Any equation in 
exponential form can be rewritten as an equivalent equation in logarithmic form. 
The equation 5* = 125 also can be written in logarithmic form as log; 125 = 3. 


Exponential Form Logarithmic Form 


by=n log,n = y 


Quick Check 6 


Write the logarithmic equation 
log; x = 6 in exponential form. 


Quick Check 7 
Solve log, x = 5. 


Quick Check 8 
Let f(x) = log3(x + 6). 
Solve f(x) = 2. 
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The following images will help when we are rewriting equations from one form to 
the other: 


by=n log,n = y Exponent(y) by =n log,n = y 


Base(b) by =n log,n = y Number(7) 


Write the exponential equation 2° = 556 in logarithmic form. 


SOLUTION This equation can be written in logarithmic form as logs(355) = —8. 


Quick Check 5 
Write the exponential equation 7* = 20 in logarithmic form. 


Write the logarithmic equation In x = 7 in exponential form. 


SOLUTION Recall that the base is e. In exponential form, this equation can be 
written as e’ = x. 


Consider the function f(x) = b*, where b > O and b # 1.To find the inverse of 
this function, we replace f(x) with y and interchange x and y, which produces the 
equation x = b’. If we rewrite this equation in logarithmic form, we obtain the 
equation y = log, x. Because this equation is solved for y, we have shown that 
f-‘(x) = log, x. The inverse of an exponential function is a logarithmic function. 


Solving Logarithmic Equations 


Objective 5 Solve logarithmic equations. When we are solving an equation 
that is in logarithmic form, it will often be helpful to rewrite the equation in its 
equivalent exponential form. We can then attempt to solve the resulting equation. 
For example, suppose we were trying to solve the equation log; x = 2. The expo- 
nential form of this equation is 3* = x, which simplifies to x = 9. 


Solve logs x = 4. 


SOLUTION Begin by rewriting the equation in exponential form. 
log; x = 4 

54 

625 


x Rewrite in exponential form. 


x Simplify. 
The solution set is {625}. 


Let f(x) = In(x — 8). Solve f(x) = 3. Round to the nearest 
thousandth. 


SOLUTION Begin by rewriting the equation in exponential form, keeping in mind 
that the base of this logarithm is e. 


In(x — 8) =3 Set the function equal to 3. 


e? = x — 8 Rewrite in exponential form. 


e+8=x Add 8. 


The exact solution to the equation is x = e* + 8, so the solution set is {e* + 8}. Ap- 
proximating this solution to the nearest thousandth by calculator, we get x ~ 28.086. 


700 CHAPTER 12 Logarithmic and Exponential Functions 


Graphing Logarithmic Functions 


Objective 6 Graph logarithmic functions. We will graph logarithmic func- 
tions by plotting points. As with many other functions, the choice of which points to 
plot is crucial. We find this choice made easier by rewriting a logarithmic function 
in exponential form. Suppose we wanted to graph the function f(x) = log, x. Re- 
placing f(x) with y, we can rewrite the equation y = log, x in exponential form as 
2” = x. We can now choose values for y and find the corresponding values of x. We 
will use the values —2, —1, 0,1, and 2 for y. At this point, we notice that this is simi- 
lar to the way we graphed exponential functions in the previous section, except that 
we are substituting values for y rather than x. 


Shown next is the graph of f(x) = log, x, which passes through the preceding points. 
Notice that the graph includes only positive values of x. Recall that the domain of a 
logarithmic function of the form f(x) = log, x is the set of all positive real numbers, 
written in interval notation as (0, 00). Also notice that as the values of x get closer 
and closer to 0, the graph of the function decreases without bound. The y-axis, whose 
equation is x = 0, is the vertical asymptote for the graph of this function. 


In general, to graph a logarithmic function of the form f(x) = log, x, where b > 1, 
we begin by graphing the vertical asymptote on the y-axis, which is the line x = 0. 
Next, we plot a point on the x-axis at (1,0), as well as two other points at 


1 
(b, 1) and (+. -1). Then we draw the graph of the function, which increases to the 


right, through these points. 


(1,0) (6,1) 


>X 
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Graph f(x) = log,x and state 
the domain and range of f(x). 


SOLUTION For this logarithmic function, 
b = 4. We begin by plotting the vertical asymp- << 
tote on the y-axis. Next, we plot points at 


1 
(1, 0), (4, 1), and (4 -1). We finish by drawing 


the smooth curve passing through these points. 
The domain of this logarithmic function is 
(0, 00), and the range is (— 00, 00), 


Note that as the values of x increase, the function f(x) = log, x does not increase 
nearly as quickly as the function f(x) = log, x does. What would we expect of the 
graph of the function f(x) = log x as x increases? It increases at a much slower rate 
than either of the two previous functions. In general, the larger the base of a loga- 
rithmic function, the slower the function increases as x increases. Here is a graph 
showing all three functions. 


i 
4 L fl) = log, x 
aL. 
Al f(x) = log,x 


f(x) = log.x 


Graph f(x) = In x and state the domain and range of f(x). 


SOLUTION We begin by plotting the vertical asymptote on the y-axis. Recall that 


1 
the base of In x is e,so we plot points at (1, 0), (e, 1), and (4 -1). Note that e © 2.7 


1 
and a 0.4. We finish by drawing the smooth curve passing through these points. 


The domain of this logarithmic function is (0, 00), and the range is (— 00, 00). 
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If0 < b < 1, the graph of the function f(x) = log, x decreases from left to right. Af- 
ter placing the vertical asymptote on the graph (x = 0), we plot points at (1, 0), (b, 1), 


1 
and (} -1). We finish by drawing the graph passing through these points. 


Graph f(x) = logi3x and 
state the domain and range of f(x). 


> 


Wl rR 


SOLUTION For this logarithmic function, b = 


ie) 


we begin by plotting the vertical asymptote on 


the y-axis, as well as points at (1, 0) 


: (=. 1),and oy 
(3, —1). We finish by drawing the smooth curve 
passing through these points. 

The domain of this logarithmic function is 
(0, co), and the range is (— 0°, ©). 


Quick Check 9 
Graph and state the domain and range of the function. 


a) f(x) = logs x b) f(x) = logis x 


Consider the graphs of the functions f(x) = 2* and g(x) = log, x, which have been 
graphed together on the same set of axes along with the line y = x. 

We can see that the two functions are symmetric to each other about the line 
y = x and therefore are inverses of each other. 
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In general, for any positive real number b (b # 1), the functions f(x) = b* and 
g(x) = log, x are inverse functions. We will explore this idea more thoroughly in 
Section 12.4. 


Applications of Logarithmic Functions 


Objective 7 Use logarithmic functions in applications. 


The average height of boys, in 
inches, during their first year of life can be approx- 
imated by the function f(x) = 1.95 In x + 23.53, 
where x is the age in months. Use this function to 
estimate the average height of boys who are 6 months 
old. (Source: Centers for Disease Control and Pre- 
vention (CDC)) 


N 


SOLUTION _ To estimate the average height of boys who are 6 months old, we need 
to evaluate the function when x = 6. 


f(6) = 1.951n6 + 23.53 Substitute 6 for x. 
= 27.02 Approximate by calculator. 


The average height of 6-month-old boys is approximately 27.02 inches. 


Quick Check 10 


The annual sales of a company, in billions of dollars, can be approximated by the 
function f(x) = 7.95 In x + 20.95, where x represents the number of years after 
1995. Use the function to predict the annual sales of this company in 2020. 


The Richter scale is used to measure the magnitude, or strength, of an earthquake. 
The magnitude of an earthquake is a function of the size of the shock wave that it 
creates on a seismograph. If an earthquake creates a shock wave that is J times 
larger than the smallest measurable shock wave that is recordable by a seismo- 
graph, its magnitude R on the Richter scale is given by the formula R = log J. 


If an earthquake creates a shock wave that is 500 times the small- 
est measurable shock wave recordable by a seismograph, find the magnitude of the 
earthquake on the Richter scale. 


SOLUTION In this problem, we are given the fact that J = 500; so we substitute 
500 for Jin the formula R = log J and solve for R. 


R= log! 
R = log 500 Substitute 500 for J. 
R27 Approximate on a calculator. 


The magnitude of this earthquake on the Richter scale is 2.7. 


Quick Check 11 

If an earthquake creates a shock wave that is 2500 times the smallest measurable 
shock wave recordable by a seismograph, find the magnitude of the earthquake 
on the Richter scale. 
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BUILDING YOUR STUDY STRATEGY 


Practice Quizzes, 2 Outline Make your own study quiz for this section by 
selecting odd-numbered problems from the exercise set. Here is a suggested 


outline. 


Number of Problems 


Evaluating logarithms and logarithmic functions 
(including common logarithms and natural logarithms) 


Rewriting an equation in exponential form 


Rewriting an equation in logarithmic form 


Solving logarithmic equations 


Graphing logarithmic functions 


Solving applied problems 


Choose problems of varying levels of difficulty. By choosing odd-numbered 
problems from the exercise set, you will have an answer key for your practice 
quiz in the back of the text. 


ap 7, G| =| & 
PRACTICE WATCH DOWNLOAD READ REVIEW 
Vocabulary 13. log, 64 14. log; 625 
1. For any positive real number b (b # 1) and any 15. logs I 16. logs 1 : 
positive real number x, is the exponent to 17. logs(5) 18 loga(;6) 
which b must be raised to equal x. 19. logs(st3) 20. logs(4) 
2. For any positive real number b such that b ¥ 1, 
a function of the form f(x) = log, x is called Evaluate the given function. 
a(n) ______ function. 
3 — Seton aes eer 21. f(x) = logsx a) f(9) b) f(243) 
. The _______ logarithm is a logarithm whose 
base is 10 and is denoted by log x. x i= es * ae “ Y — as 
4. The logarithm is a logarithm whose F(x) = loga(x ) a F(8) PENS) 
base is e and is denoted by In x. f(x) = log;(2x + 11) a) (35) b) f(116) 
5. An equation of the form b” = nis said to be in 


form. 

6. An equation of the form log, = y is said to be in 
form. 

7. The graph of a logarithmic function has a(n) 

asymptote. 
8. The ________ is used to measure the magnitude, 
or strength, of an earthquake. 
Evaluate. 
9. log, 4 10. log, 32 
11. log; 27 12. log; 81 


Evaluate. Round to the nearest thousandth if necessary. 


25. log 1000 26. log 10 
29. log 112 30. log 47 
31. log 7.42 32. log 0.0018 
33. Ine 34. In(e°) 
1 = 
35. in( 4) 36. In(e”) 
37. In 32 38. In 105 
39. In 16.23 40. In 0.5 


Rewrite in logarithmic form. 


41. 4° = 64 
42, 3° = 243 
43.8? = % 
44,7° = 45 
45. 5* = 42 
46. 2* = 95 
47. 10° = 321 
48. e* = 6 


Rewrite in exponential form. 


49. log, 128 = 7 
50. log; 125 = 3 
51. logs ae = —4 
52. logy iq = —5 
53. Inx = 6 

54. log x = 2 

55. log x +5 = 12 
56. nx — 8 = —4 


Solve. Round to the nearest thousandth if necessary. 


57. log, x = 5 
58. log, x = —2 
59. log; x = —4 
60. log; x = 5 
61. log x = 4 
62. log x = 7 
63. Inx = 2 
64. Inx = —1 


65. log, x + 5 = 8 

66. log,(x + 5) = 8 

67. In(x — 3) + 6 = 10 

68. log(5x + 20) +3 = 6 

69. Let f(x) = log3(2x — 1). Solve f(x) = 4. 


70. Let f(x) = log;(3x + 32) — 5. Solve f(x) = —2. 


71. Let f(x) = log(x — 8) + 5. Solve f(x) = 7. 
72. Let f(x) = In(x + 4) + 6. Solve f(x) = 9. 


Solve. 


73. log; 125 = x 
74. log, 256 = x 
75. log 100,000 = x 
76. log 0.001 = x 
77. logy 27 = x 

78. log,32 = x 


12.2 Exercises 705 


Graph the given function f(x). Label the vertical asymp- 
tote. State the domain and range of the function. 


79. 


81. 


83. 


85. 


86. 


87. 


f(x) = log; x 80. f(x) = log, x 
f(x) = log x 82. f(x) = logs x 
F(x) = logis x 84. f(x) = login x 


The number of U.S. airports in a particular year can 
be approximated by the function f(x) = 14650 + 
1344 In x, where x represents the number of years af- 
ter 1979. Use this function to predict the number of 
US. airports in 2030. (Source: Bureau of Transporta- 
tion Statistics) 


The percent of U.S. workers who drive themselves to 
work can be approximated by the function f(x) = 
72.5 + 2.01 In x, where x represents the number of 
years after 1984. Use this function to predict what 
percent of U.S. workers will drive themselves to work 
in 2031. (Source: Bureau of Transportation Statistics) 


The average height, in inches, of girls who are 3 years 
old or younger can be approximated by the function 
f(x) = 18.6 + 4.78 In x, where x represents the age 
in months. Use the function to determine the average 
height of girls who are 24 months old. (Source: CDC) 
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88. The average weight, in pounds, of boys who are 3 years 91. The 1906 earthquake off the coast of Ecuador had a 


old or younger can be approximated by the function magnitude of 8.8 on the Richter scale. How many 
f(x) = 7.6 + 6.36 In x, where x represents the age in times larger was the shock wave created by this earth- 
months. Use the function to determine the average quake than the smallest measurable shock wave? 


weight of boys who are 18 months old. (Source: CDC) 


92. The 1992 earthquake centered in Landers, California, 
had a magnitude of 7.3 on the Richter scale. How 


For Exercises 89-92, use the formula R = log I, where R many times larger was the shock wave created by this 
is the magnitude of an earthquake on the Richter scale earthquake than the smallest measurable shock 
whose shock wave is I times larger than the smallest meas- wave? 

urable shock wave that is recordable on a seismograph. 


89. If an earthquake creates a shock wave that is 16,000 = =- Writing in Mathematics 
times the smallest measurable shock wave recordable 
by a seismograph, find the magnitude of the earth- 
quake on the Richter scale. 93. What is a logarithm? Explain clearly, using your own 

90. A 1950 earthquake along the India—China border cre- words. 
ated a shock wave that was 400,000,000 times the 
smallest measurable shock wave recordable by a seis- 
mograph. Find the magnitude of this earthquake on 
the Richter scale. 


Answer in complete sentences. 


Section 12.2 


Simplify. Assume that all variables are nonzero real 3 
numbers. 4. 


OBJECTIVES 


(1. «Use the product rule for logarithms. 

2 Use the quotient rule for logarithms. 

3 Use the power rule for logarithms. 

4 Use additional properties of logarithms. 

& Use properties to rewrite two or more logarithmic expressions as a single 
logarithmic expression. 

6 Use properties to rewrite a single logarithmic expression as a sum or differ- 
ence of logarithmic expressions whose arguments have an exponent of 1. 

7 Use the change-of-base formula for logarithms. 
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In this section, we will learn several properties of logarithms. These properties, in 
addition to being useful for simplifying logarithmic expressions, also will be helpful 
when we solve logarithmic equations. 


Product Rule for Logarithms 


Objective 1 Use the product rule for logarithms. We know that log, 8 = 3 
because 2° = 8. We also know that log, 16 = 4 because 2* = 16. So log, 8 + 
log, 16 = 3 + 4, or 7.To find this sum, we had to evaluate two logarithms. Consider 
log,(8- 16), which is equal to log, 128. This logarithm also is equal to 7 because 
27 = 128. We see that the sum log, 8 + log, 16 is equal to the logarithm whose ar- 
gument is the product of their two arguments, log,(8 - 16). This leads to the product 
rule for logarithms. 


Product Rule for Logarithms 


For any positive real number b (b # 1) and any positive real numbers x and y, 
log, x + log, y = log,(xy). 


This rule says that we can rewrite the sum of two logarithms as a single logarithm, 
provided the two logarithms have the same base. It also says that the logarithm of a 
product can be rewritten as a sum of logarithms. Here is a proof of the product rule 
for logarithms. 


Let M = log, x and N = log, y. 
Rewriting M = log, x in exponential form, we see that b” = x. Similarly, 
DY = y Sor S b"3D* =p", 


Rewriting xy = b”** in logarithmic form, we see that log,(xy) = M + N. 
But M + N = log, x + log, y, so log,(xy) = log, x + log, y. 


Rewrite In 7 + In x as a single logarithm. Assume that x is a posi- 
tive real number. 


SOLUTION Both logarithms have the same base, so we will use the product rule 
to simplify this expression. 


In7 + Inx = In(7x) Rewrite as the logarithm of a product. 


Quick Check 1 


Rewrite log 5 + log 7 + log x as a single logarithm. Assume that x is a positive 
real number. 


Rewrite log(10xy) as the sum of two or more logarithms. Simplify 
if possible. Assume that all variables are positive real numbers. 


SOLUTION This expression is the logarithm of three factors, and we may use the 

product rule to rewrite it as the sum of three logarithms. 

log(10xy) = log10 + log x + log y Rewrite as the sum of three logarithms. 
=1+ logx + logy Simplify log 10. 


Quick Check 2 


Rewrite log,(5b) as the sum of two or more logarithms. Assume that b is a 
positive real number. 
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A WORD OF CAUTION The product rule for logarithms applies only to expressions of the 
form log, x + log, y, not to expressions such as log,(x + y). In general, 


log,(x + y) # log, x + logy y. 


Quotient Rule for Logarithms 


Objective 2 Use the quotient rule for logarithms. Just as the sum of two 
logarithms can be expressed as a single logarithm, so can the difference of two 
logarithms. 


Quotient Rule for Logarithms 
For any positive real number b (b # 1) and any positive real numbers x and y, 
log, x — log, y = log,(*). 


This rule says that we can rewrite the difference of two logarithms as a single loga- 

rithm of a quotient, provided the two logarithms have the same base. It also says that 

the logarithm of a quotient can be rewritten as a difference of logarithms. Using the 
M 


b 
fact that 7 = b“-’ we find that the proof of the quotient rule for logarithms is 


similar to the proof of the product rule for logarithms. The proof is left as an exercise 
for the reader. 


Rewrite log; 36 — log; 4 as a single logarithm. Simplify if possible. 


SOLUTION Both logarithms have the same base, so we use the quotient rule to 
simplify this expression. 


36 
log; 36 — log;4 = toss( =) Rewrite as the logarithm of a quotient. 


= log;9 Divide. 
=2 Simplify the logarithm. 


Quick Check 3 
Rewrite log, 60 — log, 15 as a single logarithm. Simplify if possible. 


Rewrite In(***) in terms of two or more logarithms. Assume that 


all variables are positive real numbers. 
SOLUTION Begin by applying the quotient rule. 


12x\ _ Rewrite as the logarithm of the numerator 
In = In(12x) — In y : ; ; 
minus the logarithm of the denominator. 


=In12+Inx-—Iny Apply the product rule to In(12x). 


Quick Check 4 
Rewrite log,(5) in terms of two logarithms. Simplify if possible. Assume that x 
and b are positive real numbers. 


A WORD OF CAUTION The quotient rule for logarithms applies only to expressions of the 
form log, x — log, y, not to expressions such as log,(x — y). In general, 


log,(x — y) # log, x — logy y. 


Quick Check 5 

Rewrite log;(9x’y*) using loga- 
rithms of single factors that do 
not have exponents. Simplify if 
possible. Assume that x and y 
are positive real numbers. 
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Power Rule for Logarithms 


Objective 3 Use the power rule for logarithms. The properties of loga- 
rithms discussed in this section will help us solve exponential equations, and one of 
the most important properties is the power rule for logarithms. 


Power Rule for Logarithms 


For any positive real number b (b # 1), any positive real number x, and any 
real number r, 


log, x" = r-log, x. 


This rule says that we can rewrite the logarithm of a positive number that is raised 
to a power by multiplying the exponent by the logarithm of the number. Here is a 
proof of the power rule, which uses the product rule for logarithms. 


( Rewrite x’ by listing x as a factor r 
log, x’ = log,| x- xe +++ +x ; 
aD times. 
r times 
= log, x + log, x + --- + log,x Use the product rule for logarithms. 
pO gO ee 
r times 
= r-log, x Rewrite the repeated addition of 


log, x as r+ log, x. 


Rewrite log, x’ as a logarithm of a single factor without exponents. 
Assume that x is a positive real number. 


SOLUTION The power rule says that we may rewrite this expression by remov- 
ing 7 as an exponent and multiplying it by log, x. In other words, we are mov- 
ing the number 7 from the exponent of x and placing it as a factor in front of 


log, x. 


log, x’ = 7log,x Use the power rule. 


Quick Check 6 


Rewrite In Vx asa logarithm of a single factor without any radicals. Assume that 
x is a positive real number. 


Recall that W/x = x!”. So we can apply the power rule when the argument of a 
logarithm is an expression involving radicals. For example, logy Vx = 
logy x4 = § logy x. 


Rewrite 15 In x in such a way that the logarithm is not being multi- 
plied by a number. Assume that x is a positive real number. 


SOLUTION We will use the power rule to rewrite 15 as an exponent of x. 


5 


15Inx =Inx Use the power rule. 


Quick Check 7 


Rewrite 8 logs x in such a way that the logarithm is not being multiplied by a 
number. Assume that x is a positive real number. 
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Quick Check 8 
Simplify In e™. 


4 


A WORD OF CAUTION Be careful when working with logarithmic expressions involving 
exponents. In the expression log, x”, only the number x is being raised to the nth power. 
However, in the expression (log, x)”, it is the logarithm log, x that is being raised to 
the nth power. We cannot apply the power rule for logarithms to the expression 
(log, x)”. In general, 


log, x” # (log, x)”. 
For example, log, 4? # (log, 4)’. 
Objective 4 Use additional properties of logarithms. The power rule leads 
us to another property of logarithms. Consider the expression log; 5’. The power 


rule says that log; 5’ = 7 log; 5. Because log; 5 is equal to 1, this expression simpli- 
fies to equal 7-1, or 7. This result can be generalized as follows: 


log, b’ 
| For any positive real number b (b # 1) and any real number /, log, b” = r. | 


This property will be particularly helpful when we take the natural logarithm of e 
raised to a power. 


Simplify In e*. 


SOLUTION The base of this logarithm is e, so the property log, b” = r may be 
applied. 


Ine*=x 
Another property of logarithms involves raising a positive number to a power con- 
taining a logarithm whose base is that number. This property follows from the fact 


that exponential and logarithmic functions are inverses. 


plogex 


For any positive real number b (b # 1) and any positive real number x, 


pees = x, 


Simplify 8'°81°. 
SOLUTION By the previous property, 8! = 15. 


Quick Check 9 


In 16 


Simplify e 


Rewriting Logarithmic Expressions 
as a Single Logarithm 


Objective 5 Use properties to rewrite two or more logarithmic expres- 
sions as a single logarithmic expression. We will often need to rewrite an ex- 
pression containing two or more logarithms in terms of a single logarithm. To do 
this, we will be using the power rule first if possible; then we will use the quotient 
rule and the product rule. 


12.3 Properties of Logarithms 711 


Rewrite log a + log b — loge — logd as a single logarithm. As- 
sume that a, b,c, and d are positive real numbers. 


SOLUTION | The first two logarithms can be combined by the product rule, as can 
the last two logarithms. Then we can combine these logarithms using the quotient 
rule. 


loga + log b — loge — logd 
=loga + logb — (loge + logd) Factor —1 from the logarithms being 


subtracted. 
= log(ab) — log(cd) Use the product rule. 
b 
= toa( “) Use the quotient rule. 


Quick Check 10 
Rewrite log, a — log, b + log, c + log, d as a single logarithm. Assume that a, b, 
c, and d are positive real numbers. 


Rewrite yin a — 10Inb — 2Inc asa single logarithm. Assume 
that a, b, and c are positive real numbers. 


SOLUTION Begin by using the power rule to rewrite each logarithm. Then use the 
quotient rule. 


1 
qm a-10Inb-2Inc=Ina™-inb”’—Inc’ Use the power rule. 


= Ina! — (Inb'° + Inc’) Factor —1 from the last 


two terms. 
_ a Use the quotient rule. 
~ \ pl0¢2 Because both In b'° and 


In c? are being subtracted, 
b'° and c? are written in 
the denominator. 

4 Wa Rewrite the numerator 

= using radical notation. 


Quick Check 11 
Rewrite 6 log a + i log b — 9logc — 12 log dasa single logarithm. Assume that 


a, b,c, and d are positive real numbers. 


Rewriting a Logarithmic Expression as a Sum 
or Difference of Logarithms Whose Arguments 
Have an Exponent of 1 


Objective 6 Use properties to rewrite a single logarithmic expression as 
a sum or difference of logarithmic expressions whose arguments have an 
exponent of 1. We now turn our attention to expanding a single logarithm into 
the sum or difference of separate logarithms. This will be done in such a way that 
each logarithm is of a single factor that does not have an exponent. To do this, we 
will be using the product rule, the quotient rule, and the power rule. 
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Quick Check 12 
3 
Rewrite toas( =) in terms of 
ey) 


two or more logarithms. Each 
argument should contain a sin- 
gle factor, and each exponent 
should be written as a factor. 
Assume that x, y, and z repre- 
sent positive real numbers. 


518 
: a : ‘ 
Rewrite log (3 ) in terms of two or more logarithms. Each 
c 


argument should contain a single factor, and each exponent should be written as a 
factor. Assume that a, b, and c represent positive real numbers. 


SOLUTION Begin by applying the product and quotient rules to rewrite this loga- 
rithm in terms of three logarithms. The power rule can then be applied to each of 
these logarithms. 


5ps 
loa( 4 = ) = log a’ + log b’ — logc’ Use the product and quotient rules. 
c 


= Sloga + 8logb — 7loge Use the power rule. 


Change-of-Base Formula 


Objective 7 Use the change-of-base formula for logarithms. The final 
property of logarithms in this section is the change-of-base formula. 


Change-of-Base Formula 


log, x 


For any positive numbers a, b, and x (a, b # 1), log, x = 


log, b 


This formula allows us to rewrite any logarithm in terms of two logarithms that 
have a different base than the original logarithm. The advantage of this is that we 
can rewrite logarithms in terms of common logarithms or natural logarithms, allow- 
ing us to approximate these logarithms using a calculator. For instance, suppose we 
wanted to evaluate log, 7. Because we do not know what power of 2 is equal to 7, 
log 7 


we are not able to evaluate this logarithm. We can rewrite this logarithm as 1 or 


og 2’ 


using the change-of-base formula. Either of these two expressions can be 


as —— 

In 2’ 
evaluated on a calculator. Rounding to three decimal places, we see that 
log, 7 © 2.807. 


Evaluate log; 13 using the change-of-base formula. 


log 13 
log 5° 


SOLUTION Using common logarithms, we can rewrite this logarithm as 


log 13 
log 5 
~ 1.594 Approximate by calculator. 


logs 13 


Use the change-of-base formula. 


We can check this result by raising 5 to the 1.594 power. Notice that the result is 
approximately equal to 13. Also notice that if we use natural logarithms instead of 


In 13 
common logarithms, -—> 5 = 1.594 as well. 
n 


Quick Check 13 
Evaluate log; 125 using the change-of-base formula. 
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12.3 Exercises 


Using Your Calculator You can evaluate logarithms such as log; 13 on the TI-84 


log 13 


using the change-of-base formula, which says that log; 13 = ———. This can be en- 


tered as follows: 


log 5 


logatisarlogtsa 
1. 593692641 


BUILDING YOUR STUDY STRATEGY 


Practice Quizzes, 3 Make Your Own Make your own practice quiz for the 
first three sections of this chapter by selecting odd-numbered problems from 
the exercise sets of the first three sections. Select four or five odd-numbered 
problems from each section that you think are representative of the types of 
problems you would be expected to solve on an exam. Choose problems of 
varying levels of difficulty. By choosing odd-numbered problems from the ex- 
ercise sets, you will have an answer key for your practice quiz in the back of 


the text. 


Mywiathiab)) 


Vocabulary 


1. The product rule for logarithms states that for any 
positive real number b (b # 1) and any positive real 


numbers x and y, log, x + log, y = 


2. The quotient rule for logarithms states that for any 
positive real number b (b # 1) and any positive 


real numbers x and y, log, x — log, y = 


3. The power rule for logarithms states that for any 
positive real number b (b # 1), any positive real num- 


ber x, and any real number r, log, x’ = 


4. State the change-of-base formula. 


Rewrite as a single logarithm using the product rule for 
logarithms. Simplify if possible. Assume that all vari- 
ables represent positive real numbers. 

5. log,3 + log,a 

6. logs 7 + logs b 

7. log x + log y 


<I> W| =| & 
@) ane JZ 
PRACTICE WATCH DOWNLOAD READ REVIEW 


8. Inm + Inn 
9. logy 3 + logy 27 
10. log, 12 + log, 18 


Rewrite as the sum of two or more logarithms using the 
product rule for logarithms. Simplify if possible. Assume 
that all variables represent positive real numbers. 

11. log;(10x) 

12. log,(8b) 

13. In(3e) 

14. log;(25z) 

15. log,(abc) 

16. log,(16mn) 


Rewrite as a single logarithm using the quotient rule for 
logarithms. Simplify if possible. Assume that all vari- 
ables represent positive real numbers. 

17. log; 56 — log; 8 

18. log, 24 — log, 144 

19. Inx — In3 
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20. log 20 — log x 
21. log, 2 — log, 128 
22. logs 150 — log; 6 


Rewrite in terms of two or more logarithms using the 
quotient and product rules for logarithms. Simplify if 
possible. Assume that all variables represent positive real 
numbers. 


Rewrite using the power and product rules. Simplify if 
possible. Assume that all variables represent positive real 
numbers. 

29. log, x’ 

30. log b!° 

31. logs(x*y’) 

32. In(x*y') 

33. log; Vx 

34. log, W/b 

35. log,(16x°y’) 

36. logs(25a° \/b) 


Rewrite using the power rule. Assume that all variables 
represent positive real numbers. 


37. 8 log; x 38. 3 log, b 
1 1 

39. 3 In x 40. > logs x 
41. 5 log, x? 42. 4 log b° 
Simplify. 

43. log; 5” 44, log, 27! 
45. In e° 46. log 10° 
47. Ql0827 48. Sloss 36 
49, glogs b 50. en 0.026 


Rewrite as a single logarithm. Assume that all variables 
represent positive real numbers. 


51. log, 4 + log, 5 — log, 3 
52. log; 5 — log; 7 — log;8 
53. 4 log, 2 + 3 logy5 

54. 3 log 7 — 5 log 3 


1 1 
- —In 16 — —1n125 
55. 5 In 3 0 


1 
56. 7 1086 144 + 4log,5 
57. log, x — log, y — log, z — log, w 


58. 5 log; a — 7 log3 b + 2 log3c 
59. 4Inx + 9Iny — 13Inz 


60. 10 log; x — 3 log; y — 6 log; z 


61. log,(x + 6) + log,(x — 8) 
62. log;(x + 7) + logs(x — 7) 


63. log(3x — 4) + log(x + 10) 
64. In(x* — 3x — 108) — In(x + 9) 


65. 3Ina + =Inb - 10 Inc 


1 
66. 5 Inx Tiny — 6Inz 


Suppose for some base b > 0 (b #1) that log,2 = A, 
log, 3 = B, log, 5 = C, and log, 7 = D. Express the given 
logarithms in terms of A, B, C, or D. 


(Hint: Rewrite the logarithm in terms of log, 2, log, 3, 
log, 5, or log, 7.) 


67. log, 6 68. log, 15 
69. log, 35 70. log, 14 
71. log, 8 72. log, 9 


74. toas( 2) 


Expand. Simplify if possible. Assume that all variables 
represent positive real numbers. 


b 

78. oe) 
25 

76. oz, =”) 
a 

yas logs 8b* 


73. log, 125 


12.4 Exponential and Logarithmic Equations 715 


78. log.(1296x’y'°) Find the missing number. Round to the nearest thou- 
aoVb sandth, (Hint: Rewrite in logarithmic form and use the 
79. in ci ) change-of-base formula.) 
7 93. 5’? = 19 
al in( V4) 94. 3’ = 30 
yz . 
aie? 95. 15’ = 100 
Bh. -n( <2 ) 96. 2” = 725 
a 
Bee EOE e===- Writing in Mathematics 
Answer in complete sentences. 
Evaluate using the change-of-base formula. Round to the 97. Give examples showing that the following statements 
nearest thousandth. are false. 
83. logy 11 84. logy 320 ° log,(x + y) = log, x + log, y 
85. log,< 30 86. logs 789 * log,(x — y) = log, x — log, y 
e log, x” = (log, x)” 
87. log; 12,695 88. log, 325,000 
89. logs 4 90. logi¢ 7 
91. logs 0.13 92. log, 0.065 


OBJECTIVES 


1 Solve an exponential equation in which both sides have the same base. 
2 Solve an exponential equation by using logarithms. 


3. Solve a logarithmic equation in which both sides have logarithms with 
the same base. 


4 Solve a logarithmic equation by converting it to exponential form. 
Ss Use properties of logarithms to solve a logarithmic equation. 
6 Find the inverse function for exponential and logarithmic functions. 


In this section, we will solve exponential and logarithmic equations. An exponential 
equation is an equation containing a variable in an exponent. A logarithmic equa- 
tion is an equation involving logarithms of variable expressions. 


Solving Exponential Equations 


Objective 1 Solve an exponential equation in which both sides have the 
same base. Given an exponential equation to solve, we will first try to express 
both sides of the equation in terms of the same base. If we can do this, we can solve 
the equation with the techniques developed in Section 12.1. Here are two examples 
reviewing this process. 


Solve 2**> = 8. 


SOLUTION We begin by rewriting 8 as 2%, as both sides of the equation will then 
have the same base. We can then apply the one-to-one property of exponential 
functions. 
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gxts = 8 
2**5 = 23 Rewrite 8 as 2°. 


x+5=3 — Apply the one-to-one property of exponential functions. 
lib = 6, then r =" s: 


x = —2 Subtract 5. 


The solution of the equation is x = —2. We could check this solution by substitut- 
ing —2 for x in the original equation. This check is left to the reader. The solution 
set is {—2}. 


Solve 947! = 277", 


SOLUTION Although we cannot write 27 as a power of 9, we can rewrite both 
bases as powers of 3. 

g#*-l = 972 
(37)**"1 = (33)?* Rewrite 9 as 3” and 27 as 3°. 

Se a Simplify the exponents. 
8x —2 = 6x If b’ = b’, thenr = s. 

—2 = —-2x Subtract 8x. 
1l=x Divide both sides by —2. 


The solution set is {1}. 


Quick Check 1 
Solve. 


a) 3°? = 81 
b) 43x-1 = 30x+2 


Solving Exponential Equations 
by Using Logarithms 


Objective 2 Solve an exponential equation by using logarithms. Often it 
is not possible to rewrite both sides of an exponential equation in terms of the same 
base, such as in the equation 3* = 12. We cannot rewrite 12 as a power of 3. In such 
a case, we will apply the one-to-one property of logarithmic functions. We can see 
that logarithmic functions are one-to-one functions by applying the horizontal line 
test to the graph of any logarithmic function. 


One-to-One Property of Logarithmic Functions 


For any positive real number b (b # 1) and any real numbers r ands, ifr = s, 
then log, r = log, s. In addition, if log, r = log, s, thenr = s. 


This property says that if two positive numbers are equal, the logarithms of those 
numbers are equal as well as long as both logarithms have the same base. When 
solving an exponential equation such as 3* = 12, we first take the common loga- 
rithm (base 10) of both sides of the equation. Then we use the power rule for loga- 
rithms to help us solve the resulting equation. We will use the common logarithm 
because of its availability on calculators, although using the natural logarithm (base e) 
would be a good choice as well. 
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Solve 3* = 12. Find the exact solution and then approximate the 
solution to the nearest thousandth. 


SOLUTION We begin by taking the common logarithm of each side of the equation. 
3* = 12 
log 3* = log12 Take the common logarithm of both sides. 


x-log3 = 1log12 Use the power rule for logarithms. This moves the 
variable from the exponent. 


1 
‘leg3 = log 12 
7 a Divide both sides by log 3. 
leg3 log 3 
1 
log 12 a ; 
x= This is the exact solution. 
log 3 
x = 2.262 Approximate using a calculator. 
’ __ J log 12 eons eee 
The solution set is ) ——— ;. The exact solution is x = ———, which is approximately 
log 3 log 3 


equal to 2.262. Substituting this value back into the original equation, we see that 


Quick Check 2 3°7© == 12.00185, which is approximately equal to 12. 


Solve 4*> — 9 = 3. 


Let f(x) = 13**8 — 22. Solve the equation f(x) = 108. Find the 
exact solution and then approximate the solution to the nearest thousandth. 


SOLUTION Begin by setting the function equal to 108. 


f(x) = 108 Set f(x) equal to 108. 
13**® — 22 = 108 Replace f(x) with 13*** — 22. 
13**8 = 130 Add 22. 
log 13*** = log 130 Take the common logarithm of both sides. 
(x + 8)-log 13 = log 130 Use the power rule for logarithms. 


1 
(x + 8)-log43 log 130 


Divide both sides by log 13. 


log 43 log 13 
1 
3 log 130 Simplif 
= implify. 
7 log 13 ed 
log 130 ae : 
= — 8 Subtract 8. This is the exact solution. 
log 13 
x = —6.102 Approximate using a calculator. 


log 130 
log 13 


lo 
The solution set is { _ sh. The exact solution is x = — 8, which is 


log 13 
approximately equal to —6.102. 


Quick Check 3 


Let f(x) = 9**? — 17. Solve the equation f(x) = —6. Find the exact solution 
and then approximate the solution to the nearest thousandth. 
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Quick Check 4 


Solve e**? — 10 = 18. Round 
to the nearest thousandth. 


If the exponential expression in an equation has e¢ as its base, it is a good idea to use 
the natural logarithm rather than the common logarithm. This is because In e* = x 
for any real number x. 


Solve 2-e*** + 19 = 107. Find the exact solution and then ap- 
proximate the solution to the nearest thousandth. 


SOLUTION Because the base is e, we use the natural logarithm rather than the 
common logarithm. Begin by isolating the exponential expression. 


2-e**4 + 19 = 107 


2-e*t4 = 88 Subtract 19. 
art = 44 Divide both sides by 2, isolating the exponential 
expression. 
In e*** = In 44 Take the natural logarithm of both sides. 
x+4=1n44 Simplify the left side of the equation. 


x =1n44 —4 Subtract 4. This is the exact solution. Do not 
subtract 4 from 44—you must take the natural 
logarithm of 44 before subtracting. 


2 


x = —0.216 Approximate using a calculator. 


The solution set is {In 44 — 4}. The exact solution is x = In 44 — 4, which is ap- 
proximately equal to —0.216. 


Solving Logarithmic Equations 


Objective 3 Solve a logarithmic equation in which both sides have loga- 
rithms with the same base. Suppose we have a logarithmic equation in which 
two logarithms with the same base are equal to each other, such as log; x = log; 2. 
The one-to-one property of logarithmic functions can be applied to this situation, 
which states that for any positive real number b (b # 1) and any real numbers r and 
s, if log, r = log, s, then r = s. This means that for the equation log; x = log; 2, x 
must be equal to 2. 

When solving logarithmic equations, we must check the solutions for extrane- 
ous solutions. Recall that the domain for a logarithmic function is the set of positive 
real numbers. Any tentative solution that would require us to take the logarithm 
of a number that is not positive must be omitted from the solution set. 


Solve In(x* — 2x — 19) = InS. 


SOLUTION Because both logarithms have the same base, we use the one-to-one 
property of logarithmic functions to solve the equation. 


In(x? — 2x — 19) = In5 
x? -2x-19=5 Use the one-to-one property of logarithmic 
functions. The resulting equation is quadratic. 
x? —2x-—24=0 Subtract 5. 
(x — 6)(x + 4) =0 Factor. 
x=6 or x=-4_ Set each factor equal to 0 and solve. 


We must check each solution in the original equation. Although one of these solu- 
tions is negative, it does not mean this solution is an extraneous solution. We must 
determine whether a solution requires us to take a logarithm of a nonpositive 
number in the original equation. 
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Check 
x=6 x=-4 
In((6)? — 2(6) — 19) = In5 In((—4)? — 2(-4) — 19) = In5 
In5 = In5 In5 = In5 
Quick Check 5 Both solutions check. The solution set is {6, —4}. 


Solve 


2 = 
log(x" + 15x — 30) = log 2x. Solve log(4x — 20) = log(x — 14). 


SOLUTION Because both logarithms have the same base, we use the one-to-one 
property of logarithmic functions to solve the equation. 


log(4x — 20) = log(x — 14) 


4x —-20 =x - 14 Use the one-to-one property of logarithmic 
functions. 
3x — 20 = -14 Subtract x. 
3x =6 Add 20. 
x=2 Divide both sides by 3. 
We must check this tentative solution in the original equation. 
Check (x = 2) 
log(4(2) — 20) = log((2) — 14) Substitute 2 for x. 
log(—12) = log(—12) Simplify. 


Because we cannot take the logarithm of a negative number, we must omit the 
solution x = 2. Because this was the only tentative solution, the equation has no 


Quick Check 6 solutions. The solution set is @. 


Solve 
log4(2x — 7) = log,4(3x + 2). 
Solving Logarithmic Equations by Rewriting 


the Equation in Exponential Form 


Objective 4 Solve a logarithmic equation by converting it to exponen- 
tial form. If we are solving an equation in which the logarithm of a variable ex- 
pression is equal to a number, such as log,(x — 3) = 4, we begin by rewriting the 
equation in exponential form and then solve the resulting equation. As with the 
previous logarithmic equations, we must check the solutions. 


Solve log,(x — 3) = 4. 


SOLUTION Begin by rewriting the equation log,(x — 3) = 4in exponential form, 
which is 2* = x — 3. Then solve the resulting equation. 


log,(x — 3) =4 
2* = x —3 Rewrite in exponential form. 
16 =x-—3 Raise 2 to the fourth power. 
19=x Add 3. 


Quick Check 7 
Solve loe;(x — 31. 3) —@, 


The solution set is {19}. The check is left to the reader. 


When solving an equation involving a natural logarithm, keep in mind that the base 
of this logarithm is e when you are rewriting the equation in exponential form. 
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Let f(x) = In(x — 3) + 15. Solve the equation f(x) = 21. Find 
the exact solution and then approximate the solution to the nearest thousandth. 


SOLUTION We begin by setting the function equal to 21. We then rewrite the 
equation in exponential form and solve the resulting equation. 


f(x) = 21 Set f(x) equal to 21. 
In(x — 3) + 15 = 21 Replace f(x) with In(x — 3) + 15. 
In(x — 3) = 6 Subtract 15. 
e©=x-—3 Convert to exponential form. 
e+3=x Add 3. 


x = 406.429 Approximate the solution using a calculator. 


We now must check the tentative solution in the original equation. We use the 
approximate solution. 


f(x) = In(x — 3) + 15 
f (406.429) = 1n(406.429 — 3) + 15 Substitute 406.429 for x. 
= 1n 403.429 + 15 Subtract. 
= 21 Approximate using a calculator. 


Quick Check 8 This solution checks, and the solution set is {e° + 3}. 


Let f(x) = log(3x — 14) + 9. 
Solve the equation f(x) = 15. 


Using the Properties of Logarithms 
When Solving Logarithmic Equations 


Objective 5 Use properties of logarithms to solve a logarithmic equation. 
We now know how to solve a logarithmic equation in which two logarithms are 
equal to each other (log,x = log, y) or a logarithm is equal to a number 
(log, x = a). However, we will often solve a logarithmic equation that is not in one 
of these forms, such as log; x + log3(x — 6) = 3. In such a case, we will use the 
properties of logarithms to rewrite the equation in the form of an equation that we 
already know how to solve. In other words, we need to rewrite the equation as an 
equation that has one logarithm equal to another logarithm with the same base or 
as an equation that has a logarithm equal to a number. The product and quotient 
rules will be particularly helpful. 


Solve log; x + log3(x — 6) = 3. 


SOLUTION We begin to solve this equation by using the product rule for loga- 
rithms to rewrite the left-hand side of this equation as a single logarithm. We can 
then rewrite the resulting equation in exponential form and solve it. 


log3;x + log3(x — 6) =3 
log;(x(x — 6)) =3 Use the product rule for logarithms. 
log;(x? — 6x) = 3 Multiply. 
33 = x” = 6x Convert to exponential form. This 
equation is quadratic. 
27 = x* — 6x Raise 3 to the third power. 


=x?-—6x—27 Subtract 27. 
0 = (x — 9)(x + 3) Factor. 
=3 Set each factor equal to 0 and solve. 


tad 
II 
\o 
ie) 
5 
ta 
II 


We must check each tentative solution in the original equation. We must determine 
whether a solution requires us to take a logarithm of a nonpositive number. 
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Check 
x=9 x= -3 
logs(9) + log;((9) — 6) = 3 __ logs(—3) + log;((—3) — 6) = 3 
log;9 + log;3 = 3 log3(—3) + log3(—9) = 3 
2+1=3 
3=3 
The solution x = 9 checks. Because the tentative solution x = —3 produces loga- 


rithms of negative numbers in the original equation, it must be omitted as a solu- 
tion. The solution set is {9}. 


Solve log(9x + 2) — log(x — 7) = 1. 


SOLUTION We begin to solve this equation by using the quotient rule for loga- 
rithms to rewrite the left side of this equation as a single logarithm. We can then 
rewrite the resulting equation in exponential form and solve it. 


log(9x + 2) — log(x — 7) =1 


= 9x +2)\ _ 1 Use the quotient rule for 
7 logarithms. 
10! = 9x +2 Rewrite in exponential form. 
G7 This is a rational equation. 
+2 1 
10(x — 7) = oa *(%—-7) Multiply both sides by x — 7. 
1 
10x — 70 = 9x + 2 Multiply. 
x-70=2 Subtract 9x. 
x = 72 Add 70. 


Quick Check 9 
Solve. 


The check of this solution is left to the reader. The solution set is {72}. 


a) log, x + log,(x + 4) =5 Solve In(x — 1) + In(x + 5) = In(3x + 7). 
b) log;(41x — 42) — 


log;(x — 2) =4 SOLUTION We begin to solve this equation by using the product rule for loga- 


rithms to rewrite the left-hand side of this equation as a single logarithm. We can 
then solve the resulting equation by using the one-to-one property of logarithms. 


In(x — 1) + In(x + 5) = In(3x + 7) 
In((x — 1)(x + 5)) =In(3x + 7) Use the product rule for logarithms. 
In(x? + 4x — 5) = In(3x + 7) Multiply. 
x? +4x-5=3x4+7 Use the one-to-one property of 


logarithmic functions. This equation 
is quadratic. 


xv+x—-12= Subtract 3x and 7. 
x+ 4)(x-3)= Factor. 
x=-4 or x= Set each factor equal to 0 and solve. 


When we substitute the tentative solution —4 for x in the original equation, it pro- 
duces the following equation: 


Quick Check 10 In(—5) + In(1) = In(—5) 
Solve log,(x — 3) + ; : a . . 
log,(x — 7) = log,(3x — 1). Because we can find the logarithm of only positive numbers, the tentative solution 
x = —4 must be omitted. When checking the solution x = 3, we obtain the equa- 


tion In(2) + In(8) = In(16). This solution checks, so the solution set is {3}. 
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Quick Check 11 


Find the inverse function of 
Fixe +o 


Finding the Inverse Function of Exponential 
and Logarithmic Functions 


Objective 6 Find the inverse function for exponential and logarithmic 
functions. One important characteristic of the exponential function f(x) = b* 
and the logarithmic function f(x) = log, x (b > 0, b # 1) is that they are inverse 
functions. Consider the function f(x) = e*. We will find its inverse by using the 
technique developed in Section 11.6. 


f(x) =e 
y=e Replace f(x) with y. 
x =e? Exchange x and y. 
Inx = Ine” Tosolve for y, take the natural logarithm of each side. 
Inx=y Simplify In e’. 


f(x) =Inx Replace y with f7!(x). 


The inverse function of f(x) = e*is f-'(x) = In x. 
In the examples that follow, we will learn to find the inverse function of expo- 
nential functions as well as logarithmic functions. 


Find the inverse function of f(x) = e*? — S. 


SOLUTION 


fixer r=5 
y=er*-5 Replace f(x) with y. 
x=ey?-5 Exchange x and y. 
x+5=e? Add 5. 
In(x + 5) = Ine’? Take the natural logarithm of each side. 
In(x +5) =y-2 Simplify In e”~*. 
In(x +5) +2=y Add 2. 


f(x) = In(x + 5) + 2 Replace y with f1(x). 


The process for finding the inverse function of a logarithmic function is similar to 
finding the inverse function of an exponential function. However, rather than tak- 
ing the logarithm of both sides of an equation, we will rewrite the equation in expo- 
nential form to solve for y. 


SOLUTION 


f=" +8 


Quick Check 12 
Find the inverse function of f(x) = 


f(x) = In(x — 8) +3 
y = In(x — 8) +3 Replace f(x) with y. 
x =In(y — 8) +3 Exchange x and y. 
x — 3 = In(y — 8) Subtract 3. 
eF=y-8 Rewrite in exponential form. 
e37+8=y Add 8. 


Replace y with f'(x). 


in(x + 10) = 18. 
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BUILDING YOUR STUDY STRATEGY 


Practice Quizzes, 4 Trading with a Classmate Practice quizzes can be effec- 
tive when you are working with classmates. Make a practice quiz for a class- 
mate by selecting odd-numbered problems associated with each objective in 
this section. Select problems for each objective that you think are representa- 
tive of the types of problems you would be expected to solve on an exam. 
Make sure you understand how to do each of the problems that you select. 


Have this classmate prepare a practice quiz for you as well. 

After the two of you have traded practice quizzes and completed them, re- 
turn the quiz to the student who created it so that student can grade the quiz. 
When grading the quiz, do not simply mark the problems as correct or incor- 
rect, but provide feedback on each problem. After you receive your practice 
quiz back, review any mistakes you made. When you understand what you did 
wrong, select a similar problem from the exercise set and try it. 


PRACTICE WATCH DOWNLOAD READ REVIEW 


MyNiathiab\y qe BF &G&| = oa 


Vocabulary 27. 84? = 17 = 1233 


1. When solving a logarithmic equation, it is necessary 28. 10°" + 250 = 37,500 


to check for ____________ solutions. 
2. The inverse of a logarithmic function is a(n) Solve. 
funcHOn: 29. In(3x + 1) = In(5x — 7) 
30. log; 10x = log3;(4x + 12) 
Solve. 31. logs(3x + 13) = logs(7x — 23) 
3.3°= 27 4, 8 = 64 32. In(2x + 5) = In(6x — 1) 
5S oy 6,57" = 025 33. logy(4x — 1) = logs(Sx + 3) 
A ae 8. 10°"! = 10,000 34. logia(x — 6) = logis(3x — 8) 


35. log,(x” — 5x + 30) = log, 44 


Solve. (Rewrite both sides of the equation in terms of the 36. log;(x° + 13x + 90) = log; 50 
same base.) 37. log;(x? + 7x — 29) = log,(3x + 3) 
( 


9, 9* = 27 10. 4* = 128 38. logs x? — 3x - 31) = log,(4x + 13) 

11. 36*-* = 216 12. 16"** = 8 Solve. Round to the nearest thousandth. 

13. 100*-* = 1000* 14,49? =] 512? 39. logs x = 5 40. Inx =2 

41. logs; x = —4 42. log; x = 0 

Solve. Round to the nearest thousandth. 43. In(x — 4) = 6 

15. 47 = 17 16. 9° = 40 aes Woe ear dh) 

17. 10° = 129 18. e = 65 45. log,(x + 8) —-7 = —2 

19, 27-5 = 27 20. 2** = 4295 ssa ~?) = ¢ 

2. 74 — 8 = 192 22. e* 9 +32 = 97 pis) en as 


48. log,(x? — 36) = 3 
23. 62* = 45 24, 4>* = 165 49. log(x? — 9x + 30) =1 
25. eT = 987 26. 34xt5 = 209 50. log, (x? + 2x — 16) =6 
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51. ton,(***8) =2 85. log, x + log,(x + 4) = 5 
aa 86. tos,( = us =) =1 
52, toan( 7 — 4) —, ia 
a4 = 4 87. log7(4x — 19) — log,(x + 6) = log,3 
88. log;(x + 1) + log,(x — 7) = 2 

Solve. 89. logs(Sx — 43) +4=7 

53. logy(x + 5) + log,(x + 7) = log,3 90, 55°73 = 252x+11 

54. In(x + 4) + In(x — 9) = Inl14 91. log,(x? + 4x + 16) = log,(x* + x — 5) 

55. log(3x + 8) — log(x — 7) = log4 92. In(7x — 13) — 8 = —3 

56. logs(7x + 10) — log;(2x + 1) = log;4 93. logs(x — 7) + logs(x + 3) = log;(5x + 15) 

57. logo(x + 2) + log,(x + 6) =5 94. 3 log,(x — 10) -4 = 14 

58. log,(x — 1) + log,(x — 7) =3 95. In(2x 7S) = 2 

59. log, x + log,(x — 4) =5 96. oe = 49 

60. log(x + 15) + logx = 3 Q7, DY t12x+42 — 64 

61. log,(3x — 1) + logy(x + 5) =3 98. log(15x — 27) = log(11x — 17) 

62. log;3x + log;(x + 6) = 4 

63. logs(7x + 11) — log,(2x — 9) =1 Solve. 

64. log,(9x + 50) — log,(2x + 5) =5 99. log,(log;(2x — 1)) =2 

65. Let f(x) = 3" + 4. Solve f(x) = 31. 100. logs(log,(3x + 10)) = 1 

66. Let f(x) = In(x — 6) + 8. Solve f(x) = 13. Round — 101. log;(log3(x2 — 4x — 5)) =1 

to the nearest thousandth. 102, log,(log;(x? + x + 25)) =2 


67. Let f(x) = logs(x* + 3x — 45) + 6.Solve f(x) = 8. 493, lion)? SS oe 10 6 
104. (lo > + 6lo —16=0 
68. Let f(x) = 5**? — 7. Solve f(x) = 29. Round to the 8s os oa 
nearest thousandth. 105. (log; x)" + log,;x° = 8 
106. (log, x)* + logy x° = 14 


Mixed Practice, 69-98 


For the given function f(x), find its inverse function 


Solve. Round to the nearest thousandth. ts). 
69. logs(x? — 10x — 20) = logs(3x + 10) 107. f(x) = e*? 
70, 49-15 = a2 108. f(x) = e* — 2 
64 109. f(x) =e +4 
71. 5°*° = 407 110. f(x) = e*® + 10 
72. logs(7x + 8) = 2 111. f(x) = 2% * -9 
73, 9° * = 32 112. f(x) = 3xtl 47 
74, 0°78 = 97 113. f(x) = log(x + 6) 
95, 27x+30 se 114. f(x) = logx + 6 
32 115. f(x) = In(x — 4) - 9 
76. logs(x* — 4x — 20) = 2 116. f(x) = In(x + 2) —5 
77. log(3x — 41) = 3 117. f(x) = log,(x + 1) + 8 
(x) 


78. log;(x? + 8x — 3) =4 118. f(x) = log,(x — 7) +3 
79, 2%*25 — 198 


80. 3°75 = 243 bet oa ; 
a=—- Writing in Mathematics 


SL,7" * = 36 
82. log(7x — 185) = 4 Answer in complete sentences. 
83. logio(9x — 11) = logy,4 119. Explain why you must check logarithmic equations, 


84, 45*-2 = 3973 not exponential equations, for extraneous roots. 
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120. Solve the exponential equation 25*-7 = 1252**9 in 122. Solutions Manual Write a solutions manual page for 
two ways: by rewriting each base in terms of 5 and by the following problem. 
taking the common logarithm of both sides. Which Solve log; x + log3(x + 6) = 3. 
method do you prefer? Clearly explain your reasoning. 


121. Explain how to find the inverse of an exponential func- 
tion. Explain how to find the inverse of a logarithmic 
function. Use examples to illustrate the process. 


OBJECTIVES 


@ Solve compound interest problems. 

(2. Solve exponential growth problems. 

®& Solve exponential decay problems. 

4 Solve applications involving exponential functions. 
7 Solve applications involving logarithmic functions. 


In this section, we will solve applied problems that involve exponential and loga- 
rithmic equations and functions. 


Compound Interest 


Objective 1 Solve compound interest problems. Suppose you deposit $1000 
in a savings account at a bank that pays interest monthly. At the end of the first 
month, the bank calculates the interest earned and places it in your account. During 
the second month, besides the original $1000 earning interest, the interest earned 
during the first month earns interest as well. This type of interest is called 
compound interest. 


Compound Interest Formula 


If P dollars are deposited in an account that pays an annual interest rate r that 
is compounded n times per year, the amount A in the account after ¢ years is 


given by the formula 
nt 
A=P (1 + “) 
n 


The amount P is referred to as the principal. The annual interest rate ris often 
reported as a percent, but it must be converted to a decimal number for this 
formula. 


Interest that is compounded monthly is compounded 12 times per year. Here are 
some other common types of compound interest. 


Quarterly | Semiannually Annually 
n 4 2 il 


Mona is planning on taking a trip in 4 years and deposits $3000 in 
an account that pays 6% annual interest, compounded monthly. If she does not 
withdraw any money from this account, how much money will be in the account 
after 4 years? 
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SOLUTION _ It is often helpful to collect pertinent information in a table before at- 
tempting to use the equation. 


Amount in the Account A Unknown 
Principal Ip $3000 
Interest Rate r 0.06 (6%) 
Number of Times Compounded/Year n 12 (monthly) 
Time (Years) t 4 


Now use the equation for compound interest. 


r \7 
a= p(1+2) 
nN 


0.06 \!?"4 
A= 3000( 1 + | Substitute for P,7,, and tin the equation. 
A = 3000(1.005)* Simplify the expression inside parentheses. 
A = 3811.47 Approximate using a calculator. Round to the 


nearest cent. 
After 4 years, Mona’s account balance will be $3811.47. 


Quick Check 1 


Sergio deposited $400 in an account that pays 3% annual interest, compounded 
monthly. What will the balance of this account be in 5 years? 


Pablo deposited $20,000 in an account that pays 8% annual inter- 
est, compounded quarterly. How long will it take his account to reach $40,000? 


SOLUTION Here is a table containing the pertinent information. 


A P r n t 
$40,000 | $20,000 0.08 (8%) 4 (quarterly) Unknown 


Now we can use the equation for compound interest. In this problem, the unknown 
is the variable ft. Because this variable is an exponent, we need to use logarithms to 
solve this equation. 


0.08 \*" 
40,000 = 20,000( 1 + #) Substitute for A, P,r, and n in the equation. 


40,000 = 20,000(1.02)* Simplify the expression inside parentheses. 
2 = 1.02" Divide both sides by 20,000. 
log 2 = log 1.02 Take the common logarithm of both sides. 
log 2 = 4t log 1.02 Use the power rule for logarithms. 


log 2 At log 1.02 eer TT Tee 
4log1.02 4 log 1.02 ivide by 4 log 1.02 to isolate t. 


Quick Check 2 


If $25,000 is deposited in an ac- _log2 =f Simplify. 
count that pays 10% annual in- 4 log 1.02 
terest, compounded quarterly, t= 88 Approximate using a calculator. On your 


how long will it take until there 
is $100,000 in the account? 


calculator, enter the denominator inside 
a set of parentheses. 


Pablo’s account will grow to $40,000 in approximately 8.8 years. 
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Using Your Calculator To approximate the expression using the TI-84, 


log 
4 log 1.02 
it is necessary to enter the denominator in a pair of parentheses, as shown in the fol- 
lowing screen shot: 


22/Cdblogel, 
3. ober 19S 


ac 
Mo 


la 
Hz 


In the previous example, we were trying to determine the length of time for the bal- 
ance of a bank account to double. The length of time for any quantity to double in 
size is called the doubling time. 

Some banks use a method for calculating compound interest known as continuous 
compounding. 


Continuous Compound Interest Formula 


If P dollars are deposited in an account that pays an annual interest rate r that 
is compounded continuously, the amount A in the account after f years is given 
by the formula 


A = Pe". 


If an account pays 12% annual interest, compounded continuously, 
how long will it take a deposit of $50,000 to produce an account balance of 
$1,000,000? 


SOLUTION Here is a table containing the pertinent information. 


Amount in the Account A $1,000,000 
Principal 12 $50,000 
Interest Rate r 0.12 (12%) 
Time (Years) t Unknown 


Now we can use the equation for continuous compound interest: A = Pe”. 


1,000,000 = 50,000e°!” Substitute for A, P, and rin the equation. 


ae Divide both sides by 50,000. 
In 20 = In e®™ Take the natural logarithm of both sides. 
In 20 = 0.12t Simplify the right side of the equation. 
In 20 
thea Divide both sides by 0.12 to isolate t. 
t ~ 24.96 Approximate using a calculator. 


The account balance will reach $1 million in approximately 25 years. 


Quick Check 3 


If $50,000 is invested in an account that pays 15% annual interest, compounded 
continuously, how long will it take until the balance of the account is $500,000? 
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Exponential Growth 


Objective 2 Solve exponential growth problems. The previous example in- 
volving interest that is compounded continuously is an example of a quantity that 
grows exponentially. 


Exponential Growth Formula 


If a quantity increases at an exponential rate, its size P at time fis given by the 
formula 


P= Re. 


Py represents the initial size of the quantity, while k is the exponential growth rate. 


Often we do not know the exponential growth rate k, but we can find it if we know 
the size of the quantity at two different times. 


The average annual tuition and fees paid to attend a public two- 
year college increased from $641 in 1985 to $1735 in 2002. If tuition and fees are 
growing exponentially, what will it cost to attend a public two-year college in 2018? 
(Source: The College Board) 


SOLUTION We begin by determining the exponential growth rate k. We treat 
$641 as the initial cost P). Because it took 17 years for the costs to reach $1735, we 
can substitute these values for ¢ and P in the exponential growth formula. Here is a 
table containing the pertinent information. 


P Po k t 
WS5 641 Unknown 17 


We now substitute into the equation P = Pye“ and solve for k. 


1735 = 641e*!’ Substitute for P, Ps, and t. 


1735 
ee er Divide both sides by 641. 
641 
1735 
in( 2) =Ine*'? Take the natural logarithm of both sides. 
1735 
n( 22) =k-17 Simplify the right side of the equation. 
i ( 1735 ) 
641 
7 Divide both sides by 17. 


k = 0.058573 Approximate using a calculator. 


Now that we have found the exponential growth rate k, we can turn our attention 
to finding the cost to attend a public two-year college in 2018. If we continue to let 
641 be the initial cost (Py), then t = 2018 — 1985, or 33. Here is a table containing 
information that is pertinent to this part of the problem. 


P Py k t 
Unknown 641 0.058573 83 


Quick Check 4 


In 1974, a first-class U.S. postage 
stamp cost 10 cents. By 1994, 
the cost of a stamp had risen to 
32 cents. If the cost of a first- 
class U.S. postage stamp contin- 
ues to rise exponentially, how 
much will it cost to buy a stamp 
in 2020? 


12.5 Applications of Exponential and Logarithmic Functions 729 


Now we substitute the appropriate values into the formula for exponential growth 
to determine the cost to attend a public two-year college in 2018. 

P= Pe" 

P = 641e°°833 Substitute for Ps, k, and t. 

P = 641e1°°29 — Simplify the exponent. 

P = 4429.04 Approximate using a calculator. 


The cost to attend a public two-year college in 2018 will be approximately 
$4429.04. 


Exponential Decay 


Objective 3 Solve exponential decay problems. Just as some quantities grow 
exponentially, other quantities decay exponentially. The equation for exponential de- 
cay is the same as the formula for exponential growth, with the exception that k is the 
exponential decay rate. The exponential decay rate will be a negative number. 


Exponential Decay Formula 


If a quantity decreases at an exponential rate, its size P at time tis given by the 
formula 


P= Pre™, 


P, represents the initial size of the quantity, while k is the exponential decay rate. 


The half-life of a radioactive element is the amount of time it takes for half of the 
substance to decay into another element. For example, the half-life of carbon-14 is 
5730 years. This means that after 5730 years, 50%, or half, of the carbon-14 that was 
present in a sample will have decayed into another element. 


All living things contain the radioactive element carbon-14. When a 
living thing dies, the radioactive carbon-14 begins to change to the stable nitrogen-14. 
By measuring the percentage of carbon-14 that remains, scientists can determine 
how much time has passed since death. 

If an old table is made of wood that still contains 95% of its original carbon-14, 
how much time has passed since the tree it was made of died? (The half-life of 
carbon-14 is 5730 years.) 


SOLUTION We use the half-life of carbon-14 to determine the value of the expo- 
nential decay rate k. We know that after 5730 years, the wood from the tree will 
contain 50% of its original carbon-14. 


P Po k t 
0.5 (50%) 1 (100%) Unknown 5730 


We now substitute into the equation and solve for k. 


0.5 = 1e*979 Substitute for P, Py, and t. 
In. = Ine” Take the natural logarithm of both sides. 
In0.5 = k+ 5730 Simplify the right side of the equation. 
In 0.5 
no = Divide both sides by 5730. 


5730 
k =» —0.000121 Approximate using a calculator. 


730 
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Now we can determine how long it has been since the death of the tree. Here is a 
table containing information that is pertinent to this part of the problem. 


Pp Py k t 
0.95 (95%) | 1(100%) | —0.000121 | Unknown 


Now we substitute the appropriate values into the formula for exponential 


growth. 
0.95 = 1e°%121" Substitute for P, Py, and k. 
In 0.95 = Ine™!2"" Take the natural logarithm of both sides. 
In 0.95 = —0.000121t Simplify the right side of the equation. 
In 0.95 jess : 
=0.000121 ~ t Divide both sides by —0.000121. 
t = 423.9 Approximate using a calculator. 
Quick Check 5 The tree that the table was made of died approximately 423.9 years ago. 
Pp y y g 


The radioactive element 
strontium-89 has a half-life of 


50.6 days. How long willittake = Applications of Other Exponential Functions 


for 50 grams of strontium-89 
to decay to 10 grams? Objective 4 Solve applications involving exponential functions. 


The number of Subway restaurants in business in a particular year 
can be described by the function f(x) = 1828.65-1.06*, where x represents the 
number of years after 1964. If this pattern of exponential growth continues, when 
will there be 50,000 Subway restaurants? (Source: Doctor’s Associates, Inc.) 


SOLUTION Begin by setting the function equal to 50,000 and solving for x. 


1828.65 - 1.06* = 50,000 Set the function equal to 50,000. 
1.06* = Se Divide both sides by 1828.65 
y = 1998 65 ivide both sides by 65. 


log 1.06* 


] (rr) Take th ] ithm of both sid 
8 Ta58 65 ake the common logarithm of both sides. 


50,000 4 
x: log 1.06 = log Apply the power rule for logarithms. 


1828.65 
50,000 
loe(sso5.s 7 
x= ~ tos 1.06 - Divide both sides by log 1.06. 
x = 57 Approximate using a calculator. Round to 


the nearest year. 


Recall that x represents the number of years after 1964; so Subway will have 50,000 
restaurants in 2021 (1964 + 57). 


Quick Check 6 


The average annual income of a person with a bachelor’s degree can be approxi- 
mated by the function f(x) = 13400 -1.055*, where x represents the number of 
years after 1975. If this exponential growth in income continues, in what year will 
the average annual income of a person with a bachelor’s degree be $125,000? 
(Source: U.S. Census Bureau) 


Quick Check 7 

The concentration of hydrogen 
ions [H™] in vinegar is 

1.58 x 10°? moles/liter. Find 
the pH of vinegar. Is vinegar an 
acid or a base? 


Quick Check 8 


The pH of battery acid is 0.3. 
Find the concentration of 


hydrogen ions in moles per liter. 
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Applications of Logarithmic Functions 


Objective 5 Solve applications involving logarithmic functions. 


pH 


Every liquid can be classified as acid, base, or neutral. Acids contain an excess of hy- 
drogen (H%*) ions, while bases contain an excess of hydroxide (OH) ions. In a neu- 
tral liquid such as pure water, the concentration of these two ions is equal. The pH 
scale, based on the concentration of hydrogen ions in the solution, is used to deter- 
mine how acidic or basic a solution is. 


pH of a Liquid 
The pH of a liquid is calculated by the formula pH = —log[H™], where [H*] is 


the concentration of hydrogen ions in moles per liter. 


Solutions that are neutral have a pH of 7. The pH of an acid is less than 7, and the 
pH of a base is greater than 7. The pH of a liquid is generally between 0 and 14. The 
stronger an acid is, the closer its pH is to 0. The stronger a base is, the closer its pH 
is to 14. 


Determine the pH of ammonia, whose concentration of hydrogen 
ions is 3.16 X 10~ moles/liter. Determine whether ammonia is an acid or a base. 


SOLUTION Substitute 3.16 x 10° for [H*] in the formula pH = —log[H*] to 
determine the pH of ammonia. 
pH = —log(3.16 x 10°”) Substitute 3.16 x 107” for [H*]. 
= —(-11.5) Approximate log(3.16 x 10-"”) using a calculator. 
= 115 Simplify. 


The pH of ammonia is 11.5. Ammonia is a base, as it has a pH greater than 7. 


The pH of the water in a swimming pool is 7.8. Find the concentra- 
tion of hydrogen ions in moles per liter. 


SOLUTION We substitute 7.8 for pH in the formula for pH and solve for the con- 
centration of hydrogen ions, [H*]. 


7.8 = —log{H*] Substitute 7.8 for pH. 
—7.8 = log[H*] Divide by —1. 
i= |H") Convert to exponential form. 
[H*] * 1.58 x 10° Approximate using a calculator. 


The concentration of hydrogen ions in the water of the swimming pool is approxi- 
mately 1.58 X 10° moles per liter. 


Volume of a Sound 


The volume of a sound is measured in decibels (db) and depends on the intensity of 
the sound, which is measured in watts per square meter. 85 db is considered the thresh- 
old level for safety, and prolonged exposure to noise at 85 db can cause hearing loss. 
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Quick Check 9 

The intensity of a sound gener- 
ated by normal conversation is 
10° watts per square meter. 
Find the volume of this sound. 


Quick Check 10 


The volume of a vacuum 
cleaner is 80 db. Find the inten- 


sity of a sound with this volume. 


Volume of a Sound 


The volume (L) of a sound in decibels is given by the formula 


I 
L= 10 toa( <4), where /is the intensity of the sound in watts per square meter. 


The constant 107!” is the intensity of the softest sound that humans can hear. 


The intensity of a sound generated by personal stereo headphones 


is 10 * watts per square meter. Find the volume of this sound. 


SOLUTION Begin by substituting 10°? for Jin the formula for the volume of a sound, 


I 
L=10 toa( <3) then find L. 


107 
L=10 toa( 2) Substitute 10 for J. 


L = 10log(10"”) Simplify the fraction using the rule = =H 
x 


m 
m-n 


L = 10 log(10'°) Simplify the exponent. 
L = 10-10 Simplify the logarithm. 
L = 100 Multiply. 


The volume generated by personal stereo headphones is 100 db. 


The threshold for pain is defined to be at a volume of 130 db. Find 
the intensity of a sound with this volume. 


SOLUTION Begin by substituting 130 for L in the formula for the volume of a 
sound; then solve for J. 


I 
130 = 10 toa( <4) Substitute 130 for L. 


I 
13 = toa( <4) Divide both sides by 10. 


I 
io? 10% Convert to exponential form. 
I 
io “so 1-10" Multiply by 10°” to isolate I. 
f=10 Simplify. 


A sound that meets the threshold for pain has an intensity of 10 watts per square 
meter. 


BUILDING YOUR STUDY STRATEGY 


Practice Quizzes, 5 Study Groups Practice quizzes can be effective when 
you are working with a group of classmates. Here is a plan for incorporating a 
practice quiz into a group study session. Have each student bring one ques- 
tion to the session. Randomly select a student to do each problem for the 


group. The student should explain each step of the solution as he or she works 
through it. The rest of the group should act as coaches, using resources such as 
their notes or text as needed. If you are not the student solving the problem, 
ask any questions you may have. At the end of the session, the group should 
create a practice quiz based on these problems. 


MyMathLab\) 


Vocabulary 
1 


4 


7. 


11 


. When a bank pays interest, the amount 
of interest earned in one period is added to the princi- 
pal before the interest earned in the next period is 
calculated. 


. The length of time for any quantity to double in size 
is called the 

. The formula A = Pe” is used to calculate interest 
that is compounded 

. If a quantity increases at an exponential rate, its size 
P at time fis given by the formula 

. If a quantity decreases at an exponential rate, the 


exponential decay rate k in the formula P = Pye“ 
is a(n) number. 


. The scale is used to determine how acidic or 
basic a solution is. 


. Kasumi deposited $7500 in a certificate of deposit 
(CD) account that pays 3% annual interest, com- 
pounded quarterly. How much will the balance of the 
account be in 4 years? 


. Shoshanna deposited $900 in an account that pays 5% 
annual interest, compounded monthly. What will the 
balance of the account be in 2 years? 


. If Tina deposits $12,413 in an account that pays 8% 
annual interest, compounded semiannually, how much 
money will be in the account in 10 years? 


. Vladimir sold his baseball card collection for $3325 
and deposited the money in a bank account that pays 
7% interest, compounded annually. How much money 
will be in the account in 20 years? 


. Dustin deposited $4000 in an account that pays 9% 
annual interest, compounded monthly. How long will 
it take until Dustin’s balance is $6000? 


<=> 
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JI 
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PRACTICE 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


20. 


21. 


22. 


23. 


WATCH DOWNLOAD REVIEW 


Vanessa deposited $5600 in an account that pays 8% 
annual interest, compounded quarterly. How long will 
it take until Vanessa’s balance is $10,000? 


Nomar started a bank account with an initial deposit 
of $240. If the bank account pays 3% annual interest, 
compounded monthly, how long will it take until the 
account’s balance doubles? 


If a bank account pays 10% annual interest, com- 
pounded annually, find the amount of time it would 
take a deposit to double in value. 


The interest on a bank account is compounded con- 
tinuously, with an annual interest rate of 4.3%. Ifa 
deposit of $2000 is made, what will the balance be in 
6 years? 

Vineta has a bank account that pays 5% annual in- 
terest, compounded continuously. If Vineta made an 
initial deposit of $10,000, what will the balance be in 
12 years? 


How long will it take an investment of $4500 to grow 
to $6750 if it is invested at 7% annual interest, com- 
pounded continuously? 


An investor has deposited $80,000 in an account that 
pays 5.3% annual interest, compounded continually. 
How long will it take until the account’s balance is 
$100,000? 


. In 2000, Home Depot had 1134 stores nationwide. By 


2002, this total had grown to 1532. If the number of 
stores continues to grow exponentially at the same 
rate, how many stores will there be in 2016? (Source: 
The Home Depot, Inc.) 


In 1997, Lowe’s had 427 stores nationwide. By 1999, 
this total had grown to 520. If the number of stores 
continues to grow exponentially at this rate, how 
many stores will there be in 2017? (Source: Lowe’s 
Companies, Inc.) 


In 1974, the total world population reached 4 billion 
people. The total world population reached 6 billion 
people in 1999. If the total world population contin- 
ues to grow exponentially at this rate, what will the 
population be in 2050? (Source: U.S. Census Bureau) 


During its exponential growth phase, a colony of the 
bacteria Bacillus megaterium grew from 20,000 cells 
to 40,000 cells in 25 minutes. How many cells will be 
present after 60 minutes? 


The average monthly bill for U.S. cell phone users 
rose from $39.43 in 1998 to $48.40 in 2002. If the aver- 
age monthly bill continues to increase exponentially 
at this rate, when will it reach $100? (Source: Cellular 
Telecommunications and Internet Associates) 
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24. The average tuition and fees paid by students at pri- 
vate four-year universities grew from $9340 in 1990 to 
$16,233 in 2000. If the average tuition and fees con- 
tinue to grow exponentially at this rate, when will the 
average tuition and fees reach $40,000? (Source: The 
College Board) 


25. During its exponential growth phase, a colony of the 
bacterium E. coli grew from 5000 cells to 40,000 cells 
in 60 minutes. How long will it take the colony of 5000 
cells to grow to 100,000 cells? 

26. During its exponential growth phase, a colony of the 
bacterium EF. coli grew from 15,000 cells to 60,000 


cells in 40 minutes. How long will it take the colony of 
15,000 cells to grow to 250,000 cells? 


27. In 1993, there were 593 drive-in theaters in the United 
States. By 2001, the number of drive-in theaters had 
dropped to 474. If the number of drive-in theaters con- 
tinues to decline exponentially, how many drive-in 
theaters will there be in 2020? (Source: MPAA) 


28. The circulation of all daily U.S. newspapers in 1992 
was 60.1 million. Total circulation had dropped to 
55.1 million by 2002. If circulation continues to de- 
cline exponentially, what will the total circulation 
of all daily U.S. newspapers be in 2025? (Source: 
USA Today) 


29. Fluorine-18 is a radioactive version of glucose and 
is used in PET scanning. The half-life of fluorine-18 
is 112 minutes. If 100 milligrams of fluorine-18 is in- 
jected into a patient, how much will remain after 
240 minutes? 


30. The half-life of bismuth-210 is 5 days. If 10 grams of 
bismuth-210 are present initially, how much will re- 
main after 2 weeks? 


31. If a bone contains 98% of its original carbon-14, how 
old is the bone? (Carbon-14 has a half-life of 5730 
years.) 


32. Ifa wooden bowl contains 85% of its original carbon-14, 
how old is the bowl? (Carbon-14 has a half-life of 
5730 years.) 


33. Calcium-41 is being used in studies testing the effec- 
tiveness of drugs for preventing osteoporosis. The 
half-life of calcitum-41 is 100,000 years. If 5 grams of 
calcium-14 are present initially, how long will it take 
until only 1 gram remains? 


34. 


35. 


36. 


37. 


38. 


39. 


41. 


42. 


43. 


Radon-222 has a half-life of 3.8 days. If 200 milligrams 
of radon-222 are present initially, how long will it take 
until only 10 milligrams remain? 


In 1940, there were 1878 daily newspapers in the 
United States. In 2002, this number had dropped to 
1457 daily newspapers. If the number of daily newspa- 
pers in the United States continues to decline expo- 
nentially at this rate, when will there be only 1000 
daily newspapers in the United States? (Source: USA 
Today) 


The number of drive-in screens in the United States 
dropped from 3561 in 1980 to only 717 in 2000. If the 
number of screens continues to decline exponentially 
at this rate, when will there be only 100 drive-in 
screens in the United States? (Source: MPAA) 


The value of a car purchased in 2008 for $30,000 had 
dropped to $24,000 in 2009. If the value of the car 
continues to decrease exponentially at this rate, when 
will it be worth $5000? 


The value of a car purchased in 2001 for $12,000 had 
dropped in value to $9720 in 2003. If the value of the 
car continues to decrease exponentially at this rate, 
when will it be worth $2000? 


The number of Starbucks stores in business in a 
particular year can be described by the function 
f(x) = 4794+1.21", where x represents the number 
of years after 2001. Use this function to predict the 
number of Starbucks stores in 2016. (Source: Starbucks 
Corporation) 


. The number of McDonald’s restaurants in business in 


a particular year can be described by the function 
f(x) = 12,436-1.095*, where x represents the num- 
ber of years after 1991. Use this function to predict 
the number of McDonald’s restaurants in 2016. 
(Source: McDonald’s Corporation) 


The average premium, in dollars, of homeowner’s insur- 
ance in a particular year can be described by the func- 
tion f(x) = 410.57- 1.035", where x represents the 
number of years after 1994. Use this function to deter- 
mine when the average homeowner’s premium is $1000. 
(Source: National Association of Insurance Commis- 
sioners and Insurance Information Institute) 


The annual domestic gross box office receipts in the 
United States, in billions of dollars, can be approxi- 
mated by the function f(x) = 4.8-1.057*, where x 
represents the number of years after 1992. Use this 
function to determine when the annual domestic 
box office receipts reach $25 billion. (Source: www. 
boxofficemojo.com) 


The average annual income of a person without a 
high school diploma can be approximated by the 
function f(x) = 6830: 1.038", where x represents the 
number of years after 1975. Use this function to pre- 
dict when the average annual income of a person 
without a high school diploma will be $100,000. 
(Source: U.S. Census Bureau) 


45. 


47. 


49. 


50. 


51. 


. The average annual income of a person with an ad- 


vanced college degree (master’s degree or higher) can be 
approximated by the function f(x) = 17,775 + 1.059", 
where x represents the number of years after 1975. 
Use this function to predict when the average annual 
income of a person with an advanced college degree 
will be $200,000. (Source: U.S. Census Bureau) 


The value of a new car, in dollars, x years after its 
purchase can be described by the function 
f(x) = 24,000 - 0.8*. Use this function to determine 
when the value of the car will be $5000. 


. The value of a new copy machine, in dollars, x years 


after its purchase can be described by the function 
f(x) = 3500-0.85*. Use this function to determine 
when the value of the copier will be $2000. 


Forensic investigators often use body temperature to 

determine time of death. For a person who was found 

dead in a walk-in refrigerator that maintained a con- 

stant temperature of 35° F, the body’s temperature, in 

degrees Fahrenheit, can be approximated by the func- 

tion f(t) = 35 + 6le °°, where ¢ = 0 corresponds 

to the time the body was found. 

a) What will the body’s temperature be 6 hours after 
it was found? 

b) How many hours before being found did the per- 
son die? Assume that the person had a normal 
temperature of 98.6° F when alive. 


. The body temperature, in degrees Fahrenheit, of a 


person who was found dead in an apartment that 
maintained a constant temperature of 70° F can be 
approximated by the function f(t) = 70 + 12e°'8, 
where ¢ = 0 corresponds to the time the body was 
found. 


a) What will the body’s temperature be 12 hours after 
it was found? 


b) How many hours before being found did the per- 
son die? 


The average annual salary, in dollars, of teachers in 
public elementary and secondary schools in a particu- 
lar year can be described by the function 
f(x) = 32178 -1.027*, where x represents the number 
of years after 1989. Use this function to determine 
when the average annual salary will reach $70,000. 
(Source: National Education Association) 


The expenditure, in dollars, per pupil in public ele- 
mentary and secondary schools in a particular year 
can be described by the function f(x) = 4454: 1.038", 
where x represents the number of years after 1988. 
Use this function to determine when the expenditure 
per pupil will reach $16,000. (Source: U.S. Depart- 
ment of Education) 


The concentration of hydrogen ions [H*] in bleach is 
2.51 X 10° moles/liter. Find the pH of bleach. Is 
bleach an acid or a base? 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 
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The concentration of hydrogen ions [H™] in orange 
juice is 6.31 X 10° moles/liter. Find the pH of orange 
juice. Is orange juice an acid or a base? 


The concentration of hydrogen ions [H*] in lemon 
juice is 5.01 X 10° moles/liter. Find the pH of lemon 
juice. Is lemon juice an acid or a base? 


The concentration of hydrogen ions [H*] in seawater 
is 1 x 10° moles/liter. Find the pH of seawater. Is 
seawater an acid or a base? 


The pH of boric acid is 5.0. Find the concentration of 
hydrogen ions in moles per liter. 


The pH of borax is 9.3. Find the concentration of hy- 
drogen ions in moles per liter. 


The pH of milk of magnesia is 10.2. Find the concen- 
tration of hydrogen ions in moles per liter. 


The pH of corn is 6.2. Find the concentration of hydro- 
gen ions in moles per liter. 


The intensity of a sound generated by a vacuum 
cleaner is 10°* watts per square meter. Find the vol- 
ume of this sound. 


The intensity of a sound generated by an alarm clock 
is 10° watts per square meter. Find the volume of this 
sound. 


The intensity of a sound generated by a leaf blower is 
107' watts per square meter. Find the volume of this 
sound. 


The intensity of a sound generated by an airplane tak- 
ing off is 10° watts per square meter. Find the volume 
of this sound. 


The volume of a crying baby is 110 db. Find the inten- 
sity of a sound with this volume. 


The volume of a refrigerator is 50 db. Find the inten- 
sity of a sound with this volume. 


The volume of an electric drill is 95 db. Find the inten- 
sity of a sound with this volume. 


The volume of a chainsaw is 125 db. Find the intensity 
of a sound with this volume. 


The life expectancy at birth for Americans of both 
sexes in a particular year can be described by the 
function f(x) = 11.03 + 14.29In x, where x repre- 
sents the number of years after 1900. Use this func- 
tion to determine the life expectancy for Americans 
born in 2025. (Source: National Center for Health 
Statistics) 


The number of U.S. cell phone subscribers (in mil- 
lions) in a particular year can be described by the 
function f(x) = 63.1 + 45.43 In x, where x represents 
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the number of years after 1997. Use this function to ioaimias Writing in Mathematics 
predict how many subscribers there will be in 2015. ; 
(Source: Cellular Telecommunications & Internet Answer in complete sentences. 


Association) 71. Write a compound interest word problem whose solu- 
69. The number of public elementary and secondary tion is Gretchen’s balance will reach the correct amount 
school teachers (in millions) in a particular year can be in 17 years. 


described by the function f(x) = 2.648 + 0.181 In x, 
where x represents the number of years after 1995. 
Use this function to predict when there will be 3.2 mil- 7 


; : . Write a compound interest word problem whose solu- 
lion teachers. (Source: U.S. Department of Education) : ‘ 


tion is Lucy needs to invest $10,000. 


70. The percent of U.S. full-time college students who re- 73 
ceive some financial aid in a particular year can be de- 
scribed by the function f(x) = 58.8 + 6.7 In x, where 
x represents the number of years after 1991. Use this 
function to predict when 80% of all students will re- 
ceive some sort of financial aid. (Source: U.S. Depart- 
ment of Education) 


. Explain what the half-life of a radioactive element is. 


74. Newsletter Write a newsletter explaining how to 
solve applied problems involving compound interest. 


OBJECTIVES 


1. Graph exponential functions. 
(2. Graph logarithmic functions. 


In this section, we will learn how to graph exponential and logarithmic functions by 
shifting basic exponential and logarithmic functions. In addition, now that we know 
how to solve exponential equations and logarithmic equations, we will be able to 
find the x-intercept of the function if one exists. 


Graphing Exponential Functions 


Objective 1 Graph exponential functions. Recall the following facts about 
the graph of an exponential function of the form f(x) = b*, where b > Oandb # 1: 
e The graph has a horizontal asymptote at the line y = 0. 

e The y-intercept is at (0, 1). 


1 
e The graph also passes through the points (-1 *) and (1, 5). 


e If b > 1, the function increases from left to right, and if 0 < b < 1, the function 
decreases from left to right. 


To graph a function of the form f(x) = b*" + k, we will shift the graph of 
f(x) = b* horizontally by / units and vertically by k units. A good strategy is to be- 
gin by shifting the horizontal asymptote by k units vertically. We will follow up by 


applying the shifts to the points (-1 0, 1), and (1, b). After drawing the smooth 


ae a 
b 
curve passing through these points, we can add additional detail to the graph by 
finding any intercepts. 
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Graph f(x) = 2**' — 4. Label any intercepts and state the domain 
and range of f(x). 


SOLUTION In this example, = —1andk = —4;so we shift the graph of f(x) = 2* 
by one unit to the left and by four units down. This places the horizontal asymptote at 
y = —4. Here are three points on the graph of f(x) = 2* as well as their location 
after the shifts have been applied to the graph. (Subtract 1 from each x-coordinate 
and subtract 4 from each y-coordinate.) 


Ls y=-4 


eee eee 


v 


By shifting, we see that the y-intercept is (0, —2). To find the x-intercept, we set the 
function equal to 0 and solve for x. 


2**1_4=0 Set f(x) =0. 
2**1=4 Add 4 to both sides to isolate the exponential expression. 
27*1 = 2? Rewrite 4 as 2”. 
x+1=2 Apply the one-to-one property of exponential 
functions. If b" = b’, then r = s. 


Quick Check 1 x =1 Subtract 1. 


Graph f(x) = 3%"! — 9. Label 
any intercepts and state the 
domain and range of f(x). 


The x-intercept is (1, 0). 


The domain of the function is (— 00, 00). From the graph, we see that the range is 
(-4, co). 


In general, for a function of the form f(x) = b*~" + k, the equation of the horizon- 
tal asymptote will be y = k and the range of the function will be (k, ©). 


738 CHAPTER 12 Logarithmic and Exponential Functions 


Quick Check 2 

Graph f(x) = 4*? — 6. Label 
any intercepts and state the do- 
main and range of the function. 


Graph f(x) = 3*** — 7. Label any intercepts and state the domain 
and range of the function. 


SOLUTION In this example, = —2 and k = —7;so we shift the graph of f(x) = 3* 
by two units to the left and by seven units down. This places the horizontal asymptote 
aty = —7. 


To find the y-intercept, we find f(0). 


f(0) = 3°? -7=9-7=2 


The y-intercept is (0, 2). To find the x-intercept, we set the function equal to 0 and 
solve for x. 


i Ae Set f(x) = 0. 
3x2 = 7 Add 7 to both sides to isolate 
the exponential expression. 
log 3**? = log7 Take the common logarithm of each side. 
(x + 2)-log3 = log7 Apply the power rule for logarithms. 
1 
x + 2)-leg3  log7 
( ) oe Divide both sides by log 3. 
leg3 log 3 
1 
log 7 
x= 2 2 Subtract 2. 
log 3 
x = —0.2 Approximate using a calculator. 


The x-intercept is approximately at (—0.2, 0). Following is the graph of the func- 
tion, including the x-intercept. The domain of this function is the set of all real 
numbers (—00, 00). The range is (—7, co). 


y 
A 
4 
2¢- (0, 2) 
(—0.2, 0) 
! ! 1 ! ! 1 
= =) L 5) >X 
—6 | y = -—7 
— ee ee > 
—8b 


Quick Check 3 

Graph f(x) = e*° — 9. Label 
any intercepts and state the do- 
main and range of the function. 
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Using Your Calculator You can use the TI-84 to graph f(x) = 3**? — 7 as well 
as its horizontal asymptote, y = —7. Begin by tapping the key. Next to Y,, key 
3*** — 7, Key the number —7 next to Y;. Tap the key to display the graph. 


Enter Expressions Graph 


Floki Flake Floks 


Graph f(x) = e* | — 5. Label any intercepts and state the domain 
and range of f(x). 


SOLUTION In this example, = 1 and k = —5;so we shift the graph of f(x) = e* 
by one unit to the right and by five units down. This places the horizontal asymp- 
tote at y = —S. 


To find the y-intercept, we find f(0). 


f(0) =e !-S=e'!-5 % -46 


The y-intercept can be plotted at (0, —4.6). 
To find the x-intercept, we set the function equal to 0 and solve for x. 


et-5= Set f(x) = 0. 
er a5 Add 5 to both sides of the equation. 
Ine*' = In5 Take the natural logarithm of each side. 
x-—1=I1n5 Simplify the left side of the equation. 
x =In5+1 Add 1 to each side. 
x © 2.6 Approximate using a calculator. 
The x-intercept is approximately located at y 
(2.6, 0). 4 


The domain of the function is (—°co, co), 
and the range is (—5, ©o). 


Lean. 


ooo > 
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Quick Check 4 


Graph f(x) = log3(x — 2) — 1. 


Label any intercepts and state 
the domain and range of the 
function. 


Graphing Logarithmic Functions 


Objective 2 Graph logarithmic functions. Recall the following facts about 
the graph of a logarithmic function of the form f(x) = log, x, where b > 0 and 
b#1: 


e The graph has a vertical asymptote at the line x = 0. 
e The x-intercept is at (1,0). 


1 
e The graph also passes through the points (6. -1) and (b, 1). 


To graph a function of the form f(x) = log,(x — h) + k, we will shift the graph of 
f(x) = log, x horizontally by / units and vertically by k units. A good strategy is to 
begin by shifting the vertical asymptote by / units horizontally. We will follow up by 


1 
applying the shifts to the points ( 1), (1, 0), and (5, 1). After drawing the smooth 


an 
curve passing through these points, we can add additional detail to the graph by 
finding any intercepts. 


Graph f(x) = log,(x — 4) + 1. Label any intercepts and state the 
domain and range of f(x). 


SOLUTION In this example, = 4 and k = 1;s0 we shift the graph of f(x) = log, x 
by four units to the right and by one unit up. This places the vertical asymptote at 
x=4, 

Here are three points on the graph of f(x) = log, x as well as their location 
after the shifts have been applied to the graph. (Add 4 to each x-coordinate and 
add 1 to each y-coordinate.) 


f(x) = log, x (. -1) (1, 0) (ah) 


The x-intercept is already on the graph. From the graph, we can see that there is 
no y-intercept, as the vertical asymptote is to the right of the y-axis. The domain of 
the function is (4, ©), and the range is (—©o, ©), 


Quick Check 5 

Graph f(x) = log;(x + 7) — 2. 
Label any intercepts and state 
the domain and range of f(x). 
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Using Your Calculator You can use the TI-84 to graph the logarithmic function 
f(x) = log,(x — 4) + 1. Begin by tapping the [Y=] key. Next to Y,, enter the function. 
log(x — 4 
You must use the change-of-base formula to rewrite log,(x — 4) + las s 5 P dl 
0g 
to graph this function on the calculator. Tap the key to display the graph. Using 
the standard window, your calculator screen should look like this. (Note that this func- 
tion has a vertical asymptote at x = 4.) 


Enter Expressions Graph 


Flotd FIokz Platz 
siBlogex—4i-log 
CPoa+1 


In general, for a function of the form f(x) = log,(x — h) + k, the equation of the 
vertical asymptote will be x = h and the domain of the function will be (h, 0%). 


Graph f(x) = log.(x + 3) — 1 and state the domain and range 
of f(x). 


SOLUTION In this example, h = —3 and k = —1; so we shift the graph of 
f(x) = log, x by three units to the left and by one unit down. This places the verti- 
cal asymptote at x = —3. 


After shifting the graph of f(x) = log, x, we see that the x-intercept is at (3, 0).To 
find the y-intercept, we need to find f(0). 


f(0) = log.(0 + 3) — 1 Substitute 0 for x. 


= logg3 — 1 Simplify. 
me Apply the change-of-base formul 
= ga 6 pply the change-of-base formula. 
~ —0.4 Approximate using a calculator. 
The y-intercept is approximately at (0, —0.4). , 
The domain of the function is (—3, oc), A 4b 
and the range is (— 00, 00), i t 
i 2h 
by = 3p =~ 3, 0) 
1 
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Graph f(x) = In(x + 2) + 3. Label any intercepts and state the 
domain and range of f(x). 


SOLUTION In this example, = —2 andk = 3;so we shift the graph of f(x) = In x 
two units to the left and three units up. This places the vertical asymptote at 
x= -2., 


To find the x-intercept, we set the function equal to 0 and solve for x. 


In(x + 2)+3=0 Set f(x) = 0. 
In(x + 2) = —3 Subtract 3 from each side. 
e*? =x +2 Rewrite in exponential form. 
e?-2=x Subtract 2 from each side. 


x * —1.95 Approximate using a calculator. 


The x-intercept is approximately at (—1.95, 0). To find the y-intercept, we need to 


find f(0). 
f(0) = In(O + 2) + 3 = In(2) + 3 © 3.7 


The y-intercept is approximately at (0, 3.7). 
The domain of the function is (—2, ©), 
and the range is (—©0, 00), 


Quick Check 6 


Graph f(x) = In(x — 1) — 2. Label any intercepts and state the domain and 
range of the function. 
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BUILDING YOUR STUDY STRATEGY 


Practice Quizzes, 6 Your Own Chapter Quiz Create your own practice quiz 
for this chapter by selecting odd-numbered problems from the exercise sets 
of each section. Select four or five odd-numbered problems from each section 


that you think are representative of the types of problems you would be ex- 
pected to solve on an exam. Choose problems of varying levels of difficulty. 

After you have finished writing a practice chapter test, compare your prob- 
lems with the chapter test exercises in the textbook. If you are missing certain 
types of problems, go back and add them to your practice test. 


—_ 
oe ED % | Ha| & 
MyMathLab ; 

PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary 15. f(x) = In(x + 3) - 4 
1. The graph of an exponential function has a(n) 
asymptote. 16. f(x) = In(x + 8) — 10 
2. The graph of a logarithmic function has a(n) 
asymptote. ; ; ; 
A Thedemainotatal en eae ay ae Determine the equation of the horizontal asymptote for 


the graph of this function and state the domain and range 
of this function. 


17. f(x) =375 +8 


of all real numbers. 


4. The domain of a(n) _____ function is 
restricted. 


5. The graph of every exponential function has a(n) 


aay Sf ee 
intercept. 18. f(x) = 6° — 10 


6. The graph of every logarithmic function has a(n) 


— Axel? 
intercept. 19. f(x) = 4 og 


20. flix) =5"* 
Find all intercepts for the given function. Round to the 
nearest tenth if necessary. 


7. f(x) =2*4 +6 Determine the equation of the vertical asymptote for the 
8 = 3x _ 9 graph of this function and state the domain and range of 
pa) this function. 
9, f(x) = 6° - 21 
10. f(x) = e441 21. f(x) = log;(x — 5) — 9 
ee eee 
as a aes 22. f(x) = logs(x + 4) +4 
12. f(x) = e** — 76 
13. f(x) = logo(x — 5) — 3 23. f(x) = log(2x — 1) + 16 


14, f(x) = log,(x + 1) — 3 24. f(x) = log, x — 12 
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Graph. Label any intercepts and the horizontal asymp- 32. f(x) =4°7 -7 
tote. If necessary, round to the nearest tenth. State the 
domain and range of the function. 


25. f(x) = 2° +4 26. f(x) =2*3 45 


er +) 


33. f(x) = e*7+3 34. f(x) 


a. fae es9 28. f(x) = 4"? -4 


35. f(x) =e"! -7 36. f(x) =e? — 5 


Graph. Label any intercepts and the vertical asymptote. 
If necessary, round to the nearest tenth. State the domain 
and range of the function. 


31. f(x) = 5°"* —6 
37. f(x) = logy(x — 2) —1 38. f(x) = log3(x — 1) + 1 


39. f(x) = log;,(x + 8) +2 40. f(x) = logs(x + 2) — 1 


41. f(x) = log,(x + 5) —3 42. f(x) = logs(x + 4) — 2 


43. f(x) =In(x—3) +1 9 44 f(x) = In(x — 2) +2 


45. f(x) =In(x +1) -2 46. f(x) = In(x + 4) +2 
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Mixed Practice, 47-56 


Graph. Label any intercepts and asymptotes. If neces- 
sary, round to the nearest tenth. State the domain and 
range of the function. 


47, f(x) =e*'-4 48. f(x) = In(x — 2) - 1 


49. f(x) = log,(x + 4) —2 50. f(x) =3*°? - 6 


51. f(x) = In(x + 6) 52. f(x) = 4Axytlig 


53. f(x) =27 1-8 54. f(x) =log,(x +7) +1 
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55. f(x) = (5) -3 56. f(x) =e? +5 


Determine which equation is associated with the given 


graph. 
a) y = logo(x — 3) + 4 b) y = log,(x — 4) +3 
Given the graph of a function f(x), graph the function c) y = log, x d) y= Inx 
f-"(x). e) y= 2" 443 f) y=273 44 
57. y gyre h) y=4 
A 
A 61. a 
Coa ab 
< | ees Cy 1 a ' j A) CE Se! OE: as SY 3 >x 2h 
Pee eee 6...8..10. 12 eect B 
~2b <- C 
—4b —2- 
aE il 
Y =o 
58. y 63. 
12 
a al a ad 
—2r 
—4- 
De * ~67 
2 
v 65. y 
59. y 8r A 
10f 6c 
gt apo 
6L ob H 
4p << i = i Ez > 4 1 ae 
2r ~2P —2- 
| a (RS SRE CG as US Ga (P| 3 ae aay ae | j aes Goat CSET fi —4 —4L 
“10-8 -6.-4.-2....2..4 8 10” v Y 
Rl 67. 68. 
; y 
: 6 
er > 
=—10+ 
Mi fe 
2r ) ee 14 i je Cee) 
oid fp oh Ph egy pa ger w=) 2 4 oe 
—6.-4.-2..b 0.2.4.6 =2 
20 4 
“Ay -6 


a===- Writing in Mathematics 
Answer in complete sentences. 


69. Explain how to graph an exponential function, includ- 
ing how to find any intercepts and the horizontal as- 
ymptote. Use an example to illustrate the process. 
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70. Explain how to graph a logarithmic function, includ- 
ing how to find any intercepts and the vertical asymp- 
tote. Use an example to illustrate the process. 
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CHAPTER 12 SUMMARY 


Section 12.1 Exponential Functions 


Exponential Function, pp. 685-687 


A function of the form f(x) = b*,b > Oandb # 1, For f(x) = 2* 4 + 3, find f(9). 
is called an exponential function. r(9) 


2-443 
2 +3 
32 +3 


Io we al 


Graphing Exponential Functions, pp. 687-690 

For an exponential function f(x) = b*: Graph: f(x) = 3* 

e Graph the horizontal asymptote y = 0 using 
a dashed line. 


1 
e Plot the points (1, b), (0,1), and (-1 s) 
e Draw the graph passing through the points. 
The domain of the function is the set of all real numbers, 
but the range is restricted. 


Domain: (—09, 00); range: (0, 0) 


The Natural Exponential Function, pp. 690-691 


The function f(x) = e* is the natural exponential For f(x) = e**! — 7, find f(3). Round to the nearest thousandth. 
function, where e © 2.7182818284.... 


fQ)=e=7 
=e-7 
=~ 47.598 
One-to-One Property of Exponential Functions, pp. 691-692 
For any positive real number b (b # 1) and any real Solve: 3*-4 = 243 
numbers x and y, if b* = b’, then x = y. Si 
3°" = 243 
3x4 = 35 
x-4= 
x= 


{9} 


Section 12.2 Logarithmic Functions 


Logarithm, pp. 695-696 


For any positive real number b (b # 1) and any positive logs 125 = 3 because 5° = 125. 
real number x, log, x is defined as the exponent to which 
b must be raised to equal x. 


Logarithmic Function, pp. 696-697 


For any positive real number b (b # 1), a function of the form , 1 
f(x) = log, x is a logarithmic function. For f(x) = logs x — 5, find (2). 
This function is defined for values of x that are greater than 0; so 
the domain of this function is the set of positive real numbers: 1\ _ 1 
(0, 00). (5) = 0(5) -5 
= 3-5 
= —-8 
Common Logarithm, p. 697 
A logarithm whose base is 10 is called a common logarithm; itis | For f(x) = log x, find (57). 
written without its base. The common logarithm of x is written 
simply as log x. The common logarithm can be approximated f(57) - — 


with a calculator. 


Natural Logarithm, pp. 697-698 


A logarithm whose base is e is called a natural 
logarithm. The natural logarithm of x is 
written as In x. 


Exponential and Logarithmic Form of an Equation, pp. 698-699 


An equation written as b” = nis said to be in 
exponential form. The equivalent logarithmic 
form of this equation is log,n = y. 


Solving Logarithmic Equations, p. 699 


Some logarithmic equations can be solved by 
rewriting the equation in exponential form 
and solving the resulting equation. 


Graphing Logarithmic Functions, pp. 700-702 
For a logarithmic function f(x) = log, x: 
e Graph the vertical asymptote x = 0 using a dashed line. 


e Plot the points (b, 1), (1, 0), and (7 -1). 


e Draw the graph passing through the points. 


The domain of the function is restricted, but the range 
is the set of all real numbers. 


Section 12.3 Properties of Logarithms 


Product Rule for Logarithms, pp. 707-708 


For any positive real number b (b # 1) and any 
positive real numbers x and y, 


log, x + log, y = log,(xy). 


Quotient Rule for Logarithms, p. 708 


For any positive real number b (b # 1) and any positive 
real numbers x and y, 


log,x — log, y = tozs(*) 


Power Rule for Logarithms, pp. 709-710 


For any positive real number b (b # 1), any positive 
real number x, and any real number 7, 


log, x" = r- log, x. 


Chapter 12 Summary 


For f(x) = In(x + 17), find f(30). Round to the nearest 
thousandth. 


Rewrite in logarithmic form: 2* + 7 = 25 


2*+7=25 
2* = 18 
log, 18 = x 
Solve: log, x = 3 
logyx = 3 
Ae =x 
64=x 


Domain: (0, 00); range: (— 00, co) 


Rewrite as a single logarithm: log,5 + log, x 


log, 5 + log, x = log,(5x) 


Rewrite as a single logarithm: log, x — log,9 


logyx — log,9 = loa,(2) 


Rewrite without an exponent: log, x* 


log, x* = 8+ log, x 


Rewriting Logarithmic Expressions as a Single Logarithm, pp. 710-711 


To rewrite two or more logarithmic expressions in terms 
of a single logarithm that is not being multiplied by 
a constant, use the properties of logarithms. This is 
referred to as condensing logarithms. 


Rewrite as a single logarithm: 8 log, x + 5 log, y — 2 log, z 


8 log, x + 5 log, y — 2 log, z 
log, x* + log, y> — log, z 


x8y 
me) 
zg 
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Rewriting a Logarithmic Expression as a Sum or Difference of Logarithms, pp. 711-712 


To rewrite a single logarithm as a sum or difference 
of two logarithms without using exponents is referred 
to as expanding logarithms. 


Change-of-Base Formula, pp. 712-713 
For any positive numbers a, b, and x (a,b # 1), 


Rewrite as a sum or difference of logarithms without 


exponents: log 13 
as 


7 
toa( = loga’ — log b® — loge? 
= Tloga — 6logb — Sloge 


Evaluate log, 60 using the change of base formula. Round to the 
nearest thousandth. 


\ log, x 
08, * = In 60 
log, b log, 60 = a. 
~ 2.104 
Section 12.4 Exponential and Logarithmic Equations 
Solving Exponential Equations, pp. 715-716 
If both sides of an exponential equation can be Solve: 52*~? = 125 
rewritten in terms of the same base, the equation 5g ? 
can be solved using the one-to-one property of ia 
exponential functions. 2x eo ~ e 
x= 
x =6 


Solving Exponential Equations, pp. 716-718 


If both sides of the equation cannot be written in terms 
of the same base, solve the equation by taking the 
common logarithm of each side of the equation or 
by taking the natural logarithm of each side. After 
using the power rule for logarithms, you can solve 
the resulting equation. 


Solving Logarithmic Equations, pp. 718-721 

1. If one side of an equation contains two or more 
logarithms, rewrite these logarithms as a single 
logarithmic expression. 

2. To solve an equation in which two logarithms with 
the same base are equal, use the one-to-one property 
of logarithmic functions. This allows you to set the two 
arguments equal to each other and solve the resulting 
equation. 

3. To solve an equation in which a logarithm is equal to a 
number, convert the equation to its exponential form 
and solve the resulting equation. 

4. Check the solution to make sure it does not cause an 
argument of a logarithm to be negative or 0 because 
the domain is (0, co). If it does, this solution must be 
omitted from the solution set. 


{6} 


Solve 3*** = 20. Round to the nearest thousandth. 
axt4 = 20 
log 3*** = log 20 
(x + 4)log 3 = log 20 


log 20 
x+4= 
log 3 
log 20 
= log 3 
x = —1.273 


Solve: log(x? — 5x — 9) = log(2x + 9) 
log(x? — 5x — 9) = log(2x + 9) 


x - 5x -9=2x +9 
x? — 7x —- 18 =0 
(x + 2)(x — 9) =0 


{—2, 9} 
Solve: log; x + log;(x + 6) = 3 


log3x + log3(x + 6) = 
log;(x* + 6x) = 


x? + 6x -27= 
(x + 9)(x - 3) = 
Extraneous solution: x = —9 
{3} 


Finding the Inverse Function of an Exponential or Logarithmic Function, p. 722 


1. Replace f(x) with y. 

2. Interchange x and y. 

3. Solve the resulting equation for y using the techniques for 
solving exponential and logarithmic equations. 

4. Replace y with f-'(x). 


Find f(x): f(x) = e*** +9 


y= ext4 4 9 
x=et4+ 9 
x—-9=eyt4 
In(x — 9) = Ine’*4 
In(x -9)=yt+4 
In(x —-9) -4=y 
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Section 12.5 Applications of Exponential and Logarithmic Functions 


Compound Interest, pp. 725-727 


If P dollars are deposited in an account that pays an annual 
interest rate r that is compounded n times per year, the 
amount A in the account after f years is given by the 


formula 
r nt 
A= (1 + “) : 
n 


Continuous Compound Interest, p. 727 


If P dollars are deposited in an account that pays an 
annual interest rate r that is compounded continuously, 
the amount A in the account after f years is given by the 
formula 


A= Pe". 


Exponential Growth, pp. 728-729 


If a quantity increases at an exponential rate, its size P at time 
tis given by the formula 


P= Pye™. 


P) represents the initial size of the quantity, while k is the 
exponential growth rate. 


Exponential Decay, pp. 729-730 
If a quantity decreases at an exponential rate, its size P at time 
tis given by the formula 
P= Pye™. 
P) represents the initial size of the quantity, while k is the 
exponential decay rate. 
Half-Life 


The half-life of a radioactive element is the amount of time 
it takes for half of the substance to decay. 


If $6000 is invested in an account that pays 6% annual interest, 
compounded quarterly, what will the balance be in 10 years? 


4-10 
A= eooo( 1 + ue 


A = 6000(1.015)” 
A = 10,884.11 


The balance will be $10,884.11. 


If $10,000 is invested in an account that pays 7% annual interest, 
compounded continuously, how long will it take for the invest- 
ment to double? 


20,000 = 10,000e"°” 


2 = poor 
In2 = Ine?” 
In2 = 0.07t 
In2 _ : 
0.07 

tz 99 


It will take approximately 9.9 years. 


In 1993, Visalia’s population was 80,000. In 2008, the population 
reached 120,000. When will the population reach 200,000? 


Find k. 
120,000 = 80,000e!* 
1.5 = elk 
In 1.5 = Ine 
In 1.5 
=k 
15 
k &® 0.027031 
P= Pre 
200,000 = 80,000¢°.02731" 
2.5 = ¢0.0270311 
In 2.5 = In e°.027031 
In25 | 
0.027031 — 
t = 34 
In 2027. 


The half-life of a particular radioactive substance is 8 days. If 
20 grams of the substance is initially present, how many grams 
will remain in 30 days? 


10 = 20e** P = 20)e70.086643(30) 
0:5 = e%* P = 20¢e7259929 
In 0.5 = In e* P15 
In 0.5 
ne =k 
8 


k = —0.086643 


Approximately 1.5 grams will remain. 
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pH, p. 731 
The pH of a liquid is calculated using the formula 
pH = —log[H"], where [H*] is the concentration of 


hydrogen ions in moles per liter. 


Volume of a Sound, pp. 731-732 
The volume (L) of a sound in decibels is given by the formula 
I 
L= 10 loa( 43), where J is the intensity of the sound in 
10 


watts per square meter. 


If the concentration of hydrogen ions for a certain liquid is 
5.0 X 107'! moles per liter, what is its pH? 


pH = —log(5.0 x 1071’) 
pH = 10.3 


The pH is 10.3. 


Find the intensity of a sound whose volume is 115 db. 


I 
19115 = 5 
10115 3 10°2 = a 
10°°° = 


The intensity is 10-°° watts per square meter. 


Section 12.6 Graphing Exponential and Logarithmic Functions 


Graphing Exponential Functions of the Form f(x) = b*~" + k, pp. 736-739 


1. Graph the horizontal asymptote. 
Using a dashed line, graph the line y = k. 

2. Shift the graph of f(x) = b* by A units horizontally 
and k units vertically. 

3. Find the y-intercept. 
Evaluate f (0). 


4. Find the x-intercept if one exists. 
Set the function f(x) equal to 0 and solve for x. 


Graph: f(x) = 2* 7-5 
Horizontal asymptote: y = —5S 


h=3,k =—-5 
y-intercept: (0, —4.9) 


x-intercept: (5.3, 0) 


Domain: (—©°, co); range: (—5, ©) 
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Graphing Logarithmic Functions of the Form f(x) = log,(x — h) + k, pp. 740-742 


1. Graph the vertical asymptote. Graph: f(x) = log3(x + 2) — 1 
Using a dashed line, graph the line x = h. 

2. Shift the graph of f(x) = log, x by / units Vertical asymptote: x = —2 
horizontally and k units vertically. h=-2,k =-1 

3. Find the y-intercept if one exists. y-intercept: (0, —0.4) 
Evaluate the original function when x = 0. This 
value of x may a be in the domain of the function, (0) = logs(0 + 2) — 1 
and in this case, there is no y-intercept. = log;2— 1 

4. Find the x-intercept. _in2_ 1-04 
Set the function equal to 0 and solve this equation for x. In 3 


x-intercept: (1, 0) 


Domain: (—2, °o); range: (— 0°, co) 


SUMMARY OF CHAPTER 12 STUDY STRATEGIES 


The chapter test at the end of this chapter can be treated as a practice quiz. Take this chapter 
test as if it were an actual exam, without using your notes, homework, or text. Do this at 
least two days before the actual exam if possible. After you check your answers, you will 
have a good idea as to which types of problems you understand and which types of prob- 
lems you need to practice. At this point, review your notes and homework regarding these 


problems and read the appropriate sections of the text again. Now you can create focused 
practice quizzes on these topics by choosing problems from the chapter review. If you are 
still having trouble at this point, review the material again and visit your instructor or a 
tutorial center to get your questions answered. When you believe you understand these 
topics, create another practice quiz by choosing problems from the appropriate sections 
to confirm that you are ready for the test. 


CHAPTER 12 REVIEW 


Evaluate the given function. Round to the nearest 
thousandth. [12.1] 


1. f(x) = 4" — 9, f (5) 
@ f(x) = e*® - 13, f(11) 


Simplify. [12.2] 


1 
3. log, 36 4. log; 3125 
5. logy 1 6. Ine” 


Evaluate the given function. Round to the nearest 
thousandth, [12.2] 


7. f(x) = In(x — 9) + 20, f(52) 
8. f(x) = log(x + 23) — 6, f(1729) 


Rewrite in logarithmic form. [12.2] 


9, 4* = 1024 
10. e* = 20 


Rewrite in exponential form. [12.2] 


11. log x = 3.2 12. nx -—3=8 


Rewrite as a single logarithmic expression. Simplify if 
possible. Assume that all variables represent positive real 
numbers. [12.3] 


13. log, 13 + log, 8 


14. 2loga — 5logb 


15. 4 log, x — 3 log, y + 9 log, z 


16. —5 log, 3 — 2 log, 2 


Rewrite as the sum or difference of logarithmic expres- 
sions whose arguments have an exponent of 1. Simplify if 
possible. Assume that all variables represent positive real 
numbers. [12.3] 


17. logs 64x 


n 
18. log, 2 
8 on) 
acc? 
1. tons) 
8 9 
20. tosn( **-) 
yz 


Worked-out solutions to Review Exercises marked with 
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Evaluate using the change-of-base formula. Round to the 
nearest thousandth. [12.3] 


21. log, 25 
23. log, 1597 


22. logy. 295 
24. log37 6,403,200 


Solve. Round to the nearest thousandth. [12.4] 


25. 10° = 1000 26. 8° = 64 
27. 16° = 32 28, 9**° = 27" 
29.7* = 11 30. 6**4 = 3000 
31. eX = 62 32. 52*9 = 67 


Solve. Round to the nearest thousandth. [12.4] 


33. log4(x + 3) = log, 17 

34, log(x? + 12x + 6) = log(3x + 16) 
35. Inx = 5 

36. log,(x? — 13x + 57) -1=2 

37. logy x + logo(x + 8) = logy 20 

38. In(x + 10) — In(x — 6) = In5 

39. log3(x + 5) + log3(x — 1) =3 
40. log x + log(x +3) +5 =6 


41. Let f(x) = 2**7 + 8. Solve f(x) = 13. Round to the 
nearest thousandth. 


42. Let f(x) = Inx + 4. Solve f(x) = 8. Round to the 
nearest thousandth. 


For the given function f(x), find its inverse function 

fe). 12.4] 

43. f(x) =e" +4 

x)= Qe -1 

x) = In(x + 8) 

46. f(x) = log3(x + 6) — 10 

47. Grady has deposited $3500 in an account that pays 
8% annual interest, compounded quarterly. How long 


will it take until the balance of the account is $10,000? 
[12.5] 


48. The population of a city increased from 200,000 in 
1992 to 250,000 in 2002. If the population continues to 
increase exponentially at the same rate, what will the 
population be in 2015? [12.5] 

49. The half-life of bismuth-210 is 5 days. If 25 grams of 
bismuth-210 are present initially, how much will remain 
after 10 days? [12.5] 

50. If researchers find a wooden arrow that contains 98% of 


its original carbon-14, how old is the arrow? (Carbon-14 
has a half-life of 5730 years.) [12.5] 


»#( 
»#( 


can be found on page AN-50. 
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51. During the 1990s, the percentage of American adults 57. f(x) =e"! -6 58. f(x) = log,(x — 5) 

who were obese increased exponentially. For any par- 
ticular year, the percentage of adult Americans who 
were obese can be approximated by the function 
f(x) = 11.5-1.057*, where x represents the number 
of years after 1990. Use this function to determine 
when the percentage of Americans who were obese 
reached 30%. (Source: CDC) [12.5] 


52. The body temperature, in degrees Fahrenheit, of a 
person who was found dead in an apartment that 
maintained a constant temperature of 75° F can be 
approximated by the function f(t) = 75 + 12e 07, 
where ¢ = 0 corresponds to the time the body was 59. f(x) = log3(x + 9) — 2 
found. What was the body’s temperature 6 hours after 
it was found? [12.5] 


53. If an earthquake creates a shock wave that is 20,000 
times the smallest measurable shock wave that is 
recordable by a seismograph, find the magnitude of 
the earthquake on the Richter scale. [12.5] 


54. The pH of a particular bottle of wine is 3.5. Find the 
concentration of hydrogen ions in moles per liter. 


[12.5] 60. f(x) = In(x + 8) +1 


Graph. Label any intercepts and asymptotes. State the 
domain and range of the function. [12.6] 


55) f(x) = 3% +2 56. f(x) = 27+? — 8 


For Extra Help 


C HAPT E R 1 2 T EST A CHAPTER Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 
° 


Test Prep on DVD, in MyMathLab | _ and on Youff) (search "WoodburyElemIntAlg” and click on “Channels”. 


Evaluate the given function. Round to the nearest Rewrite as a single logarithmic expression. Simplify if 


thousandth. possible. Assume that all variables represent positive real 
L. f(x) = e** — 10, f(6) numbers. 
2. f(x) = In(x + 7) + 4, f(11) 5. log,3136 — log, 49 


6. 2 log, x + 5 log, y — 3 log, z 
Simplify. 


3. logy, 144 4. Ine? 
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Rewrite as the sum or difference of logarithmic expres- 
sions whose arguments have an exponent of 1. Simplify if 
possible. Assume that all variables represent positive real 
numbers. 


Evaluate using the change-of-base formula. Round to the 
nearest thousandth. 


8. log, 62 


Solve. Round to the nearest thousandth. 


1 
9. 64 = — 
36 


11, e*'? — 6 = 490 


10. 4*° = 76 


Solve. Round to the nearest thousandth. 


12. log3(2x — 11) = log;5 

13. logs(x + 65) +5 =8 

14. log, x + log,(x — 4) =5 

15. For the function f(x) = e**® — 17, find its inverse 
function f'(x). 

16. Sonia started a bank account with an initial deposit of 
$4200. The bank account pays 6% interest, com- 


pounded monthly. How long will it take for the deposit 
to grow to $6000? 


Mathematicians in History 


Albert _instein was named Time magazine’s “Man of the Century” 
for the twentieth century. That is quite an accomplishment for a man who once failed 
an exam that would have allowed him to study to be an electrical engineer. In 1901, 
working as a temporary high school math teacher, Einstein had given up the ambition 
to go to a university. However, while working in Switzerland’s patent office, Einstein 
earned a doctorate in physics from the University of Zurich in 1908. Einstein intro- 
duced the theory of relativity and became one of the most popular scientists ever. Ein- 
stein once said that compound interest was the most powerful force in the universe 
and that it is the greatest mathematical discovery of all time. 

Write a one-page summary (or make a poster) of the life of Albert Einstein and his ac- 


17. A painting that was purchased for $15,000 in 1992 was 
valued at $25,000 in 2002. If the value of the painting 
keeps rising exponentially at the same rate, how much 
will it be worth in 2025? 


18. If researchers find a wooden chalice that contains 
90% of its original carbon-14, how old is the chalice? 
(Carbon-14 has a half-life of 5730 years.) 


Graph. Label any intercepts and asymptotes. State the 


domain and range of the function. 


19, f(x) =e? -9 


20. f(x) = log;(x + 4) +1 


complishments. Also look up Einstein’s most famous quotes and list your five favorites. 


Interesting issues: 
Where and when was Albert Einstein born? 
What famous formula is credited to Einstein? 


Einstein married Mileva Maric in 1903. What became of their sons Hans Albert and Eduard? 

After divorcing Mileva in 1919, Einstein married his second wife, Elsa. How did he know Elsa? 

When did Einstein win the Nobel prize? For what did he win it? 

Einstein came to Princeton University in 1932, planning to teach part of the year at Princeton and the remainder 


of the year in Berlin. What event prohibited Einstein from returning to Berlin in 1933? 


What job was Einstein offered in 1952? 


In 1939, Einstein sent a letter to Franklin Roosevelt. What was the subject of that letter? 


When did Einstein die? What were the circumstances of his death? 


Parabolas 
13.2 Circles 
13.3  Ellipses 
13.4 Hyperbolas 


13.5 Nonlinear Systems 
of Equations 


Chapter 13 Summary 


Conic Sections 


In this chapter, we will learn to graph conic sections: parabolas, circles, ellipses, 
and hyperbolas. The equations of the different conic sections are all nonlinear 
equations. These graphs are called conic sections because they can be constructed 


by intersecting a plane with a cone, as shown in the following figure: 


L 


The chapter concludes with a section on systems of nonlinear equations. 


STUDY STRATEGY 


Using the Previous Study Strategies to Prepare for a Final Exam (Part 1) 
The study strategies in this chapter will focus on how to incorporate the study 


strategies from previous chapters into your preparation for a final exam. Al- 
though some of the strategies are similar to those used to prepare for a chap- 
ter test or quiz, there are some differences as well. These strategies will be 
continued in Chapter 14. 


OBJECTIVES 


‘1. Graph equations of the form y = ax? + bx + . 

(2. Graph equations of the form y = a(x — h)? + k. 

3. Graph equations of the form x = ay” + by + c. 

‘4 Graph equations of the form x = a(y — k)? + h. 

e Find a vertex by completing the square. 

6 Find the equation of a parabola that meets the given conditions. 
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In Chapter 10, we graphed parabolas that opened upward or downward. These 
parabolas were associated with equations that could be expressed as functions of x. 
After reviewing these graphs, we will learn to graph parabolas that open to the right 
or to the left. 


Graphing Equations of the Form 
y= ax*+ bx+c 


Objective 1 Graph equations of the form y = ax? + bx + c. Here isa brief 
summary for graphing equations of the form y = ax? + bx +c. 


Graphing an Equation of the Form y = ax? + bx + ¢c 


e Determine whether the parabola opens upward or downward. 


e Find the vertex of the parabola. 


e Find the y-intercept of the parabola. 


e After plotting the vertex and the y-intercept, determine whether there are 
any x-intercepts; if there are, find them. 


e Find the axis of symmetry (« = =) and use it to find the point that is sym- 
a 


metric to the y-intercept. 


Graph y = x” + 6x — 2. Label the vertex, y-intercept, x-intercept(s) 
(if any), and axis of symmetry. 


SOLUTION Because a is positive, this parabola opens upward. We begin by find- 
ing the coordinates of the vertex. 


—6 
x = —— Substitute 1 for a and 6 for b into x = —. 
2(1) 2a 


x=-3 Simplify. 
To find the y-coordinate, we substitute —3 for x. 


y = (-3)* + 6(-3) — 2 Substitute —3 for x. 
y=-ll Simplify. 
The vertex is (—3, —11). 
Now we turn our attention to the y-intercept. We substitute 0 for x in the origi- 
nal equation. 


y = (0)* + 6(0) — 2 Substitute 0 for x. 
y=-2 Simplify. 
The y-intercept is (0, —2). 

Because the vertex is located below the x-axis and the parabola opens upward, 
the graph must cross the x-axis. To find the x-intercepts, we substitute 0 for y and 
solve for x. 


0= x7 + 6x -2 Substitute 0 for y. Because x” + 6x — 2 
does not factor, use the quadratic formula. 
~6 + V(6)* — 4(1)(-2) . 
x= 2(1) Substitute 1 for a,6 for b, and —2 for c. 
—6 + V44 
LS Simplify the radicand. 


2 


Quick Check 1 

Graph y = —x* + 2x + 15. 
Label the vertex, y-intercept, 
x-intercept(s) (if any), and axis 
of symmetry. 
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-6+2v11 
a i Simplify the radical. 
1 
2(-3 + V11) Factor the numerator and divide out 
— > common factors. 
1 
x=-34Vvil1 Simplify. 


Using a calculator, we find that —3 + V11 * 0.3 and —3 — V11 ~ —6.3. The 
x-intercepts are approximately at (0.3, 0) and (—6.3, 0). 

Here is the graph of the given equation. The axis of symmetry, x = —3, has 
been used to find the coordinates of the point symmetric to the y-intercept, 
(-6, -2). 


(-3 +V11, 0) 
| 1 1 tyy 
2 

(0, -2) 


Graphing Equations of the Form 
y= a(x —h)?+k 


Objective 2 Graph equations of the form y = a(x — h)? + k. Now we will 
review graphing equations of the form y = a(x — h)* + k by shifting. 


Graphing an Equation of the Form y = a(x — h)? + k 

¢ Begin with the graph of the basic parabola: y = x”. 

¢ Ifa <0, the graph opens downward. Rotate the graph of y = x” about the 
X-axis. 

e The vertex of the parabola is (h, k). Shift the graph h units horizontally and 
k units vertically. 

e To find the y-intercept, substitute 0 for x and solve for y. 


To find the x-intercepts, if there are any, substitute 0 for y and solve for x. 
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Quick Check 2 

Sketch the graph of 

y = (x + 4)? + 3 by shifting. 
Label the vertex and y-intercept 
as well as any x-intercept(s). 


Sketch the graph of y = —(x — 1)? + 9 by shifting. Label the ver- 
tex and y-intercept as well as any x-intercept(s). 


SOLUTION Because a < 0, we know that this parabola opens downward. We 
begin by rotating the parabola y = x* about the x-axis. The vertex of this parabola 
is (1, 9), so we shift this parabola one unit to the right and nine units up. 


We can add more detail to the graph by adding its intercepts. Notice that by shifting, 
we already know that the y-intercept is (0, 8). We can determine the x-intercepts by 
substituting 0 for y and solving for x. 


0 = -(x — 1)? +9 Substitute 0 for y. 


(x —1)? =9 Add (x — 1)? to both sides. 
(x -1)/? =+V9 Take the square root 
of each side. 
x-1=43 Simplify. 
x=1+3 Add 1 to both sides. 
x=1+3=4 or x=1-3=-2 Simplify. 


The x-intercepts are (4, 0) and (—2, 0). Here is the graph, including all intercepts. 
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Graphing Equations of the Form 
x= ay?+ by+c 


Objective 3 Graph equations of the form x = ay* + by + c. If the vari- 
ables x and y are interchanged in the equation y = ax” + bx + c, the graph of 
the equation will be a parabola that opens to the right or to the left. The process 
for graphing this type of parabola is similar to graphing a parabola that opens 
up or down. 


Graphing an Equation of the Form x = ay” + by + c 


e Determine whether the parabola opens to the right or to the left. The 
parabola will open to the right if a is positive and to the left if a is negative. 


—b 
e Find the vertex of the parabola by using the formula y = os Substitute this 
a 


result in the original equation for y to find the x-coordinate. 


e Find the x-intercept of the parabola by substituting 0 for y in the original 
equation. 

e After plotting the vertex and the x-intercept, find the y-intercepts, if there 
are any, by letting x = 0 in the original equation and solving the resulting 
quadratic equation for y. 


e Find the axis of symmetry (y = =) and use it to find the point on the 
a 


parabola that is symmetric to the x-intercept. 


Graph x = y? + 2y — 3. Label the vertex, any intercepts, and the 
axis of symmetry. 


SOLUTION Notice that the squared variable in the equation is y, not x; so the 
parabola will open to the right or to the left. This parabola opens to the right be- 
cause a is positive. We begin by finding the y-coordinate of the vertex using the 


formula y = 5 
a 


=2 =D 
y= 1) Substitute 1 for a and 2 for bin y = Oa! 
y=-1 — Simplify. 
To find the x-coordinate of the vertex, we substitute —1 for y in the original equation. 
= (-1)? + 2(-1) — 3 Substitute —1 for y. 
= —-4 Simplify. 
The vertex of the parabola is (—4, —1). 


A WORD OF CAUTION Keep in mind that even though we find the y-coordinate first and 
the x-coordinate second, we must write the ordered pair as (x, y). 


Next, we find the x-intercept by substituting 0 for y in the equation. 


x = (0)? + 2(0) — 3. Substitute 0 for y. 
x=-3 Simplify. 


The x-intercept is (—3, 0). 
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Quick Check 3 


Graph x = y? + 4y — 2. Label 
the vertex, any intercepts, and 
the axis of symmetry. 


Quick Check 4 

Graph x = —y’ + 8y — 12. 
Label the vertex, any intercepts, 
and the axis of symmetry. 


Because the vertex is located to the left of the y-axis and the parabola opens 
to the right, the parabola has two y-intercepts. We can find these intercepts by sub- 
stituting 0 for x and solving the resulting equation for y. 


0=y+2y-3 Substitute 0 for x. 
0=(y+3)(y—-1) Factor. 


y=-3 or y=1_ Set each factor equal to 0 and solve. 


The y-intercepts are (0, —3) and (0, 1). 

We can find another point 
on the graph by finding the 
point on the parabola that is 
symmetric to the x-intercept 
(—3, 0). We can do this using 
the axis of symmetry, which in 
this case is the horizontal line 
y=-l. 

Because the x-intercept is 
one unit above the axis of sym- 
metry, the point symmetric to 
it will be one unit below the 
axis of symmetry at (—3, —2). 
Here is the graph. 


If a parabola opens to the right and the vertex is to the right of the y-axis, the 
parabola does not have any y-intercepts. The same holds true for parabolas that 
open to the left whose vertex is to the left of the y-axis. 


Graph x = —y? + 2y — 5. Label the vertex, any intercepts, and the 
axis of symmetry. 


SOLUTION Because a is negative, the parabola opens to the left. We begin by find- 
ing the vertex. 


—2 . So ne 
2(-1) Substitute —1 for a and 2 for bin y = Fa" 


x = —(1)? + 2(1) -5 =—4 Substitute 1 for yinx = —y’ + 2y — 5. 


The vertex of the parabola is (—4, 1). Now we find the x-intercept. 
x = —(0)? + 2(0) -5 = —5 Substitute 0 for yin x = —y? + 2y — 5. 


The x-intercept is (—5, 0). 

The vertex is located to the left of the y-axis. Because the parabola opens to the 
left, the parabola does not have any y-intercepts. The point (—5, 2) shown on the 
graph is symmetric to the x-intercept and can be found using the axis of symmetry 


y=1. 


Quick Check 5 

Sketch the graph of 

x = (y — 3)? — 1 by shifting. 
Label the vertex and x-intercept 
as well as any y-intercept(s). 
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Graphing Equations of the Form 
x=a(y—k)*? +h 


Objective 4 Graph equations of the form x = a(y — k)? + h. Now we turn 

our attention to the graphs of equations of the form x = a(y — k)? + h. We will 

graph equations of this form by transforming the graph of the basic parabola 
= gd 

x=y, 


Graphing an Equation of the Form x = a(y — k)? +h 
¢ Begin with the graph of the basic parabola: x = y”. 


e Ifa < 0, the graph opens to the left. Rotate the graph of x = y? about the 
y-axis. 

e The vertex of the parabola is (h, k). Shift the graph h units horizontally and 
k units vertically. 

e To find the x-intercept, substitute 0 for y and solve for x. 

To find the y-intercepts, if there are any, substitute 0 for x and solve for y. 


Sketch the graph of x = (y — 2)? + 3 by shifting. Label the vertex 


and x-intercept as well as any y-intercept(s). 


SOLUTION Because a is positive, we know y 
that this parabola opens to the right. The é 
vertex of this parabola is (3, 2), so we shift L 
the basic parabola x = y’ by three units to 
the right and by two units up. 


Notice that by shifting, we already know 
that the x-intercept is (7,0). We also can 
see that this graph does not have any y- 
intercepts because the vertex is located to 
the right of the y-axis and opens to the 
right. 
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Sketch the graph of x = —(y — 1)’ + 5 by shifting. Label the ver- 
tex and x-intercept as well as any y-intercept(s). 


SOLUTION Because a is negative, we y 
know that this parabola opens to the left. [E 
We start by rotating the graph of the basic 
parabola x = y’ about the y-axis. The ver- 
tex of the parabola we are graphing is 
(5,1), so we shift the parabola by five 
units to the right and by one unit up. 

Notice that by shifting, we already 
know that the x-intercept is (4, 0). We can 
add more detail to the graph by finding v 
the y-intercepts. 


0 = -(y—1)? +5 Substitute 0 for y. 


(y-1)?=5 Add (y — 1)* to both sides. 
Viy — 17? = +V5 Take the square root of each side. 
Quick Check 6 y-1=4Vv5 Simplify. 
y=14Vv5 Add 1 to both sides. 


Sketch the graph of 

x = —(y — 4)? — 3 by shifting. 
Label the vertex and x-intercept 
as well as any y-intercept(s). 


Because y = 1+ V5 * 3.2 and y=1- V5 * —1.2, the y-intercepts are ap- 
proximately located at (3.2, 0) and (—1.2, 0). 


Finding the Vertex by Completing the Square 


Objective 5 Find a vertex by completing the square. Consider the equa- 
tion y = x* — 8x + 33. Although we could find the vertex by using the formula 


x= Gwe also can find the vertex by completing the square to write the equation 
a 


in the form y = a(x — h)’ + k, where (h, k) is the vertex. 


Find the vertex of the parabola defined by the equation 
y = x’ — 8x + 33 by completing the square. 


SOLUTION 


y = x? — 8x + 33 
y — 33 = x? — 8x Subtract 33 from both sides. 
y-33+16=x?-8x+16 (55) = 16. Add 16 to both sides. 


y—-17 = (x -4/ Combine like terms on the left side. Factor 
the quadratic expression on the right side. 


y = (x — 4)? +17 Add 17 to both sides. 
The vertex is (4, 17). 


Quick Check 7 

Find the vertex of the parabola 
defined by the given equation 
by completing the square. 


a)y = x? + 4x + 20 
b)x = -y?-6y +17 
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: ‘ ee ee 
Although it may seem easier to use the formula x = a to find the vertex in this 
a 


case, the ability to complete the square will be an important skill in the sections that 
follow. 


Find the vertex of the parabola defined by the equation 
x = —y’ + 4y — 50 by completing the square. 


SOLUTION 
= -y’ + 4y — 50 
=—y’ + 4y Add 50 to both sides. 
x + 50 = -(y? - 4y) Factor out a negative 1 on the right side. 


x+50-4=-(y?-—4y +4) (sy = 4. Add 4 to the expression in paren- 
theses on the right side. Subtract 4 from the 
left side because there is a factor of —1 in 
front of the parentheses. 

= -(y — 2)* Combine like terms on the left side. Factor 
the quadratic expression on the right side. 


x = —(y — 2)? — 46 Subtract 46 from both sides. 
The vertex is (—46, 2). 


Finding the Equation of a Parabola 


Objective 6 Find the equation of a parabola that meets the given condi- 
tions. Several techniques can be used to find the equation of a parabola. Here is 
one that uses the intercepts of the parabola. 


Find the equation of the parabola whose graph is shown in the 
accompanying figure. 


SOLUTION We begin by noting that the parabola opens to the right; so its equa- 
tion is of the form x = ay” + by + c, where a > 0. We can observe that the y- 
intercepts are (0,1) and (0, —5) and the x-intercept is (—5, 0). 

Because the y-coordinates of the y-intercept are y = 1 and y = —5, we know 
that y — 1 and y + 5 are factors of the expression ay” + by + c. Multiplying 
(y — 1)(y + 5) yields the expression y” + 4y — 5, so the equation is of the form 
x = a(y’ + 4y — 5). To find the value of a, we use the coordinates of the x-intercept 
(—5, 0). We also could use the coordinates of any other point on the graph of the 


766 CHAPTER13 Conic Sections 


parabola, including the vertex. After substituting —5 for x and 0 for y in the equa- 
tion x = a(y’ + 4y — 5), we solve for a. 


x = a(y? + 4y — 5) 
—5 = a((0)* + 4(0) — 5) Substitute —5 for x and 0 for y. 
—5 = a(-5) Simplify. 

l=a Divide both sides by —5. 


Because a = 1, the equation of the parabola is x = 1(y? + 4y — 5), or simply 
x=y?+4y—-5. 

Note that we could have used the vertex to find the equation of the parabola. Be- 
cause the vertex is (—9, —2) and the parabola opens to the right, we know that the 
equation is of the form x = a(y + 2)? — 9. Substituting the coordinates of any other 
point on the parabola, such as the x-intercept, for x and y will lead to the equation 

Quick Check 8 x =1(y + 2)? — 9,orx = (y + 2)? — 9, which is equivalent to x = y? + 4y — 5. 
Find the equation of the 

parabola whose graphisshown (YU USYINTR ZOLA a We <n 

in the accompanying figure. 
Preparing for a Final Exam (Part 1), 1 Schedule and Study Plan To prepare 
for a final exam effectively, develop a schedule and study plan. Ideally, you 
should begin studying approximately two weeks before the exam. Your sched- 


ule should include study time every day, and you should increase the time 
spent studying as to the exam date gets closer. 

For further information on preparing for a cumulative exam, see the Study 
Strategies in Chapter 7. 


PRACTICE WATCH DOWNLOAD READ REVIEW 


wan =| F) G| =| & 


Vocabulary 
1. A parabola of the form y = ax? + bx + cor 4. The coordinate of the vertex of a parabola 
y = a(x — h)*? + kopens____ if ais positive of theta ane bye =) 
and opens _____ if a is negative. 2a 
2. A parabola of the form y = a(x — h)? + k has its 5. The vertex of a parabola of the form 


teecatthe point x =a(y — k)* + his atthe point ___ 


6. For a parabola that opens to the right or to the left 


» = ay’ + by + ; 
Sigs Perabo aC IRe tom aay Dyer and has a vertex at the point (h, k), the axis of sym- 


x = a(y — k)’ + hopens to the if ais 


metry is a horizontal line whose equation is 


positive and opens to the if a is negative. 


13.1 Exercises 


Graph the parabola. Label the vertex and any intercepts. 


Ty=x?+8x4+8 8 y= x? +6x+9 9 y = -x? + 2x 4+ 15 
10. y = -x? + 4x -7 1. y = (x +: 5)? +5 12, y=(x-—1)* -15 
13. y = —(x + 2)? + 9 14, y = —(x - 3)*-1 15.x = y?+4y-5 


16.x = y+ 6y+2 17.x = y’-4y +6 18. x = y’ — 8y + 16 
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19. x = -y?+ 6y-8 20.x = -y’- 5y-4 
22.x=-y?+2y-6 23.x = (y+ 3)?-1 
25.x = (y+2)?+2 26. x = (y — 5)* -4 


28. x = -(y -3)? +7 


Mixed Practice 29-40 
29. x = -y* — 6y — 15 30.x = -y*+4y-7 


2.x =-y?+5y+1 


24.x =(y — 2)? -5 


27.x = -(y — 2)? +4 


31.x =(y-—1)-7 


32. x = y’ — 8y — 20 


35. y = 


38. y = 


-—(x-1)?+9 


(x —4) -9 


33. y = =x? — 4x = 7 


36. y= x? + 5x - 6 


39.x = -(y +1)? -3 


Find the vertex of the parabola by completing the square. 


41. y= 
4a.y= 
43. y= 
44. y= 


x? — 2x + 15 
x? + 10x + 62 
—x? + 14x + 76 
—x? — 8x +21 


45. 
46. 
47. 
48. 


Se oS BR 


13.1 Exercises 


34.x = -(y-—1)? +9 


37.x =(y+2)*-4 


40.x=y-5y+7 


= y* + 6y — 40 
= y? — 12y — 33 
= -y?+ 4y— 51 


—y’ — 1l6y + 109 
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Find the equation of the parabola that has been graphed, 
using the intercepts. 


49, » 


50. 


{|_| | yy 
2 


53. 


54. 


A footbridge in the Sequoia National Park is in the 
shape of a parabola. It spans a distance of 100 feet, 
and at its lowest point, it drops 5 feet in elevation. 


The bridge is displayed as follows on a rectangular 
coordinate plane: 


Tres Puig 55 Ly > 


a) Find the equation for the parabola. 


b) After a person walks 30 feet from one side of the 
bridge, how far has the person dropped in elevation? 


A freeway overpass is built atop a parabolic arch. The 
width of the arch at the base is 120 feet, and its height 
at its peak is 30 feet. 


The overpass is displayed as follows on a rectangular 
coordinate plane: 


< EF jot “30 oe 
-15 
a) Find the equation for the parabola. 


b) How far from the center of the arch does the 
height drop to below 16 feet? Round to the nearest 
tenth of a foot. 
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For 55-62, determine which equation is associated with each given graph. 


a) b) 3 0 3 d) y 
10h at 10h 
[ = 4 6 8 10. 8r 
L 2: 6b 
L al 4b 
L —6+ Qe 
<< 1 1 1 i Ly» <4 =e 6 1 l Ly» —8r < i 1 6 aes, 1 z LyX 
L LigE of 
L v v 
—4t 
v 
¢) fy g) y bh 3 
at L 10h 
aa ina” [ Al 
ae i i 
—4- r 
—6r i 
<s ~8P Loa 7 P Jj fj ft tf red >x 
~10y v cll 
—4- 
v 


55. y = (x — 2)? -3 
56. y= x? —6x +7 
57.x =(y -2)-3 


e===- Writing in Mathematics 


Answer in complete sentences. 


2 63. Explain how to determine whether a parabola opens 
58. x = y°—- 6y +7 . : 
to the left or to the right, as opposed to opening up or 
59.x = -y*+6y-11 down. 
60. x = -(y — 2)? -3 
61. x = (y + 2)" 64. Suppose a parabola opens to the right. Explain how you 
62. x = 3(y + 2)? would determine that the parabola has no y-intercepts. 


OBJECTIVES 


+ Use the distance and midpoint formulas. 

2. Graph circles centered at the origin. 

3 Graph circles centered at a point (h, k). 

4 Find the center of a circle and its radius by completing the square. 
‘5 Find the equation of a circle that meets the given conditions. 


The Distance Formula 


Objective 1 Use the distance and midpoint formulas. Suppose we are 
given two points, (x,, y,) and (x2, y)), and are asked to find the distance between 
these two points. If we plot the points on a graph, we see that we can construct a 
right triangle whose hypotenuse has these points as its endpoints. The distance 
between the two points, d, is the length of the hypotenuse. The length of the leg on 
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Quick Check 1 

Find the distance between the 
given points. Round to the 
nearest tenth if necessary. 

a) (1,2) and (9, 8) 

b) (3, —6) and (—1, 6) 


the bottom of the triangle is x. — x,, and the length of the leg on the right side of 
the triangle is y. — y,. 


(X55 Y>) 


Yo-)q 


J 


The Pythagorean theorem says that d* = (x, — x,)? + (yw — y,)’. If we take the 
square root of both sides of this equation, we obtain a formula for the distance in 
terms of the coordinates of the two points: d = V(x) — x1)? + (» — y;)*. (We 
omit the negative square root because a distance is a nonnegative number.) 


The Distance Formula 


The distance, d, between two points (x, y,) and (x2, y.) is given by the formula 


d= V (x5 — m+ (wy - y). 


Find the distance between the points (3, 9) and (6, 5). 


SOLUTION Let (3, 9) be the point (x,, y,) and (6,5) be the point (x2, y.). Now 
use the distance formula. 


d= V(x — 4)? + (» — ny 

d= Vi6 - 37 + 6 -9/ Substitute for x, x), y2, and y,. 

d= V(3)2 + (—4)? Simplify the expressions in the radicand. 
d = V25 Simplify the radicand. 

d=5 Simplify the radical. 


The distance between the two points is five units. 

The choice of which point will be (x,, y,) and which point will be (x, y,) is 
completely arbitrary. Verify that if we let (6,5) be the point (x,, y,) and (3, 9) be 
the point (x2, y,), d still would have been equal to S. 


Find the distance between the points (2, —6) and (—5, —11). Round 
to the nearest tenth. 


SOLUTION We will let (2, —6) be the point (x, y,) and (—5, —11) be the point 
(X2, yp). 


= V (x2 — 41)? + (» — wi)? 
d = V(-5 — 2)? + (-11 — (-6))?_ Substitute for x5, x1, y, and y,. 
d= V74 Simplify the radicand. 
d © 86 Approximate using a calculator. 


The distance between the two points is approximately 8.6 units. 
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The Midpoint Formula 


Suppose we are given two points, (x;, y,) and (x2, y,), and are asked to find their 
midpoint, which is the point on the line segment that connects the two points and is lo- 
cated exactly halfway between the two points. The x-coordinate of the midpoint must 
be equal to the average of the x-coordinates of the two points, and the y-coordinate 
must be equal to the average of the y-coordinates of the two points. 


The Midpoint Formula 


The midpoint of a line segment connecting two points (x,, y,) and (x, y,) is the 
Xt xX. Mt 2) 


point whose coordinates are ( 5 9 


Find the midpoint of the line segment that connects the points (2, —9) 
and (6, 3). 


SOLUTION Use the midpoint formula, treating (2, —9) as (x,, y,) and (6,3) as 
(X2, y2). This choice is arbitrary. 


x-coordinate y-coordinate 
Xj tx, 2+6 yt yy —9+3 
2 2 2 2 
=4 = -3 


The midpoint is (4, —3). 


Quick Check 2 


Find the midpoint of the line segment that connects the points (—4, —3) and 
(S57). 


Circles Centered at the Origin 
Objective 2 Graph circles centered at the origin. 
A circle is defined as the collection of all points (x, y) in a plane that are a fixed 


distance from a point called its center. The distance from the center to each 
point on the circle is called the radius of the circle. 


Radius 
e 
Center 


We will begin by learning to graph circles centered at the origin. 
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Graph the circle centered at the origin whose radius is 5. 


SOLUTION Begin by plotting the center at the origin (0, 0). From there, move five 

units to the right of the origin and plot a point. Repeat this process for points that 

are five units to the left of the center and five units above and below the center. 
Finish by drawing the circle that passes through these points. 


The circle in the previous example is the collection of all points (x, y) that are a dis- 
tance of five units from the origin (0, 0). We can use this fact and the distance for- 
mula to find the equation for this circle. 


( i)? + (» - ny? 
= V(x — 0)? + (y — 0) Substitute 5 for d, x for x, 0 for x1, y for yy, 


tad 
i 
| 

tad 


and 0 for y,. 
=Vx+ y* Simplify. 
23=x + y? Square both sides. 


The equation of the circle centered at the origin with a radius of 5 can be written as 
2 2 
x + yo = 25. 


Equation of a Circle Centered at the Origin (Standard Form) 


The equation for a circle with radius r centered at the origin is x* + y? = r’. 


Graph the circle x* + y* = 10. State the center and radius. 


SOLUTION This circle also has its center at the origin, and because r* = 10, the 
radius r is equal to V10. Note that V10 ~ 3.2. 

Begin to graph the circle by plotting the center (0, 0). Next, plot the points 
that are approximately 3.2 units to the right and left of the center as well as the 


Quick Check 4 


Graph the circle 
(e- 6 + (y- 5) =9, 
State the center and radius. 


13.2 Circles 775 


points that are approximately 3.2 units above and below the center. Once these 
points have been plotted, draw the circle that passes through them. 


Quick Check 3 
Graph the circle x? + y* = 12. State the center and radius. 


Circles Centered at a Point Other Than the Origin 


Objective 3 Graph circles centered at a point (h, k). The equation for a 
circle centered at a point (h, k) can be derived by the distance formula, just as the 
equation for a circle centered at the origin was derived. 


V(x — h)?? + (y—k)2 =r The distance from (x, y) to the center (h, k) is r. 
(x — h)? + (y — k)? =r’ Square both sides of the equation. 


Standard Form of the Equation of a Circle 


The equation for a circle with radius r centered at the point (h, k) is 


(x —h)? + (y -— ky =r’. 


Graph the circle (x — 3)? + (y — 4)” = 4. State the center and 
radius. 


SOLUTION _ Because the equation of the circle is of the form (x — h)? + (y — k)* = 
r’, the center of this circle is the point (3, 4). 

Because r* = 4, the radius r is equal to V4, or 2. 

Begin by plotting the center (3, 4). Next, plot the points that are two units to 
the right and left of the center as well as the points that are two units above and 
below the center. Once these points have been plotted, draw the circle that passes 
through them. 


r 3, 4) 
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Graph the circle (x + 3)* + (y — 6)? = 25. State the center and 
radius. 


SOLUTION The center of this circle is the point (—3, 6). To find the x-coordinate 
of the center, we can rewrite x + 3 as x — (—3). This shows that h is —3. Alterna- 
tively, we could have set the expression containing x that was being squared, x + 3, 
equal to 0 and solved for x. A similar approach shows that the y-coordinate of the 
center is y = 6. 

Because r? = 25, the radius r is y 
equal to V25, or 5. t 

We begin to graph the circle by 
plotting the center (—3,6). Next, 
we plot the points that are five units 
to the right and left of the center as 
well as the points that are five units 
above and below the center. Once 
these points have been plotted, we 
draw the circle that passes through 
them. 


Quick Check 5 
Graph the circle. State the center and radius. 
a) (x — 1)? + (y + 6)? = 16 b) (x + 2)? + (y - 3)? = 64 


Finding the Center and Radius 
by Completing the Square 


Objective 4 Find the center of a circle and its radius by completing the 
square. 


General Form of the Equation of a Circle 


The general form of the equation of a circle is 


Ax? + Ay? + Bx+Cy+D=0,A #0. 


13.2 Circles 777 


To graph a circle in this form, we must rewrite the equation in the standard form, 
which will allow us to determine the center and radius of the circle. This is done by 
completing the square, which must be done for both x and y. 


Graph the circle x* + y* — 8x + 10y + 25 = 0. State the center 
and radius. 


SOLUTION Rewrite the equation in standard form by completing the square for x 
and y. 


x? + y?-— 8x + 10y + 25 =0 
(x? — 8x) + (y? + 10y) = —25 Collect terms containing 
x. Collect terms contain- 
ing y. Subtract 25 from 
both sides. 


—25 + 16 +25 Add 16 to both sides to 
complete the square for 
x. Add 25 to both sides 
to complete the square 
for y. 

(x — 4)? + (y + 5)? = 16 Factor the two quadratic 

expressions on the left 

side of the equation. 


(x? — 8x + 16) + (y*? + 10y + 25) 


Because the equation of this circle has been written in standard form, the center of 
the circle is the point (4, —5). Because r* = 16, the radius r is equal to V/16, or 4. 
Begin to graph the circle by plotting the center (4, —5). Next, plot the points that 
are four units to the right and left of the center as well as the points that are four 
units above and below the center. Finish by drawing the circle that passes through 
these four points. 


Quick Check 6 
Graph the circle x? + y? + 14x — 6y + 57 = O. State the center and radius. 
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Quick Check 7 
Find the equation of the circle. 


Finding the Equation of a Circle Whose 
Center and Radius Are Known 


Objective 5 Find the equation of a circle that meets the given conditions. 


Find the equation of the circle. 


SOLUTION Begin by finding the center of the circle, which is the point (5, 1). 
Next, measure the distance from the center of the circle to a point on the circle. 
This distance is the radius. In this case, the radius is 3. 

Now write the equation in standard form. 


(c- AP + (y- WP =P 
(x — 5)? + (y — 1)? = 3? Substitute 5 for A, 1 for k, and 3 for r. 
(x — 5)? + (y-—1)? =9 — Simplify. 


The equation of this circle is (x — 5)? + (y-— 1)? = 9. 


The diameter of a circle is a line segment 
that has both endpoints on the circle and that 
passes through the center of the circle. The 
length of the diameter of a circle is equal 
to twice the length of the radius of the circle. 


Diameter 


Center 


Find the equation in standard form of the circle that has a diameter 
with endpoints (—1, —5) and (7, 1). 


SOLUTION Begin by finding the center of the circle, which is the midpoint of the 
given endpoints of a diameter. 


X, + Xp yt Wy 
ee a G 

af y a 
— 3 3 


Quick Check 8 
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The center of the circle is (3, —2). Next, find the radius by calculating the distance 
from the center of the circle to a point on the circle. Use the point (7, 1). 


d = V(x. -— x)? + (» — vn? 


d= V(7-3) + 
d = V25 
d=5 


(1 — (—2))? Substitute for x5, x,, y, and y,. 


Simplify the radicand. 
Simplify. 


The radius is 5. Now write the equation in standard form. 


(x — hy + (y- WP =P 
(x — 3)? + (y — (—2))? = 5? Substitute 3 for h, —2 for k, and 5 for r. 
(x — 3)? + (y + 2)? = 25 


Find the equation in standard 


form of the circle that has a 
diameter with endpoints 
(4, 


—7))) euival (2, 3). 


The equation of this circle is (x — 3)? 


+ (y + 2)? = 25. 


BUILDING YOUR STUDY STRATEGY 


Preparing for a Final Exam (Part 1), 2 Availability of Resources The end 
of the semester is a hectic time for students. The same can be said for employ- 
ees of your college. Talk to your instructor and find out when he or she will be 


available on campus to answer questions in the time leading up to the final 
exam. Also check with the tutorial center or math lab to find out if there will 
be any change in its hours of operation. 

For more advice on making effective use of all of your resources, consult 
the Study Strategies in Chapter 3. 


Vocabulary 
i 


Oe 


nm 


oe 


3 he 


5 ihe 


The distance, d, between two points (x, y;) 
and (xX, y,) is given by the formula 


of a line segment connecting two 
points (x;, y,) and (x, y2) is the point whose 


; xX, +X yMVty 
coordinates are a ee cae 


. The collection of all points in a plane that are a fixed 


distance from a specified point is called a(n) 


. The point that is equidistant from each point on 


a circle is the of the circle. 


. The distance from the center to each point on the 


circle is called the of the circle. 


of a circle is a line segment that has 
both endpoints on the circle and that passes 
through the center of the circle. 


. The equation for a circle with radius r centered at the 


origin is 


. The equation for a circle with radius r centered at 


the point (A, k) is 


P. 
J 


2) 3\ = 


MyMathLab 
Ib PRACTICE 
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Find the distance between the given points. Round to the 
nearest tenth if necessary. 


( 
( 
(- 
a 
. (7,3) and (—9, 3) 
( 
(— 
(= 
( 


. (7,6) and (4, 2) 


16, 1) and (4, 10) 
15, —53) and (54, 27) 
—32, —15) and (—77, 13) 
, ~6) and (—4, 5) 


2, —3) and (—S, 4) 
8, —6) and (—4, 7) 
13, —9) and (—18, 1) 

16, 11) and (—14, -19) 


Find the midpoint of the line segment that connects the 
given points. 


19. 


21. 
22. 


(0, 0) and (6, 4) 

0. (3, 15) and (7, 1) 

(6, —9) and (8, —25) 
(—5, 10) and (—12, 32) 
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Graph the circle. State the center and radius of the circle. 29. (x — 2)? + (y — 7)? = 16 
23. x7 + y? = 16 Ax? + y=9 


30. (x — 47? + (y - 2)? =9 
25. x7 + y* = 100 


31. (x + 5)? + (y — 1)? = 25 


26. x7 + y* = 144 


32. (x — 6)? + (y +5)? =4 


27.x° + y =6 


33. (x + 2)? + (y — 1)? = 49 


28. x7 + y* = 18 
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34. (x + 6)? + (y + 4) = 25 Find the center and radius of each circle by completing 
the square. 
39. x7 + y? + 4x + 12y —- 41 =0 
40. x? + y? + 6x + 18y + 65 =0 
41. x? + y? — 10x + 2y — 23 =0 
42. x? + y? — 8x — 40y + 127 =0 


x 
43. x? + y? + 16x — 57 =0 
44, x? + y>-10y -11 =0 
45. x? + y? + 4x + 14y — 27=0 
46. x? + y —- 8x + 6y+14=0 


35. (x + 5)? + y? = 25 


Find the equation of each circle with the given center 


and radius. 

47. Center (0, 0), radius 6 

48. Center (0, 0), radius 9 

49. Center (4, 2), radius 7 

50. Center (1, 8), radius 4 

51. Center (—9, —10), radius 5 


ota fp xe GY 
coca ie ae: 52. Center (—6, 0), radius 2 


Find the equation of each circle. 


53. 


37. (x — 2)? + (y + 6)? = 18 


6 
4 
2 


54. y 
38. (x + 8)? + (y +3) =8 


<tt |_| yy 
4 


4 
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Mixed Practice, 65-76 


Graph. For graphs that are parabolas, label the vertex 
and any intercepts. For graphs that are circles, label the 
center. 


65. x7 + (y + 6)? = 16 


66. (x + 4)? + (y — 6)? = 25 


67. x° + y? + 18x — 6y - 10 =0 


Find the equation of each circle that has a diameter with 
the given endpoints. 
59. (1,7) and (9, 7) 
60. (—6, 3) and (4, 3) 
1 


68. y = -—(x — 5) + 9 


» ( 
61. (—2, 10) and (6, 4) 

62. (8, —17) and (—8, 13) 
63. (4, 1) and (12, —3) 

64. (—3, 9) and (—15, —11) 


69. y= x? + 6x —7 


70. (x + 1)? + (y +5)? = 25 


TL x = -(y + 12-5 


72. x° + y? — 6x + 8y —- 39 =0 


73. (x+8)?+y?=1 
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4.x=y +6y+5 


75. x2 + (y — 7/2 = 25 


7.x +y=4 


77. Bart built a rectangular barbecue area that measures 
20 feet by 50 feet. He plans to draw a circle around 
the barbecue area, as shown, and fill in this area with 
grass. 


50 ft 
e 


Barbecue Area 


a) Find the equation of the circle assuming that the 
point in the center of the barbecue area is the 
origin. 

b) How many square feet of sod need to be ordered 
to cover the grass area? Round to the nearest 
tenth. 
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78. The London Eye is a gigantic wheel built to celebrate b) How far to the left or right of center is a car that is 
the millennium. The diameter of the wheel is 122 meters, 100 meters above the ground? Round to the near- 
and its height is 131 meters. est tenth. 


v= Writing in Mathematics 
Answer in complete sentences. 


79. Explain how to determine whether the graph of an 
equation will be a parabola that opens up, a parabola 
that opens down, a parabola that opens to the right, a 
parabola that opens to the left, or a circle. Give an 
example of each type of equation. 


80. Solutions Manual Write a solutions manual page for 
the following problem. 


The London Eye can be represented on a rectangular 
coordinate plane, plotted as shown. Graph x’? + y? + 6x — 8y — 11 = 0. State the center 
and radius of the circle. 


a) Find an equation for the circle. 


<1tttit 0.60.1°" 


-60..-30 L...30 


OBJECTIVES 


@ Graph ellipses centered at the origin. 

@ Graph ellipses centered at a point (h, k). 

a Find the center of an ellipse and the lengths of its axes by completing 
the square. 

4 Find the equation of an ellipse that meets the given conditions. 


In this section, we will investigate a conic section 
called an ellipse. An ellipse is the collection of all 
points (x, y) in the plane for which the sum of the 
distances d, and d, between the point (x, y) and 
two fixed points, F, and F,, called foci, is a positive 
constant. Each fixed point is called a focus. The 
graph is similar to a circle, but is more oval in 
shape. For any point (x, y) on the ellipse, the sum 
of the distances d, and d, remains the same. 

In this text, the foci will be on a horizontal 
line or on a vertical line. Like a circle, an ellipse 
has a center and it is the point located midway 
between the two foci. 
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A horizontal line passing through the center of an ellipse intersects the ellipse 
at two points, as does a vertical line passing through the center. The horizontal and 
vertical line segments connecting these points are called the axes of the ellipse. The 
longer line segment is called the major axis, and its endpoints are the vertices of 
the ellipse. The other line segment is called the minor axis, and its endpoints are the 
co-vertices of the ellipse. 


Major Axis Horizontal Major Axis Vertical 


Vertex 


Co-Vertex 


Co-Vertex' Co-Vertex 


Co-Vertex 


Vertex 


Ellipses Centered at the Origin 


Objective 1 Graph ellipses centered at the origin. 


Standard Form of the Equation of an Ellipse 
Centered at the Origin 


2 2 

: : : eae x 
The equation of an ellipse that is centered at the origin is of the form — + 2 =, 
a 


b2 


This is the standard form of the equation of an ellipse. 


The ellipse will have x-intercepts at (a, 0) and (—a, 0) and y-intercepts at (0, b) and 
(0, —b). Ifa > b, the major axis is horizontal and the minor axis is vertical. If b > a, 
the major axis is vertical and the minor axis is horizontal. 

To graph an ellipse centered at the origin, we begin by plotting a point at the 
origin. We then plot points that are a units to the left and right of the origin as well 
as points that are b units above and below the origin. We finish by drawing the 
ellipse that passes through these four points. 


y 


>< 


aa 
<j 
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A WORD OF CAUTION When drawing the ellipse that passes through the four points, 
make sure your graph looks like an oval, not a diamond. 


ey 
Graph the ellipse — + — = 1. 
9 4 
SOLUTION This ellipse is centered at the origin, y 
so we plot a point there. 4- 


Because a? = 9, we know that a = V9, + 
or 3. Moving three units to the left and right of 2 
the origin, we see that the x-intercepts are at 
(—3, 0) and (3, 0). ee ce 
Because b? = 4, we know that b = V4, or 2. 
Moving two units above and below the origin, 


we see that the y-intercepts are at (0,2) and ‘ails 
(0, —2). Y 


ey y 
Graph mn + 36 1. gt 
SOLUTION _ This ellipse is centered at the origin, so 
we plot a point there. 

Because a* = 4, we know that a = V4, or 2. 
Thus, the x-intercepts are at (2, 0) and (—2, 0). 

Because b? = 36, we know that b = V36, or 6. 
It follows that the y-intercepts are at (0,6) and 4 
(0, —6). is 


Quick Check 1 


Graph. 
x2 Ne x2 ye 
~+-=1 ee 
sin Dera 


In the next example, we must rewrite the equation in standard form before graph- 
ing the ellipse. 


Quick Check 2 
Graph 4x? + 36y” = 144. 
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Graph 25x? + 16y”? = 400. 


SOLUTION For the equation of an ellipse to be in standard form, the sum of the 
variable terms must be equal to 1. To rewrite this equation in standard form, we di- 
vide both sides of the equation by 400 and simplify. 

25x° + 16y” = 400 
25x" + 16y" 400 


Divi h si 400. 
400 400 ivide both sides by 
aba 4 d6y =i Rewrite the left side of the equation as the sum of 
400 400 two fractions and simplify. 
16 25 
x? y 
—+ i= implify. 
16° 25 Simplify. 


The center of this ellipse is the origin. Because a* = 16, we know that a = 4. The 
x-intercepts are at (4,0) and (—4, 0). Because b? = 25, we know that b = 5 and 
that the y-intercepts are at (0,5) and (0, —5). 


Ellipses Centered at a Point Other Than the Origin 


Objective 2 Graph ellipses centered at a point (h, k). 


Standard Form of the Equation of an Ellipse 
with Center (h, k) 


The equation for an ellipse centered at the point (h, k) whose horizontal axis 
ees _ («hy (y— ky 
has length 2a and whose vertical axis has length 2b is 3 + Be =1. 
a 


To graph an ellipse centered at the point (h, k), we will begin by plotting a point at 
the center. The endpoints of the horizontal axis can be found by moving a units to 
the left and right of the center. The endpoints of the vertical axis can be found by 
moving b units above and below the center. Once these four endpoints have been 
plotted, we will draw the ellipse that passes through them. 
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Graph + = 1 
rap r 9 
SOLUTION Because the equation has the form y 
(x— hy’ (y—k)’ a 10 
5 + we = 1, the center of this ellipse L 
a 
8 L. 
is (3,5). L 
Because a* = 4, we know that a = 2. The end- 6L 
points of the horizontal axis are two units to the L 
left and right of the center. Because b* = 9, we 4- 
know that b = 3. The endpoints of the vertical axis B 
are three units above and below the center. We 2r 
finish by drawing the ellipse that passes through 
: 2 s 
these four endpoints. —2 0 2 4 6 se 
2 
Vv 
Quick Check 3 
(x= 8?  y-7)? 
h ate =1. 
ae 25 
$2) 
Graph (x + 3)? + eae =[ 
10 
SOLUTION The center of this ellipse is (—3, —2). y 
When we do not see a denominator under the 
squared term containing x, a” = 1;so a = 1, and we 2r 
plot the endpoints of the horizontal axis one unit to j Oe 4 
the left and right of the center. Because b? = 10,we <@~ = oo 
know that b = V10. Because V10 ~ 3.2, we plot the 5 ) 
endpoints of the vertical axis approximately 3.2 units il 
above and below the center. We finish by drawing the 4L 
ellipse that passes through the four endpoints. (3, 2) L 
Quick Check 4 6b 
Graph Y 
(x — 4)? , 
Fgu: as? e Finding the Center of an Ellipse and the Lengths 


of Its Axes by Completing the Square 


Objective 3 Find the center of an ellipse and the lengths of its axes by 
completing the square. 


General Form of the Equation of an Ellipse 


The general form of the equation of an ellipse is Ax? + By’ + Cx + Dy + 
E=0,A 40,B #0,andA # B. 


Quick Check 5 


Graph the ellipse 9x? + 16y* — 
36x + 160y + 292 = 0. Give 
the center. 
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Notice that the coefficient of the x” term is not equal to the coefficient of the y” term. If 
those two coefficients are equal, the graph of the equation is more specifically defined 
as a circle than an ellipse. To graph an ellipse in general form, we must rewrite the equa- 
tion in standard form. This allows us to determine the center, as well as a and b. This is 
done by completing the square, which must be done for both x and y. 


Graph the ellipse 25x? + 4y? + 150x — 16y + 141 = 0. Give the 
center. 


SOLUTION We convert the equation to standard form by completing the square 
for x and y. 


25x” + 4y? + 150x — l6y + 141 =0 
(25x? + 150x) + (4y? — 16y) = -141 
Collect terms containing x. Collect terms containing y. 
Subtract 141 from both sides. 
25(x? + 6x) + 4(y*? — 4y) = -141 
Factor 25 from the terms containing x so that the coefficient 
of the x? term is 1. Factor 4 from the terms containing y. 
25(x? + 6x + 9) + 4(y? — 4y + 4) = -141 + 225 + 16 
Add 9 inside the parentheses containing x to complete the 
square for x. Add 25 - 9, or 225, to the right side of the equation. 
Add 4 inside the parentheses containing y to complete the 
square for y. Add 4- 4, or 16, to the right side of the equation. 
25(x + 3)? + 4(y — 2)? = 100 
Factor the two quadratic expressions on the left 
side of the equation. 


1 
25(x + 3) a A(y — 2)? 
100 100 
4 25 

Divide both sides of the equation by 100. Rewrite the left 
side of the equation as the sum of two fractions. Divide out 
common factors. 

(x+3) (y-2)? 

+ 
4 25 

Simplify. 


=1 


Because the equation is now in standard form, the y 
center of this ellipse is (—3, 2). Because a’* = 4, t 
a = 2 and we plot the endpoints of the horizontal gL 
axis two units to the left and right of the center. 
Because b* = 25, b = 5 and we plot the endpoints 
of the vertical axis five units above and below the 
center. Draw the ellipse that passes through the 
four endpoints. 
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Finding the Equation of an Ellipse 


Objective 4 Find the equation of an ellipse that meets the given condi- 
tions. To find the equation of an ellipse, we will begin by determining the center 
(h, k), a, and b. Then we will write the equation of the ellipse in standard form 
(x- Ay (y—k? 


2 DP 1. 


Find the standard form equation of the ellipse. 


SOLUTION The center of the ellipse is (4, —2). 

Measure the distance from the center of the ellipse to an endpoint of its hori- 
zontal axis. This distance is a. In this case, a = 5. 

Next, measure the distance from the center of the ellipse to an endpoint of its 
vertical axis. This distance is b. In this case, b = 2. 

Now write the equation in standard form. 


(x —4)2  (y — (-2)) Substitute 4 for h, —2 for k,5 for a, 


5 + = 1 and 2 for b in the standard form of the 
5 - equation of an ellipse. 
(x— 4? (y +2) — 
+ = ; 
75 4 1 Simplify. 
otic eo (E74 Cy + 2)? 
The equation of this ellipse is a =1. 


25 4 


Quick Check 6 
Find the standard form equation of the ellipse. 
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BUILDING YOUR STUDY STRATEGY 


Preparing for a Final Exam (Part 1), 3 Time Management As you begin to 
prepare for a final exam, understand that you have only a finite amount of 
time before the exam; so you must use it wisely. Arrange your schedule so that 


you include extra time to study math. It is important that you prepare for the 
final exam every day; do not take any days off from your preparation. 

If you have a job, try to work fewer hours. Ask for days off if possible. 

For further suggestions on effective time management, read the Study 
Strategies in Chapter 10. 


PRACTICE WATCH DOWNLOAD READ REVIEW 


MyMaihiab|) <=> = &| =| BB 


Vocabulary i x ¥ 


1. The collection of all points (x, y) in the plane for 
which the sum of the distances d, and d, between the 
point (x, y) and two fixed points, F, and F,, is a posi- 
tive constant is called a(n) 


2. The two fixed points, F,; and F,, referred to in the def- 
inition of an ellipse are called 


3. The _____ of an ellipse is the point located 
midway between the two foci. 


4. The longer of an ellipse’s two axes is called the 
axis, and the shorter of an ellipse’s two 
axes is called the ____ axis. 


5. The endpoints of the major axis of an ellipse are 
called__ 2 


6. The endpoints of the minor axis of an ellipse are 
called 


7. The equation of an ellipse that is centered at the 


origin is of the form 


8. The equation of an ellipse that is centered at the 


point (h, k) is of the form 


Xx 
Graph the ellipse. Give the coordinates of the center as 13. 36 * 12 1 
well as the values of a and b. 


2 


xX 
aan 
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x2 y? 
ethos 
. 25 32 ! 


15. 81x? + 4y* = 324 


16. 25x? + 49y? = 1225 


17. 18x? + 32y” = 288 


18. 27x? + 108y* = 972 


(x= 4? (yo 7p 
: + = 
” 4 16 : 
‘4 (x 3y (Pay _y 
. 36 4 
(x + Ws (y + 4)? 
22. + =1 
16 25 
(x + 5)? ye 24 
4 36 


eye sy ; 
36 25 
(x + 2)? 
5r=1 
55 y= 3) 
(y-1) 
a ee =1 
(eT) 75 


13.3 Exercises 


29, 4x? + 9y? — 24x — 90y + 225 = 0 


30. 25x? + 4y* — 300x + S56y + 996 = 0 


31. 2x? + 8y? + 16x — 64y + 88 = 0 


793 
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32. 49x? + 9y* + 98x + 36y — 356 = 0 


Treret?rets?ttrtrert 


Find the standard-form equation of the ellipse. 
33. y 
t 


4 


«<u Liyy 
6 


34. 


>< 


—-10 


< 


Mixed Practice, 41-58 


Graph each equation. For graphs that are parabolas, 
label the vertex and any intercepts. For graphs that are 
circles or ellipses, label the center. 


MN. (x +4’ +(y-6?=9 4. y=-(x- 2745 


43.x = y> + 6y + 10 


45. 3x? + 5y? = 45 


46. x = —-y>+2y+7 


13.3 Exercises 


49. 9x? + 25y? + 54x — 100y — 44 =0 


51. x7 + y? — 12x — 14y — 59 =0 


795 
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52.y=x?+6x+2 (x46) tly _ 


58 y=(x-3/ +4 


53. x7 + y* = 32 


59. An elliptical track can be described by the equation 
54, x? + 49y? — 12x + 196y + 183 = 0 1089x? + 2500y* = 2,722,500, where x and y are in 
feet. Assume that the major axis runs from west to east. 


a) Find the width of the track from west to east. 


b) Find the width of the track from north to south. 


60. A tunnel through a hillside is in the shape of a semi- 
ellipse. The base of the tunnel is 80 feet across, and at 
55.x=-(y+4)?-9 its highest point, the tunnel is 30 feet high. The tunnel 
is plotted as follows on a rectangular coordinate plane 
(not to scale): 


56. x7 + y? = 81 


| ty 


a) Find the equation of the ellipse. 


b) How far from the center of the tunnel is the height 
16 feet? Round to the nearest tenth. 


61. The area of an ellipse given by the equation 
x — hj — ky 

( es) 

a b? 

building an elliptical swimming pool that is 30 feet 
from end to end at its widest point and 20 feet from 
side to side at its widest point. Find the area covered 

by the swimming pool. Round to the nearest tenth. 


= 1 is wab. A homeowner is 


62. A small park in the shape of an ellipse covers an area 
of approximately 1372.88 square feet. If the park 
measures 46 feet from west to east, as shown, what is 
the distance from south to north? 


l< 46 ft > 


OBJECTIVES 


the square. 
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13.4 Hyperbolas 


v= Writing in Mathematics 
Answer in complete sentences. 


63. Explain the difference between an ellipse and a circle. 
Are there any similarities between the two? 


64. Newsletter Write a newsletter explaining how to 
graph an ellipse whose equation is of the form 


(x= AY (yak 
a by 


1. 


@ Graph hyperbolas centered at the origin. 
2 Graph hyperbolas centered at a point (h, k). 
3 Find the center of a hyperbola and the lengths of its axes by completing 


4 Find the equation of a hyperbola that meets the given conditions. 


In this section, we will investigate a conic section called a hyperbola. Here are two 
examples of graphs of hyperbolas. 


y 
A 
gL 
AL 


4 


“6-12 -8 


Notice that the graph of a hyperbola is different from other graphs we have drawn 
in that it has two parts, called branches. 


Hyperbola 


A hyperbola is the collection of all points (x, y) in the plane for which the 
difference of the distances, d, and d,, between the point and two fixed points, F; 


and F,, called foci, is a constant. 
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Transverse —-2/~ Center 


Axis 


Asymptote 


This definition is similar to that of an ellipse, but for 
an ellipse, the sum of the distances remains constant, 
not the difference. For any point (x, y) on the hyper- 
bola, |d, — d,| remains the same. 

Like a circle and an ellipse, a hyperbola has a center. 
The center of a hyperbola is the point that is located 
midway between the two foci. 

The line that passes through the two foci intersects 
the hyperbola at two points. These points are the 
vertices of the hyperbola, and the line segment between 
them is called the transverse axis of the hyperbola. 


—4bL 
v 


Each hyperbola has a pair of asymptotes. Each asymptote is a line that passes 
through the center of the hyperbola, showing the behavior of the branches of the 
hyperbola as we move farther out from the center of the hyperbola. 


ow 
>< 


Asymptote 


° 
Pia 


| TS age = *". Asyniptote 
x > one ymp 


Hyperbolas Centered at the Origin 


Objective 1 Graph hyperbolas centered at the origin. We will begin by in- 
vestigating hyperbolas that have a horizontal transverse axis, whose branches open 
to the left and to the right. 


Standard Form of the Equation of a Hyperbola with a 
Horizontal Transverse Axis (Opening to the Left and Right) 


The standard-form equation of a hyperbola with a horizontal transverse axis 


2 2 

ae x 
centered at the origin has the form — — 2 =, 
a 


b? 


The hyperbola will have vertices at (a, 0) and (—a, 0). The asymptotes of the hyperbola 
will be the lines y = 2x and y = —2x. 


Quick Check 1 

Graph the hyperbola 

tee os 

iG meon 1. Give the center, 
the vertices, and the equations 
of the asymptotes. 
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To graph a hyperbola, we will begin by plotting the center and each vertex. 
Then we will graph the asymptotes, using dashed lines to indicate that they are not 
part of the hyperbola. We will finish the graph by drawing a branch through each 
vertex so that the branch approaches the asymptotes. 

To graph the asymptotes, a rectan- 
gle is constructed around the center of 


: Asymptote Asymptote 
the hyperbola that extends a units Moe weet 
to the left and right of the center and ee ee ee oe oe went 

: ars Pod 
b units above and below the center. Taye b BPE ied 
Axis! . ° 


Once this rectangle has been constr- 
ucted, the asymptotes are the lines 


that pass through the diagonals of the Deir all er se, 
t is yer Conjugate are 
rectangle. Pe en wn 


Notice that four points are labeled 
on the rectangle. Two of the points are 
vertices and the endpoints of the transverse axis. The two points that are not vertices are 
the endpoints of what is known as the conjugate axis. If the branches of the hyperbola 
open to the left and the right, the conjugate axis will be vertical, and its length is 2b. 


2 2 
Graph the hyperbola = = a = 1. Give the center, the vertices, 

and the equations of the asymptotes. 

SOLUTION Because the equation is of y 


ey 
the form a 1, the hyperbola is 


centered at the origin and its branches 
open to the left and to the right. We begin 
by plotting a point at the origin and graph- 
ing the asymptotes. 

Because a? = 4 and b? = 25, we know 
that a = 2 and b = 5. The rectangle used 
to graph the asymptotes extends two units 
to the left and to the right of the center -6 
and five units above and below the center. 

The equations for these asymptotes are 
y= 3x and y = —5X. 

The vertices are located at the points 
(—2, 0) and (2, 0) on the rectangle that we 
drew to graph the asymptotes. Next, we 
draw the branches of the hyperbola open- 
ing to the left and to the right in such a 
way that they approach the asymptotes. 


We now turn to hyperbolas that have a vertical transverse axis. For this type of 
hyperbola, the branches open upward and downward. 


Standard Form of the Equation of a Hyperbola with 
a Vertical Transverse Axis (Opening Up and Down) 


The equation of a hyperbola with a vertical transverse axis that is centered at 
2 


the origin has the form x = ~ =1. 
b a 


The hyperbola will have vertices at (0, b) and (0, —b). The asymptotes of the hyper- 


b b 
bola will be the lines y = a and y = re The conjugate axis will be horizontal, 


and its length will be 2a. 
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Transverse Axis 


Equation 


Sample Graph 


2 2 
Graph = ~ 76 = 1. Give the center, the vertices, and the equa- 


tions of the asymptotes. 


SOLUTION This hyperbola is centered at the origin, and its branches open up- 
ward and downward. We begin by plotting a point at the origin and graphing the 
asymptotes. 

Because a? = 16 and b? = 9, we know 
that a = 4 and b = 3. The rectangle used 
to graph the asymptotes extends four units 
to the left and to the right of the center and 
three units above and below the origin. 
The equations Lee asymptotes are 


T1111 


kD w 


your and y = — 


The vertices are located at the points 
(0,3) and (0, —3). After plotting the ver- 
tices, we draw the branches of the hyperbola 
opening upward and downward in such a 
way that they approach the asymptotes. 


Quick Check 2 


2 2 
Graph ar aes 1. Give the center, the vertices, and the equations of the 
asymptotes. 


Here is a brief summary of hyperbolas centered at the origin: 


Horizontal Vertical 
ae on vee on 
ae ae Poe eu 
y Y 
A N 


Vertices 


Asymptotes 
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It is crucial for us to be able to tell what type of hyperbola we are graphing from the 
2 2 


equation. For a hyperbola whose equation is of the form = = = = 1, the branches 
a 
of the hyperbola open to the left and to the right. For a hyperbola whose equation is 
2 2 


y 


of the form BR ~ = 1, the branches of the hyperbola open upward and downward. 
a 


We also must be able to differentiate between the equation of a hyperbola and 
the equation of an ellipse. The major difference between the two equations is that 
the equation of a hyperbola involves the difference of the terms containing x and y, 
while the equation of an ellipse involves their sum. 


Hyperbolas Centered at a Point Other 
Than the Origin 


Objective 2 Graph hyperbolas centered at a point (h, k). We will now 
learn how to graph hyperbolas centered at any point (h, k). 


Standard Form Equation of a Hyperbola with Center (h, k) 


e The equation of a hyperbola centered at the point (h, k) with a horizontal 
transverse axis (opening to the left and right) has the standard form 
(x— hy (y—k)’ 


2 - rr =1. 


The vertices are located a units to the left and to the right of the center. The 


b 
slopes of the asymptotes are m = —andm = —-. 
a a 


The equation for a hyperbola centered at the point (h, k) with a vertical 
transverse axis (opening up and down) has the standard form 


(y- ke (x hy 


b? a 


The vertices are located b units above and below the center. The slopes of 


b 


b 
the asymptotes are m = —andm = —-. 
a a 


aananae 
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To graph a hyperbola centered at a point (h, k), we will begin by plotting the center 
of the hyperbola and its vertices. If the branches of the hyperbola open to the left 
and to the right, the vertices can be found by moving a units to the left and right of 
the center. If the branches of the hyperbola open upward and downward, the ver- 
tices can be found by moving b units above and below the center. 

Once the center and vertices have been plotted, we will graph the asymptotes 
of the hyperbola by using dashed lines. Although we can graph these asymptotes 
from their equations, we will continue to use a rectangle as we did for hyperbolas 
centered at the origin. 

Then we will draw the two branches of the hyperbola in such a way that each 
branch passes through a vertex and approaches the asymptotes. 


x- 4)? (y- 2) 
9 4 
the vertices, and the slopes of the asymptotes. 


Graph the hyperbola ( = 1. Give the center, 


= 1, the 


x 
SOLUTION Because the equation is of the form ( 


hyperbola is centered at (4, 2) 
and its branches open to the left 
and to the right. We begin by 
plotting the center and graphing 
the asymptotes. 

Because a* = 9 and b* = 4, 
we know that a = 3 and b = 2. 
The rectangle used to graph the 
asymptotes extends three units 
to the left and to the right of the 
center and two units above and 
below the center. The slopes for 
these asymptotes are m = and m = —%. 

The vertices are located three units to the left and to the right of the center 
(4,2) at the points (1,2) and (7,2). After plotting the vertices, we draw the 
branches of the hyperbola opening to the left and to the right in such a way that 
they approach the asymptotes. 


Quick Check 3 


x — 3) 


— 5) 
Graph the hyperbola ( mi = es ) 


16 


= 1. Give the center, the vertices, 


and the slopes of the asymptotes. 
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(nt 
Graph the hyperbola 6 


Give the center, the vertices, and the slopes of the 
asymptotes. 


SOLUTION Because the equation is of the form 
(y— ky (x —h)? 
b? a 
(1, —5) and its branches open upward and downward. We 
begin by plotting a point at the center and graphing the 

asymptotes. 

There is no denominator under the squared term 
containing x, so a* = 1. Therefore, a = 1. Because 
b* = 16, b = 4. The rectangle used to graph the asymp- 
totes extends one unit to the left and to the right of the 
center and four units above and below the center. The 
slopes for these asymptotes are m = 4andm = —4. 

The vertices are located four units above and be- 
low the center at the points (1, —1) and (1, —9). After 
plotting the vertices, we draw the branches of the hy- 
perbola opening upward and downward in such a way 
that they approach the asymptotes. 


= 1, the hyperbola is centered at 


Quick Check 4 


(Cae Cs 18): 
Graph the hyperbola 49 = 9 = 1. Give the center, the vertices, and 


the slopes of the asymptotes. 


Finding the Center of a Hyperbola and the 
Lengths of Its Axes by Completing the Square 


Objective 3 Find the center of a hyperbola and the lengths of its axes 
by completing the square. 


General Form of the Equation of a Hyperbola 


The general form of the equation of a hyperbola is Ax* + By? + Cx + 
Dy + E =0,where A # 0, B # 0, and A and B have opposite signs. 
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Quick Check 5 

Graph the hyperbola 

16x” — 9y* — 64x — 

54y — 161 = 0. Give the 
center, the vertices, and the 
equations of the asymptotes. 
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If both A and B have the same sign, the graph will be a circle or an ellipse, not a hy- 
perbola. To graph a hyperbola in general form, we must rewrite the equation in 
standard form. This will allow us to determine the center as well as a and D. This is 
done by completing the square, which must be done for both x and y. 


Graph the hyperbola —4x” + 25y” + 24x + 50y — 111 = 0. Give 
the center, the vertices, and the equations of the asymptotes. 


SOLUTION Convert the equation to standard form by completing the square for 
x and y. 


—4x? + 25y* + 24x + 50y — 111 =0 
(—4x? + 24x) + (25y? + 50y) = 111 
Collect terms containing x. Collect terms containing y. 
Add 111 to both sides. 
—4(x? — 6x) + 25(y? + 2y) = 111 
Factor —4 from the terms containing x so that the coefficient 
of the x” term is 1. In the same fashion, factor 25 from the 
terms containing y. 
—4(x? — 6x + 9) + 25(y? + 2y + 1) = 111 — 36 + 25 
Add 9 inside the parentheses containing x to complete the 
square for x. Because —4+9 = —36, subtract 36 on the right 
side of the equation. Add 1 inside the parentheses contain- 
ing y to complete the square for y. Add 25 «1, or 25, to the 
right side of the equation. 
—4(x — 3)? + 25(y + 1)? = 100 
Factor the two quadratic expressions on the left side of the 
equation. 
25(y + 1)? — 4(x — 3)? = 100 
Rewrite so that the term containing x is being subtracted 
from the term containing y. 


(yt1) (x - 3) © 
4 25 
Divide both sides by 100 and simplify. 


1 


Begin by plotting the center, (3, —1), and graphing the asymptotes. 
For this hyperbola, a = 5 and b = 2. The equations for the asymptotes are 
y = &x — 3) — Landy = -&(x — 3) -1. 
—k)? (x- Ay 
2 


b? 


Because the equation has the form = 1, the branches of 


a 
this hyperbola open upward and downward. 

The vertices are (3,1) and (3, —3). After plotting the vertices, draw the 
branches of the hyperbola opening upward and downward in such a way that they 
approach the asymptotes. 


Quick Check 6 


Find the equation of the hyper- 


bola whose grap 


h is shown. 
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13.4 Hyperbolas 
Finding the Standard-Form Equation 
of a Hyperbola 
Objective 4 Find the equation of a hyperbola that meets the given con- 


ditions. To find the equation of a hyperbola in standard form, we must find the 
center (h, k), a, and b. 


Find the equation of the hyperbola whose graph is as follows: 


SOLUTION Because the branches of the hyperbola open to the left and to the 
(x- hy (y—kP 
right, its equation is of the form 2 Be = 
We begin by finding the center of the hyperbola, which is at the point (5, 2). 
Then we measure the distance a from the center of the hyperbola to one of its 
vertices and find that a = 4. 
Next, we measure the vertical distance b from a vertex of the hyperbola to one 
of its asymptotes and find that b = 3. 
We can now write the equation in standard form. 


(x— Ah) (y— ky? 

a b* =e 
(x— 5) (y-2) 

2 z =1 Substitute 5 for h,2 for k, 4 for a, and 3 for b. 
(x- 5) (y— 2)’ a 

16 9 1 Simplify. 

; _(«— 5) (y= 2) 
The equation of this hyperbola is i6 9 =1. 


BUILDING YOUR STUDY STRATEGY 


Preparing for a Final Exam (Part 1), 4 Study Environment Choosing the 
location where you will study for the final exam is not a trivial matter. You 
should study in a distraction-free zone; you cannot afford to waste time and 


effort at this point in the course. Study in a well-lit area that allows you easy 
access to all of your materials. 

See the Study Strategies in Chapter 11 for further advice on creating a pos- 
itive study environment. 
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PRACTICE WATCH DOWNLOAD READ REVIEW 


uy Nizthiab\y «zp, [8 | Gq ES % 


Vocabulary e # 


1. A(n) __________ is the collection of all points (x, y) 
in the plane for which the difference of the distances, 
d, and d>, between the point and two fixed points, F, 
and F;, is a constant. 


2. The two fixed points, F, and F,, referred to in the 
definition of a hyperbola, are called ___. 


3. The of a hyperbola is the point located 
midway between the two foci. 


4. The line that passes through the two foci of a hyper- 
bola intersects the hyperbola at two points that are 
called the _______ of the hyperbola. 


5. The line segment between the vertices of the hyper- 
bola is called the _____ of the hyperbola. 


6. The ______——_—s of. a hyperbola show how the 
branches of the hyperbola behave away from the 2 
center of the hyperbola. 11. 


7. The standard form equation of a hyperbola centered 
at the origin with a horizontal transverse axis has the 


form ____________, while a hyperbola centered at 
the origin with a vertical transverse axis has the form 


8. The standard form equation of a hyperbola centered 
at the point (h, &) with a horizontal transverse axis 


has the form , while a 
hyperbola centered at the point (h, k) witha 
vertical transverse axis has the form 


Graph the hyperbola. Give the coordinates of the center 
as well as the values of a and b. 


er 
9-2 =1 
9 4 


OS 
13. 75 x 
2 
1G 
14, ——- y= 
16° 
x2 ye 
15. 12 9 —_ 
2 2 
y x 
16. 6 75 


17. 49x? — 4y? = 196 


18. 9x” — 36y? = 324 


19. y? — 9x7 =9 


20. y? — 4x2 = 4 


13.4 Exercises 
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~ §) — 2/2 + 3) = 3)" 
rom y & i a yy Led 
16 9 4 25 

(y — 1) x? 
— 6)" y= 3 25. 1 
2, 2) ( —_ 4 4 
(x +1) (y + 5)’ ; 
9 9 


(x+1) (y+4)/ 


‘4 (x- 4) (y + 2)? 
‘49 16 

= ery 
. 9 49 

si (x+2) (y+3/ 7 
“25 28 

gp CU =O) 
“18 4 


31. 9x? — 4y* + 18x — 24y - 63 = 0 


13.4 Exercises 


32. -16x” + 9y* — 160x + 72y — 400 = 0 


33. —25x? + 16y? — 100x — 224y + 284 =0 


809 


81 0 CHAPTER 13 Conic Sections 


34. x? — 64y” — 10x + 768y — 2343 = 0 


wo 
= 
P< 


Find the standard-form equation of the hyperbola whose 
graph is shown. 


voc 


< 


= 


NO 
| ae Uae a 


| 
n 
TT 


| 
ioe} 
TTT-T 


-10 
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Mixed Practice, 41-54 


Graph each equation. For graphs that are parabolas, 
label the vertex and any intercepts. For graphs that are 
circles, ellipses, or hyperbolas, label the center. 


41. y = -x? + 6x -17 


y 
A 


oe? 


WR ED oo 


Lot di 


aa 
42. 5 x 
x — 6) a 
Fee de ee aa 
9 49 


44, y = (x — 3) 4 


47, x? + y* = 64 


13.4 Exercises 


49. 4x? — 9y* + 40x + 54y - 17 =0 


50. (x — 4) + (y +7)2 =9 


811 
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oxo + y — 8x + ldy + = x t+ yt 
oe 2-8 18 48 = 0 6)? ay 


52. 16x” + 9y* — 256x + 90y + 1105 = 0 


54.x = y’> + 10y + 16 


For Exercises 55-60, determine which graph is associated with 
each given equation. 


b) y 


I 

| 

| 
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13.5 Nonlinear Systems of Equations 813 


55. y= (x +3)? +4 «== Writing in Mathematics 
= = D gas 
ree 1 a) 2 Answer in complete sentences. 
57. (x +3) +(y-47 =9 
43) — 4)? 61. Explain how to determine whether the graph of an 
58. Ca ) a (y =1 equation is a hyperbola whose branches open to the 
9 16 left and right. Also explain how to determine whether 
x +3) — 4)? the graph of an equation is a hyperbola whose branches 
59 a 1 dd 
9 16. open up and down. 
— 4)? x +3) 
5, i er, 
16 9 


Section 13.4 
Solve. 3. 2x —3y = 11 
1, x + 8y =19 5x + 6y = 14 
7x —5y=11 4. 4x —5y =15 
—3x + 4y = —27 


OBJECTIVES 


a Solve nonlinear systems by using the substitution method. 
@ Solve nonlinear systems by using the addition method. 
@ Solve applications of nonlinear systems. 


A nonlinear system of equations is a system of equations in which the graph of at 
least one of the equations is not a line. For example, if the graph of one equation is 
a circle and the graph of the other equation is a line, the system is a nonlinear sys- 
tem of equations. For a system of two equations in two unknowns, an ordered pair 
(x, y) is a solution of the system if it is a solution of each equation. Graphically, a 
solution of a system of two equations in two unknowns is a point of intersection of 
the graphs of the two equations. Some nonlinear systems can have one or more so- 
lutions. Following are examples of nonlinear systems of equations and their solu- 
tions, which are points of intersection for the two graphs: 


Two Solutions Four Solutions One Solution 
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If the graphs of the two equations do not intersect, the system of equations has no 
solution. 


No Intersection No Intersection 


The Substitution Method 


Objective 1 Solve nonlinear systems by using the substitution method. 
One effective technique for solving nonlinear systems of equations is the substitu- 
tion method. As in Chapter 4, we will solve one of the equations for one of the vari- 
ables in terms of the other variable and then substitute this expression for that 
variable in the other equation. This will result in an equation with only one variable, 
which we can then solve. 


Solving a System of Equations by the Substitution Method 


1. Solve one of the equations for either variable. 


2. Substitute this expression for the variable in the other equation. 


3. Solve this equation. 


4. Substitute each value for the variable in the equation from Step 1. 


x + y? = 25 


Solve the nonlinear system: x +2y=10 


SOLUTION We begin by solving the second equation for x because the coeffi- 
cient of that term is 1. If we subtract 2y from both sides of the equation, we find 
that x = 10 — 2y. This expression can then be substituted for x in the equation 
x2 + y? = 25. 
x? + y? = 25 
(10 — 2y)? + y? = 25 Substitute 10 — 2y for x. 
5y* — 40y + 100 = 25 Square 10 — 2y and combine like terms. 
5y* — 40y + 75 = 0 — Subtract 25 from both sides. 
5(y — 3)(y — 5) =0 Factor completely. 
y=3 or y=5 __ Set each variable factor equal to 0 and solve. 
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We can now substitute these values for y in the equation x = 10 — 2y to find the 
corresponding x-coordinates of the solutions. 


y=3 y=. 

x = 10 — 2(3) x = 10 —2(5) Substitute for y. 
x=4 x =0 Simplify. 

(4, 3) (0, 5) Simplify. 


The two solutions are (4, 3) and (0, 5). 

The graph of the first equation in the system is a circle, and the graph of the 
second equation is a line. Here are the graphs of the two equations, showing their 
points of intersection. 


Quick Check 1 


4° + y=41 


Solve the nonlinear system: y + 0y= 8 


Although it is not necessary, it is a good idea to graph both equations in the system. 
This will give us an idea of the number of solutions we are looking for as well as the 
approximate coordinates of the solutions. 


y=xt+6 


Solve the nonlinear system: bs = 16 


SOLUTION Because the first equation is already solved for y, we can substitute 
x + 6 for yin the equation x? + y’ = 16. 
e+ = 16 
x’ + (x + 6)? =16 Substitute x + 6 for y. 
2x? + 12x + 36 =16 Square x + 6 and combine like terms. 
2x* + 12x +20=0 Subtract 16 from both sides. 
2(x* + 6x +10) =0 Factor out acommon factor of 2. 


Because x” + 6x + 10 cannot be factored, we use the quadratic formula. 


—6 + V6 — 4(1)(10) Substitute 1 for a, 6 for b, and 10 for c in the 
2(1) quadratic formula. 
-6 + V—-4 
x = ee 
2 


Simplify the discriminant and the denominator. 
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Because the discriminant was negative, this equation has no real-number solutions. 
Therefore, this system of equations has no solution. We could have determined this 
from the graphs of the two equations. The graph of the equation y = x + 6isa 
line with a slope of 1 and a y-intercept at (0, 6), while the graph of x* + y* = 16 is 
a circle centered at the origin with a radius of 4. Notice that the two graphs do not 
intersect. 


Quick Check 2 
Solve the nonlinear system: 


Vy = Bee — 13) 
ety He 


2 
; y=x-3 
Solve the nonlinear system: e+ yao 


SOLUTION | The graph on the left of the first equation is a parabola that opens up- 
ward, while the graph of the second equation is a circle. Based on the graph, there 
appear to be three solutions. 

Solve the first equation for x’, giving x = y + 3, and substitute that expression 
for x’ in the second equation. This is a useful technique when the graph of neither 
equation is a line. 


Vr+y=9 
(y +3) + y?=9 Substitute y + 3 for x’. 
y> + y-—6=0 Collect all terms on the left side. 
(y + 3)(y — 2) = 0 Factor. 
y=-3 or y=2 Set each factor equal to 0 and solve. 


We can now substitute these values for y in the equation x* = y + 3 to find the 
corresponding x-coordinates of the solutions. 


y=-3 y=2 
x? =(-3)+3 x?=(2)+3 Substitute for y. 
x =0 x=+V5 Simplify and take the square root of 


each side. 


The solutions are (0, —3), (V5, 2), and (— V5, 2). 


Quick Check 3 


2} 


4 2 
Solve the nonlinear system: 5x2 + y2 = 24 


13.5 Nonlinear Systems of Equations 817 


The Addition Method 


Objective 2 Solve nonlinear systems by using the addition method. 
Another effective technique for solving nonlinear systems of equations is the ad- 
dition method, which was introduced in Chapter 4. By rewriting the two equa- 
tions in such a way that the coefficients of like terms are opposites, we can add 
the two equations to obtain a single equation with only one variable, which we 
can then solve. 


16x? + 25y? = 400 


Solve the nonlinear system: eh GP = 16 


SOLUTION If we multiply both sides of the second equation by —16, the coeffi- 
cients of the two terms containing x’ will be opposites. Then we can eliminate 
terms containing x’, leaving an equation whose only variable is y. 
16x” + 25y? = 400 16x? + 25y? = 400 
Itiply by —16. 
r+ y= 16 es 1692 = 16y? = =256 

16x? + 25y? = 400 
16x? — 16y* = —256 Add. 

9y? = 144 


Now we can solve the equation 9y” = 144 for y. 


9y? = 144 
y’=16 Divide both sides by 9. 
y = +4 Take the square root of each side. 


We can now substitute 4 and —4 for y in either equation to find the corresponding 
x-coordinates of the solutions. We will use the equation of the circle x + y” = 16. 


y=4 y=-4 
x° + (4) = 16 x? + (-4)? = 16 Substitute for y. 
x=0 x=0 Solve for x. 


The solutions are (0, 4) and (0, —4). 


Quick Check 4 


Ae oe Ty = 211 


Solve the nonlinear system: eee 


We can attempt to solve nonlinear systems by graphing, but the solutions will de- 
pend on the accuracy of the graph, not to mention the estimate of solutions that do 
not have integer coordinates. However, technology such as a graphing calculator or 
computer software have built-in functions for finding the points of intersection of 
two graphs. 


Applications of Nonlinear Systems of Equations 


Objective 3 Solve applications of nonlinear systems. Now we will turn our 
attention to applied problems requiring solving a nonlinear system of equations to 
solve the problem. 
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A rectangular dorm room has a perimeter of 40 feet and an area of 
91 square feet. Find its dimensions. 


SOLUTION The unknowns in this problem are the length and width of the room. 
We will let x represent the length of the room, and we will let y represent the width 
of the room. 


Unknowns 
Length: x 
Width: y 


Because the perimeter of the rectangle is 40 feet, we know that 2x + 2y = 40. 
Also, because the area of the rectangle is 91 square feet, we know that xy = 91. If 
we solve the perimeter equation for x or y, we can substitute the expression for 
that variable in the area equation. 


2x + 2y = 40 


2x = 40 — 2y Subtract 2y. 
x =20-y Divide both sides by 2. 


We can now substitute 20 — y for x in the equation xy = 91. 


xy = 91 
(20 — y)y = 91 Substitute 20 — y for x. 


0 = y>— 20y +91 — Simplify and collect all terms on the 
right side of the equation. 


0 = (y — 7)(y — 13) Factor the quadratic expression. 
y=7 or y=13 Set each factor equal to 0 and solve. 
We can find the corresponding x-coordinates of the solutions by substituting these 


values for y in one of the two equations and solving for x. We will use the perime- 
ter equation. 


y= y= 13 
2x + 2(7) = 40 2x + 2(13) = 40 Substitute for y. 
x= 13 x=7 Solve for x. 


We see that the length is 13 feet if the width is 7 feet and the length is 7 feet if the 
width is 13 feet. In either case, the dimensions of the room are 7 feet by 13 feet. 


Quick Check 5 


A rectangle has a perimeter of 30 feet and an area of 36 square feet. Find its 
dimensions. 


A rectangular computer monitor has a perimeter of 46 inches and 
a diagonal that is 17 inches long. Find the dimensions of the monitor. 


SOLUTION The unknowns in this problem are the length and width of the moni- 
tor. We let x represent the length of the monitor, and we let y represent the width 
of the monitor. 


Unknowns 
Length: x 
Width: y 


Quick Check 6 


A rectangle has a perimeter 
of 42 inches and a diagonal 
15 inches long. Find the 
dimensions of the rectangle. 


Quick Check 7 


A boy throws a ball upward 
from the ground with an initial 
velocity of 40 feet per second. 
At the same instant, a boy 
standing on a platform 10 feet 
above the ground throws 
another ball upward with an 
initial velocity of 35 feet per 
second. At what time will the 
two balls be the same height 
above the ground? 
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Because the perimeter of the monitor is 46 inches, we 
know that 2x + 2y = 46. Also, because the diagonal of 
the monitor is 17 inches, we know from the Pytha- 
gorean theorem that x* + y* = 17°, or x7 + y* = 289. 

Solve the perimeter equation for x, giving 
x = 23 — y; then substitute that expression for x into 
the equation x? + y? = 289. 


x? + y? = 289 

(23 — y)? + y? = 289 Substitute 23 — y for x. 
2y? — 46y + 240 =0 
2(y — 8)(y — 15) = 0 
y=8 or y=15 


Square 23 — y and collect all terms on the left side. 
Factor completely. 
Set each variable factor equal to 0 and solve. 


We can find the corresponding x-coordinates of the solutions by substituting these 
values for y in one of the two equations and solving for x. We will use the perime- 
ter equation. 


y=8 y=15 
2x + 2(8) = 46 2x + 2(15) = 46 Substitute for y. 
x = 15 x =8 Solve for x. 


We see that the length is 15 inches if the width is 8 inches and that the length is 
8 inches if the width is 15 inches. In either case, the dimensions of the rectangle 
are 8 inches by 15 inches. 


We conclude with an example involving the height of a projectile. Recall that if an 
object is launched with an initial velocity of vp) feet per second from an initial height of s 
feet, its height in feet after t seconds is given by the function h(t) = —16f? + vot + s. 


A rock is thrown upward from ground level with an initial velocity 
of 100 feet per second. At the same instant, a water balloon is dropped from a heli- 
copter that is hovering 300 feet above the ground. At what time will the two ob- 
jects be the same height above the ground? What is the height? 


SOLUTION We begin by finding the time it takes for the two objects to be at the 
same height. The function describing the height of the rock is h(t) = —16¢? + 100t, 
while the function describing the height of the water balloon dropped from the 
helicopter is h(t) = —16r? + 300. If we let the variable y represent the height of 
each object, we get the following nonlinear system of equations: 


y = -16¢? + 1004 
y = —16r2 + 300 


Because each equation is already solved for y, we can set —167? + 100f equal to 
—161? + 300 and solve for t. 


—16t? + 100¢ = —162? + 300 


100¢ = 300 Add 16?” to both sides of the equation. The 
resulting equation is linear. 
t=3 Divide both sides by 100. 


The two objects will be at the same height after 3 seconds. We can substitute 3 for ¢ 
in either function to find the height. 
h(t) = —16¢? + 100¢ 
h(3) = —16(3)* + 100(3) Substitute 3 for ¢. 
= 156 Simplify. 


After 3 seconds, each object will be at a height of 156 feet. 


820 CHAPTER 13 Conic Sections 


BUILDING YOUR STUDY STRATEGY 
Preparing for a Final Exam (Part 1), 5 What to Review 


Old Exams and Quizzes 
When preparing for a final exam, begin by reviewing old exams and quizzes. 
Make sure you understand any mistakes you made on them. 

Once you understand your errors, rework all of the problems on the exam 
or quiz without referring to your notes or textbook. Doing this will provide 
feedback on those topics you need to review and those topics you have under 
control. 


Old Homework Assignments 

When studying a particular topic, look back at your old homework for that 
topic. If you struggled with a particular type of problem, your homework will 
reflect that. Your homework may contain notes you made to yourself about 
how to do certain problems or mistakes to avoid. 


Notes and Note Cards 
Look over your class notes from that topic. Your notes should include exam- 
ples of the problems in that section of the textbook, as well as pointers from 
your instructor. 

The note cards you created during the semester should focus on problems 
you considered difficult at the time and contain strategies for solving these 
types of problems. A quick glance at these note cards will speed up your review. 


Materials from Your Instructor 
Materials from your instructor, such as a review sheet for the final or a prac- 
tice final, are very helpful. 

As you work through your study schedule, try to solve your instructor’s 
problems when you review that section or chapter. 

If you are having trouble with a certain problem, use a note card to write 
down the steps you need to follow to solve the problem. Review your note 
cards each day before the exam. 


Textbook 

Each chapter in the textbook contains a chapter review assignment and a 
chapter test. Also, cumulative review assignments are provided at the end of 
Chapters 4, 7, 11, and 14. Use the cumulative review exercises to prepare for a 
final exam. These exercise sets contain problems representative of the mate- 
rial covered up to that point in the text. 

Try doing these exercises without referring to your notes, note cards, or the 
text. In this way, you can use these problems to determine which topics re- 
quire more study. If you made a mistake while solving a problem, make note 
of the mistake and how to avoid it in the future. If there are problems you do 
not recognize or know how to begin, ask your instructor or a tutor for help. 


Applied Problems 
Many students have a difficult time with applied problems on a final exam. 
You will find the following strategy helpful: 


e Make a list of the applied problems you have covered this semester. 

e Create a study sheet for each type of problem. 

e Write down an example or two of each type of problem. 

e List the steps necessary to solve each type of problem. 

Review these study sheets frequently as the exam approaches. This should help 


you identify the applied problems on the exam and to remember how to solve 
them. 
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PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary 22. x° — y* = 15 
1 
1. A(n) ______ system of equations is a system x= ay =i 


of equations in which the graph of at least one of 
the equations is not a line. 


j j x=y-11 
2. An ordered pair (x, y) is a(n) _______ ofa 4 3 OS 
nonlinear system of two equations if it is a solution ed fy “ 
i y=xt+1 
of each equation. 
25.y=x*-7 
es y= -x? +11 
Solve by the substitution method. ‘ 
26. y=x°—- 8 
3. x? + y’ = 100 y = -x? 
x — 7y = 50 7.22 2_6 
4.x°+ y= 25 v+(y-4=8 
a 2%. y=x24+1 
5. x7 + y* = 85 (y - 5) 
3x + y = —29 an an 
6.x? + y’ = 50 
—x + 2y = 15 
‘ : Solve by the addition method. 
7.4x° + y° = 16 
y=2x-4 29.x7+ y=5 
8. 2x? + 3y? = 14 x-y=3 
x= -3y+7 30. x? + y* = 20 
9 y=x?-3x4+8 yoy =H 12 
—2x+y=4 31. 3x? + y? = 14 
10. y = x? + 6x Hy =o 
—4x+ y=3 32. 5x* + y? = 45 
11. x? - y? =8 v-y=9 
yax-2 33. x7 + 2y? = 18 
2. y= =7 y—-x=6 
ae 34, x2 + 9y2 =9 
13. y= 3x-9 ye xra=l 
Vr+y=4 2: 2_ 
35. 9x° + 4y* = 87 
14.y=x-2 x? — 2y* =6 
(x+2P+(y-1" =9 
15. x7 + y? = 25 
et AD 
ae 2 36. 8x2 + 6y? = 44 
16. x? + y? = 16 4x? — 2y? = 12 
ye Ss 37. x2 + y? = 24 
2 2 ° 7 
17. x Fe + 5y? = 60 
x= y 
v2 2. oo 
18. x? + y? = 42 Bx ty 19 
x=-y 10x* + y~ = 100 
19. x° + 4y? =4 39.17 + y =6 
y=x+1 Ax? + 9y* = 39 
20. 25x? + 9y? = 225 40. x° + y = 13 
x= y+3 3x” + 18y? = 99 
21. Hy = 1 41. x? 4+ 12y? = 117 


x=y+11 x? + 4y? = 45 
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42. 


43. 


44. 


45. 


47. 


49. 


50. 


51. 


52. 


53. 


54. 


3x7 + y? = 21 

10x? + y* = 49 
3x? + 2y? = 21 
15x? + 4y* = 51 
3x? + 4y? = 84 


9x? + 21y” = 333 
A rectangular flower garden has a perimeter of 44 feet 


and an area of 105 square feet. Find the dimensions of 
the garden. 


Mra 


. A rectangular classroom has a perimeter of 78 feet 


and an area of 360 square feet. Find the dimensions of 
the classroom. 

The cover for a rectangular swimming pool measures 
400 square feet. If the perimeter of the pool is 82 feet, 
find the dimensions of the pool. 


. The perimeter of a soccer field is 320 yards, and the 


area of the field is 6000 square yards. Find the dimen- 
sions of the soccer field. 


Juan is remodeling his home office by replacing the 
molding around the floor of the room, as well as the 
carpet. The door to the office is 4 feet wide, and no 
molding is required there. If Juan uses 60 feet of mold- 
ing and 192 square feet of carpet, find the dimensions 
of the office. 


Rosalba is painting a rectangular wall in her home. 
The perimeter of the wall is 60 feet. The wall has two 
windows, each with an area of 15 square feet. If the 
painting area is 170 square feet, find the dimensions 
of the wall. 


George’s vegetable garden is in the shape of a rectan- 
gle and has 210 feet of fencing around it. Diagonally, 
the garden measures 75 feet from corner to corner. 
Find the dimensions of the garden. 

A rectangular lawn has a perimeter of 100 feet and a 
diagonal of 10V/13 feet. Find the dimensions of the 
lawn. 

A rectangular sports court has an area of 800 square 
feet. If the diagonal of the court measures 20V% feet, 
find the dimensions of the court. 

Laura’s horses live in a rectangular pasture that has 
an area of 10,000 square feet. The diagonal of the 


55. 


56. 


57. 


58. 


pasture measures 50/17 feet. Find the dimensions of 
the pasture. 


An arrow is fired upward with an initial velocity of 
120 feet per second. At the same instant, a ball is 
dropped from a helicopter that is hovering 540 feet 
above the ground. At what time will the arrow and ball 
be the same height above the ground? 


A ball is thrown upward from a beach with an initial 
velocity of 32 feet per second. At the same instant, an- 
other ball is dropped from a cliff 48 feet above the 
beach. At what time will the two balls be the same 
height above the beach? 


A model rocket is fired upward from the ground with 
an initial velocity of 60 feet per second. At the same 
instant, another model rocket is fired upward with an 
initial velocity of 32 feet per second from a roof 84 feet 
above the ground. 


a) At what time will the two rockets be the same 
height above the ground? 


b) How high above the ground are the two rockets at 
that time? 


A slingshot fires a rock upward from the ground with 
an initial velocity of 96 feet per second. At the same 
instant, a cannonball is fired upward with an initial 
velocity of 66 feet per second from a roof 120 feet 
above the ground. 


a) At what time will the rock and cannonball be the 
same height above the ground? 

b) How high above the ground are the two objects at 
that time? 


e===- Writing in Mathematics 
Answer in complete sentences. 


59. 


Write a word problem leading to a system of nonlin- 
ear equation whose solution is The rectangle is 50 feet 
by 30 feet. 
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CHAPTER 13 SUMMARY 


Section 13.1 Parabolas 


Graphing Equations of the Form y = ax? + bx + c, pp. 758-759 


e Determine whether the parabola opens upward Graph: y = x” — 4x — 2 
or downward. Opens upward; vertex: (2, —6); y-intercept: (0, —2); 
e Find the vertex of the parabola. Use the formula x-intercepts: (2 — V6,0), (2 + V6, 0) 
x = —~to find the x-coordinate of the vertex. y 
A x=2 


e Find the y-intercept of the parabola by substituting L 
0 for x. 

e Ifthere are any x-intercepts, find them by letting y = 0 
and solving for x. 


e Find the axis of symmetry (: = =) and use it to 
a 


find other points on the parabola. 


mm @e nesses eee ee |e eee eee ee || 


Graphing Equations of the Form y = a(x — h)” + k, pp. 759-760 
e Determine whether the parabola opens upward or Graph: y = —(x + 1) —3 
downward. Opens downward; vertex: (—1, —3); shift one unit to the left and 
e Find the vertex of the parabola: (h, k). three units down; y-intercept: (0, —4); x-intercepts: none 
e Shift the graph of y = x? (or y = —x’ if the graph opens 
downward) by / units horizontally and by k units vertically. y 
e Find the y-intercept of the parabola by substituting ob 
O for x. 
e If there are any x-intercepts, find them by letting y = 0 
and solving for x. 


Graphing Equations of the Form x = ay” + by + c, pp. 761-762 
e Determine whether the parabola opens to the right Graph: x = —y? — 2y + 15 


or to the left. Opens left; vertex: (16, —1); x-intercept: (15, 0); 
e Find the vertex of the parabola. Use the formula y-intercepts: (0, —5), (0, 3) 


—b 
oer to find the y-coordinate of the vertex. y 
a 
A 


e Find the x-intercept of the parabola by substituting 0 for y. 4b 
e Ifthere are any y-intercepts, find them by letting x = 0 and 
solving for y. 


e Find the axis of symmetry (: = =) and use it to find other 
a 


points on the parabola. 
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Graphing Equations of the Form x = a(y — k)? + h, pp. 763-764 


e Determine whether the parabola opens to the right 
or to the left. 

e Find the vertex of the parabola: (h, k). 

e Shift the graph of x = y’ (or x = —y’ if the graph opens to 
the left) by / units horizontally and by k units vertically. 

e Find the x-intercept of the parabola by substituting 0 for y. 

e If there are any y-intercepts, find them by letting x = 0 
and solving for y. 


Graph: x = (y + 3)? - 4 
Opens right; vertex: (—4, —3); shift four units to left and three 
units down; x-intercept: (5, 0); y-intercepts: (0, —5), (0, —1) 


Finding the Vertex of a Parabola by Completing the Square, pp. 764-765 


For the parabola whose equation is y = ax* + bx + c, find its 
vertex by completing the square for x: y = a(x — h)* + k. 

If the equation of a parabola is of the form x = ay” + by + ¢, 
complete the square for y:x = a(y — k)? + h. 


Section 13.2 Circles 


Find the vertex by completing the square: x = y* — 18y + 75 


x = y?— 18y + 75 
x — 75 = y* — 18y 
x — 75+ 81 = y? — 18y + 81 


x+6=(y- 9) 
x=(y-9P -6 


Vertex: (—6, 9) 


The Distance Formula, pp. 771-772 


The distance, d, between two points (x, y,) and 
(X2, y2) is given by the formula 


d = V(x, 


Midpoint of a Line Segment, p. 773 


x1)? 4 


The midpoint of a line segment between two points (x, y,) and 
(x2, y2) has the coordinates 


(= +X. yt ») 
2, -* 2 : 


Circle, pp. 773 


A circle is the collection of points in a plane that 
are a fixed distance from a point called its center. 
The distance from the center to each point on the 
circle is called the radius of the circle. 


Equation of a Circle, Centered at (0, 0), pp. 774-775 
V+ y= 


Equation of a Circle, Centered at (h, k), pp. 775-776 
(x -—hP+(y-—kP=Pr 


Find the distance between the points: (2,7), (11, —5) 


d= V(il — 2)? + (-5 — 7) = V225 = 15 
Find the midpoint of the points: (5, —3), (8, -11) 
(° +8 —3+ —) 
2° 2 


Find the center and radius: 
x + y? = 49 
Center: (0,0);r = V49 = 7 


Find the center and radius: 
(x — 6)? 4 
—3);r = V25=5 


Center: (6, 


Graphing a Circle, pp. 774-776 

Plot a point at its center. 

Plot two points that are r units to the left and 
right of the center as well as two other points 
that are r units above and below the center. 

Graph the circle that passes through these 
four points. 
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Graph: (x + 2)? + (y — 4)? = 36 
Center: (—2, 4); r = V36 = 6 


Finding the Center of a Circle and r by Completing the Square, pp. 776-777 


If the equation of a circle is in general form, find 
the center as well as r by completing the square 
for both x and y. 


Section 13.3 Ellipses 


Find the center and radius: x? + y* — 6x + 18y — 10 = 0 


x? + y? — 6x + 18y - 10 =0 
x? — 6x + y+ 18y = 10 


Center: (3, —9);r = V100 = 10 


825 


Ellipse, pp. 784-785 


An ellipse is the collection of all points in a plane 
for which the sum of the distances between the 
point and two fixed points called foci is a constant. 


Equation of an Ellipse, Centered at (0, 0), pp. 785-787 
a 


ag 


Equation of an Ellipse, Centered at (h, k), pp. 787-788 


(= AP | (Dany 4 
a b? 


Find the center, a, and b: 
oy 
47 = 
360 49 
Center: (0,0);a4 = V36 = 6;b = V49 =7 


1 


Find the center, a, and b: 
(x-1)  (y +7) 


25 4 
Center: (1,-7);a = V25 =5;b = V4=2 
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Graphing an Ellipse, pp. 785-788 

Plot a point at its center. 

Plot two points that are a units to the left and 
right of the center. 

Plot two other points that are b units above 
and below the center. 

Graph the ellipse that passes through these four 
points. 


(x=2)? (y= 3) 
Graph: 16 9 


Center: (2,3);a = V16 = 4;b = V9 = 3 


Finding the Center of an Ellipse, a, and b by Completing the Square, pp. 788-789 


If the equation of an ellipse is in general form, 
find the center as well as a and b by 
completing the square for both x and y. 


Section 13.4 Hyperbolas 


Hyperbola, pp. 797-798 

A hyperbola is the collection of all points in a 
plane for which the difference of the distances 
between the point and two foci is a constant. 
The graph of a hyperbola has two branches. 


Equation of a Hyperbola, Centered at (0, 0), pp. 798-801 
Centered at origin, branches opening to the left and right: 
2 
eva 
a b’ 


Centered at origin, branches opening upward and downward: 


2 2 
y x 
ee 


Equation of a Hyperbola, Centered at (h, k), pp. 801-803 
Centered at (h, k), branches opening to the left and right: 
(x— hy (y—k)? 


a b? 


Centered at (h, k), branches opening upward and downward: 


(y— ky (why 


b? a 


1 


Find the center, a, and b: 16x? + 25y* — 160x + 200y + 400 = 0 


16x? + 25y? — 160x + 200y + 400 = 0 
16(x? — 10x + 25) + 25(y? + 8y + 16) 
= —400 + 16-25 + 25:16 
16(x — 5)? + 25(y + 4)* = 400 
(x— SY? (y+ 4) 


1 
25 16 
Center: (5, -4);a = V25 =5;b = V16=4 
Opening to the left and right: 
ey 
Find the center, a, and b: 9 64 =1 
Center: (0,0);a = V9 = 3;b = V64 = 8 
Opening upward and downward: 

aa a 
Find the center, a, and b: 5 121 =1 
Center: (0,0);@ = V121 = 11;b = V25=5 
Opening to the left and right: 

(g=ay"  (y=3P 
Find the center, a, and b: 19 is 1 
Center: (4,3);4 = V49 =7;b = V16=4 
Opening upward and downward: 

— 6) x +2) 
Find the center, a, and b: e ) ( ) 1 


4 81 
Center: (—2,6);a = V81 = 9;b = V4 =2 
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Graphing a Hyperbola Whose Branches Open to the Left and Right, pp. 798-803 


Plot a point at its center. ey 
Plot the vertices, which are a units to the left and right of the Graph: 5 4 = 
center. . . Re . 
Graph the asymptotes using dashed lines. oacniee (0, 0); 25 = S:b= V4=2 
Graph the branches in such a way that each branch passes Vertices: (—5, 0), (5, 0) 
through a vertex and approaches the asymptotes. y 
A 
8 L. 


gL 
v 
Graphing a Hyperbola Whose Branches Open Upward and Downward, pp. 798-803 
Plot a point at its center. (y +3)? (x - 4) 
Plot the vertices, which are b units above and Graph: 16 4 =1 
below the center. 
Graph the asymptotes using dashed lines. Center: (4,-3);4 = V4 =2;b = V16=4 
Graph the branches in such a way that each Vertices: (4, 1), (4, —7) 


branch passes through a vertex and 
approaches the asymptotes. 


Finding the Center of a Hyperbola, a, and b by Completing the Square, pp. 803-804 
If the equation of a hyperbola is in general form, 


Find the center, a, and b: 9x? — 4y* — 72x — 24y + 72 
find the center as well as a and b by completing 


the square for both x and y. 9(x? — 8x + 16) — 4(y? + Gy 4 = 72 + 9-16 


9 
Center: (4, -3);a = V4 =2;b = V0 =3 


Section 13.5 Nonlinear Systems of Equations 
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Nonlinear System of Equations, pp. 813-814 


A nonlinear system of equations is a system of 
equations in which the graph of at least one of 
the equations is not a line. 
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Solving a Nonlinear System of Two Equations in Two Unknowns, pp. 814-817 


Nonlinear systems of equations can be solved by using the x + y? = 25 
substitution method or the addition method. Solve: y=x-1 


Substitution method 


x? + (x — 1)? = 25 
t+ x7- 2x +1 = 25 
2x? — 2x — 24=0 
Q(x? = = 12) = 0 
2(x + 3)(x — 4) =0 
= —3: x= 
y=(-3) -1=~-4 y=(4)-1=3 
(—3, —4), (4, 3) 
x t+ y? = 26 
Solve: 9.2 4°3y? = 53 
Addition method 
x4 y= 26 SP oy? — ay? = 52 
2x* + 3y? = 53 2x? + 3y* = 53 
2_ 
y — 
y=: y=: 
e+ (-12=2%6 =x? + (1) = 26 
x7 +1 = 26 x7 +1 = 26 
x? = 25 x? = 25 
X=" Se XS 


SUMMARY OF CHAPTER 13 STUDY STRATEGIES 


The study strategies in this chapter focus on how to prepare to take a final exam and serve 
as a summary of the various study strategies presented throughout the textbook. After de- 
termining the types of problems that will be on the exam, you can look for problems to 


practice in various reviews throughout this textbook, in your notes, and on your old ex- 
ams. Your instructor also may give you a review assignment for the final exam. 
Try to free up as much time as possible in your daily schedule to maximize your 
studying and begin studying for the final exam at least two weeks before the actual exam. 
Study strategies for preparing for a final exam will continue in Chapter 14. 


CHAPTER 13 REVIEW 


Graph. Label the vertex and any intercepts. [13.1] 6)x = y’ + 3y — 28 
ly =x? -8x-9 


Tx=-y’+y+20 


8.x = —-y’ — 6y— 14 


3.y=(x-4y-1 4.y=-(x+3)-4 


9x=(y+5y-4 


5.x = y*- 10y + 15 
i0) x = -(y + 1)? + 10 


Worked-out solutions to Review Exercises marked with can be found on page AN-59. 
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11. x = -(y - 4) +9 18. (x — 8 +(y +3) =9 


19. (x +4)? + (y —5)2=25 20. (x - 2)? + = 16 
12.x=(y—3/ +6 


Find the distance between the given points. Round to the 
nearest tenth if necessary. [13.2] 


13. (—7, —8) and (1,7) 
14. (3, —5S) and (—6, —2) 


21. x? + y? + 12x —-2y-12=0 


Graph the circle. Label the center of the circle. Give its 
radius as well. [13.2] 


15. x° + y’ = 36 16. x° + y? = 20 


Find the center and radius of the circle by completing the 
square. [13.2] 


22. x7 + y* + 6x — 18y - 10 =0 
23. x7 + y* — 8x — 20y + 99 =0 


Find the equation of the circle. [13.2] 


24. y 
TM (x+3+(y-4P =4 


ae < 
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£6) ¥2 
(x yy 


Graph the ellipse. Label the center. Give the values of a 
and b. [13.3] 


jp 2 31. 9x? + 16y? + 90x — 64y + 145 = 0 
"25 9 
7 wy Vea (yoay Find the center of the ellipse by completing the square. 
27, x" + 16 id 28. 9 + 16 = 1 Find the values of a and b as well. [13.3] 


32. 4x? + 49y? — 48x — 988y —3 =0 


33. 81x? + 16y? + 324x + 128y — 716 = 0 


Find the equation of the ellipse. [13.3] 
34. | y 


(x— 8) (y— 1p 
2 


1 


etisrititiiity 


“10.58.2643 
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Graph the hyperbola. Label the center. Give the values of a (x +4) (y—-2) 


aand b. [13.4] a rn 
a x2 yr 
a 9 25 : 


41. —4x? + 25y? — 24x + 300y + 764 =0 


Find the center of the hyperbola by completing the square. 
Find the lengths of its transverse and conjugate axes as 
well. [13.4] 


42. —9x? + 4y? + 90x — 56y — 65 = 0 


43. 49x? — 36y? + 784x + 288y + 796 = 0 
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Find the equation of the hyperbola. [13.4] 51. 3x? + 5y? = 72 
— 2 
44, ae a 
52. 9x? — y? =9 
y=x-1 
53, y= —x? + 2x + 12 
y=x 


Solve by the addition method. [13.5] 


54. x? + y? = 100 
y? — x* = 62 
55. 3x? + 4y’ = 31 
» 
45. x2 _ 2y? = 7 
56.x°+ y =8 
2x? + 15y? = 68 
57. 6x? + y? = 159 


ro 
atltitinf iit 


a ea 
B46 


*, 


Solve by substitution. [13.5] 


58. 


59. 


2x? + 9y? = 131 
A rectangular flower garden has a perimeter of 70 feet 


and an area of 300 square feet. Find the dimensions of 
the garden. [13.5] 


A rectangle has a perimeter of 42 inches and a diago- 
nal of 15 inches. Find the dimensions of the rectangle. 
[13.5] 


A : 60. A projectile is fired upward from the ground with an 
46. x° + yo = 50 initial velocity of 76 feet per second. At the same in- 
x + 2y = 15 stant, another projectile is fired upward with an initial 
47. 4x* + 3y’ = 48 velocity of 41 feet per second from a roof 140 feet 
y=2x-4 above the ground. [13.5] 
48. y = x? — 8x + 23 a) After how long will the two projectiles be the same 
2x-y=1 height above the ground? 
49, 4y? — x? = 96 b) How high above the ground are the two projectiles 
6y — x = 32 at that time? 
50) x7 + y =17 
y=x?4+3 


For Extra Help 


Cc HAPTE R 1 3 TE ST A, Test Prep Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 


Viveos on DVD, in MyMathLab| _and on Youff) (search “WoodburyElemIntAlg” and click on “Channels"). 


Graph. Label the vertex and any intercepts. 


ae 2 
Ly=x*-4x+7 Sl ERY 
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3.x=-y?+9y- 14 


4.x=(y+1)?-8 


Find the distance between the given points. Round to the 
nearest tenth if necessary. 


5. (7, —3) and (3, 5) 
Graph the circle. Identify the center and radius of the 
circle. 


6. (x + 4)? + (y — 2)? = 25 


Find the center and radius of the circle by completing the 
square. 


7.x? + y?—- 12x —-6y+13=0 
Find the equation of the circle with the given center and 
radius. 


8. Center (3, —8), radius 16 


Graph the ellipse. Label the center. Give the values of a 
and b. 


— 4) + 7) 
ge Ee 
16 9 


=1 


Find the center of the ellipse by completing the square. 
Give the values of a and b. 


10. 4x? + 25y? — 64x + 100y + 256 = 0 


Graph the hyperbola. Label the center. Give the values of 
a and b. 


2 
ae 

ii, — =" =1 
16> 


Find the equation of the conic section that has been 
graphed. 


12. 
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13. y Solve the nonlinear system. 
14. x? + y* = 100 
x + 3y = 10 
15. x? + 6y” = 49 
x—-2y=1 
< | at a | eae >X 
aa: ‘ 8 16. y? — x? = 10 
4 y=x*?- 32 
17. x? + 4y? = 85 
as 2 Pe 
8 3x* + 2y* = 165 


18. A rectangular corral has a perimeter of 340 feet and 
an area of 6000 square feet. Find the dimensions of 
the corral. 


Mathematicians in HistOry =o 
Sofia Ko vale vskaya The story of 19th-century Russian math- 


ematician Sofia Kovalevskaya is one of genius and determination. At a time when 
women were discouraged from studying mathematics, she became one of the most re- 
spected mathematicians of her day. 

Write a one-page summary (or make a poster) of the life of Sofia Kovalevskaya and 
her accomplishments. 


Interesting issues: 

Where and when was Sofia Kovalevskaya born? 

With what were the walls of her bedroom papered when she was 11 years old? 
Who convinced Kovalevskaya’s parents to allow her to study mathematics? 
Whom did Kovalevskaya marry? What was his fate? 

By the spring of 1874, Kovalevskaya had completed three papers while studying 
with which prominent mathematician in Berlin? 

What job did Kovalevskaya hold after earning her doctorate? 

In what European city did Kovalevskaya finally obtain a position? 

When did Kovalevskaya die? What were the circumstances of her death? 
Kovalevskaya once said, “It is impossible to be a mathematician without being a poet in soul.” Explain what you think 
Kovalevskaya meant by that statement. 


14.2 


14.3 


14.4 
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CHAPTER 


Sequences and Series 
Arithmetic Sequences 
and Series 

Geometric Sequences 
and Series 

The Binomial Theorem 
Chapter 14 Summary 


Sequences, Series, and 
the Binomial Theorem 


In this chapter, we will learn about sequences, which are ordered lists of 
numbers. We also will investigate series, which are the sums of the numbers 
in a sequence. In particular, we will discuss two specific types of sequences 
and series: the arithmetic sequence and series and the geometric sequence 
and series. 

The chapter concludes with a section on the binomial theorem, which 
provides a method for raising a binomial to a power that is a natural number, 
Suchias (2x 3y) 


STUDY STRATEGY 


Using the Previous Study Strategies to Prepare for a Final Exam (Part 2) 
The study strategies in this chapter continue to focus on how to incorporate 
the study strategies from previous chapters into your preparation for a final 


exam. 


OBJECTIVES 


1 Find the terms of a sequence, given its general term. 
@ Find the general term of a sequence. 

3s Find partial sums of a sequence. 

4 Use summation notation to evaluate a series. 

— Use sequences to solve applied problems. 


Sequences 


Suppose you deposited $100 in a bank account that pays 6% interest, compounded 
monthly. Here is the amount of money in the account after each of the first 5 years 
if no further deposits or withdrawals are made. 
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At the end of year... Principal Balance 
il $106.17 
2 See) 
3 $119.67 
4 $127.05 
5 $134.89 


Using this information, we can create a function whose input is a natural number 
from 1 to 5 and whose output is the balance of the account after that number of 
years. This type of function is called a sequence. 


Sequence 


A sequence is a function whose domain is a set of consecutive natural numbers 
beginning with 1. If the domain is the entire set of natural numbers {1, 2, 3,...}, 


the sequence is an infinite sequence. If the domain is the set {1,2,3,...,}, for 
some natural number n, the sequence is a finite sequence. 


The input for the function gives the order of the term in the sequence, while the out- 
put of the function is the actual term. We denote the first number in a sequence as 
a,, the second number in a sequence as a), and so on. In the example of the bank ac- 
count, a; = $106.17, a, = $112.72, and so on. 


Finding the Terms of a Sequence 


Objective 1 Find the terms of a sequence, given its general term. A se- 
quence is often denoted by its general term, a,. The general term of a sequence pro- 
vides a formula for finding the nth term of a sequence. 


Find the first five terms of the sequence whose general term is 
22 
a, = n° — 10. 


SOLUTION Substitute the first five natural numbers for v in the general term. 


a,=(12-10=-9 a =(2)?-10=-6 a= (3)?-10=-1 
a, = (4)? -10 =6 as = (5 — 10 = 15 


The first five terms of the sequence are —9, —6, —1, 6, and 15. The entire sequence 
could be represented as —9, —6, —1, 6, 15,.... 


Quick Check 1 
1 


Find the first four terms of the sequence whose general term is a, = ae, 
n 


A sequence whose terms alternate between being positive and negative is called 
an alternating sequence. An alternating sequence has a factor of (—1)” or (—1)"*! 
in its general term. Each time the value of n increases by 1, both (—1)” and (—1)”*? 
alternate between —1 and 1. 
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Quick Check 2 


Find the first four terms of the 
sequence whose general term is 


(-1)""71 
ey ae 


Find the first four terms of the sequence whose general term is 


(-1)' -1 1 a) ae eee 
i 3it2— 33 OT a = 324234 
(1° _-1 1 (-1I*_ 1 1 


3342 35 243 ye ae 


F i. 1 1 
The first four terms of the sequence are — 55, 97, — 543, aNd 79. 


Finding the General Term of a Sequence 


Objective 2 Find the general term of a sequence. To find the general term 
of a sequence, we must be able to detect the pattern of the terms of the sequence; 
consequently, we must know enough terms of the sequence. Suppose we were 
trying to find the general term of the sequence 2,4,.... There are not enough 
terms to determine the pattern. It could be the sequence whose general term is 
a, = 2” (2,4, 8, 16, 32,...), or it could be the sequence whose general term is 
a, = 2n (2,4, 6, 8, 10,...). There are simply not enough terms to know for sure. 


Find the next three terms of the sequence 3, 6, 9,12, 15,..., and 
find its general term, a). 


SOLUTION All of the terms are multiples of 3; so continuing the pattern gives the 
terms 18, 21, and 24. The general term is a,, = 3n. 


When examining the terms of a sequence, determine whether the successive terms 
increase by the same amount each time. If they do, the general term, a, will contain 
a multiple of n. 


Find the next three terms of the sequence 9, 13,17,21,25,... and 
find its general term, a,,. 


SOLUTION First, we should notice that each successive term increases by 4. So the 
next three terms are 29, 33, and 37. When each successive term increases by 4, this 
tells us that the general term will contain the expression 4n. However, 4n is not the 
general term of this sequence, as its terms would be 4, 8, 12, 16, 20,.... Notice that 
each term is five less than the corresponding term in the sequence 9, 13, 17, 21, 
25,.... The general term can be found by adding 5 to 4n; so the general term is 
a, =4n+ 5, 


Now we will turn to finding the general term of an alternating sequence. 


Find the next three terms of the sequence —1, 4, —9, 16, —25,... 
and find its general term, a,,. 


SOLUTION Notice that if we disregard the signs, the first five terms are the squares 
of 1,2,3,4, and 5. Because the signs of the terms are alternating, the next term will 
be positive. The next three terms are 36, —49, and 64. 


Quick Check 3 
Find the next three terms of the 


seauientes 7, Ist 119), 25), Sil, non 


and find its general term a,,. 


Quick Check 4 


Find the first five terms of the 
sequence whose first term is 
a, = 2 and whose general 
term is a, = (a,-;)’ + 1. 
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When an alternating sequence begins with a negative term, the general term 
will contain the factor (—1)”. [If the first term had been positive, the general term 
would have contained the factor (—1)”*'.] The general term for this sequence is 
a, = (—-1)"+n’. 

On occasion, we represent a sequence by giving its first term and explaining how 
to find any term after that from the preceding term. In this case, we are defining the 
general term recursively. For example, recall the sequence 9, 13,17, 21,25,...from 
Example 4. We found its general term to be a, = 4n + 5. Because each term in the 
sequence is four more than the previous term, we could define the general term re- 
cursively as a, = a,_; + 4, where a,_ is the term that precedes the term a, A recur- 
sive formula for a general term, a,, defines it in terms of the preceding term, a,,_;. 


n 


Find the first five terms of the sequence whose first term is a; = 19 
and whose general term is a,, = a,_; — 7. 


SOLUTION We know that the first term is a; = 19. We can now use the recursive 
formula a, = a,_; — 7 to find the next four terms. 

a =@1-7=a,-7=19-7=12 

a3 = 434 —-7=a@-7=12-7=5 

a4 = 444 —-7=a,-7=5-7=-2 

a5 = a5, -7=a,-7=-2-7=—-9 


The first five terms of the sequence are 19, 12,5, —2, and —9. 


Series 


We now turn our attention to series, which are sums of the terms in a sequence. 


Infinite Series, Finite Series 


An infinite series, s,is the sum of the terms in an infinite sequence. 


S=@,+@+ 43; +-:-+a,1+°:- 
A finite series, s,,, is the sum of the first n terms of a sequence. 


Sy = A, + Ay + 3 +++ + Ay, 


n 


The finite series s, is also called the nth partial sum of the sequence. 


Finding Partial Sums 


Objective 3 Find partial sums of a sequence. 


For the sequence whose general term is a, = (—1)"*(2n + 1), 
find S6. 


SOLUTION The first six terms of the sequence are a, = —3, a, = 5, a; 7, 
a4 = 9,a5 = —11, and a, = 13. Now find the partial sum. 


Ss = (-3) +5 + (-7) +9 + (-11) +13 =6 


Quick Check 5 
For the sequence whose general term is a, = n? + 3n, find sy. 


840 


Quick 
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For the sequence whose first term is a, = —4 and whose general 
a, = . 

term is a, = ae find ss. 

SOLUTION We know that a, = —4. Because each term in the sequence is half of 


the preceding term, a) = —2,a3 = —1, a4 = 5s and a; = —i. We can now find 
the partial sum. 


Check 6 


For the sequence whose first 
term is a, = 1 and whose 


genera 
find S4. 


Quick Check 7 


4 
Find the sum or 


lterm isa, = 34,,1+4, Summation Notation 


Objective 4 Use summation notation to evaluate a series. The nth partial 
sum of a finite sequence, s, = a, + a) + a; +++: + a,, can be represented as 
n 


>‘ q;. This notation for a partial sum is called summation notation. The number 71 is 
i=1 


the upper limit of summation, while the number 1 is the lower limit of summation. 
The variable i is called the index of summation, or simply the index. The symbol > 
is the capital Greek letter sigma that is often used in mathematics to represent a 
sum. This notation is also called sigma notation. 


upper limit 
K PP 
> oe index 
i=1 


lower limit of summation 


8 
Find the sum 5) (3i + 5). 


i=1 


SOLUTION In this example, we need to find the sum of the first eight terms of this 
sequence. The first term of the sequence is 8, and each successive term increases by 3. 
8 
Si + 5) = 8+ 114+ 14+ 174+ 20+ 23 + 26+ 29 Rewrite as the sum 
= of the first eight terms 
of the sequence. 


= 148 Add. 


i=1 


Applications 


Objective 5 Use sequences to solve applied problems. We will conclude 
this section with an applied problem involving sequences. 


Erin found a new job with a starting salary of $40,000 per year. Each 
year she will be given a 5% raise. Write a sequence showing Erin’s annual salary for 
the first 5 years and find the total amount she will earn during those 5 years. 


SOLUTION Because Erin earned $40,000 in the first year, a, = $40,000. To find 
her salary for the second year, we calculate her 5% raise and add it to her salary. 
Five percent of $40,000 can be calculated by multiplying 0.05 by $40,000. 


0.05($40,000) = $2000 
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With her $2000 raise, Erin’s salary for the second 
year is $42,000; so a, = $42,000. Continuing in the 
same fashion, we find that the sequence is $40,000, 
$42,000, $44,100, $46,305, $48,620.25. During the 
first 5 years, Erin will earn $221,025.25. 


Quick Check 8 


A copy machine was purchased 
for $8000. Its value decreases 
by 20% each year. Write a BUILDING YOUR STUDY STRATEGY 
sequence showing the value of 
the copy machine at the end of 
each of the first four years. 


Preparing for a Final Exam (Part 2), 1 Practice Quizzes Creating and tak- 
ing practice quizzes is an effective way to prepare for a final exam. Begin by 
creating a practice test for an entire chapter. For problems you struggle with, 


review the material before trying another practice test. Once you feel com- 
fortable with one chapter, create a practice test for another chapter. Repeat 
until you have covered all of the chapters. 

For further information on practice quizzes, see the Study Strategies in 
Chapter 12. 


PRACTICE WATCH DOWNLOAD READ REVIEW 


MyWiathLab\y «az lf ca | = & 


Vocabulary 11. Find the sixth term of the sequence whose general 
term is a, = (—1)"+3"*1. 


1. A(n) ______ is a function whose domain is a set , , 
(n) 12. Find the ninth term of the sequence whose general 


of consecutive natural numbers beginning with 1. 


. got 
2. If the domain of a sequence is the entire set of term is a, = (—1)": re 
natural numbers, the sequence is a(n) 
sequence. 
3. The term of a sequence is often denoted Find the first five terms of the sequence with the given 
general term. 
aS A). 
4, A sequence whose terms alternate between being 13. a, = 4n 
positive and negative is called a(n) —____ 14. a, = —3n 
Seu UCREe: 15. a, = 2n+ 9 
5. The sum of the terms of a sequence is called 16. a, =5n-8 
2 17. a, = (-1)"+ (2n + 3) 
6. A(n) _______ series, s, is the sum of the terms in (-1)""! 
an infinite sequence. 18. a, = 5 
7. A(n) series, S,, is the sum of the first n terms _ - 
of a sequence. 19. a, = 3°4 
0o,=62"" 


8. A finite series, 5, is also called the nth 
of the sequence. 
Find the next three terms of the given sequence and find 


9. Find the fifth term of the sequence whose general term tis general ter ag 


isa, = 3n — 4. 21. 5,10, 15,20,25,... 
10. Find the third term of the sequence whose general 22. 3,10, 17,24,31,... 
term is a, = (n + a. — 5n. 23. 1.3.9.27.81 
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24. 4,9, 16,25, 36 
11 1 1 1 


25. 
: 5 10° 15°20" 25 


26. = =,5,5 


27. 1,8,27,64,125,... 
28. 1, —4, 16, —64, 256 


Find the first five terms of the sequence with the given 
first term and general term. 


29. a, = 6,a, = 4,4 + 3 

30. a; = 10,4, = 2a,-4 

31. a, = —5, a, = 3a,_, + 8 

32. a; = —9,a, = a, — 10 

33. a, = 16,a, = —3a,4 
G4 

34. a, = 8,a, = >= 


Find the indicated partial sum for the given sequence. 


35. sg, 13,20, 27, 34,... 

36. 5, 25, 16,7, —2,... 
87.618 51, <A 57a 
96. 2 10-915... 

39. 54,7, 14, 28, 56,... 

40. s,,5, —15, 45, -135,... 
Al. 54, 25, —36, 49, —64,... 
AE 5 1a 


Find the indicated partial sum for the sequence with the 
given general term. 

43. ss, a, = 3n + 10 

44, s4,a, = 2n — 19 

45. S6, a, = —7n 

46. s7,a, = —n+ 8 


7 AR a 

48. s;,a, = 2n—-1 

49. S19, 4, = (-1)"+ (Sn) 
50. so, a, = (-1)">n?* 


Find the indicated partial sum for the sequence with the 
given first term and general term. 


51. 5, a, = 2,4, = a,4 +7 
52. 57,4, = 9,4, = Gn, + 4 
53. sg, a, = 5, a, = a,4 — 9 


54. s5,a, = —11,a, = a, — 14 


55. sy, a, = 3, a, = 20a,-4 
56. ss, a, = —4,a, = —3a,_, + 13 
Find the sum. 


15 
57. Si 


10 
61. Si? 


1 1 


15 8 1 
63. 1G eo -) 64. i 


l 


Rewrite the sum using summation notation. 


65. 7 + 14 + 21 + 28 


66.2+4+6+8+ 10 


67. 5 + (—10) + 15 + (—20) + 25 + (—30) 


68: (3) 4+ 6 + (9). 4 12+ (415) 


69.1 +4+9 +16 + 25 + 36 + 49 


ee 
2 3 4 =5 
71. Katy spent $30,000 on a new delivery van for her 
catering business. If the value of the van decreases by 
20% each year, construct a sequence showing the 
value of the van after each of the first 4 years. 


72. The president of a company with 10,000 employees 
announced a plan to increase the number of employees 
by 10% a year for the next 4 years. Construct a se- 
quence showing the projected number of employees 
at the end of each of the next 4 years. 


73. Tina started a new job with an annual salary of $50,000. 
Each year she will be given a 4% raise. 


a) Write a sequence showing Tina’s annual salary for 
the first 5 years. 


b) Find the total amount that Tina earns during those 
5 years. 


74. Shane started a new job with an annual salary of 
$50,000. Each year he will be given a $2000 raise. 


a) Write a sequence showing Shane’s annual salary 


for the first 5 years. 
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«== Writing in Mathematics 
Answer in complete sentences. 


75. Describe a real-world application involving a sequence. 


b) Find the total amount that Shane earns during —_—_76, Describe a real-world application involving a series. 


those 5 years. 


Quick Check 1 


Find the first six terms of the 
arithmetic sequence whose first 
term is —8 and whose common 
difference is d = 3. 


OBJECTIVES 


1 Find the general term of an arithmetic sequence. 
2. Find partial sums of an arithmetic sequence. 
S Use an arithmetic sequence to solve an applied problem. 


Arithmetic Sequences 


In this section, we will examine a particular type of sequence called an arithmetic 
sequence. 


Arithmetic Sequence 


An arithmetic sequence is a sequence in which each term after the first term 
differs from the preceding term by a constant amount d. This means that the 
general term a, can be defined recursively by a, = a,_, + d, for n # 1. The 
number d is called the common difference of the arithmetic sequence. 


If a sequence is an arithmetic sequence, successive terms must increase or decrease 
by the same amount for each term in the sequence after the first term. For example, 
the sequence 4, 13, 22,31, 40,...is an arithmetic sequence with d = 9 because each 
term is nine greater than the preceding term. The sequence 3, 3, ;, —}, —3,--- is also 
an arithmetic sequence with d = — 7 as each term is 5 less than the preceding term. 

The sequence 2, 4, 8, 16, 32,...is not an arithmetic sequence. The second term is 
two greater than the first term, but the third term is four greater than the second 
term. Because the terms are not increasing by the same amount for the entire se- 
quence, the sequence is not an arithmetic sequence. 


Find the first five terms of the arithmetic sequence whose first term 
is 5 and whose common difference is d = 4. 


SOLUTION Because the first term of this sequence is 5 and each term is four 
greater than the previous term, the first five terms of the sequence are 5, 9, 13, 17, 
and 21. 


Finding the General Term of an Arithmetic 
Sequence 


Objective 1 Find the general term of an arithmetic sequence. For any 
arithmetic sequence whose first term is a; and whose common difference is d, we 
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Quick Check 2 


Find the general term, a, of the 
arithmetic sequence 2, 14, 26, 
Be, Mh osoe 


Quick Check 3 


Find the 61st term, a¢,, of the 
arithmetic sequence 57, 59, 61, 
63, 65,.... 


know that the second term a, is equal to a, + d. Because we could add d to the sec- 
ond term to find the third term of the sequence, we know that a3 = a, + 2d. 


az = ao +d 
(a, + d) +d 
=a + 2d 


Continuing this pattern, we have a4 = a, + 3d, as = a, + 4d, and so on. This leads 
to the following result for the general term, a,,, of an arithmetic sequence: 


General Term of an Arithmetic Sequence 


If an arithmetic sequence whose first term is a, has a common difference of d, 
the general term of this sequence isa, = a, + (n — 1)d. 


Find the general term, a,,, of the arithmetic sequence 5, 11, 17, 23, 


D9 se 


SOLUTION The first term, a,, of this sequence is 5. Subtract the first term of the 
sequence from the second term to find the common difference d. 


d=11-5=6 
Now find the general term of this sequence by using the formula a, = a, + (n — 1)d. 
a, =5+(n-—1)6 Substitute 5 for a; and 6 for d. 
=6n-1 Simplify. 


The general term for this arithmetic sequence is a, = 6n — 1. 


After we find the general term, a, of an arithmetic sequence, we can go on to find 
any particular term of the sequence. 


Find the 45th term, a4;, of the arithmetic sequence 3, 7,11,15,19,.... 


SOLUTION Begin by finding the general term, a,, of this arithmetic sequence. 
Then find ays. 

The first term, a,, of this sequence is 3, and the common difference d is 4. Now 
find the general term of this sequence by using the formula a, = a, + (n — 1)d. 


a, =3 + (n-—1)4 Substitute 3 for a, and 4 for d. 
=4n-1 Simplify. 


The general term for this arithmetic sequence is a, = 4n — 1. Now find the 
45th term. 


ays = 4(45) — 1 Substitute 45 for nin a, = 4n — 1. 
= 179 Simplify. 


The 45th term of this arithmetic sequence is 179. 


Arithmetic Series 


Objective 2 Find partial sums of an arithmetic sequence. An arithmetic 
series is the sum of the terms of an arithmetic sequence. A finite arithmetic series 
consisting of only the first 1 terms of an arithmetic sequence is also known as the 
nth partial sum of the arithmetic sequence and is denoted as s,. 


Quick Check 4 


Find sy for the arithmetic seq- 
uence 20, 26, 32, 38, 44,.... 
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Find s, for the arithmetic sequence 4, 8, 12, 16, 20,.... 


SOLUTION Because only the first five terms are given, begin by finding the sixth 
and seventh terms. Because each term in this arithmetic sequence is four greater 
than the preceding term, the next two terms of the sequence are 24 and 28. Now 
find the seventh partial sum of this arithmetic sequence. 


8s =4+8+12 +16 + 20 + 24 + 28 
= 112 Add. 


We now present a formula for finding partial sums of an arithmetic sequence. 
This formula will be quite helpful, as it depends on only the first and nth terms 
of the arithmetic sequence (a, and a,,), as well as on the number of terms being 
added. 


nth Partial Sum of an Arithmetic Sequence 


The sum of the first terms of an arithmetic sequence is given by 


> 5 (a1 + ee 


where a, is the first term and a, is the nth term of the sequence. 


Before we apply this formula, let’s investigate where the formula comes from. We 
will let a, be the first term of the arithmetic sequence, a, be its nth term, and d be 
the common difference. Because s,, is the sum of the first n terms of the sequence, it 
can be expressed as 

S, = a, + (a, + d) + (a, + 2d) + (a, + 3d) +--+ + (a, + (n — 1)d). 


The first m terms of an arithmetic sequence also can be generated by starting with 
the nth term a,, and subtracting d to find the preceding term: a,,, a,, — d, a, — 2d,... 
a, — (n — 1)d. So the nth partial sum can also be expressed as 


S, = a, + (a, — d) + (a, — 2d) + (a, — 3d) + +++ + (a, — (n — 1)d). 
We now have two different expressions for s,. If we add the two expressions 
term by term, we obtain the following result: 
S,= a + (a; + d) + (a, + 2d) + (a, + 3d) +--+ + (a, + (n — 1)d) 
S, = a, + (a, —d) + (a, — 2d) + (a, — 3d) +++: + (a, — (n — 1)d) 
25, = (a, + an) + (a, ate an) + (a, + an) + (a, + An) a eh ae (a, + an) 


So 2s, = n(a, + a,) because the expression (a, + a,) appears n times on the 
right side of the equation. Dividing both sides of the equation 2s,, = n(a, + a,) by 2 


n 
produces the result s, = Pac + a,). 


The seventh term of the arithmetic sequence 4, 8, 12, 16, 20,... is 28; so s; can 
be found as follows: 


87 = 3 (a + a7) 


7 
8; = =(4+ 28) Substitute 7 for n, 4 for a,, and 28 for az. 
2 
= 112 Simplify. 


To find the nth partial sum of an arithmetic sequence by using the formula 
Sn = 5(a, + a,), we must know the values of the first term and the last term that 
are being added. In the next example, we will find the general term of the arithmetic 
sequence, a, = a, + (n — 1)d, to help us find the last term in the sum. This be- 


comes particularly useful as n becomes larger. 
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Find s,, for the arithmetic sequence 98, 93, 88, 83, 78,.... 


SOLUTION We already know that n = 20 and a, = 98. To find the value of ay, 
begin by finding the general term of this arithmetic sequence using the formula 
a, = a, + (n — 1)d.The common difference for this sequence is d = —S. 
a, = 98 + (n— 1)(—5) Substitute 98 for a, and —5 for d. 

= —5n + 103 Simplify. 


Now use the fact that a, = —5n + 103 to find the value of ayo. 


ayy = —5(20) + 103 Substitute 20 for n. 

=3 Simplify. 

Now apply the formula s,, = 3 (a, + a,) to find sy. 
20 ; 
S20 = > (98 + 3) Substitute 20 for n, 98 for a,, and 3 for ayo. 


Quick Check 5 = 1010 Simplify. 


Find s3. for the arithmetic 
sequence 690, 671, 652, 633, 


614 Find the sum of the first 147 odd positive integers. 


SOLUTION _ The first 147 odd positive integers make up the sequence that begins 
1,3,5,7,9,....This is an arithmetic sequence with a, = 1 andd = 2. We find the 
general term of this sequence by using the formula a, = a, + (n — 1)d to help us 
a, =1+(n-—1)2 Substitute 1 for a, and 2 for d. 
=2n-1 Simplify. 
We can now use a, = 2n — 1 to find the value of ay47. 
4147 = 2(147) — 1 Substitute 147 for n. 
= 293 Simplify. 
We can now apply the formula s, = 5(a, + a,) to find 447. 


147 
Sia = > ( + 293) Substitute 147 for n, 1 for a,, and 293 for ay47. 


= 21,609 Simplify. 
Quick Check 6 The sum of the first 147 odd positive integers is 21,609. 


Find the sum of the first 62 even 
positive integers. 


Applications 


Objective 3 Use an arithmetic sequence to solve an applied problem. 


Joyce found a new job with a starting salary of $40,000 per year. 
Each year she will be given a $2500 raise. 


a) Write a sequence showing Joyce’s annual salary for each of the first 6 years. 
b) Find the general term, a,,, for the sequence from part a. 
c) What will Joyce’s total earnings be if she stays with the company for 30 years? 


SOLUTION 


a) Because the starting salary is $40,000 and it increases by $2500 each year, the 
sequence is $40,000, $42,500, $45,000, $47,500, $50,000, $52,500. 
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b) The first term, a,, of this sequence is $40,000, and the common difference d is 
$2500. We now can find the general term of this sequence by using the formula 
dy = a, + (n — I)d. 
a, = 40,000 + (m — 1)2500 Substitute 40,000 for a, and 2500 for d. 
= 2500n + 37,500 Simplify. 


The general term for this arithmetic sequence is a,, = 2500n + 37,500. 
c) To find Joyce’s total earnings over 30 years, we need to find 53). We already 
n 


know that n = 30 and a, = 40,000. To apply the formula s, = 5(a, + a,), we 
must find the value of a3. 


a3) = 2500(30) + 37,500 Substitute 30 for n in a, = 2500n + 37,500. 
= 112,500 Simplify. 


We can now apply the formula s, = (a, + a,). 


Substitute 30 for n, 40,000 for a,, and 112,500 


30 
Say = 5 (40,000 + 112,500) 9 


= 2,287,500 Simplify. 
During the first 30 years, Joyce will earn $2,287,500. 


BUILDING YOUR STUDY STRATEGY 


Preparing for a Final Exam (Part 2), 2 Study Groups If you have partici- 
pated in a study group throughout the semester, now is not the time to begin 
studying on your own. Suggest that all of the students in the group bring prob- 
lems they are struggling with or problems they believe are important and 
work through them as a group. A group study session is a great place to com- 


plete difficult problems. 

At the end of your group study session, as a group, try to write a practice 
exam. In determining which problems to include, focus on the types of prob- 
lems most likely to appear on your final exam. 

For further information on working with a study group, see the Study 
Strategies in Chapter 1. 


u Nisthiab aq» ©2, G| = @ 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Vocabulary ; 
4. If an arithmetic sequence whose first term is a, 

1. A(n) sequence is a sequence in which has a common difference of d, the general term 
each term after the first term differs from the preced- of this sequence is given by the formula 
ing term by a constant amount d. 

2. The difference, d, between consecutive terms in an 5. A(n) is the sum of the terms of 
arithmetic sequence is called the —___ an arithmetic sequence. 
difference of the sequence. 

3. The general term, a,, of an arithmetic sequence 6. The sum, s,, of the first terms of an arithmetic 


can be defined recursively by 
forn # 1. sequence is given by the formula 
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Find the common difference, d, of each given arithmetic 
Sequence. 


7. 6, 10,14, 18, 22,... 8. 9, 28, 47, 66, 85,... 


g, 1 20:27 15 53 
“2 6’ 6° 2° 6" 
59 33 73 
10. 13,755 > 
Ms =13,.-10,. 7,-4.1] 
12... —4,:=8, —12; =16,.—20, .... 
gS. 
a ta ae 
31 17 71 91 37 
14. 


6° 2° 6° 6° 2°" 


Find the first five terms of the arithmetic sequence with 
each given first term and common difference. 

15. a,=1,d=5 

16. a, =1,d = -2 

17. a, = —9,d = 12 

18. a, = —13,d = -8 

19. a, = —10,d = —21 

5 

2 


20. a, = 9,d = 


Find the general term, a,, of each given arithmetic 
sequence. 

21. 18, 29, 40, 51, 62, ... 

22. —3, 3,9, 15, 21, ... 

23. 3,1, =1s.=3,.=5,. 22% 

24. 47, 62, 77, 92, 107, ... 

25. —7, 13, 33, 53, 73, ... 

26. —27, —35, —43, —51, —59, ... 


45 13 21 29 
ee 
16 8 8 
i eee | eee 

8 ee ae ea 3° 


29. Find the 19th term, ajo, of the arithmetic sequence 
16, 21, 26, 31, 36,.... 

30. Find the 14th term, a,4, of the arithmetic sequence 
—9, 29, 67, 105, 143,.... 

31. Which term of the arithmetic sequence 23, 29, 35, 41, 
47,... is equal to 389? 

32. Which term of the arithmetic sequence —99, —94, 
—89, —84, —79,... is equal to 336? 

33. Which term of the arithmetic sequence 611, 603, 595, 
587,579,... is equal to —365? 

34. Which term of the arithmetic sequence —327, —336, 
—345, —354, —363,... is equal to —3981? 


Find the partial sum of the arithmetic sequence with each 
given first term and common difference. 

35. s7,a, = 8,d =5 36. ss, a, = 10,d =7 
37. s15,a; = —6,d = 11 

38. sy), a4, = —19,d = —15 

39. 535, a, = 65,d = —8 

40. 555, a, = 725,d = 75 

Al. sx, a, = 109,d = 99 

42. S19, a; = 62,d = —45 


Find the partial sum for each given arithmetic sequence. 


43. sy, 1,21, 41, 61,... 

44, 5,5,9,22,35,48,... 

45. 517, -17, -1, 15, 31,... 

46. so, —38, —31, —24, -17,... 

47. Sy, 86, 47, 8, —31,... 

48. sy, —3, —16, —29, —42,... 

49. Find the sum of the first 1000 positive integers. 


50. Find the sum of the first 418 positive integers. 
51. Find the sum of the first 67 odd positive integers. 
52. Find the sum of the first 109 odd positive integers. 


53. Find the sum of the first 200 even positive integers. 
54. Find the sum of the first 82 even positive integers. 


55. Andrea finds a job that pays $10 per hour. Each year 
her pay rate will increase by $1 per hour. 
a) Write a sequence showing Andrea’s hourly pay 
rate for the first 5 years. 
b) Find the general term a, for the sequence from 
part a. 


56. During its first year of existence, a minor league 
baseball team sold 2800 season tickets. In each year 
after that, the number of season tickets sold de- 
creased by 120. 

a) Write a sequence showing the number of season 
tickets sold in the first 4 years. 


b) Find the general term, a,, for the number of sea- 
son tickets sold in the team’s nth year. 


57. Jon starts a job with an annual salary of $38,500. Each 
year he will be given a raise of $750. 
a) Write a sequence showing Jon’s annual salary for 
the first 6 years. 


b) Find the general term, a,,, for Jon’s annual salary 
in his mth year on the job. 

c) How much money will Jon earn from this job over 
the first 15 years? 
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58. A teacher has a retirement savings plan. In the first ee Writing in Mathematics 
year the teacher contributes $100 per month. Each 
year the teacher will increase her contributions by | Answer in complete sentences. 
$10 per month so that she contributes $110 per month 


59. Describ 1-worl lication involvi ith- 
in the second year $120 per month in the third year es te 2 Nort aRp a oueNea een 


metic sequence. 


and so on. 

se ine peneral Wen Gys ana ene bai sane 60. Describe a real-world application involving an arith- 
showing the annual contribution of the teacher in Ati ence 
the nth year. . 


b) How much money will the teacher contribute over 


a period of 30 years? 61. Solutions Manual Write a solutions manual page for 


the following problem. 


Find $2 for an arithmetic sequence with first term 
a, = 44and common difference d = 13. 


OBJECTIVES 


@ Find the common ratio of a geometric sequence. 

@ Find the general term of a geometric sequence. 

& Find partial sums of a geometric sequence. 

4 Find the sum of an infinite geometric series. 

5 Use a geometric sequence to solve an applied problem. 


Geometric Sequences 


Consider the sequence 4, 12, 36, 108, 324,.... Each term in this sequence is equal to 
three times the preceding term. This is an example of a geometric sequence, which 
is the focus of this section. 


Geometric Sequence 


A geometric sequence is a sequence in which each term after the first term is a 
constant multiple of the preceding term. This means that the general term, a,, 
can be defined recursively by a, = r+ a,_,,forn # 1. The number r is called the 
common ratio of the geometric sequence. 


A sequence is a geometric sequence if the quotient of any term after the first term and 


ay . . 
its preceding term, —, is a constant. For example, the sequence 1,5, 25, 125, 625,... is 
a 


n-1 


a geometric sequence because a 5 for each term after the first term in the 
n=l 
sequence. In other words, each term is five times greater than the preceding term. 
The value 5 is the common ratio, r, of this geometric sequence. 
The sequence 2, 6, 10, 14, 18,... is not a geometric sequence because there is no 
common ratio. The second term is three times greater than the first term, but the 
third term is not three times greater than the second term. 


Finding the Common Ratio 
of a Geometric Sequence 
Objective 1 Find the common ratio of a geometric sequence. To find the 


common ratio, r, of a geometric sequence, take any term of the sequence after the 
first term and divide it by the preceding term. 
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Quick Check 2 


Find the common ratio, r, of the 
geometric sequence —120, 60, 
15 


Uy oee 
30, > On 


Find the common ratio, 7, of the geometric sequence 2, 8, 32, 128, 
512,.... 


SOLUTION _ To find r, divide the second term of the sequence by the first term. 


Quick Check 1 
Find the common ratio, r, of the geometric sequence 256, 64, 16, 4,1,... 


A geometric sequence can be an alternating sequence. In this case, the common ra- 
tio r will be a negative number. 


Find the common ratio, r, of the geometric sequence 5, —10, 20, —40, 
80,.... 


SOLUTION _ To find r, divide the second term of the sequence by the first term. 


—10 
p= —= +2 
5 
The common ratio for this geometric sequence is r = —2. 


Find the first five terms of the geometric sequence whose first term 
is 7 and whose common ratio is r = 2. 


SOLUTION Because the first term of this sequence is 7 and each term is two times 
greater than the previous term, the first five terms of the sequence are 7, 14, 28, 56, 
and 112. 


Quick Check 3 


Find the first five terms of the geometric sequence whose first term is 5 
and whose common ratio is r = — 3. 


Finding the General Term 
of a Geometric Sequence 


Objective 2 Find the general term of a geometric sequence. The general 
term of a geometric sequence can be determined from the first term of the se- 
quence, a,, and the sequence’s common ratio r. We know that the second term a, is 
equal to a, +r. Continuing this pattern, we obtain the following: 


i; >a? = (ay) r= apr 
fy = tg? = tae er Har 


eae es a eae ae eee 


This leads to the following result about the general term, a,,, of a geometric sequence: 


General Term of a Geometric Sequence 


If a geometric sequence whose first term is a, has a common ratio of r, the gen- 
eral term of the sequence is a, = a,"r"'. 


Quick Check 4 


Find the general term, a,, of the 
geometric sequence 9, 18, 36, 
ee 


Quick Check 5 


Find the general term, a,, of 
the geometric sequence 11, 
Sp, Ll =U e5< 
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Find the general term, a,, of the geometric sequence 3, 30, 300, 
3000,.... 


SOLUTION The first term, a,, of this sequence is 3. Divide the second term of the 
sequence by the first term to find the common ratio, 7. 


=e 


10 
3 


r 


Now find the general term of this sequence using the formula a, = a,-r”’. 


a, = 3-10" Substitute 3 for a, and 10 for r. 


The general term for this geometric sequence is a, = 3°10"'. 


Find the general term, a,, of the geometric sequence —1, 4, —16, 
64,.... 


SOLUTION The first term, a,, of this sequence is —1. Divide the second term of 
the sequence by the first term to find the common ratio, r. 


4 


=—_=-4 
-1 


r 


Now find the general term of this sequence using the formula a, = a,-r"1. 


a, = —1-(—4)"1 Substitute —1 for a, and —4 for r. 


The general term for this geometric sequence is a, = —1-(—4)"". 


Geometric Series 


Objective 3 Find partial sums of a geometric sequence. A geometric se- 
ries is the sum of the terms of a geometric sequence. We will begin by examining fi- 
nite geometric series consisting of only the first n terms of a geometric sequence. 
Again, the sum of the first n terms of a sequence is known as the nth partial sum of 
the sequence and is denoted by s,,. In the case of a finite geometric series, 


S, =a, + art ar’ + ar Se ae. 


Find s, for the geometric sequence 1, 2, 4,8, 16,.... 


SOLUTION Because only the first five terms are given, begin by finding the sixth 
and seventh terms. Because each term in this geometric sequence is equal to two 
times the preceding term, the next two terms of the sequence are 32 and 64. Now 
find the seventh partial sum of this geometric sequence. 


sp=1+2+4+8+4 164 32 4+ 64 
= 127 Add. 


Quick Check 6 
Find sg, for the geometric sequence 12, 36, 108, 324,.... 


Now we will present a formula for finding partial sums of a geometric sequence. 
This formula will be quite helpful, as it depends only on the first term of the geo- 
metric sequence (a,) and the common ratio, r, of the sequence. 
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nth Partial Sum of a Geometric Sequence 


The sum of the first 1 terms of a geometric sequence is given by 


where a, is the first term and r is the common ratio of the sequence. 


Before we apply this formula, let’s investigate where the formula comes from. Suppose 
we have a geometric sequence whose first term is a, and whose common ratio is 7. Be- 
cause s,, is the sum of the first 1 terms of the sequence, it can be expressed as follows: 
S, =a, + qr t+ ag? + gr +--+ art 
If we multiply both sides of this equation by ¢, the resulting equation is 
res, =aqr+art+ar+ art t---+ ar". 


Now we can subtract corresponding terms of these two equations as follows: 


5, = gt al ae + ee 
res, = + + tet ages ar” 
KY a, — ar” 

a,(1 — r") Factor out the common factor s, on the left side of 


the equation and the common factor a, on the 
right side of the equation. 


s,(1 — r) 


si(L—r) ad-r") ’ 
= Divide both sides by 1 — r to isolate s,,. 


1-r 1-r 
——""  simplif 

S, = a" : 

n 1 i= pity. 
For the geometric sequence 1, 2, 4, 8, 16,...in the previous example, a, = 1 and 
r=2. 

Now we can apply the formula s, = a,- = to find s,. 
o-= 7 
so =1- = Substitute 1 for a,, 2 for r, and 7 for n. 
= 127 Simplify. 


Note that this matches the result found in the previous example. 
In the next example, we will find the partial sum of a geometric sequence whose 
common ratio r is negative. 


Find s, for the geometric sequence 6, —42, 294, —2058,.... 


—42 
SOLUTION For this sequence, a, = 6 andr = ae —7. Now we can apply the 


al 
formula s, = a,° ee to find sp. 


1 - (-7)° 
be (=7) 
= 30,265,206 Simplify. 


Sy = 6 Substitute 6 for a,, —7 for r, and 9 for n. 


Quick Check 7 
Find s,, for the geometric sequence 1, —3, 9, —27,.... 


Quick Check 8 


For the geometric sequence 
ones , a ..., does the infinite 
series have a limit? If so, what 
is that limit? 


Quick Check 9 

For the geometric sequence —2, 
8, —32, 128,..., does the infinite 
series have a limit? If so, what is 
that limit? 
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Infinite Geometric Series 


Objective 4 Find the sum of an infinite geometric series. Now we will turn 


our attention to infinite geometric series, s = a, + ar + ayr? + ---. Consider the 
geometric sequence ; is B va 3,---, where a, = 5 and r = 3. The first partial sum of 
this series is s; = 5. Here are the next four partial sums. 
=) fy L.-2 1 3 
2 O74 4°4~«4 
1 1,1 4,2 
83 =—t—-+ 25-454 =5 
2 4 8 8 8 
Dk ae a 8 “ Z 1 15 
ee ee = 
2 4 8 16 16 16 16 16 = 16 
i Se ee Dees | 1. 16. 3 - 2 Lal 
ss=—+—4+-4+ 24+ —2=—4 54+ 54+ 54+2>e 
2 4 8 16 32 32 32 32 32 32 32 


As n increases, the partial sums of this sequence are getting closer and closer 
to 1. In such a case, we say that the limit of the infinite geometric series 
5+ t+et+K+ Htc is equal tol. 


Limit of an Infinite Geometric Series 


Suppose a geometric sequence has a common ratio, r. If |r | < 1, the correspon- 
ding infinite geometric series has a limit, and this limit is given by the formula 


> 1, as it is for the series } + } + 3 + (7 = 3), no limit exists. 


If |r | 


For the geometric sequence 16, 4, 1, is ..., does the infinite series 
have a limit? If so, what is that limit? 


SOLUTION Begin by determining whether |r | < 1 for this sequence. 
ay a 1 


a, 16 4 


Because the absolute value of r is less than 1, the infinite series does have a limit. 
ay 


To find the limit, use the formula s = i ; 
=7 


1 3 
1-— 


16 64 
ar a thks Substitute 16 for a, and : for r. Simplify. 
4 4 


The limit of this infinite geometric series is ', or 21}. 

For the geometric sequence 4, 6, 9, 2 ..., does the infinite series 
have a limit? If so, what is that limit? 

SOLUTION | First, determine whether |r | < 1. 


a 6 _ 3 


r= S=+- > — 


a, 4 2 


Because the absolute value of r is greater than 1, the infinite series does not have a 
limit. In this case, the partial sums increase without limit as 7 continues to increase. 
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Quick Check 10 


A car was purchased for 
$25,000. Its value decreases by 
30% each year. 


a) Write a sequence showing the 
value of the car at the end of 
each of the first 6 years. 

b) Find the value of the car at 
the end of year 10. 


In the next example, we will find the limit of an infinite geometric series, given the 
general term of the sequence. 


; : 1 n-1 
For the geometric sequence whose general term is a, = 8° (3) ; 


does the infinite series have a limit? If so, what is that limit? 


SOLUTION For this sequence, r = i Because the absolute value of r is less than 1, 
the infinite series does have a limit. The first term of this series is a; = 8, and the 


limit can be found by s = i “ 
8 ; P 
——  - Substitute 8 for a, and ; for r. 
—_— 
3 


=12 Simplify. 


The limit of this infinite geometric series is 12. 


Applications 


Objective 5 Use a geometric sequence to solve an applied problem. We 
will finish this section with an application involving a geometric sequence. 


Donna’s parents have estab- 

lished a trust fund for their daughter. On her 

21st birthday, Donna receives a payment of 

$10,000. On each successive birthday, she re- 

ceives a payment that is 80% of the previous 

payment. 

a) Write a sequence showing Donna’s 
payments for the first 4 years. 

b) Find the total amount of Donna’s first 25 
payments. 


SOLUTION 


a) Because the first payment is $10,000 and the second payment is 80% of that 
amount, she will receive 0.8($10,000), or $8000, on her 22nd birthday. Repeat- 
ing this process, we find that the sequence is $10,000, $8000, $6400, $5120. 

b) To find the total of Donna’s payments for the first 25 years, we need to find s,5 
for this geometric sequence. We already know that n = 25 and a, = 10,000. To 


n 


r . . 
apply the formula s,, = a,- Tage must find the common ratio 7. 


a 8000 
4 10,000 — ve 
It should be no surprise that r = 0.8 for this sequence, as each term is 80% of the 
preceding term. We can now apply the formula s, = a,- , — - 
So5 = 10,000- ee Substitute 25 for n, 10,000 for a,, and 0.8 for r. 
= 49,811.11 Evaluate using a calculator. 


During the first 25 years, Donna will receive $49,811.11. 
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BUILDING YOUR STUDY STRATEGY 


Preparing for the Final Exam (Part 2), 3 Taking the Test and Anxiety 
When you arrive to take your final exam, bring along a positive attitude. Be 
confident. If you come well prepared, trust your ability. 

Once you sit down to take the final exam, begin by writing down any infor- 


mation you may find useful during the exam, such as formulas and notes to 
yourself. Briefly read through the test to get an idea of its length and difficulty. 
Begin by working problems about which you are most confident. 

For further information on dealing with the anxiety that accompanies test 
taking, see the Study Strategies in Chapter 6. 


WATCH DOWNLOAD READ REVIEW 


wicca) =>) FB) FG) =| & 


32 128 12 
Vocabulary 1B. —6.8, 2.5, -e. 

1. A(n) is a sequence in which 
each term after the first term is a constant multiple 14. 32. -12 9 _27 81 _ 
of the preceding term. "2? 16’ 128’ 

. = an . . 

Ce Ce Deca opconivet ea Find the first five terms of the geometric sequence with 
a geometric sequence is called the the given first term and common ratio. 
of the sequence. 15. a, = 1,r = 10 

3. The general term, a,, of a geometric sequence can 16. a, = 1,r = -3 
be defined recursively by ______, forn # 1. 17. a, =4,r = -2 

4. A(n) is the sum of the terms of a 18. a, =2,r=5 
geometric sequence. 3 

5. The sum, s,, of the first n terms of a geometric 19. a, = 8,7 = 4 
sequence is given by the formula : 20. a, = 12,r = 5 

6. For an infinite geometric sequence with Ir] < 1, the 
corresponding infinite geometric series has a limit s, 21a = -20,r = =— 
and this limit is given by the formula 

1 4 
22. a,==,r=-~ 
ay 3” r 3 


Find the common ratio, r, of the given geometric sequence. 


7. 1,8, 64,512, 4096,... 
8. 1,5, 25, 125, 625,... 


Find the general term, a,, of the given geometric sequence. 


24 8 
a. ie! 
ee ere 3°9 27 
24. 1,6,36,216,... 
10. 1458, 486, 162, 54, 18,... 25. -1,4, -16, 64,... 


96.1, 5, 05. 199s 
27. 2, 14, 98, 686,... 
28. 10, 30, 90, 270,... 


14, —3;21,-147, 1029, =7203;:.. 
12. 6, —12, 24, —48, 96,... 


856 


29. 16, —12, 9, — 
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27 
re 


30. 1000, 700, 490, 343,... 


Find the partial sum of the geometric sequence with the 


giv 


31. 
32. 


en first term and common ratio. 


87,4, =5,r=4 


Sg, 4, = 15,r = 3 


33. S99, A, = 48, r=-2 
34, s5,a, = —6,r = —10 
1 
35. so, a, = 256,r = = 
2 
36. 57, a, = 4096, r = 0.25 


Find the indicated partial sum for the given geometric 
sequence. 


37. 


56, 1, —8, 64, —512,... 

. 5g, 1, 10, 100, 1000, ... 

. 57,4, 12, 36, 108,... 

. 5, 50, 100, 200, 400, ... 

. 5, 13, 156, 1872, 22,464, ... 
ee mee a ee ee 


For the given geometric sequence, does the infinite series 
have a limit? If so, find that limit. 


10 10 

43. 30,10, —,—.,... 
3° 9 

44, 432,72, 12,2,... 

7 5795" 12577" 
1 5 25 125 
Bee a3 27°81’ 2437" 
€ 81 243 729 2187 
* 100’ 200’ 400’ 800°" 
48. 108, 90, 15, 

1 11 1 
49. 2 4°28? 16’ 

50. 1, -1,1, -1, 


For the geometric sequence whose general term is given, 
does the infinite series have a limit? If so, what is that 
limit? 


5 n-1 
Le, =S*|— 
51. a, (2) 


56. 


57. 


58. 


59. 


60. 


61. 


g 
II 
a 


A copy machine purchased for $8000 decreases in 
value by 20% each year. 


a) Write a geometric sequence showing the value of the 
copy machine at the end of each of the first 3 years 
after it was purchased. 


b) Find the value of the copy machine at the end of 
the eighth year. 


A farmer purchased a new tractor for $30,000. The 
tractor’s value decreases by 10% each year. 


a) Write a geometric sequence showing the value of 
the tractor at the end of each of the first 6 years af- 
ter it was purchased. 


b) Find the value of the tractor at the end of year 10. 


A motor home valued at $40,000 decreases in value by 
50% each year. Find the general term, a, of a geomet- 
ric sequence showing the value of the motor home n 
years after it was purchased. 


A diamond ring valued at $4000 increases in value by 
5% each year. Find the general term, a,,, of a geomet- 
ric sequence showing the value of the diamond ring n 
years after it was purchased. 


A professional baseball player signed a 10-year con- 
tract. The salary for the first year was $10,000,000, 
with a 10% raise for each of the remaining 9 years. At 
the end of the contract, what is the total amount of 
money earned by the player? 
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62. Cathy takes a job as a high school teacher. The start- 64. Describe a real-world application involving a geomet- 
ing salary is $32,000 per year, with a 2% raise each ric series. 
year. If Cathy teaches for 30 years, what is the total 
amount she will be paid? 
65. Explain the difference between an arithmetic se- 
, Writing in Mathematics quence and a geometric sequence. 


Answer in complete sentences. 


63. Describe a real-world application involving a geomet- 
ric sequence. 


66. Explain how to find the general term of a geometric 
sequence. Use an example to illustrate the process. 


67. Newsletter Write a newsletter explaining how to find 
the limit of an infinite geometric series. 


Section 14.3 

Simplify. 3. (2x + 9y)? 
1. (x + 5)’ 4. (5a’ — 4b*)? 
2. (x — y)? 


OBJECTIVES 


(1 Evaluate factorials. 

(2 Calculate binomial coefficients. 

3. Use the binomial theorem to expand a binomial raised to a power. 

‘4 Use Pascal’s triangle and the binomial theorem to expand a binomial 
raised to a power. 


Recall that a binomial is a polynomial with two terms, such as 2x — 3 and 5x + 8y. 
In this section, we will learn a method for raising a binomial to a power, such as 


(x + y)?. 


Factorials 


Objective 1 Evaluate factorials. 


Factorials 


The product of all positive integers from 1 through some positive integer n, 
1-2°3---(n — 1)+n, is called n factorial and is denoted as n! 


For example, 5! = 1-2-+3-+4-5, or 120. By definition, 0! = 1. 


Evaluate: 7! 


SOLUTION _ To evaluate 7!, multiply the successive integers from 1 through 7. 


Quick Check 1 
Evaluate: 9! 


7! = 1-2+3+4-5+6+7 Multiply the positive integers from 1 through 7. 
= 5040 Simplify. 
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Quick Check 2 


Evaluate the binomial 
coefficient ¢C. 


Quick Check 3 


Evaluate the binomial 
coefficient 5 9Cy9. 


Most calculators have a built-in function for calculating factorials; consult your calcu- 
lator manual for directions. Most nongraphing calculators have a button labeled (n!) or 
(<1), while many graphing calculators store the factorial function in the menu. 


Binomial Coefficients 


Objective 2 Calculate binomial coefficients. We now will use factorials to 
calculate numbers called binomial coefficients. 


Binomial Coefficients 


For any two nonnegative integers n and r,n = r, the number ,C, is a binomial 
n! 


coefficient and is given by the formula ,C, = 


Evaluate the binomial coefficient 9Cy. 


SOLUTION Begin by substituting 9 for n and 4 for r in the formula 


nC = rie(n=7)! 
9! ’ 
9C4 = 4 (9-4)! Substitute 9 for n and 4 for r. 
9! 
Fi si Subtract 9 — 4. 
a Evaluate each factorial. 
24 +120 
362,880 Ss ce ? 
= e809 Simplify the denominator. 
= 126 Simplify the fraction. 


Using Your Calculator To find binomial coefficients [a pcr 4 

on the TI-84, access the PRB menu. To evaluate the bino- 126 
mial coefficient »C4, begin by keying the first number, 9. 

Then tap to access the MATH menu. Use the right 

arrow to scroll over to the PRB menu. Select option 3: nCr. 

When you return to the main screen, key the second num- 

ber, 4, and tap [ENTER]. Here is the calculator screen you 

should see. 


Evaluate the binomial coefficient gCp. 


SOLUTION Begin by substituting 8 for n and 0 for r in the formula 


n! 
C — 
nvr r! (n = r)! 
8! : 
gy = Ol 8! Substitute 8 for n and 0 for r. 
8! 
= 3 0! =1 
=1 Simplify the fraction. 
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For any nonnegative integer n, the binomial coefficient ,Cy = 1. 


n! 


The binomial coefficient ,,C,, = 1 as well because ,C,, = ml Ol 
n! - 0! 


We will finish our exploration of binomial coefficients with an example that saves 
time in the calculation of several binomial coefficients. It also demonstrates an in- 
teresting property of binomial coefficients. 


Evaluate the binomial coefficients 7Co, 7C,, 7Cy, ...,7C7. 


SOLUTION Verify the following results using your calculator’s built-in function 
for calculating binomial coefficients or applying the formula: 


Wy = 1 7C, = 7 7C, = 21 7C3 = 35 7C, = 35 7C5 = 21 7, = 7 7C, =1 
Notice the following properties: 


e Both the first and last coefficients are equal to 1. 

e The second coefficient is equal to 7. For any positive integer n, ,C, = n. 

e The coefficients follow a symmetric pattern. For any nonnegative integers n and 
a,a =n, ,C, = nC,—q- This means that once we calculate 7C,, we know that 7C; 
is equal to the same value. 


These properties will be helpful when expanding binomials using the binomial 
theorem. 


Quick Check 4 

Complete the accompanying table using the properties of binomial coefficients 
that were introduced in Example 4. You should not have to calculate any of these 
binomial coefficients. 


9Co = gC} = gr = 36 9C3 = 9Cy = 126 
9s = go = 84 9C 7 = 93 = 9Cy 


The Binomial Theorem 


Objective 3 Use the binomial theorem to expand a binomial raised to a 
power. We use the binomial theorem to raise a binomial expression to a power 
that is a positive integer without having to repeatedly multiply the binomial expres- 
sion by itself. For instance, we can use the binomial theorem to expand (x + y)° 
rather than multiplying (x + y)(x + y)(x + y)(x + y)(x + y). 


The Binomial Theorem 


For any positive integer n, 


(x + y)" ae nCox"y? + <a + Cry se 207° 7 Cae 


This can be expressed by summation notation as 


(ergy = Bee sy. 
r=0 
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Quick Check 6 
Expand (x — 4)* using 
the binomial theorem. 


Expand (x + y)° using the binomial theorem. 


SOLUTION We apply the binomial theorem with n = 5. 
(x + y)? = Cor ary? + sCyexty! + sCyex?y? + sCgra7y? + sCyexty* + 5Cs-x°y? 


After evaluating the binomial coefficients and simplifying factors whose exponent 
is 0 or 1, we obtain the following: 


(x + yP = x + Sxty + 10x3y? + 10x’y? + Sxy*t + y° 
Quick Check 5 


Expand (x + y)? using the binomial theorem. 


If the binomial being raised to a power is a difference rather a sum, such as 
(x — y)*, the signs of the terms in the binomial expansion alternate between posi- 
tive and negative. 


Expand (x — y)* using the binomial theorem. 


SOLUTION Apply the binomial theorem with n = 4, alternating the signs of the 
terms. 
(= pV Salgrny” =aGexty’ tae xy — aCe ey + Ce 
= x4y? — 4x7y! + 6x’y* — 4xly? + x°y* Evaluate the binomial 
coefficients. 


x? — 4x3y + 6x’y* — 4xy? + yt Simplify factors whose 
exponents are 0 or 1. 


Pascal's Triangle 


Objective 4 Use Pascal's triangle and the binomial theorem to expand a 
binomial raised to a power. One convenient way for finding binomial coefficients 
is through the use of a triangular array of numbers called Pascal’s triangle, which is 
named in honor of the 17th-century French mathematician Blaise Pascal. Here is the 
portion of Pascal’s triangle showing the binomial coefficients for values of n through 7. 


n=0 1 

n=1 1 1 

n=? 1 2 1 

n=3 1 3 3 1 

n=4 1 4 6 4 1 

n=5 1 5 10 10 5 1 
n=6 1 6 15 20 15 6 1 
n=7 1 7 21 35 35 21 | 1 


Consider the row labeled n = 5, which contains the values 1,5, 10, 10, 5, and 1. 
These are the binomial coefficients 5Co, 5C), 5Cs, sC3, 5Cy, and ;C;, respectively. 
Each value in Pascal’s triangle is the sum of the two entries diagonally above it. 


n=4 1 4 6 4 1 
. y < NY bg ay “ 


To construct Pascal’s triangle, begin with a single 1 in the first row (” = 0), with two 
1’s written diagonally underneath it in the next row (m = 1). 


n=0 1 
n=1 
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The next row will have one more value than the previous row, and each number in 
the row is the sum of the values diagonally above it. 


oi 1 1 
n=2 i ? ? 


The values for this next row will be 1,2, and 1. Then proceed to the next row, repeat- 
ing this process until you have reached the desired row. 


Expand (x + y)° using the binomial theorem and Pascal’s triangle. 


SOLUTION We apply the binomial theorem with n = 6. Here is the row of Pascal’s 
triangle associated with n = 6. 


n=6 1 6 15 20 15 6 1 


This says that the coefficients of the seven terms are 1, 6, 15, 20, 15, 6, and 1, respec- 
tively. We know that the exponent of x in the first term will be 6 and will decrease 
by 1 in each successive term. We also know that the exponent of y in the first term 
will be 0 and will increase by 1 in each successive term. 


(x + y)® = 1x°y° + 6x°y! + 15x4y? + 20x3y? + 15x’y* + 6xly? + 1x°y? 
Apply the binomial theorem, obtaining the binomial 
coefficients from the n = 6 row of Pascal’s triangle. 

= x6 + 6x°y + 15x4y* + 20x7y? + 15x?y* + 6xy? + y® 

Quick Check 7 Simplify each term. 

Expand (x + y)’ using the 

binomial theorem and Pascal’s 


triangle. BUILDING YOUR STUDY STRATEGY 


Preparing for the Final Exam (Part 2), 4 Taking the Test and Pacing Set a 
schedule for yourself. For example, establish a goal to be finished with at least 
25 percent of the exam by the time one-fourth of the time has expired. This 
will help you determine whether you are working quickly enough. 


Save time at the end of the exam period to check your work. Make sure 
you have attempted every problem. Some students, in a rush, may skip an 
entire page. 

For further information on test taking strategies, see the Study Strategies 
in Chapter 5. 


PRACTICE WATCH DOWNLOAD READ REVIEW 


Mynisihiab «zp [Ff | G SS % 


Vocabulary 
1. The product of all positive integers from 1 through 3. The _______ theorem is used to raise a binomial 
some positive integer n is called ____ and is expression to a power that is a positive integer with- 
denoted as __. out the need to repeatedly multiply the binomial 
2. For any two nonnegative integers n and r,n = r,the expression by itself. 
number ,,C, is a(n) _________ and is 4. One convenient way for finding binomial coefficients 
is through the use of a triangular array of numbers 
called 


given by the formula 
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Evaluate. 
5. 6! 6. 4! 
7. 8! 8. 10! 
9, 3! 10. 2! 
11. 1! 12. 0! 


Rewrite each given product as a factorial. 


13. 1°2°3---17 14. 1-2-3---12 
15. 1-2-3---33 16. 1-2-3---19 


Simplify. 
11! 10! 
17. “AL 18. “sl 
1 9! 20 11! 
9 31-61 "71! 
21. 8! + 7! 22. (51)? 


Evaluate each given binomial coefficient. 


23. 7C, 24. oC 
25. C3 26. oC, 

29. 13C4 30. 13C 
31. oC 32. 15Cy5 


Complete the table by using the properties of binomial co- 
efficients. Do not calculate any of binomial coefficients. 


33. 11Cy = 1C, = uC) 
uC3 = 165 Cy = uCs = 462 
nC. = iC; = 330 uCs = 
ite = 35 1Cio = uCy = 

34. 19Cy = oC; = 19C2 = 45 
10C3 = 120 9Cy = 1Cs = 252 
10Ce = 210 0C7 = 10Cs = 


10C9 = oCio = 


Expand using the binomial theorem. 


35. (x + y)? 
36. (x + a) 


(eae? 
(x + y)? 
39. (x + 6)! 
(eT) 
(x — y) 


5 


BARRESE 
7 an a a a a 
tad 
+ 
O 
<= 
U2 


List the coefficients in the row of Pascal’s triangle for the 
given value of n. 

49. n = 10 

50. n = 12 


51. Complete the table with the sum of the binomial coef- 
ficients of Pascal’s triangle for n = 1 through n = 6. 


n | 1 | 2 [2 |) 4 | | 6 
som | ff ff] 


52. a) Find a formula for the sum of the binomial coeffi- 
cients associated with row n = k of Pascal’s triangle. 


b) Use the sum to predict the sum for the row associ- 
ated with n = 16. 


Expand using the binomial theorem and Pascal’s triangle. 


53. (x + y)> 


54, (x + 2y)? 


55. (x + 2)’ 
56. (x + 4)° 
57. (x — y)° 
58. (x — y)? 
59. (x — 7)* 
60. (x — 5) 


a“=—- Writing in Mathematics 
Answer in complete sentences. 


61. If a + b = n, explain why ,C, = ,C,. 
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CHAPTER 14 SUMMARY 


Section 14.1 Sequences and Series 


Sequences, pp. 836-837 

A sequence is a function whose domain is a set of 100, 120, 140, 160, 180, 200 
consecutive natural numbers beginning with 1. 

If the domain is the entire set of natural numbers 5, 20, 80, 320, 1280,... 


{1,2,3,...}, the sequence is an infinite sequence. 

If the domain is the set {1, 2,3,..., 1} for some 
natural number n, the sequence is a finite 
sequence. 


General Term of a Sequence, pp. 837-839 
The general term of a sequence is denoted a,,. The Find the first five terms of the sequence: a, = 3n — 4 
general term is usually defined in terms of its index 125.801 
n or in terms of the preceding term a,,_}. EPO 


Alternating Sequence, p. 837 

A sequence whose terms alternate between being Find the first five terms of the sequence: a, = (—1)"(4n + 5) 
positive and negative is called an alternating 
sequence. An alternating sequence frequently has a —9, 13, 17, 21, —25 
factor of (—1)" or (—1)"*! in its general term. 


Sequences Defined Recursively, p. 839 


If the general term of a sequence is defined in terms Find the first five terms of the sequence: a; 6, dy 2a,-1 + 5 
of the preceding term a,_,, the sequence is defined = _ 
recursively. a, = —2(-6) +5 = 17 

a; 2(17) + 5 = —29 

a4 2(-29) + 5 = 63 

as 2(63) + 5 = —121 
—6, 17, —29, 63, -121 

Series, pp. 839-840 

An infinite series, s,is the sum of the terms Find s,¢ for the sequence: a, = 2n + 23 
ianannite Sequenee First six terms: 25, 27,29, 31, 33,35 

S= 4 1 G7 GF a, Fe S¢ = 180 

A finite series, s,,, is the sum of the first n 
terms of a sequence. 

S, =a +4 +a, +---+ 4, 

The finite series s,, is also called the nth partial 
sum of the sequence. 

Summation Notation, p. 840 

The nth partial sum of a sequence, 5 

, 3 Find the sum: 5} (4i — 1) 
Si Gy Pr Ag Gg oe a, i=1 
can be represented in summation notation as follows: . (i= 2) = 3947411415 4 19 


we | = 55 
= 
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Section 14.2 Arithmetic Sequences and Series 


Arithmetic Sequences, p. 843 

An arithmetic sequence is a sequence in which each 
term after the first term differs from the preceding 
term by a constant amount d. 

This means that the general term is a, = 
forn # 1. 

The number d is called the common difference of 
the arithmetic sequence. 


ay,-1 + d 


General Term of an Arithmetic Sequence, pp. 843-844 
If an arithmetic sequence whose first term is a, has 

a common difference of d, the general term of 

this sequence is a, = a, + (n — 1)d. 


Arithmetic Series, pp. 844-846 

An arithmetic series is the sum of the terms of an 
arithmetic sequence. A finite arithmetic series 
consisting of only the first 1 terms of an arithmetic 
sequence is also known as the nth partial sum of the 
arithmetic sequence and is denoted as s,,. 

The sum of the first n terms of an arithmetic 
sequence is given by 


n 
= -(a,+ 
Nn 
Sn 5 (a1 an), 


where aq, is the first term of the sequence and a,, is 
the nth term of the sequence. 


Section 14.3 Geometric Sequences and Series 


Find the first five terms of an arithmetic sequence whose first term 
is 13 and whose common difference is 9. 


13, 22, 31, 40, 49 


Find the general term of the arithmetic sequence: 
17, 23, 29, 35, 41,... 


d 
a, = a, + (n—1)d 


ll 
N 
w 

| 
a= 
~ 

ll 


a, = 17+ (n-1)6 
= 17+ 6n—-6 
= 6n + 11 


Find 5% for the arithmetic sequence: 5, 14, 23, 32, 41,... 


d=9 
a, = 5+ (n-1)9 ga al 
=9n-4 
20 
s, = (5 + 176) = 10(181) = 1810 


Geometric Sequences, pp. 849-850 

A geometric sequence is a sequence in which each 
term after the first term is a constant multiple of 
the preceding term. This means that the general 
term is ad, = r+a,—,forn # 1. The number r is 
called the common ratio of the geometric sequence. 


General Term of a Geometric Sequence, pp. 850-851 

If a geometric sequence whose first term is a, has a 
common ratio of r, the general term of this 
sequence is a, = a,-r" ! 


Geometric Series, pp. 851-852 

A geometric series is the sum of the terms of a geometric 
sequence. A finite geometric series consists of only the first 
n terms of a geometric sequence and is denoted as s,,. 

The sum of the first n terms of a geometric sequence is given by 
1 — r” 
1l-r 

and ris the common ratio of the sequence. 


5, = a , where a, is the first term of the sequence 


Find the first five terms of a geometric sequence whose first term 
is 8 and whose common ratio is 3. 


8, 24, 72, 216, 648 


Find the general term of the geometric sequence: 8, 20, 50, 125,... 
20 5 5\0-+ 
———— = 8 si Ss 


so 
Find sx for the geometric sequence: 3, 12, 48, 192,... 


r= 


= 65,535 
1-4 =3 


= 65,535 


Infinite Geometric Series, pp. 853-854 
If a geometric sequence has a common 
ratio r such that |r| < 1, the infinite 
geometric series has a limit, and this limit 
a 


is given by the formula s = ; 
= 
If |r| = 1, no limit exists. 


Section 14.4 The Binomial Theorem 


Factorials, pp. 857-858 

The product of all positive integers from 1 
through some positive integer n,1+2+3 
called n factorial and is denoted n!. 


Binomial Coefficients, pp. 858-859 


For any two nonnegative integers n and r,n > r, the 
number ,,C, is a binomial coefficient and is given 


n! 
by the formula ,C, = de ne 


The Binomial Theorem, pp. 859-860 
For any positive integer n, 


n 

pte - x" ry" 

r=0 

= C ny,0 4 C ae ee eee C 0, 
nox Y n& 1X y nunX Y- 


(x + y)” 


If a binomial being raised to a power is a difference 
rather than a sum, the signs of the terms in the 
binomial expansion alternate between positive 
and negative. 


Pascal’s Triangle, pp. 860-861 

This triangular array of numbers is a convenient 
way for finding binomial coefficients. Each value 
in Pascal’s triangle is the sum of the two entries 
directly above it. 


865 


Chapter 14 Summary 


6 12 24 
Find s for th tri :3,=,— — 7... 
ind s for the geometric sequence 5° 95° 15° 
6 
5 2 
poe 
3 5 
3 3 5 
Ss ae 3 3°3 5 
5 5 


Find: 7! 
T= 1+2+3+4+5+6°7 
= 5040 
Find: 9C; 
9! 362,880 
= 3.61 6-720 — 


Simplify: (x + 3)4 
gCox* 3° + gCyx2 +31 + yCox? +3? + yCyx!- 3? + yCyx°- 34 
= 1xt-1 + 4x°-3 + 6x7-9 + 4x-27 4+ 1°81 
12x3 + 54x? + 108x + 81 


= x14 


Here is the portion of Pascal’s triangle showing the binomial 
coefficients for values of n through 7. 


n=0 1 

n=1 1 1 

n=2 1 2 1 

n=3 1 3 3 1 

n=4 1 4 6 4 1 

n=5 1 5 10 10 5 ill 
n=6 1 6 15 20 15 6 1 
n=7 1 7 21 35 35 21 7 1 


SUMMARY OF CHAPTER 14 STUDY STRATEGIES 


e The study tips in this chapter focused on preparing 
for and doing well on a final exam. One effective way 
to prepare for a final exam is by studying with a small 
group of students. In a small group, you can help each 
other to ensure that everyone is prepared for the 
exam. It is a great way to get answers to any questions 
you may have. 

e Create a series of practice tests to determine whether 
you are prepared for an exam. Start with practice 
tests that cover a wide range of material; then move 


on to more specialized practice tests for problems 
and concepts you find difficult. 


Bring confidence and a positive attitude to your final 
exam. Students who arrive fearing for the worst often 
realize their fears. 


e Finally, even though a final exam may seem more im- 
portant than a chapter exam, do not abandon the 
test-taking strategies that have got you to this point in 
the course. 


CHAPTER 14 REVIEW 


Find the first five terms of the sequence with each given 
general term. [14.1] 

la,=n+7 

2. a, = 5n — 19 


Find the next three terms of each given sequence and find 
its general term, a,. [14.1] 

3. 13,26, 39, 52,65,... 

4. 12,19, 26, 33, 40,... 


Find the first five terms of the sequence with each given 
first term and general term. [14.1] 


5. a, = —9, 4, = Gy, + 17 
4, a, = 2a, — 23 


6. a, = 


Find a recursive formula for the general term, a,, of each 
given sequence. [14.1] 

7. 3,17,31,45,59,... 

8. 5, —10, 20, —40, 80,... 


Find the indicated partial sum for each given sequence. 
[14.1] 

9. 56, 4, 14, 24, 34,... 

10. so, 2, 12, 72, 432,... 


Find the indicated partial sum for the sequence with each 
given general term. [14.1] 

11. 55,4, = 2n —5 

12. s,,a, = 5n + 6 


Find the indicated partial sum for the sequence with each 
given general term. [14.1] 


13. 57, a, = 50, a, = a, — 8 


5 n 


14. ss, a, = 20, a, = 4a, + 5 


Find each sum. [14.1] 


12 
15. Si 
i=1 


Worked-out solutions to Review Exercises marked with 


866 


Find the common difference, d, of each given arithmetic 
sequence. [14.2] 


17, 7,31, 55, 79.103. x3 
18-39, 15-91, 27. 


Find the first five terms of the arithmetic sequence with 
each given first term and common difference. [14.2] 


19. a, = 16,d = -9 
20. a, = —18,d = 11 


Find the general term, a,, of each given arithmetic se- 

quence. [14.2] 

21. 4, 11,18, 25, 32,... 

22. 8,1, —6, —13, —20,... 

23. —15, —13, -11, -9, -7,... 
5 19 7 37 23 

24. 6’ 12’3’ 12? 6 

25. Find the 39th term, a39, of the arithmetic sequence 
25, 46, 67, 88, 109, .... [14.2] 

26. Find the 27th term, a57, of the arithmetic sequence 

9, —32, —55, —78, —101,.... [14.2] 

27. Which term of the arithmetic sequence —12, —5, 2, 

9, 16,... is equal to 1633? [14.2] 


28. Which term of the arithmetic sequence 40, 21, 2, -17, 
—36,... is equal to —9346? [14.2] 


Find the indicated partial sum of each given arithmetic 
sequence. [14.2] 

29. sg, 10,17, 24, 31,... 

30. s,s, —102, -84, —66, —48,... 

31. sy4, 16, 13,10,7,... 

9D ee. 10 Ai 

33. Find the sum of the first 340 positive integers. [14.2] 


34. The new CEO of a company started the job with an 
annual salary of $20,000,000. Her contract states that 
she will be given a raise of $2,000,000 each year. [14.2] 


a) Write a sequence showing the CEO’s annual salary 
for the first 5 years. 


b) Find the general term, a,, for the CEO’s annual 
salary in her nth year in this job. 


c) How much money will the CEO earn from this job 
over the first 10 years? 


can be found on page AN-63. 


Find the common ratio, 1, of each given geometric se- 
quence. [14.3] 


35. 1, 10, 100, 1000, 10000,... 
36. 5, 30, 180, 1080, 6480, ... 


Find the general term, a,, of each given geometric se- 
quence. [14.3] 


37. 1,12, 144, 1728,... 


9 aT 
8, 
38. 8, 6, = 7B” 
39. —4, —12, —36, —108,... 
8 8 
40. —24,8,-—=,-,... 
> ? 3 9’ 


41. Find the eighth term, ag, of the geometric sequence 
9, 18, 36, 72,.... [14.3] 


Find the partial sum of the geometric sequence with each 
given first term and common ratio. [14.3] 

42. s,a, =1,r=3 

43. S44, 4, = 10, r=-2 


Find the partial sum for each given geometric sequence. 
[14.3] 


4A. s,,1,6,36,216,... 


45. S85 : , 12, 96, 768, . 


46. S10, a 160, 80, 40,... 
AT. 59,35, —140, 560, —2240,... 


For each given geometric sequence, does the infinite series 
have a limit? If so, find that limit. [14.3] 
48. 64,80, 100, 125,... 
36 24 16 32 


pe oe 
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For each geometric sequence whose general term is given, 
does the infinite series have a limit? If so, find that limit. 
[14.3] 


2 n-1 
50. a, = —21-( = 
ms (5) 


a els 
1. a, = 45-| -= 
51. a, 5 ( 7) 


52. A community service organization started a homeless 
shelter with a budget of $150,000 for the first year. 
Their plans call for an annual increase in the budget 
of 10% over the previous year. How much will be 
budgeted for the shelter over the first 8 years of oper- 
ation? [14.3] 


Evaluate. [14.4] 


53. 9! 
54. 7! 


Evaluate each given binomial coefficient. [14.4] 


55. «C3 
56. 1,Cs 


Expand using the binomial theorem. [14.4] 
57. (x + y)® 


Expand using the binomial theorem and Pascal’s triangle. 
[14.4] 


60. (x + y)° 


For Extra Help 


CHAPTER 14 TEST Mic 


Test Pri 


1. Find the next three terms of the sequence 11, 26, 41, 
56, 71,...and find its general term, a,,. 


9 
2. Find the sum 5) (4i + 11). 
i=1 
3. Find the first five terms of the arithmetic sequence 
whose first term is a, = 9 and whose common differ- 
ence isd = 8. 


Step-by-step test solutions are found on the Chapter Test Prep Videos available via the Video Resources 
rrep on DVD, in MyMathLab | 


_ and on Youff) (search “WoodburyElemIntAlg” and click on “Channels"). 


4. Find the general term, a,, of the given arithmetic 
sequence 20, 13, 6, -1, —8,.... 

5. Find the 15th partial sum, s,;, of the arithmetic se- 
quence 14,3, 21,9,.... 


6. Find the sum of the first 200 positive even integers. 


7. Find the first five terms of the geometric sequence 
whose first term is a, = 5 and whose common ratio is 
r= 8. 
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8. 


10. 


11. 


Find the general term, a,, of the geometric sequence 
4, 28, 196, 1372,.... 


. Find the tenth partial sum, 51, of the geometric se- 


quence 3, 15, 75,375,.... 
54 


For the geometric sequence 10, —6, —35,..., does 
the infinite series have a limit? If so, find that limit. 


Jonah’s parents have decided to start a college fund 
for him. On Jonah’s first birthday, his parents deposit 
$2500 in the fund. On each birthday after that, they 
increase the amount they deposit by $500. 


a) Write a sequence showing the amounts that 
Jonah’s parents deposit on his first six birthdays. 


b) Find the general term, a,,, for the amount deposited 
on Jonah’s nth birthday. 

c) What is the total amount deposited in the fund for 
Jonah’s first 18 birthdays? 


Mathematicians in History 


12. A new car valued at $18,000 decreases in value by 
25% each year. 


a) Write a geometric sequence showing the value of 
the car at the end of each of the first 4 years after it 
was purchased. 


b) Find the general term, a,, for the value of the car n 
years after it was purchased. 


13. Evaluate the binomial coefficient ,Cs. 


Expand using the binomial theorem. 


14. (x + 1)* 


Expand using the binomial theorem and Pascal’s triangle. 


15. (4x + y)’ 


ibonacci was a mathematician in the 12th and 13th centuries who intro- 

duced the world to an important sequence of numbers known as the Fibonacci sequence. 

Write a one-page summary (or make a poster) of the life of Fibonacci and his 
accomplishments. 


Interesting issues: 

Where and when was Fibonacci born? 

Where was Fibonacci educated? 

What was the occupation of Fibonacci’s father? 

What was Fibonacci’s real name? 

What is the Fibonacci sequence? How is it created? 

Which problem in Fibonacci’s book Liber abaci introduced the sequence that came 
to be known as the Fibonacci sequence? 

List at least three occurrences of the Fibonacci sequence in nature. 

Fibonacci also wrote problems involving perfect numbers. What is a perfect number? 


CUMULATIVE REVIEW CHAPTERS 12-14 


Evaluate each given function. Round to the nearest thou- 
sandth, [12.1-12.2] 


1. f(x) =e? = 21, (2) 
2. f(x) = In(x +7) + 32, f(25) 


Simplify. [12.2] 


3. log; 81 
4. In e® 


Rewrite as a single logarithmic expression. Simplify if 
possible. Assume that all variables represent positive real 
numbers. [12.3] 


5.2Inx —4Iny + 5Inz 


Rewrite as the sum or difference of logarithmic expres- 
sions whose arguments have an exponent of 1. Simplify if 
possible. Assume that all variables represent positive real 
numbers. [12.3] 


b4 5 
6. toa( “= } 


Evaluate using the change-of-base formula. Round to the 
nearest thousandth. [12.3] 

7. log,3 200 

8. log, 3224 


Solve. Round to the nearest thousandth. [12.4] 


oo S25 
10. 7* = 219 
de = 6205 


Solve. Round to the nearest thousandth. [12.4] 


12. log(x* + 7x — 9) = log(3x + 23) 
13. log;(x — 9) = 4 
14. log,(x + 3) + log,(x +9) =4 


For the given function f(x), find its inverse function 
f(x). 12.4] 
15, f(x) =e** +3 
16. f(x) = In(x + 9) — 16 
17. Jean deposited $2000 in an account that pays 6% an- 
nual interest, compounded quarterly. How long will it 


take until the balance of the account is $10,000? 
[12.5] 


18. The population of a city increased from 120,000 in 
1992 to 150,000 in 2002. If the population continues to 
increase exponentially at the same rate, what will the 
population be in 2022? [12.5] 


Graph. Label any intercepts and asymptotes. State the 
domain and range of the function. [12.6] 


19. f(x) =2*-1 


20. f(x) = In(x + 5) — 3 


Graph each parabola. Label each vertex and any inter- 
cepts. [13.1] 


21. y = x7 + 6x — 8 22. y =(x+3)-4 


3.x=-y+y+6 Ax =(y-2)4+3 
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Graph each circle. Label the center of the circle. Identify 
the radius of the circle. [13.2] 


Graph each hyperbola. Label the center. Give the values 
25. x7 + y? = 64 


of a and b. [13.4] 


26. (x + 3)? + (y — 2)? = 25 


Graph each ellipse. Label the center. Give the values of a 
and b. [13.3] 


Find the equation of each conic section. [13.2-13.4] 
2 2. 


31. 
ey 
7, —+2—=1 
9 ° 49 
<— 
32. y 
107 
28. 36x? + 25y” — 288x — 300y + 576 = 0 4 


2 


| 
N 


Solve by substitution. [13.5] 
33. x? + y? = 40 


2x + y= 10 
34, x7 + 2y? = 18 
y=x-3 


Solve by the addition method. [13.5] 
35. x? + y? = 100 


x? — y* = 28 
36. 2x? + 5y’ = 38 
Ax” — 3y* = 24 


37. A rectangular lawn has a perimeter of 100 feet and an 
area of 600 square feet. Find the dimensions of the 
lawn. [13.5] 


Find the next three terms of the given sequence and find 
its general term, a,. [14.1] 


38. —4, 9, 22,35, 48,... 


Find the first five terms of the sequence with the given 
first term and general term. [14.1] 


39. a, = 13, a, = 2a, + 5 


Find the general term, a,, of the given arithmetic se- 
quence. [14.2] 


40. 3, 12,21, 30,39,... 


Find the partial sum for the given arithmetic sequence. 
[14.2] 


41. Sy25 —6, —1, 4, 9, fra 
42. Find the sum of the first 200 positive integers. [14.2] 


871 


Chapter 14 Cumulative Review 
Find the general term, a,, of the given geometric se- 
quence. [14.3] 


27 81 
43. 12,9, ues 
3. ws 4°16’ 


Find the partial sum of the geometric sequence of the 
given first term and common ratio. [14.3] 


44. sa, =1,r=4 


Find the partial sum for the given geometric sequence. 
[14.3] 


45. 57, 2,14, 98, 686, ... 


For the geometric sequence whose general term is given, 
does the infinite series have a limit? If so, what is that 
limit? [14.3] 


3 n-1 
46. a, = 6-( = 
v4 (=) 


Evaluate the given binomial coefficient. [14.4] 
47. 10C4 


Expand using the binomial theorem. [14.4] 


48. (x + y)* 
49. (x — y)° 


Expand using the binomial theorem and Pascal’s triangle. 
[14.4] 


50. (x + y)8 
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APPENDIX 


Synthetic Division 


Synthetic division is a shorthand alternative to polynomial long division when the 
divisor is of the form x — b. When we use synthetic division, we do not write any 
variables, only the coefficients. 

2x* -— x — 25 

-4 

Before we begin, we check the dividend to make sure it is written in descending 
order and no terms are missing. If there are missing terms, we add placeholders. On 
the first line, we write the value for b as well as the coefficients for the dividend. 


4) 2  -1 25 


Suppose we wanted to divide . Note that b = 4 in this example. 


Notice that we set the value of b apart from the coefficients of the divisor. After we 
use synthetic division, we find the quotient and the remainder in the last of the 
three rows. To begin the actual division, we bring the first coefficient down to the 
bottom row as follows: 


4| 2 -1 —25 


N fe 


A-2 APPENDIX A-1 Synthetic Division 


This number is the leading coefficient of the quotient. In the next step, we multiply 
4 by this first coefficient and write it under the next coefficient in the dividend 
(-1). Totaling this column gives the next coefficient in the quotient. 


a4) 2 =- = 
{ 8 
5 7 


We repeat this step until we total the last column. We multiply 4 by 7 and write the 
product under —25, then total the last column. 


4| 2 -1 —25 


2 4 [3 


We are now ready to read the quotient and remainder from the bottom row. The 
remainder is the last number in the bottom row, which in the example is 3. The 
numbers in front of the remainder are the coefficients of the quotient, written in 
2x* — x — 25 


descending order. In this example, the quotient is 2x + 7. So A 
qs 


2x + 7+ 


x-4 


3 _ 11x? — 13x + 6 
x+2 


ae oe ae x 
Use synthetic division to divide 


SOLUTION The divisor is of the correct form, and b = —2. This is because x + 2 
can be rewritten as x — (—2). Because the dividend is in descending form with no 
missing terms, we may begin. 


=2| 1 -11 -13 6 
—2 26 —26 
1 —13 13 |—20 
x? — 11x? — 13x + 6 P 20 
So =x°-— 13x+13- : 
x+2 x+2 


Now we turn to an example that has a dividend with missing terms, requiring the 
use of placeholders. 


3x — 8x —5 


Use synthetic division to divide 3 


SOLUTION | The dividend, written in descending order with placeholders, is 
3x4 + Ox? + Ox? — 8x — 5. The value for b is 3. 


3} 3 OO OO -8  -=5 


).. Or . 27 81-219 
a: § 39 73 «(214 


3x4 — 8x — 5 214 
So = ——* —* = 3x3 + 9x? + 27x + 73 + 
4=3 x=3 


Divide using synthetic division. 


Exercises A-Tmyaisabll <> 


A-1 Exercises 
—= Pp 
WATCH DOWNLOAD READ REVIEW 
x7 + 14x -— 13 
Pe ls a ; 
° x-—7 
x? + 4x — 45 
: x-5 


3. (x? + 13x = 48) = (x — 3) 
4, (2x* — 43x + 221) 


+ (x — 13) 
7x? — 11x — 12 
: be 
6 3x? + 50x — 30 
: x +17 
12x? — 179x — 154 
. x— 14 


A-3 


x+1 

x? — 34x + 58 
9, 

x—5 
—— _ 
10. ~ 59x — 63 

x +7 

xt + 8x? — 33 

3 x+8 


e 5x° — 43x° — 8x7 + 9x - 9 


C= 3 


APPENDIX 


-7 Using Matrices 
to Solve Systems 
of Equations 


Matrix 


1 5 7 20 
A matrix is a rectangular array of numbers,suchas| 0 4 -3 5 |. The 
0 0 6 6 


numbers in a matrix are called elements. A matrix is often described by the 
number of rows and columns it contains. The matrix in this example is a three 
by four, or 3 X 4, matrix. (The plural form of matrix is matrices.) We refer to 
the first row of a matrix as R,, the second row as R,, and so on. 


We can use matrices to solve systems of equations in a manner that is similar to 
using the addition method. For example, to solve the system of equations 
2x —5y = -9 —5 | aI a 
dx 4 By = a" ee Te 

first column of the matrix contains the coefficients of the variable x from the 
two equations. The second column contains the coefficients of the variable y. 
The dashed vertical line separates these coefficients from the constants in each 


A-4 equation. 


we begin by creating the augmented matrix 


Appendix A-2 Using Matrices to Solve Systems of Equations A-5 


We will use row operations to convert a matrix to a form in which we can easily 
solve the system of equations. 


Row Operations 


1. Any two rows of a matrix can be interchanged. 
2. The elements in any row can be multiplied by any nonzero number. 


3. The elements in any row can be changed by adding a nonzero multiple of 
another row’s elements to them. 


To solve a system of two equations in two unknowns, our goal is to transform 
& Big 
0 die! 


the augmented matrix associated with that system to one of the form 


ax + by = 


: ; : c : 
This matrix corresponds to the system of equations d a We can then easily 


solve the second equation for y and substitute that value in the first equation to 
solve for x. So the goal is to transform the matrix into one whose first element in 
the second row is 0. 


2. =o 5 =9 
SOLUTION The augmented matrix associated with this system is | 4 3 a A) 


We can change the first element in row 2 to 0 by adding —2 times the first row to 
the second row. 


2 -5:-9 
4 3 5-5 
2-5; -9 Multiply R, by —2 and add to R 
0 13113 ultiply R, by and add to 5. 


The second row of this matrix is equivalent to the equation 13y = 13, which can 
be solved by dividing both sides of the equation by 13. The solution of this equa- 
tion is y = 1. 


The first row of this matrix is equivalent to the equation 2x — 5y = —9. If we 
substitute 1 for y, we can solve this equation for x. 
2x — S(1) = -9 
2x —5=-9 
2x = —4 
x=-2 


The solution of the system of equations is (—2, 1). 


3x + 4y =6 
Solve fyi ee 


SOLUTION ‘The augmented matrix associated with this system is E - =| 


We begin by multiplying row 2 by 3 so that the first element in row 2 is a multiple 
of the first element in row 1. 


A-6 APPENDIX A-2 Using Matrices to Solve Systems of Equations 


[3 4 | 6 

[2 -1i-7 

[3 4: 6 

6 3) 2, Multiply R, by 3. 
[3 4 


i 6 : 
0-11! 2) Multiply R; by —2 and add to Rp. 


3x + 4y = 6 


This matrix is equivalent to the system of equations “tiy = =33" 


We solve the 


second equation for y. 


—lly = —33 
y=3 Divide both sides by —11. 


Substitute 3 for y in the equation 3x + 4y = 6 and solve for x. 


3x + 4(3) =6 
3x + 12=6 
3x = -6 
x=-2 


The solution of the system of equations is (—2, 3). 


To solve a system of three equations in three unknowns, we begin by setting up a 

3 X 4 augmented matrix. Using row operations, our goal is to transform the matrix 
abe d 

to one of the form | 0 


xty+z=1 
Solve the system 2x — 3y + 4z = 29. 
—x —2y+3z=8 


SOLUTION The augmented matrix associated with this system is 


1 1 21:1 
2  -3 4 } 29 |. We begin by changing the first element in row 2 and row 3 to 0. 
=1 =2) 218 

f- £ Wea 

2 -3 4:29 

=f =2 3:8 

Ne Os ea 

0 -5 2127 Multiply R; by —2 and add to R. Add R; to R3. 

0 -1 4:9 


Now we need to change the second element of row 3 to a 0. We begin to do that by 
changing that element to a multiple of the second element of row 2. 


tt ¢ 24 
0 =3. 2.72] Multiply R; by —S. 
0 5 20 |} —45 


iL toa 
0 -5 2 : 27 | Add R,to R;. 
0 0 -18 } -18 


A-2 Exercises A-7 


The last row is equivalent to the equation —18z = —18, whose solution is z = 1. 
We substitute this value for z in the equation that is equivalent to row 2, 
—Sy + 2z = 27. 


—5y + 2(1) = 27 
—Sy +2 =27 
—Sy = 25 
y=-5 


Now we substitute —5 for y and 1 for z in the equation that is equivalent to row 1, 
xty+z=1. 
x+(-5)+(1)=1 
x-4=1 
x=5 


The solution of this system is (5, —5, 1). 


athiab «a Hi G&G =| @ 


MyMathLab 
a PRACTICE WATCH DOWNLOAD READ REVIEW 


Solve the system of equations by using matrices. 8 x-ytrz=l 


1. 


2x + 3y = 13 
5x —4y = —-2 


. 3x — 2y = 16 


Tx + 5y = 18 


. —4x + Oy = 75 


3x — Ty = —58 


~x + 2y = —23 


6x + y = —39 
lix + 7y = 42 
19x — 13y = —78 
15x + 8y =9 


—10x + 9y = —-6 
x+ 3y+2z=11 


3x —2y-z=4 
—2x + 4y + 3z=5 


4x + 3y + 2z = 10 
4x —2y —5z=31 
9. xty+z=3 
2x + 3y + 4z = 16 
3x — y + 4z = 23 
10. x+y+z=2 
—2x — 3y + 8z = —26 
5x — 4y — 9z = 20 
11. 3x + 7y — 8z = 60 
5x — 4y + 7z = —44 
—4x + y + 10z = —36 
12 6x+ y+ 3z = —40 


3 
—5x+=y-z=2 
5x 77 ~ 2 0 


9 1 3 
+ay+—z=1 
gs ae 
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ANSWERS TO SELECTED EXERCISES 


CHAPTER 1 


Quick Check 1.1 1. -+++e++++++ 2. a) > b) < 3. a) 13 b) -8 4a) < db) > 5.9 
012345678910 


Section 1.1 1. emptyset 3. infinity 5. -++++++e++4 7. 1 
012345678910 9 
1 < 13> 15. > 17. <++++++@4+4+++ =)» 19. <+++++¢++4++ «21. HOH HHH HH HH 23.7 
-10 8 6 4 2 0 0 2 4 6 8 10 -15-12 -9 +6 -3 0 
25. —22 27.0 2% > 31. < 33. < 35. > 37.15 39.0 41.7 43. -7 45. —-29 47. > 49. < 51. < 53. A,B,C,D 55. B,C,D 
57. C,D 59. —5,5 61. Nonumber possible 63. —14,14 65. No, the absolute value of 0 is not positive. 67. Negative; explanations will vary. 


Quick Check 1.2 1.8 2. -13 3. -11 4.18 5. —-4 6-60 7. 63 8 —400 9 —9 


Section 1.2 1. larger 3. positive 5. positive 7. divisor 9. —5 11. —27 13.1 15.8 17. —-11 19.2 21. -6 23. -8 25. —22 

27. 61 29. -9 31. -11 33. -6 35. 27 37.1 39. $8 41. 4°C 43. 2150ft 45. —42 47. —40 49.180 51. —82 53.0 55.90 57. 180 
59. -9 61. —-6 63.4 65. —14 67.0 69. Undefined 71. 132 73. -8 75. —21 77. —144 79. —216 81.0 83. $92 85. —$200 

87. 19 89. —128 91. True 93. True 95. Taking away the negative number —5 from 11 is equivalent to adding the positive number 5 to 11. 

97. It is the opposite of the product of a positive integer and a negative integer. 


Quick Check 1.3 1. {1,2,3,4,6,9, 12, 18,36} 2. a) Composite b) Prime c) Composite 3.3:3-7 4a) b) xk 5.99 6.2 


Section 1.3 1. factor set 3. composite 5. top 7. common factors 9. improper 11. No 13. Yes 15. Yes 17. {1,2,3,4,6,8, 12, 16, 24, 48} 
19. {1,3,9,27} 21. {1,2,4,5,10,20} 23. {1,3,9,27,81} 25. {1,31} 27. {1,7,13,91} 29. 2-3-3 31. 2-3-7 33. 3-13 35. 3:3-3 37.5-5°5 


: : 5 1 4 27 10 7 19 50 151 4 
39. Prime 41. 3-3-11 43. Prime 45. 2:2:2-3-5 47. 8 49. 5 51. 9 53. 6A 55. rel 57, B 59. 5 61. 7 63. i 65. or 
3 8 
67. 47 69. 19 71. Answers will vary. One possible answer is &. a i and Ro 73. Answers will vary. One possible answer is 30, 42, 70, and 105. 


75. Answers will vary; some possible answers include cooking and construction. 


Quick Check 1.4 1.5 2.23 34 44 5.2 6113 7.126 8 2 9.14 


i : ; ay . : 1 22 2 1 
Section 1.4 1. improper fraction 3. Invert the divisor and multiply. 5. least common multiple (LCM) 7. 18 9. 7 11. 2 5 13. 31 7 

16 27 7 17 5 21 pal 2 3 31 53 
15. 7 17. 0 19. ‘| 21. 0 23. rm 25. 50 27. 15 29.1 31. 5 33. 3 35. 30 37. 84 39. 80 41. 280 43. 20 45. 10 

1 5 1 13 1 3 41 17 146 89 67 8 8 17 56 
47, 11 5 49. 11 6 51. 5 53. 78 55. 4 4 57. 350 59. 36 61. 48 63. 105 65. 90 67. 740 69. 5 71. 75 73. A 15s 45 
6 83 ies 7 Dap 7 

77. 104 79. 2 35 81. 168 83. 168 85. 8 87. 14 89. 1;;cups 91. 55 fluid ounce 93. 75 of a foot 


95. No, the craftsperson needs 3 feet of wood. 97. 3 cup 99. You cannot divide a common factor from two numerators. 
Quick Check 1.5 1. 0.75 2.0.27 3.72 4. a) 70% b) 523% 5.42% 6.a) 4 b) G 7. a) 0.08 b) 24 


Section 1.5 1. tenths 3. numerator,denominator 5. divide 7. 7.85 9. -36.4 11. 4.7 13. 33.92 15. —8.03 17. 35.032 19. 55.2825 


1 1 37 
21. 94 23.0.9 25. -2.875 27. 0.52 29. 24.58 31. 5 33. = 35. 50 31. = 39. 101.4°F 41. $224.33 43. $257.64 45. 75% 47. 80% 


1 1 
49, 875% 51. 675% 53. 40% 55.15% 57.9% 59. 320% 61. 3 63. wi 65. 9 67. 5% 69. 0.54 71. 0.16 73. 0.07 75. 0.003 77. 4 


3 6 1 8 
79. Answers will vary. Possible answers include 8 16° = 81. 5 20% 83. 5° 0.32 85. 1.625,162.5% 87. Answers will vary. They now match 


US. currency—dollars and cents. 


Quick Check 1.6 1. $854 2. a) 30, b) 43 3. Mode:65; midrange: 61 4. 23 centimeters 5. Age of Cruise Passengers 


AN-1 


AN-2 Answers to Selected Exercises 


Section 1.6 1. center 3. mean 5. mode 7. range 9.59 11. 46.75 13. 76 15.59 17.56 19. 32,41 21. none 23. 129,134 

25. 435,162 27. a) 23, b) 22, c) 30, d) 22.5, e) 19 29. a) 52, b) 49, c) 63, d) 54.5, e) 37 31. a) 63, b) 67, c) 44,76, d) 58, e) 56 

33. a) 264, b) 266, c) 210, d) 275, e) 412 35. 100.25 37. 133 39. 115.2 41. 109 43. 95 45. 16.5 47. a) $217.80, b) $219, c) $199, $219, $259, 
d) $213, e) $172 49. a) 295.375, b) 270.5, c) none, d) 377, e) 394 51. a) 1003, b) 955, c) none, d) 1067.5, e) 1359 53. 76 55. 105 


57. 10 59. SAT Math Scores 61. High School Graduation Rates 63. Frequency: 2, 11,30, 15,2. Heads in 1000 Tosses 
16 20 35 
14 30 
12 15 25 
g 10 g a 20 
3 of 3 15 
=z 6 & = 
4 5 10 
jl 
460 480 500 520 540 560 580 600 620 45 50 55 60 65 70 75 80 85 450 470 490 510 530 550 
Average Score Graduation Rate (%) Heads 
65. Frequency: 2,9, 10,5, 9,1 1Q’s of 36 College Students 67. Score | Frequency 69. Height Frequency 
12 
10 50 to 59 9 150 to 154 3 
» 8 60 to 69 8 155 to 159 5 
3 é 70 to 79 11 160 to 164 7 
Ey 80 to 89 8 165 to 169 7 
2 90 to 99 9 170 to 174 8 
0 1 175 to 179 4 
85 95 105 115 125 135 145 


1Q 


Quick Check 1.7 1. 64 2. qq 3. -84 4.1 5. 360 6. —84 


. : 27 
Section 1.7 1. base 3. squared 5. grouping 7. 2? 9. (—2)* 11. -3° 13.5% 15. 81 17. 16,807 19. 1,000,000 21.1 23. — 


64 
25. 0.00032 27. 81 29. —128 31. 200 33. —144 35. 21 37.16 39. —23 41. —1444 43. 14.9 45. —-71 47.25 49. 51 51. a 


11 1 1 10 


53. 105 55. 1 57. 4 59. 3 61. 151 63. —100 65. —64 67. -1995 69.7+4+4+5°6 71. 5-—11+2- 3° 73. 1024 


75. 1,073,741,824 77.3 79.9 818 83 3°5-9+8=14 85. (3+7:9) +2=33 87. Explanations will vary. (—2)° = 64, -2° = —64 


Quick Check 1.8 1.x%+9 2.x%-—25 3.2x 4 m0 5.57 6.128 7.97 8. 35x — 28 9 12x — 24y + 36z 10. —24x — 66 
11. Four terms: x°, —x”, 23x, —59; coefficients: 1, —1,23,-59 12. -2x+ 8y 13. 19x +7 14 —2x +51 


Section 1.8 1. variable 3. evaluate 5. associative 7. term 9% liketerms 11. x +15 13. x — 24 15. 3x 17.2x +19 1% x+y 

21. 7(x — y) 23. 325c 25. 25,000 + 22a 27. Nine lessthananumber 29. Seven timesanumber 31. Ten less than eight times a number 

33. 79 35. —87 37. 46 39. 88 41. —20 43.0 45.49 47. 44 49, —31.95 51. 8.91 53. a) 7-5 #5-—7 b) Yes,aandb must be equal. 
55. 3x — 27 57.15 — 35x 59 —10x— 14 61. —54x + 30 63. 16x 65. —5x 67. 7x +4 69. —2x —22y 71. 10x —8 73. 8x — 29 

75. —9y +85 77. 302 +6 79. —10a — 5b + 26c 81. a) 4 b) 5x°,3x*,-7x,-15 ce) 5,3,-7,-15 83. a) 2 b) 3x,-17 ©) 3,-17 85. a) 3 
b) 15x?,-41x,55  c) 15,—-41,55 87. a) 4 b) —35a, —33b,52c,69 ¢) —35, —33,52,69 89. Answers will vary. Items are worth $60 each. 


Chapter 1 Review 1.< 2.> 3.8 4.13 5.6 6-12 7.-7 8 -3 9. —-41 10.27 11. —37 12.20 13. -54 14. 16 


4 1 20 
15. {1,2,3,6,7,14,21,42} 16. {1,2,3,4, 6,9, 12, 18,27, 36,54,108} 17. 2+2+2+2-2 18. 2-2-3-5 19 7 20. 8 21. ti7 22. 14 
17 307 4 1 21 1 14 32 29 89 1 29 25, > 21 
23. 24, 25.3— 26.9- 27. 28. 2- 29. 30. 31. 32. 33. 34, 35. 36. 37. 
3 25 5 6 100 3 25 75 24 60 6 252 77 24 104 
5 
38. D 39. 12.62 40. 8.818 41. 30.24 42.8.8 43. 0.32 44. 0.9375 45. 3 46. x 47. 40% 48. 28% 49. 90% 50. 45% 
3 11 
51. 10 52. 20 53. 0.9 54. 0.04 55. $17 56. —$47 57. $12,600 58. 4é cups 59. 76.5 inches. 60. 126.5 61. 88,89, 20 
8 87 
62. Systolic Blood Pressure, 63. 64 64. —~ 65. —64 66. 6075 67. 37 68. 22 69. 48 70.60 71.51 72. 73. x + 14 
25-Year-Old Females 125 100 


Frequency 
Ss 


80 90 100 110 120 130 140 
Systolic Blood Pressure (mmHg) 


74. x—20 75.2x—8 76. 6x +9 77. 3.55c 78. 20+ 0.15m 79. 44 80.25 81.56 82. —69 83.0 84. 84 85. 5x +35 86. 27x 
87. 5x —8 88. —l6oy +126 89. 5k —48 90. 3x — 303 91. a) 4 b) x3,—4x2,-10x, 41 ©) 1,—-4,-10,41 92. a) 3 b) —x2, 5x, —30 
c) -1,5, -30 


Answers to Selected Exercises AN -3 


12.8-(-19)-7 15. 42 18. 


_ _ 1d Pie "24 2:2-2-3 4 
8+19-7 1:42 (2) (2) a ro) 2-3-7 7 


=27-7 2-21 - Gy G) 
2a sd 60 = 2-2-3-5 
6°7 


{1, 2,3, 6, 7, 14, 21, 42} 


. = 5 = B= 3) 
24, Om 47 307 26. 9 27. 3 an “4 +h . 43. 0.32 45. 0.75 = 7 =} 
1255 = 95 6) 55 16% 100 Soo te 25) 8.00 
—54 4 25 = 29 —75 
ee 24 S= 
1 50 
55 1 
% = % —50 
0 
2 = 0.32 
a 2. en 51. 30% =M=3 7154-27232 83. x2 - 7x — 30 88. 8y — 6(4y — 21) 
5 =54-27+9 (-3)? — 7(-3) - 30 = 8y — 24y + 126 
=54-3 =9+ 21 - 30 = —loy + 126 
=51 =0 
Chapter 1Test 1.> 2.17 3. -6 4.63 5. {1,3,5,9,15,45} 6. 2-2:3-3-3 7. 5 p38 9 2 7 2 1 —! 43 182735 
p . . . . Fm (lle Peal ee ke : -7 8 375 9 oF Dp 6 a5 . 18. 


5 
14. 2 15. $6487 16. $795.51 17. 48 18. 0.06 19. 55,45 20. -24 21. 25 22. T7238 4n—7 24, 50+ 20h 25, 61 26. —1 
27. 10x — 65 28. —9y + 240 


CHAPTER 2 
Quick Check 2.1 1. Yes 2. {-16} 3. {14} 4. {-16} 5. {$} 6. {-30} 7. {15} 8. $65 


Section 2.1 1. equation 3. solution set 5. For any algebraic expressions A and B and any number n,if A = B, then A + n = B + nand 
A-n=B-—n. 7. No,there is a term containing x*. 9. Yes 11. Yes 13. Yes 15. No, there is a variable in a denominator. 17. Yes 19. No 
11 

“\ 31. {0} 33. {-7} 35. {14} 37. {—45} 39. {21} 41. {-96} 43. {8} 45. {—-10} 
47. {2.17} 49. {7} 51. {-8} 53. {43} 55. {2.5} 57. {9} 59. {20} 61. {3} 63. {23} 65. {-9} 67. {-4} 69. {-4} 71. {12} 


73. {16} 75. {30} 77. {—41} 79. {-77} 81. {-56} 83. {-18} 85. {-2} 87. {0} 89 x-3=4 91 2n=5 93. 0.05x = 1.35; 


21. Yes 23. No 25. {-13} 27. {14} 29. { 


10 
27 nickels 95. 3x = 477;159 people 97. x + 8 = 174; 166employees 99. x — 19 = 37;56°F 101. Explanations will vary; cannot divide by 0. 


Quick Check 2.2 1. {7} 2. {-8} 3. {8} 4. {-9} 5. {2} 6 {-3} 7. {-6} &@ 9R 10. y=—=45 lx =*% 


Section 2.2 1. LCM 3. theemptyset 5.b 7. {-3} 9 {3} 11. {-7} 13. {0} 15. {5.7} 17. {-10} 19. {-$} 21. R 23. {3} 


25. {6} 27. {-2} 29. {125} 31. {26} 33. {18} 35. @ 37. {-5} 39 {1200} 41. {8200} 43. {30} 45. {3} 47. {37} 49. {mel 


87 
51. {7} 53. Answers will vary;5x — 6 =5x — 7 55. Answers will vary;2(x — 4) - 3 = 2x — 11 57. Answers will vary; x + 3 = —8 


59. y= —-5x-2 61. y= 4 6. y= Xt 65.b=P-a-c 67.t=4% r= TI. 20°C 73. 87 75. a) 80kites b) $6.50 


1 
c) $12.75 77.4 79.15 81. {-$} 83 R 85. {E) 87 x= 24s 89, {3} 91. {1800} 93. Answers/explanations will vary;x = 3, x = »+2 


Quick Check 2.3. 1. 8 2. Length: 24 feet; width: 16 feet 3. 14 inches, 48 inches,50 inches 4. 70,71,72 5. 7hours 6. 17and 86 7. 22 nickels 
and 9 quarters 


Section2.3 1.b 3.b6 5.x+1,x+2 7 x+2,x+4 9.46 11.145 13. 8.9 15. Length: 9 meters; width: 4 meters 

17. Length: 18 feet; width: 10 feet 19. Length: 52 centimeters; width: 13 centimeters 21. 55 feet 23. 45 centimeters 25. 8 inches, 13 inches, 15 inches 
27. 1linches 29. A: 60°; B: 30° 31. 20°,70° 33. 42°,138° 35. 50°, 60°, 70° 37. 667 square inches 39. 52inches 41. 152,153,154 

43. 80,82,84 45. 73,75,77,79 47. 15,16,17 49. 500 miles 51. 5} hours 53. 1+} meters persecond 55. a) 15 hours b) 560 miles 

57. 6hours 59. Shours 61. 27,44 63. 44,52 65. 13,18 67. 18 quarters 69. 90 students 71. Answers will vary. Width is 30 feet less than 
length; perimeter is 140 feet. 


Quick Check 2.4 1.11 2.65 3.70% 4.140 5.54% 6. $60.90 7. $5000 at 3%;$7000 at5% 8. $850 at 4%;$1050 at5% 9. 20 mL of 
30% and 60 mL of 42% 10. {33} 11. 68dentists 12. 79.45 kilograms 


Section 2.4 1. Amount = Percent: Base 3. original value 5. 7 = P+r-t 7. proportion 9. 36 11. 230 13. 87.5% 15. 39 17. 163.2 
19. 44 21. 84 23. 1025 25. 300mL 27. $4095 29. $3.25 31. 7.5% 33. a) 400 b) 100points c) 25% 35. 13.6% 37. 122.2% 


AN-4 Answers to Selected Exercises 


39. $700 at 2%, $1400 at5% 41. $2500 at 4%, $4000 at 5% 43. $5000 45. $3000 47. 24 gallons of 70%, 36 gallons of 40% 49. 400 gallons of 
5%, 600 gallons of 2% 51. 11 milliliters 27%, 33 milliliters 43% 53. 1.28 liters 40%, 0.32 liters pure alcohol 55. 240 milliliters 57. {32} 

59. {36} 61. {81.75} 63. {62.1} 65. {9} 67. {3} 69. 5520 females 71. 22.5 tablespoons 73. 144 teachers 75. 23.4 in. or 23.6 in. 

77. 4.0 gal 79. 1761b or 176.21b 81. Answers will vary; $10,000 more at 5% than 3%; total interest: $2100. 


Quick Review Exercises 1. {6} 2. {-16} 3. {13} 4. {16} 
i ; i l. et , (— 8, 2x 25, <a  ee , (5, 
Quick Check 2.5 1. EEE + Omi 2. <7, mit (—00,7) 3. x 25, «tty +f onemmite, [5, 00) 


4, 4 3. ,(-©,-3) 5. x = —6, <+-+ommeee [—6,00) 6. 4 < 40rx = 7, <i —- om 
10 2° 0 2 4 6 8 10 


38 6 42 0 2 


(—00,4JU[7,00) 7-3 <x <2, <}Ommimaetottt> , (3, 3) 8. x < 130 9. lower than 48 


8 6 4 2 0 


Section 2.5 1. linear inequality 3. interval 5. compound 7. <=> ,(—00,3) 9. <+¢mjmmjemjemiemiemiemie , [—1, 00) 
4°20 274 2°70 2°46 


9 
VL, <<} Ot ,(—2,8) 13. (2, 00) 15. <emeegt——}++-Omeme , (— 00,2] (8,00) 17. x >5 
jo 2 ee AG 2 0 2 4 6 8 10 


2 0 2 4 6 8 10 2 


19. -4<x=<=7 2x <2orx>9 23.4 < -4 25, x < —4, <embmmimiott ,(—00,-4) 27. x > 6, <++++4-+0=mmime | (6, 00) 
8 6 4+ 2 0 0 2 4 6 8 10 


29. x < —3, <font} > ,(—00,—-3) 31. x = —3.5, < + (ebm [—3.5,00) 33. x <4, <font > , (—00, 4) 
-10 -8 -6 4 2 0 6 4-2 0 2 4 42 0 2 4 6 


5 5 
ce CRESS | . < o . > OS | 
35. 2 = = 10, “10° 5 05 vL=10, 00) Bte > 7, 0 2 4 6°8 10 a7, 02) Den ae as 0 2 4 6 8 wr (3.0) 

bl 


11 
7 > —8, <1 One (8, 00 . > -5, AC 00 5 <= x > -2, <_--Oe—EEEE 
al. x 8, s5t8 6 42 0 2 »( 8, ) 43. x 2> 6 42°02 4 6 if 2° ) 45. x fone 2, -6 -4 -2 0 2 4 ’ 


~oo.— = es a = 
(-00,-4)U(-2,00) 47. x = 2o0rx = 5, ——— => .( 00, 2]U[5, 00) 49% x > 60rx < 3, 


(-00,3)U(6,00) 51x <7, 


co,7 


Oe _ 
2 0 2 4 6 8 10 2. 2 oy 2 es ee ay 


3 Sto omit (00 2 7 <4 Oni | ( — 
53. x <3 or x = 3, pmpemmtet omen | (—00,3]U[3,00) 55. 1 < x < 4, <p +f omemememmo tt, (—1,4) 
16 DO i _,, |16 25 
Tela ae og ar ae [22] 
63. Answers will vary. 8 is not less than3. 65. x =2 67. x < 30 69. 0.10x = 30, atleast 300 71. 0.07x + 19.95 = 85, at most 929 
73. x = 0.15 -37,500, at least $5625 75. (92 + 93 + 85 + 96 + x)/5 = 80, atleast 34 77. Explanations will vary; produces opposite relationship 
between two quantities 


<<} Omi) > = = - 
57.1 <x <7, +f Omememmiminott> (1,7) 59, 3 < x < 6, [Omelette +> | ( 


Chapter 2 Review 1. No 2. Yes 3. {16} 4. {-6} 5. {-6} 6. {-6} 7. 8x = 944,118 people 8. x — 23 = 189,212 points 9. {7} 
10. {-9} 1. {2} 12. {36} 13. {10} 14. {3} 15. {-33} 16. {-3} 17. {16} 18. {-7} 19% y=-7x+8 20. y= E28 


2. d=" 22.4="-2—* 23, 36,62 24, Length: 16 feet; width:9 feet 25. 66,68,70 26. 43hours 27. 41 dimes 28. 19 29. 373% 


7 


30. 4250 31. 5786 32. 633% 33. $12,300 34. $47.96 35. $1700 at 6%, $300 at 5% 36. 32 milliliters 17%, 48 milliliters 42% 37. {4} 
38. {32} 39% {78} 40. {50} 41. 6408 students 42. 15 43. x < —3,(—0o, -3) 


a en ne ON 
-10 -8 - + 2 0 


44. x > —5,(—5, 00) <+Cmmjemjeiememioi §— «45, x = 5, (5,00) <++4+++ Omen §=— 46. 0 = —4,(—00, —4]  <ecpmnpmejieg—} ttt > 
6 42 0 2 0 2 4 6 8 10 -10 -8 -4 -4 2 0 


47. x < —60rx > 7,(—~, -6)U(7, ©) <efmemmts4 t 
-10 -8 -6 4 4° 6°8 10 


48. x = —8o0rx = —3, (—o0, -8]U[ 3, 00) <font 49. —5 = x = 10,[—5, 10] amine ~ 
~10 = > z= 2 


t +++ 
2 2 


50. —1 < x < 10,(—1,10) ——————— 51. x =7 52. Atleast $34.75 53. 79 to 100 


Chapter 2 Review Exercises: Worked-Out Solutions 


1 4x +9=19 4. —9x=S4 6 a+14=8 9. Sx —8 = 27 13. 23 =3 
4(7) +9 = 19 ra at+14-14=8-14 5x —8+8=27+8 12-2 = 19-3 = 1S 
28+9=19 x=—-6 a=-6 5x = 35 2x -5=15 

37 = 19 {-6} {-6} ee Wx-54+5=1545 
False Sa 2x = 20 
x = 7 is not a solution. {7} =o 
x = 10 
{10} 
16. 2m + 23 =17— 8m 22. P=3a+b+2c 24 Length:x 30. 1360 = 0.32x 
2m + 23 + 8m = 17 — 8m + 8m P—b-2c = 3a Width: x — 7 ime = $e 
10m + 23 = 17 pobie se 2x + 2(x — 7) = 50 4250 = x 
10m + 23 — 23 = 17 — 23 q=f—h—% 2x + 2x — 14 = 50 
10m = —6 4x — 14 = 50 
10, —6 = 
tm 8 4x = 64 
m=-3 x= 16 
{-3} Length: x = 16 


Width: x —7=16-—7=9 


Answers to Selected Exercises AN-5 


31. x = 0.55- 10,520 37. tos 41. 3 = gas 46. 3x +4 = -8 49, -21<3x-6=24 
x = 5786 1-27 = 6-18 3+14,952 = 7+n 3x <= -12 -15 < 3x = 30 
27n = 108 44,856 = 7n x= -4 -S5=x=10 
ees 6408 =n (00, —4] [—5, 10] 
+n SESS SSeS 
ra eet ae 4°3°0°2°4 +6 8 10 
52. 2x = 69.5 
2x. 695 
20° 2 
x = 34.75 


The price needs to be at least $34.75. 


Chapter 2 Test 1. {—7} 2. {-39} 3. {8} 4 {-7} 5. {S} 6 {-3} 7 {12} 8 {55} 9 y=— == 10. 28 11. 15% 


12. x S< —3,(—00, 3] <eepemtemtto > 13. x = -9 = -3,(-00,-9 300) <meta 
* 2s (~~ 9] -10-8 6 4 2° 0 > eee ed ae pet a 2°02 46 


14. -10 < x < £,(-10,*%) ————— 15. Length: 23 feet; width: 13 feet 16. 17$5 bills 17. $6600 


18. 37.5 milliliters 13%, 62.5 milliliters 21% 19. 88 professors 20. At least 34 


CHAPTER 3 


Quick Check 3.1 1. No 2. 3. A (—6, 2), B (—2,6),C (0, -5), D (—4, -2), E (8,1) 4. Netflix Subscribers 


e 
CS ———— 


————s 


21 


Subscribers (millions) 
> 
1 


rr | 
2004 2006 2008 2010 
Year 


5. y= —4 6. y x y 7, y 
‘ (9, 3)@ 4 —2 
SaaS? Tse 8 10 9 3 
2 e 
4,2 
os (4,2) 4 =a 
1,-Te . 
Cle, 


Section 3.1 1. Ax + By =C 3. x-axis 5. origin 7. Yes 9. No 11. Yes 13. Yes 15. Yes 17. 


23. A (—3, 1), B (2, -5), C (—6, 4), D (0, 3) 


25. A (30, 15), B (—40, 0), C (-10, -30), D (-15,15) 27.1IV 29,1 31.1 33. IV 35. 


Ww 
a 
So 


Rs 
oo 
@ 
« 

e 


©) 
So 
S 


a 
=) 
° 


3 


Complaints (1000's) 


w 
So 


So 


T T T T T 
2000 2002 2004 2006 2008 
Year 


AN-6 = Answers to Selected Exercises 


10000 ——————# 


37. 18000 39. 300 41. —-1 43. —-5 45.11 47.2 49. —-2 51 3 53. y: —1,4,9 
16000 be 250 
e cy e 
14000 = 200 ny 
A = . ¢ 
= 12000 ° % 150 = 
a 5 
of 
g 


8000 . sot-* 

e 

6000 T T T T T T 1 0 T T T T 

2003 2004 2005 2006 2007 2008 2009 2002 2004 =2006 =. 2008 
Years Year 


55. y:—9,-5,-3 57. y:—4,—-2,2 59. Example:x + y= 7 61. Example:5x + 4y = 24 63. 


67. y 69. 73. 


Quick Check 3.2. 1. (—4, 0), (0,5) 


b) It will take five months before Nancy breaks even. 


a 


8 
6 
4 
2 


75. Explanations will vary. 
The first coordinate gives 
the horizontal location. 


Section 3.2. 1. x-intercept 3. vertical 5. Substitute 0 for y and solve for x. 7. (—3,0), (0,6) 9 (1,0), (0,5) 11. No x-intercept, (0, 2) 
13. (6,0), (0,6) 15. (—8,0), (0,8) 17. (2,0), (0,3) 19 (10,0), (0,-6) 24. (5,0), (0,6) 23. (8,0), (0,8) 25. (4,0), (0, -10) 
27. (0,0), (0,0) 29. No x-intercept, (0,2) 31. Answers will vary. An example is x + y = 4. 33. Answers will vary. An example is -2x + Sy = —50. 


35. (4,0), (0,4) ; 37. (—3, 0), (0,3) 39. (5,0), (0, -2) 


Answers to Selected Exercises AAN-7 


41. (—8, 0), (0, -6) 45. (4,0), (0, —4) 


47. (3,0), (0,7) 49. (0, 0), (0,0) 


57. a) (0, 12,000); the original value of the copy machine is $12,000. b) (8, 0); the copy machine has no value after eight years. c) $7500 
59. a) (0, 300); the cost to belong to the club is $300. b) Because the minimum cost is $300, the cost toa member cannot be $0. ¢) $1500 


Quick Review Exercises 1. y= —-2x +8 2 y=4x-6 3 y=4x+5 4. y=—-3x +2 


Quick Check 3.3 1. -2 2.3 3. — 4. Slope is undefined. 5.m=0 6. m=3,(0,-6) 7. m=-—3,(0,5) 8 y=5x-4 


11. Slope is 218; number of women accepted to medical school increases by 218 per year. 
y-intercept is (0, 7485); approximately 7485 women were accepted to medical school in 
1997. 


: ; : F : igs 1 3 
Section 3.3. 1. slope 3. negative 5. horizontal 7. slope-intercept 9. Negative 11. Positive 13. —~ 15. “7 17.0 192 21.3 


2 
4 9 
23. “3 25. i 27. 0 29. Undefined 31. y-intercept: (0, 4); m:0 


33. x-intercept: (3, 0); m: undefined 37. x = 6; m: undefined 


39. y=2;m:0 41. 6,(0,—-7) 43. —2,(0,3) 45. (0. *) 47. =. (0. *) 49, z.(o. 2) 51. y=-2x+5 53. y=3x-6 


AN-8 Answers to Selected Exercises 


55. y=—4 57. 


67. 


79. 


89. (1, -3) 


1 3 
c) $7000 93. a) 3 b) 7 95. + 97. Positive; the unemployment rate (y) increases as the time after the statement (x) increases. 


Quick Check 3.4 1. Cost = 19.95 + 0.15x; domain: set of all possible miles; range: set of all possible costs 2. —3 3. 7a + 44 
5. 6. a) —6 b) 3 


Section 3.4 1. function 3. range 5. linear 7. Yes, each player is listed with only one team. 9. Yes, each person has only one mother. 

11. a) Yes, b) No 13. a) Yes, b) No 15. Yes 17. No, the x-coordinate 5 is associated with two y-coordinates. 19. No, the x-coordinate 2 is 
associated with five different y-coordinates. 21. a) F(x) = 2x +32 b) 32° F,212° F,86° F,14° F,—40°F 23. a) f(x) = 7x + 36 b) $120 

25. f(x) =4x+3 27. f(x) = —-3x-—4 29 f(x) =6 31. —22 33. -77 35.13 37. —-25 39.1 41. 3a+4 43. 7a +19 45. —6a + 31 
47. 6x + 6h +4 49, 55. 57. 


ed 


NB Do 


<= 


59. a) 4 b) —1 ce) Domain: (—09, 00); range:(—00, 00) +61. a) 3. b) —2 ce) Domain: (—0©%, ©); range: (—09, 00) 
63. a) 5 b) Domain: (—0o, co); range: {5} 65. Answers will vary; A: people, B: {1,...,12}, person to birth month, birth month to person. 


Answers to Selected Exercises AN -9 


Quick Review Exercises 1. m = -3 2,.m=? 3.m=% 4.m=-1 


Quick Check 3.5 1. No 2. Yes 3.5 4. Yes 5. Yes 6. —3 7. Neither 8. Parallel 9. Perpendicular 
Section 3.5 1. parallel 3. vertical 5. parallel 7. Yes 9. No 11. Yes 13. No 15. Yes 17. Yes 19. Neither 21. Perpendicular 


1 3 
23. Parallel 25. Neither 27. Parallel 29. Perpendicular 31. Parallel 33. Neither 35. Parallel 37. —6 39.5 41. —3 43. “3 45. 5 


7 
47. ri 49. -4 51. Yes 53. Yes 55. One example: rails on railroad tracks 57. Find the slope of each line by solving for y. If the two slopes 
are equal, the lines are parallel. 


Quick Review Exercises 1.m=-2 2m={ 3m=5 4 m=} 


Quick Check 3.6 1. y=2x+3 2 y=-3x+6 3. f(x) 4x +5 4y sx+4 5. y=4 6 y =31l6x + 3620 7 y=2x+2 
8. y= —4x + 6 


. 1 2 
Section 3.6 1. y— y,=m(x-—%x). 3 y=3xt+5 5 y 5% 2 Tiy=7x-3 KY 3x +5 ll. y= 3x3 13. y=5x+8 


15. y=3x—-17 17. y = —4x + 22 19 y= Sx 21. y=5 23. f(x) = —2x + 15 28. f(x) = Zx-8 27. y=x—-5 29% y=3x+6 


6 1 
31. y = 5x 33. x = —2 35. y= —3x +2 37. y=x-4 3% y=x-6 41. a) y= 10x + 36 b) $36 43. a) y = 12.50x + 176 


b) $176 c) $12.50 45. a) y = 30x + 500 b) $500 c) $30 d) $6500 47. y=—-2x—-15 4. y=3x—-18 S51. y=7 53. y= -3x eo] 


5 1 5 
a daar a 57,.x=-5 52 y=x+3 yas ee 63. y= —3x + 4 65. y= Ge + 23 67. y=11 69% y= 4x 4+ 21 
71. y = 14x — 37 73. Explanations will vary. Vertical line: each x-coordinate is the same value. 


Quick Review Exercises 1. 


Quick Check 3.7 1. 


10 20 30 40 50 60 


Section 3.7 1. solution 3. dashed 5. a) Yes, b) No, c) Yes, d) Yes 7. a) Yes, b) No, c) No, d) No 9. a) Yes, b) Yes, c) No, 
d) No 11. y 15.A 17,.A 19% S 21. < 23. 


Ta | ae Os Ns as os a | 
e246 8 
3 ae 


=aie 


25. 


AN-1 0 Answers to Selected Exercises 


35. y 37. yS-x-—5 39% y> 8x 41. 
st 
6b 
4b 
ab 
mie 
4b 
6+ 
-8- 
i 
47. y 49. y 51. x + y > 50 y 53. y 
t t 
: 20 A x tf 
10F ’ ft. OL 
é [ as suf 
4 30-10 F 19°20 30 > * a, a 
10h @ L *s - 
2 20h wt) a ws 0" 
-30f 10 20 30 40 50 a’, 
ar 4h e % 
PL Ag ‘S 
ysob ~“Y SY 
5 : ya 
Fil 


55. Explanations will vary. The line contains points for which the two sides are equal. 


Chapter 3 Review 1. A (7, —2), B (—5,—-1),C (-1,-5),D (0,8) 2. I 3.11 4.No 5. Yes 6. Yes 7. (—20,0),(0,5) 8 (—3,0), (0, 15) 
7 


9. (0,0) 10. (2.0)... -2) I. (—4,0), (0,6) 12. (—8, 0), (0, 2) 


15. (4,0), (0, 6) 


.3 18. -4 19.1 20.0 21. —2,(0,7) 22. 4,(0,-6) 23. —=, (0,0) 2A. 2,(0,-3) 25. —3, (0,6) 


26. 0,(0,-7) 27. 29, 


Answers to Selected Exercises AN-11 


2 
33. Neither 34. Perpendicular 35. Parallel 36. y= —4x —2 37. y= ro 6 


38. a) f(x) = 720 + 50x b) $1270 c) 41 months 39. —11 40. 43 41. 15a +4 42. a) —7 b) 6 


c) (—00,00) d) (—00,00) 43. y=x-6 44. y=—5x+8 45. y= -Sx +3 46. y= —2x —3 


a y=sx44 48. y=3 49. y=Sx +6 50. y = 3x 51. 


53. y 
at 
iN [ 
sof 
a 
a; = ne 
vob 
woL 
‘+r 
“Ih 
-10 
y 
58. 
Chapter 3 Review Exercises: Worked-Out Solutions 
4. 4x — 2y = 16 7. x-intercept y-intercept 
4(5)—2(-2) = 16 2x — 8(0) = —40 2(0) — 8y = —40 
20 + 4 = 16 2x = —40 —8y = —40 
2x —40 78 = 
24 = 16 ZF =a = = =2 
False, so (5, —2) is not a solution ara am 
(—20, 0) (0, 5) 
11. x-intercept y-intercept 17. (x,, 1): (—5, 3)(%2, yx): (—3, 9) 24. 4x — 2y =9 
3x + 2(0) = 12 3(0) + 2y = 12 ma 2H ye —dAy 9 
—3x = 12 2y = 12 27 M1 -2y ay 9 
= _9-3 SY _ mde yp 0 
x=-4 y=6 m = 3 —(-3) ee tia 
(—4, 0) (0, 6) m= 8 ya2x-3 
y m=3 m = 2, y-intercept: (0, 3) 


AN-12 Answers to Selected Exercises 


27. Put the y-intercept (0, —6) on the graph 
The slope is 3. 
Beginning at (0, —6), move up 3 units and 
1 unit to the right. 
Plot a point at the location (1, —3). 
Graph the line that goes through these two 


33. The slope of the line y = 2x — 9is2. 
The slope of the line y = —2x + 9is —2. 
Since the two slopes are not equal, the lines are not parallel. 
Since the two slopes are not negative reciprocals, the lines are not 
perpendicular. 
So, the two lines are neither parallel nor perpendicular. 


points. 
38. a) The fund started with $720 and added $50 for each 39. f(x) =9x +7 44, y— y, = m(x — x) 
month (x), so the function is f(x) = 720 + 50x f(-2) = 9(-2) +7 y-—3=—-5(x - 1) 
b) Substitue 11 for the number of months. f(-2) = -18 +7 y-3=-5x+5 
f(x) = 720 + 50(11) = 1270 f(—2) = -11 y=-5x +8 
There will be $1270 after 11 months. 
c) Set the function equal to $2750 and solve for x. 
720 + 50x = 2750 
50x = 2030 
x = 40.6 
Rounding up to the next month, it will take 
41 months. 

46. (1,91): (—2, 1), 2, Y2): (2, -7) 49. The line passes through (—2, 3) 57. Graph the dashed line 3x + y = —9 
First, find the slope of the line. and (2,9). The x-intercept of the line is (—3, 0) 
m= 7 m=z Ca =$=3 The y-intercept of the line is (0, —9). 
m= a Sh y — 3 =3(x — (-2)) Select (0,0) as a test point. 

= y-3=3x4+3 3(0) + (0) < -9 
Se y=3x + 6 0<—-9 


Since this inequality is false, the test point (0, 0) 
is not a solution. 
Shade the half-plane that does not contain (0, 0) 


Then find the equation of the line. 
yy = m(x — x) 
y 1 = ~2(x ~ (-2)) 


yet] fe 2) a: 
y-1=-2x-4 ‘oof 
eae 
y= —2x — 3 “soy fo 

Vr 

Ar 

‘ot 

—10y 

v 


Chapter 3 Test 1. II 2. Yes 3. (—3,0), (0.3) 4. (6,0),(0,21) 5. (3,0), (0, -6) 


1 3 
6. (6,0), (0, —4) y 7. -z 8.7,(0,-8) 9 —3,(0,9) 10. 


5 
12. Parallel 13. y= —6x+5 14.13 15. y= ~ 5 +4 16. y= —-2x-8 


Answers to Selected Exercises AN-1 3 


17. 20. F 


CHAPTER 4 
Quick Check 4.1 1. Yes 2. (5,0) 3. (2,4) 4. (-5,2) 5. Nosolution 6. (x, —ix+ 2) 


Section 4.1 1. system of linear equations 3. solution 5. inconsistent 7. Yes 9. No 11. Yes 13. No 15. Yes 17. (2,4) 19. (—3,6) 
21. (4,3) 23. (5,-2) 25. Dependent, (x,2x + 4) 27. (—2,0) 29. (—3,-10) 31. (0,4) 33. Inconsistent,@ 35. (—4,—9) 37. Answers 


will vary. Following is a correct example. 39. Answers will vary. Following is a correct example. y 


41. Answers will vary. Following is a correct example. 43. Explanations will vary. The ordered pair is a solution of each equation. 


Quick Review Exercises 1. {3} 2. {-4} 3. {-5} 4. {-7} 
Quick Check 4.2. 1. (5,2) 2. (2,6) 3.0 4 (2,52 - 3) 5. (1,—-4) 6. 11 desktops and 4 laptops 
Section 4.2 1. one of the equations for one of the variables 3. dependent 5. (3,4) 7. (17,—3) 9. Inconsistent, @ 


11. Dependent, (x,-3x — 2) 13. (12,-49) 15. (4,2) 17. (2,9) 19. (-3,-15) 21. ( 4) 23. (1,6) 25. (4,-10) 27. (—8, -2) 


57 
29. (3 r) 31. (35,10) 33. (10,30) 35. (3000,2000) 37. (450,550) 39. (48,32) 41. Dependent, (x,—6x + 21) 43. (—5,3) 45. (—8, 5) 


47. (2,1) 49. (—2,4) 51. 250 students, 950 nonstudents 53. 47 chicken,95 steak 55. 2037 57. Explanations will vary. Solve one equation for 
one variable; then substitute. 


Quick Check 4.3. 1. (7,1) 2. (3,-3) 3. (-8,-1) 4. (x,3x-4) 5. @ 6. (-6,4) 7. (275,425) 8. 43 nickels, 32 dimes 


Section 4.3 1. LCM 3. dependent 5. (-8,-4) 7. (-6,3) 9 (4,-5) 11. Dependent,(x,5x— 4) 13. (7,1) 15. (—2,-5) 17. (3, -4) 
19. (3,16) 21. (1,—4) 23. (3,4) 25. Inconsistent,@ 27. (3,3) 29. (7,2) 31. (3,-2) 33. (2,1) 35. (3,12) 37. (2700, 900) 
39. (50,70) 41. (25,75) 43. 4roses,11 carnations 45. Tree: $40;shrub:$8 47. 49 dimes,32 nickels 49. 29 nickels,22 quarters 51. (9, -1) 


53. (—7,6) 55. (12,10) 57. Dependent, (x,4x — 8) 59. (—4,-9) 61. € -s) 


Quick Check 4.4 1. 40 2. 75 feet by 40 feet 3. $3200 at 5%, $1000 at4% 4. 32 pounds of almonds and 16 pounds of cashews 
5. 160 milliliters of 60% solution and 240 milliliters of 50% solution 6. 5 hour 7. Plane: 475 mph; wind: 25 mph 


Section 4.4 1.P=2L+2W 3.d=r-t 5. Algebra: 38;statistics:55 7. Andre:35;father:63 9. 55,24 11. 15 field goals, 32 extra points 

13. 21 15. 35 17. Pizza:$11;soda:$4 19. Length: 27 inches; width: 19 inches 21. Length: 135 feet; width: 30 feet 23. Length: 175 centimeters; 
width: 75 centimeters 25. Length: 40 feet; width: 25 feet 27. $800 at 6%, $1200 at3% 29. $20,000 at 4.25%, $5000 at 3.5% 31. $6000 at 4% 
profit, $1500 at 13% loss 33. 16 pounds with fruit, 24 pounds without fruit 35. 30 pounds Kona, 50 pounds regular 37. 80 milliliters of 80%, 240 milli- 
liters of 44% 39. 12 ounces of 20%, 6 ounces of 50% 41. 2.2 liters of vodka, 1.8 liters of tonic water 43. George: 2 hours;Tina:4 hours 45. After 
1.5hours 47. Kayak:4mph;current:2 mph 49. Plane: 550 mph; wind:50 mph 51. Answers will vary. Length is 7 meters more than the width; 
perimeter is 46 meters. 53. Answers will vary. Combine 40% and 58% to make 90 milliliters of 42%. 


AN-14 = Answers to Selected Exercises 


Quick Review Exercises 1. 


Quick Check 4.5 1. 


* 

re. 

eS 
* 

Mammy, Se 
xy =(a=: a5) 24.6% 

o ze = 
Ze -4 


13. y 15. 17. ? 19. 
Ve 10F 
ca 4b a k [ 
== a s SE 
Saal + ‘ L 
fonan E are L —s 
642 [a 46 ste vt 
2 al 
oat : t 
fo 0-8-6 42D a 
oF 2) 
if 8F 4% 
y -10 - 
23. 25. y 27. 29. x > 0 31. 18 square units 
A 
10F f y>0 
a Ng 
Stale aie i > 
AL 
L a 
An 
$y ot eeeeet”” 
af ; 
‘ato 
or y 
vt 
y oY 


Chapter 4 Review 1. (—4,—5) 2. (6,-1) 3. (-3,6) 4. (-7,0) 5. (8,3) 6. (3,-3) 7. (2,4) 8 (-6,-4) 9. (-3, -2) 
10. (—7,4) 11. (0,-5) 12. 13. (9,1) 14 (4,3) 15. (-3,-8) 16. (x,2x-— 4) 17. (-2,-3) 18. (—4,6) 19. (2, —4) 
20. (—3,7) 21. (-2,-5) 22. (5,-3) 23. (x,3x — 2) 24. (-3,-}) 25. (0,-6) 26. (27,-16) 27.@ 28. (—3,5) 29 (5, 3.9) 
30. (6000, 2000) 31. 23,64 32. 1077 33. 834 34. 46 35. 400 feet by 260 feet 36. 76inches 37. $1200 at 5%, $2800 at 4.25% 
38. $1000 at 20%, $1500 at 8% 39. 15 pounds 4%, 30 pounds 13% 40. 5mph 41. 


43. y 44. 


BS 5 4 


Answers to Selected Exercises 


AN-15 


Chapter 4 Review Exercises: Worked-Out Solutions 1. Look for the point where the two lines intersect. The solution to the system is 


(8,3) % x=2y+1 15. 6x + 7y = —66 6x + Ty = —66 
2x —-5y=4 3x + 4y 97 —_Muluply by 2 6x + 8y 54 
2(2y + 1) -S5y =4 
i) ae ee | as 6x + Ty = -66 
i as -6x + By = —54 
ie a 15y = 120 
gad —_ 6x + 7(-8) = -66 
pond 6x — 56 = —66 
peat 6x = —10 
10 
x= 3 aoe 
(3.5%) ae 
3 
(-4.-) 
33. Women: x 35. Length: / 
Men: y Width: w 
x+y = 1764 —Multiply by—5 _, _5y — sy = —8820 21 + 2w = 1320 
5x + 10y = 13470 5x + 10y = 13470 PSs 180 
—5x — 5y = —8820 21 + 2w = 1320 
5x + 10y = 13470 2(w + 140) + 2w = 1320 
Sy = 4650 2w + 280 + 2w = 1320 
y= 930 4w + 280 = 1320 
x + 930 = 1764 i= TOR) 
x = 834 w = 260 
There were 834 ladies. 1 = 260 + 140 
1 = 400 
The length is 400 feet and the width is 260 feet. 
37. First account (5%): x 41. ae y iad 
= 2x y= 2x + 
Second account (4.25%): y po 10F 4° 
x + y = 4000 Multiply by 10,000 x + y = 4000 ; 
0.05x + 0.0425y = 179 500x + 425y = 1,790,000 ; 
x+y = 4000 Multiply by -425  ~425x — 425y = -1,700,000 - deg 
500x + 425y = 1,790,000 500x + 425y = 1,790,000 S| le 
re? 
—425x — 425y = —1,700,000 lf 
500x + 425y = 1,790,000 vf 
75x 7 90,000 . 
x = 1200 
1200 + y = 4000 
y = 2800 


He invested $1200 at 5% interest and $2800 at 4.25% interest. 


AN-1 6 Answers to Selected Exercises 


Chapter 4Test 1. (—5,2) 2 (4,-5) 3. (3,-3) 4. (-4,-1) 5. (-3,2) 6 @ 7. (5,6) 8 (9,10) 9% (4,0) 10. (x,3x — 3) 
11. 180 12. 5400 13. Length: 25 feet; width: 8 feet 14. $20,000 at 7%, $12,000 at3% 15. 


y 
A 
k 6+ ev 
cy L.o* 
‘ Jt 
ae 2r 
ripe 11% eee >X 
ese 2 4 
= c 
sic 
“er 
-% 
ny 
—10ry 
Y 
: ‘ 2 33 
Cumulative Review Chapters1-4 1.> 2. -34 3. -165 4.13 5. 23-3 6. oe 6.08 9. 17.86 10. $448 11. 44, cups 


12. -43 13.15 14. —-28 15.5x-3 16. -—1lx—69 17. {-9} 18. {3} 19. {14} 20. {-14} 21. Length: 22 feet; width: 13 feet 22. 19 
23. 25 24. 24% 25. $248,600 26. {6} 27. 4615 28x <3 ee ee ae (09, 3] 29. -5<x<=1 <<} Gee tt [-5, 1] 
-6 4-2 0 2 4 -6 42 0 2 4 


30. (3,0), (0, —6) ‘ 31. (8, 0), (0, —6) . 32.2 33. m= —3,(0,7) 34 7 


35. 36. Perpendicular 37. a) f(x) = 220 + 40x b) $540 c) 15 months 38. 391 39. 1129 


40. y=-2x+2 41. y=-3x4+7 42. 43. (5,2) 44. (3,7) 45. (1,2) 46. (1,10) 47. 250 children 


48. Length: 40 feet; width: 25 feet 49. $11,000 at 3%,$4000 at 2.5% 50. 


CHAPTER 5 
uc! eck 5. - a) x’ b) 729 2 (a - . al ee S5e x . a 7. 64a Cc . a) x”? by) x . 4a°bec 
Quick Check 5.1 1 9 2 6)" 3. ap 4. x 34 6 q40p24 64a2p35 -g 16 16g. AgSpec% 
ab ms 
10.a) 1 bbl oc) 9 IL os q2 12. 4096 13. a 


Section 5.1 1. x"-x" = x"*") 3. (xy)"=x"y" 5. x°=1 7.64 9x 1m 13, 5b“ 15. (2x — 3)" 17. x8y8 19. x° 21d 
23. x 25. a 27. 1024 29. x 31.7 33.5 35. 81x? 37. 64x° 39. m™*n® 41. 81x'%y* 43, x4y%z 45.7 47. 6,13 49. x° S51. 7? 
2 a x29 8q8 a®b'8 


7 
6A 73. 8 75. ys 77. pl 79. 8 81. 4 83. 12 


53. 8x4 55. (a+ 5b)? 57. ab? 59.12 61.30 63.1 65.1 67.3 691 71. 


Answers to Selected Exercises AN-17 


125. 12 404,45 81 8736 
85. 16 87.16 894% 9a? 93, 95. x? 97.4 99. b” 101. x” 103. ————._ 105. 144 feet 107. 8100 square feet 
8y2! 32c! 2401c4d"® 
109. 615.44 square feet 111. x°- x*; explanations will vary. 
a y*zw? 1 b° i 1 
uick Check 5.2 1.4; 2. — 3. a) x”y’ b 4 5.x” 6. 7. 8. 9. a) 4.6 x 10° b) 3.57 x 10° 
Q od rv ) x*y" b) re o Sac! xo x2yl6 ) ) 


10. a) 3,200,000 b) 0.000721 11. 6.96 x 10% 12. 3.0 x 10” 13. 8000 seconds 


2 


: 1 i 1 1 1 12 5 : y 8b° 5c 1 
Section 5.2 1.— 3.— 5.— 7. 9. 11. 13. 15. x° 17. 3y* 19. 21. 23. 25. — 27. a® 
x” 25 64 169 p2 x6 m9 ” y xll a°c! a’b?d> x3 a 
1 1 _ a? ap i 7 1 1 y” 9cl0 
29. Se 3 XP 3S, 8 37. oe 3g AL x 4B. SAB AT. 149. SL ig 53. 0.000000307 


55. 8,935,000,000 57. 90,210 59.2.7 x 10% 61. 8.6 x 10° 63. 4.2 x 10" 65. 9.43 x 10° 67. 3.4 x 10° 69. 4.1496 x 1071! 
71. 1.74 x 10° 73. 3.36 X 10‘ seconds (33,600 seconds) 75. 1.116 X 10° miles 77. 1.1 x 10 grams 79. $9.487 x 10! 81. 2,310,000 
83. Answers will vary; negative exponent versus negative base 


Quick Review Exercises 1. 11x 2. —7a 3. —6x? + 11x 4, 12y°> + 5y? — 13y — 37 


Quick Check 5.3 1. a) Trinomial;2,1,0 b) Binomial;2,0 ©) Monomial;7 2. 1,—6,—-11,32 3. —x3 + 4x? + x + 9; Leading term: —x°; 
Leading coefficient: —1;Degree:3 4. 111 5. 280 6. xe + 3x +169 7. —3x° — x7 4+:15x +5 8. 6x7 + 13x —97 9. 289 10. Each term: 5,8, 10; 
polynomial: 10 11. 13x*y* — 4xy? 


Section 5.3. 1. polynomial 3. monomial 5. trinomial 7. descending order 9. 4,2,1,0 11. 1,7,4 13. 7,1,-15 15. 10,-17,6,-1,2 

17. trinomial 19. binomial 21. monomial 23. 3x? + 8x — 7,3x7,3,2 25. 2x+ + 6x? — 11x + 10,2x7,2,4 27. 30 29. 32 31. -8 33. —2 
35. —591 37. 8x7 — 6x +3 39. 2x7 — 17x + 80 41. 2x7 + 8x7 — 14x —11 43. x8 — x2 +5x 43 45, 2x? + 7x° — 44° — 5x44 7x? + 12 
47. 4x? — 3x — 13 49. 2x4 -— 3x3 + x? + 11x +11 SD. 12x? + x +9,2x7 + 19x —3 53. 5x2 + x? — 5x — 6,-3x° — x? -— 11x — 56 55. 184 
57. 148 59. 75,680 61. 10,6,3; polynomial: 10 63. 8,9,11;polynomial:11 65. 7x?y + 1l1xy? — 3x’y? 67. —14a*b* + 13a°b + 5a’b? 

69. 2x3yz? — 1Sxytz? — Tx*y2z? — 4x7yz* 71. $1,297,200 73. 5331 75. Explanations will vary; exponent operations 


Quick Check 5.4 1. 56x? 2. 60x"yz 3, 28x4 — 24x3 + 20x” — 32x 4. 6x? — 3x8 + 3x7 + 45x° — 63x° 5. x? + 20x + 99 
6. 10x? — 49x + 18 7. 3x2 + 30x? + 46x —-16 8 2x7 -— 100 9. 4x7 -— 49 10. 25x7 — 80x + 64 11. x? + 12x + 36 


Section 5.4 1. add 3. multiply 5. 36x° 7. —54m'*® 9, 91a'b"! 11. —70x*y?z?w* 13. 84x'° 15. 6x 17. —12x° 19. 15x — 20 

21. -12x +18 23. 18x27 + 30x 25. 3x5 — 4x4 + 7x? 27. 6x3y? — 12x7y? + 1dxy? 29, x? — 2x — 63 31 x? -— 12x +27 33. 4x7 — 21x - 18 
35. x7 + x — 72 37. 4x7 — 20x — 39 39. 3x2 + 13x — 30 41. 3x3 — 13x27 — 37x — 18 43. x4 — 4x9 — 51x? + 310x — 400 

45. x? — 2xy — 8y? 47. 20x"y? + 39xy +18 49. 3x9 51. 3x9 — 5x? - 12 53.3 55.3.6 57. x7 -—7x-—18 59. -18x° 

61. —4x° + 20x? — 32x° — 12x5 63. x? — 81 65. 9x7 — 49 67. x? +: 14x +49 69. 16x? — 24x +9 Thx —-9 73.x-6 75. x? + 6x —7 
77. 5x° — 40x? — 45x 79. —28x°y? 81. 20x'4 83. 25x79 -—9 85. x? + 26x + 169 87. 6x*y — 2x%y* — 14x7y? 89. 16x? — 72x + 81 

91. x4 — 2x7 — 7x? — 8x + 16 93. Answers will vary; combining like terms versus multiplying 


Quick Check 5.5 1. 8x° 2. 5x’y? 3..x°-— 3x —7 4. 8x9 + 22° 4+ 5x9 5.449 6 x -104 74x +34 


13 


8 x2-x-2- 
x x y= 


. 3x2 8 
Section 5.5 1. term 3. factor 5. 8x2! 7. —5n’ 9. 130°? 1. 5x4 13. 15. a 17. 10x" 19, —4x5 21. 3x2 — 5x — 8 


23. 8x3 + 10x —9 25, 2x + 3x9 + 5x4 27. —2x4 + 3x? 29, xSyt — x39y3 + xy? 31. 6x 33. 6x’? — 8x° — 18x? 35x45 37x +6 
3 ; 39 3 4 


39 x-9 44.x4+44 43. x 12x = 25-4 45. 2x —74 47. 3x +2 49. x — 13 
x—-8 x+1 x+5 2x +7 
3 2 86 2 2. 2 72 
51. x° + 3x tlle + 18 +7 | 53. x° + 5x +25 55. x°+ 5x —24 57. x+13 59. Yes 61. No 63. x i 2 reo 
115 33 
65. x° — 4x + 24 —- —— 67. 3x4 — 2x? + 5x -1 69. 8x —64 TL. 5x —9 - 
x+4 x +6 4x -—3 
9 2 
73. —9x’ + 6x29 + 2x4 + x 75. 4x” — 6x — 10 77. 3x° — 5x —17 79. —3x?yz> 
2x +3 
+ 6 21 625x°° 19 16,,8 107,612 40,5216 10 1 1 
Chapter 5 Review 1. x° 2. 64x”! 3.7 4. 5. 28x" 6. 24x"°y® 7. 36a™b*c'* 8,-2.9 xyz! 10. x" 1. 122.@ — — 
16y8 25 1000 
7 6 27 x10 pb?! 1 xi5z21 y° 1 1 
13. 14, 15. —-8y> 16. — 17. — 18. x 19. 20. 21. 22. 23. 24. 25.14% 10? 26. 2.1 x 10°" 
x4 x y x2 4 a m® 64y” x aq xlt 


27. 5.002 x 10°° 28. 0.000123 29. 40,750,000 30. 6,127,500,000,000 31. 1.5 x 10% 32. 2.5 x 10! 33. 2.49 x 10°? grams 

34, 1.5 X 10‘seconds 35. 80 36. —47 37. 30 38. —112 39.27 40. 371 41. 2x7 -—6x—9 42. 8x7 -— 19x —50 43. 8x — 21 

44, x° + 9x — 22 45. 3x9 — 5x? + 13x — 30 46. —4x° + 4x7 — 6x — 115 47. —9 48. 37 49. a’ — 7a' +10 50. 4a° + 6a — 30 

51. f(x) + g(x) = 10x? — 2x + 31, f(x) — g(x) 4x? — 14x — 49 52. f(x) + g(x) 7x? — 10x — 24, f(x) — g(x) = 9x? + 20x — 36 


AN-1 8 Answers to Selected Exercises 


53. x7 — 10x +25 54. x7 + 9x —52 55, 12x? — 28x? — 64x 56. 4x7 — 28x + 49 57. 15x 58. x7 — 64 59. 6x? — 19x — 130 60. —18x° 
61. 36x? — 25 62. x7 + 20x + 100 63. 16x7 + 56x +49 64, —24x7 + 56x° + 48x° 65. x9 + 3x7 — 42x + 108 66. 3x9 — 11x? + x + 18 
67. —120x'8 68. 10x° + 22x° — 24x* 69. f(x)- g(x) = x? +3x-—70 70. f(x)+ g(x) = 24x8 + S4x7— 120x° 71. 3x? — 4x + 10 
5 162 3 
72. 3x+4 73. —2y® 74. x° — 2x + 10 x 75. x3 — 3x7 + 9x — 274 76. 6yz> 77. 8x + 154 a 78. 6x + 12 
x-4 MD: x3 x+9 
23 
79. 3x —17 80.2x+1+ 
8x — 3 
Chapter 5 Review Exercises: Worked-Out Solutions 
L B =x 6 3x8 y+ 8x85 = 24x8+8y5+3 7. (—6a5b3c%)? = (—6)°a 52h 320%? 18. x = ,10-(-5) 
= 6 = 24x18 = 36a poe 2 = gl5 
5.4.13 _ 4-3 _ 15. 0-5 _ -154(— 13) _ 3.0 y 10-8 
21. (4x Sy 4z 7) 3 ey 12721 23. a b.q a a 15+(-5S) 32. (3.0 x 10 =) te (1.2 x 10°) = x a 
= =a” = 2.5 x 107%° 
_ ya =4, = 2.5 x 108 
~ 64y 2 
33. 1.66 X 104+ 1.5 x 10 = 1.66-1.5 x 104-10" 39, Sx? + 10x + 12 
= 2.49 x 104+? 5(—3)* + 10(—3) + 12 
= 2.49 x 10°? 5(9) + 10(—3) + 12 
2.49 x 10°? grams eae ae 
=27 
41. (x? + 3x — 15) + (x? — 9x + 6) = x? + 3x -—15 4+ x7 - 9x +6 
= 2x? — 6x —9 
43. (x? — 6x — 13) — (x? — 14x + 8) = x? — 6x —13 — x7 + 14x - 8 
= 8x — 21 
47. f(x) =x? - 25 51. f(x) + g(x) = (3x? — 8x — 9) + (7x? + 6x + 40) 54. (x — 4)(x + 13) = x? + 13x — 4x — 52 
f(-4) = (—4)? - 25 3x? — 8x —9 + 7x? + 6x + 40 =x + 9x — 52 
= 16-25 = 10x? — 2x + 31 
=-9 
f(x) — g(x) = (3x? — 8x — 9) — (7x? + 6x + 40) 
3x? — 8x — 9 — 7x? — 6x — 40 
= —4x? — 14x — 49 
55. 4x(3x° — 7x — 16) = 4x-3x* — 4x-+7x — 4x-16 56. (2x — 7)? = (2x — 7)(2x — 7) 57. 5x7+3x° = 15x7*6 
= 12x3 — 28x? — 64x 4x? — 14x — 14x + 49 =e 
= 4x7 — 28x + 49 
69. f(x)* g(x) = (x + 10)(x — 7) 71, Ste = 72. 3x +4 
=x? — 7x + 10x — 70 = 3x2 —4x + 10 x—4 )3x? — 8x — 25 
=x? + 3x —70 3x2 12x | 
4x — 25 
a + 
4x ~ 16 
-9 
74, x? —2x +10 i — He 9g a F 
x+5 )x3 + 3x? + Ox — 15 x—4 x—4 
x3 5x? J J 
—2x* + Ox -— 15 
+ + 
42x? ~ 10x | 
10x — 15 
“10x * 50 
—65 
= +s By? 2x + 10 eo 
x 1 32 i 
Chapter 5Test 1. x° 2. 3. x?y%24 4, — 5, = 6.x" 7x7 8. ——— 9, 2.35 x 10’ 10. 0.000000047 11. 7.74 x 104 
729y"4 256 x> 9x2z10 
12. —70 13. —4x7 -— 14x +1 14. 2x7 + 14x — 64 15.14 16. 30x° + 40x4 — 85x? 17. x7 — 36 18. 20x? — x — 63 19. 7x9 + 11x* -— 5x3 
eee) ee 


x+3 
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CHAPTER 6 


Quick Check 6.1 1.4 2.12 3.) 4x9 b) x24 4. 6x°(x? — 7x — 15) 5. 3x4(5x3 -— 10x +1) 6. a) (x — 9)(5x + 14) 
b) (x — 8)(7x — 6) 7 (x + 4)(x° +7) 8 (x —5)(2x —9) 9 (x — 9)(4x7 +1) 10. 3(x + 8)(x - 4) 


Section 6.1 1. factored 3. smallest 5.2 7.6 9.4 Il. x* 13. a°b? 15. 2x° 17. Sa’c 19. 7(x — 2) 21. x(5x +4) 23. 4x(2x? + 5) 
25. 6(10x7 + 6x +1) 27. 5x*(4x7 — 7x — 10) 29. m°n3(m? — n + mn?) 31. 10x? y*(x3y — 3x° + 8y°) 33. 4x(—2x? + 3x — 4) 

35. (2x — 7)(Sx + 8) 37. (3x — 4)(x — 9) 39. (4x + 7)(Sx — 1) 41. (x + 10)(x + 3) 43. (x — 9)(x? +6) 45. (x — 5)(x - 12) 

47. (x + 5)(3x +4) 49. (x + 4)(7x — 6) 51. (x + 7)(3x +1) 53. (x — 5)(2x —1) 55. (x + 8)(x? + 6) 57. (x? + 3)(4x + 3) 

59. 2(x + 5)(x +3) 61. Example: x? + 3x — 40 63. Example: 2x? + x — 36 65. Answers will vary; multiplication 


Quick Review Exercises 1. x? + 11x +28 2. x7 —20x +99 3. x7 -—3x-—40 4 x? — 4x — 60 


Quick Check 6.2. 1. a) (x + 2)(x +5) b) (x —5)(x — 6) 2. a) (x + 12)(x — 3) b) (x + 6)(x —7) 3. a) (x + 6)(x —- 1) 
b) (x + 2)(x +3) © (x —2)(x—3) d) (x — 6)(x +1) 4 (x +5) 5. Prime 6. 5(x + 2)(x +6) 7. —(x — 6)(x — 8) 
8. (x — 8y)(x + 4y) 9% (xy + 12)(xy — 2) 


Section 6.2. 1. leading coefficient 3. prime 5. (x — 10)(x +2) 7. (x +9)(x—4) 9 Prime 11. (x + 6)(x +8) 13. (x + 15)(x — 2) 
15. Prime 17. (x — 20)(x +3) 19 (x +12)(x-—1) 21. (x +7)? 23. (x +7)(x +13) 25. (x — 12)? 27. (x — 5)(x - 8) 

29. (x — 15)(x +2) 31. (x — 4)(x — 5) 33. (x — 6)(x — 10) 35. 6(x — 4)(x — 5) 37. S(x — 3)(x + 10) 39. —(x + 7)(x — 10) 

41. x(x + 4)? 43. —3x3(x + 10)(x — 8) 45. 10x°(x + 11)(x — 9) 47. (x + Ty)(x — 6y) 49. (x + 4y)(x — Dy) SI. (xy + 8)(xy + 9) 
53. 5x°(x + 3y)(x + Jy) 55. (x + 9)(x? +5) 57. Prime 59. (x + 2)(x + 20) 61. (x + 20)? 63. 4(x + 6)(x — 4) 65. x3(x — 15) 

67. (x — 7)(x — 9) 69 Prime 71. (x — 25)(x + 4) 73.16 75. 60 


Quick Review Exercises 1. 2x? + 13x +20 2. 6x7 — 37x +56 3. 3x7 + 14x — 24 4. 8x? + 30x — 27 


Quick Check 6.3. 1. (3x + 4)(x +3) 2 (4x —9)(x—4) 3. (2x —3)(8x—7) 4 (x +4)(2x—7) 5. (4x — 3)(5x + 8) 
6. 9(x + 6)(x — 3) 


Section 6.3. 1. ax’? + bx + c,wherea#1 3. (x +3)(5x +1) 5. (2x +5)(2x +7) 7. (3x — 2)(2x —5) 9. (7x — 3)(2x + 3) 

V1. (2x + 3)(6x — 5) 13. (3x — 4)(4x — 3) 15. Prime 17. (3x — 2)(x + 5) 19. (3x + 8)(4x — 7) 21. (4x — 3)? 23. 3(5x + 2)(x - 2) 
25. 8(2x + 5)(x — 1) 27. 16(x — 2)? 29. 5(3x + 16)(x — 7) 31. (x + 1)(x +13) 33. 9(2x-—1) 35. (2x — 3)(x — 2) 37. Prime 

39. x*(x — 6) 41. 6x(x — 8) 43. -(x + 11)(x-7) 45. Prime 47. (x? — 7)(x° + 4) 49. (x + 6)(x? — 15) 51. (x — 12)? 

53. 9x — 6)(x +1) 55. —(5x + 2)(x — 6) 57. (x — 9)(2x +3) 59% (x + 15)(x — 3) 61. —3(x + 8)(x — 4) 63. (Sx — 3)(3x + 5) 

65. (2x + 1)(x + 4) 67. Answers will vary. 


Quick Review Exercises 1. x7 — 64 2. 16x7-9 3. x° +512 4 8x° — 125 


Quick Check 6.4 1. (x + 5)(x — 5) 2. (9x° + 10y%)(9x° — 10y*) 3. 7(x + 5)(x — 5) 4 (x? + y’)(x + y)(x - y) 
5. (x — 5)(x? + Sx + 25) 6. (xt — 2)(x8 + 2x4 + 4) 7. (x + 6)(x? — 6x + 36) 


Section 6.4 1. difference of squares 3. multiples of2 5. difference of cubes 7. (x + 8)(x — 8) 9 (x +10)(x — 10) 11. (5a + 7)(5a — 7) 
13. Prime 15. (a + 4b)(a — 4b) 17. (5x + 8y)(5x — 8y) 19. (4+ x)(4-— x) 21. 4(x + 7)(x — 7) 23. Prime 25. 5(x* + 4) 

27. (x? + 4)(x + 2)(x — 2) 29. (x? + 9y)(x? — Oy) BL. (x — 1)(x? +x +1) 33. (x — 2)(x7 + 2x + 4) 35. (10 — y)(100 + 10y + y’) 

37. (a — 4b)(a’ + 4ab + 16b?) 39. (Sx — 2y)(25x? + 10xy + 4y”) 41. (x + y)(x? — xy + y*) 43. (x + 2)(x? — 2x + 4) 

45. (x? + 3)(x* — 3x7 +9) 47. (4m + n)(16m? — 4mn + n*) 49, 3(x — 5)(x? + 5x + 25) SI. 5(4a + 3b)(16a — 12ab + 9b’) 53. (x — 8)? 
55. (x + 2)(x + 14) 57. 11x7(2x7 — 5) 59. (2x — 5)(3x +5) 61. x3(x — 10)(x — 6) 63. —9(x? + 25) 65. —6(x — 4)(x — 6) 

67. (x — 13)(x +3) 69. (Sx + 6y*)(Sx — 6y*) 71. Prime 73. (x + 8y*)(x — 8y*) 75. 4x?(2x3 — Sx? — 13) 77. S(x* + 9) 

79. (x + 5)(x +7) 81. (x + 2)(3x — 19) 83. (x + 12)(x? — 6) 85. (x + S5y)(x? — Sxy + 25y’) 87. °(2x +3)? 82d 91 f 93.2 

95. b 97. Answers will vary; two terms, even exponents, coefficients are perfect squares 


Quick Check 6.5 1. —6(x — 10)(x + 1) 2. (6x4y’ + 5)(36x8y — 30x*y7 + 25) 3. (x + 5)(x — 2)(x? + 2x + 4) 
4. (x? + y)(xt — x?y + y*)(x? -— y)(xt + x?y + y?) 5. (x? + 4)(x* — 4x7 4+ 16) 6. 2(4x — 3)(x + 6) 


Section 6.5 1. common factors 3. sumofsquares 5. sumofcubes 7. x(x° + 18x* — 36) 9. 4(21x? + x —5) 11. a’b%(a*b — 3a? + 8b’) 


13. (x + 6)(x? +5) 15. (x — 7)(x? — 3) 17. (x — 13)(x +5) 19. (x + 6)(x +7) 21. (x + 15)(x — 11) 23. Prime 25. (x — 2)(x — 21) 
27. (x + 10)? 29. (x + 12y)(x — 5y) 31. (xy + 1)(xy + 16) 33. 4(x + 6)(x + 8) 35. 3(x — 9)(x — 5) 37. —10(x — 9)(x + 2) 

39. (3x — 8)(x + 6) 41. (3x + 4)(7x +1) 43. Prime 45. (4x — 11)(3x — 2) 47. (3x — 5)? 49. 6(3x — 7)(x—1) 51. (x + 8)(x — 8) 
53. (x4 + 4y*)(x* — 4y3) 55. x?(x + 6)(x — 6) 57. Prime 59. (x — 10)(x* + 10x + 100) 61. (3x — 2y)(9x? + 6xy + 4y?) 

63. (x + 6)(x* — 6x + 36) 65. (x? + 9y)(x* — 9x?y + 81y?) 67. 7(x + 3)(x? -— 3x +9) 69. (x — 9)(x + 2)(x — 2) 

71. (x — 7)(2x + 1)(2x — 1) 73. (x + 16)(x + 1)(x? — x +1) 75. (x4 + 1)(x? + 1)(x + 1)(x - 1) 

77. (x + y)(x? — xy + y’)(x — y)(x? +xy + y?) T%(x+4+ y)ixt+4-y) BSL (x-St+y)(x-5-—y) 83. (x +3+4+ y)(x+3-y) 
85. (2x + 5)(2x —1) 87. (x — 6)(x° + 8) 89. (x + 15)(x — 4) 91. Prime 93. (2x + 7)(4x? — 14x + 49) 95. (x + 7)(x + 14) 

97. (4x2 + 9)(2x + 3)(2x — 3) 99. 6(x + 5)(x +8) 101. (3x + Ly?)(3x — 11y*) 103. (x + 4)(x + 5)(x — 5) 


105. (9x — 8y)(81x* + 72xy + 64y*) 107. (xy — 6)(xy — 9) 109. (3x + 2)(x — 10) 11. Prime 113. 5x°(x* + 4x — 7) 
115. (8x + 13)(8x — 13) 


Quick Review Exercises 1. {7} 2. {-3} 3. {2} 4. {-# 


AN-20 Answers to Selected Exercises 


Quick Check 6.6 1. a) {—8,2}, b) {—3,0} 2 {-4,5} 3. {-8,-7} 4 {3,3} 5. {-9,5} 6 {-7,10} 7. {—9,3} 
8. x2 — 2x — 48 = 0 


Section 6.6 1. quadratic equation 3. zero-factor 5. {—7,100} 7. {0,12} 9. {-8,6} IL {-7 -* 13. {2,9} 15. {—11, —4} 
17. {-10,4} 19. {-3,15} 21. {8} 23. {-9,9} 25. {-7,0} 27. {0,2} 29 {-9,10} 31. {5,7} 33. {-8,3} 35. {-3,3} 37. {-5,7} 
39. {4} 41. {-6,-3} 43. {-2,9} 45. {-3,3} 47. {-6,6} 49. {-8,8} SI. {-3,10} 53. {-4,3} 55. {-17} 57. {3,6} 59. {-29} 


61. {2.4} 63. x7 — 9x + 20=0 65. x7 - 6x =0 67. x7-25=0 69. 10x7-x-2=0 mx =-+# 73. x = —29 78. x = = 
77. Answers will vary. One factor must equal 0; set each factor equal to 0. 

Quick Review Exercises 1. 23 2.101 3. —14b-—40 4. 58 

Quick Check 6.7 1. 495 2. 8,9 3. —6,12 4. a) 48feet b) 3seconds c) 1second d) 64 feet 


Section 6.7 1. quadratic function 3.104 5. —-45 7.0 9.0 11.147 13.17 15. 160 17. 16a7+ 16a —20 19. a* + 3a — 35 
21. —7,6 23. 4,5 25.9,14 27. -7,7 29. —8,2 31. —8,—-5 33. a) 5seconds b) 336feet 35. a) 192 feet b) Sseconds ec) 1 second 
d) 256feet 37. a) $70 b) S5mugs c) 20mugs d) $80 


Quick Check 6.8 1. 11 and12 2. 9and12 3. Length: 15 feet; width:7 feet 4. 11 feet by 14 feet 5. a) h(t) = —16r? + 144t b) 9 seconds 
©) [0,9] 6. a) 5050,b) 9 


Section 6.8 1. x,x +1,x +2 3. Area = Length: Width 5. 11,12 7. 22,24 9. 15,17 11. 8,9 13. 20,22 15. 6,11 17. 6,14 19 14,15 
21. 3,22 23. 8,11 25. 14yearsold 27. 21 yearsold 29. Length: 15 inches; width: 8 inches 31. Length: 30 centimeters; width: 14 centimeters 
33. Length: 15 meters; width: 7 meters 35. Length: 40 feet; width: 24 feet 37. Length: 8 inches; width:5 inches 39. Length: 9 feet; width: 5 feet 
41. 8meters 43. Base:8 feet; height:21 feet 45. 10seconds 47. Sseconds 49. 1 second,3 seconds 51. 8seconds 53. 80 feet/second 

55. 3seconds 57. 8 59. 20 61. Answers will vary. Length is 4 feet more than width, and each is increased by 5 feet. Area is 192 square feet. 


Chapter 6 Review 1. 3(x — 7) 2. x(x — 20) 3. Sx°(x4+ 3x -— 4) 4. a®b(6a°b — 106? + 15a) 5. (x + 6)(x? + 4) 6. (x + 9)(x? — 7) 

7. (x — 3)(x? -— 11) 8 (x —3)(x +3) 9% (x -— 4) 10. (x + 7)(x — 4) DU (x — 3)(x — 8) 12. —5(x + 8)(x — 4) 

13. (x + 5y)(x + 9y) 14. Prime 15. (x + 2)(x +15) 16. (x —7)(x + 6) 17. (x — 8)(10x — 3) 18. (4x + 5)(x — 2) 

19. 6(3x — 1)(x +1) 20. (2x — 3)? 21. 3(x + 5)(x — 5) 22. (2x + Sy)(2x — Sy) 23. (x + 2y)(x? — 2xy + 4y’) 24, Prime 

25. (x — 6)(x? + 6x + 36) 26. 7(x — 3)(x2 + 3x +9) 27. {-7,5} 28. {-3,$} 29. {-5,5} 30. {4,10} 31. {-8} 32. {-12,9} 33. {-5, 14} 
34. {0,16} 35. {-15,—4} 36. {8,10} 37. {-1,16} 38. {-4,3} 39. {-6,6} 40. {3,12} 41. {(-7,-3} 42. {-13,4} 43. x? - 13x + 42 =0 
44. x°-16=0 45.5x°-7x-6=0 46. 28x? + 27x-10=0 47.9 48-16 49.8 50.96 51. -6,6 52. —9,6 53. —10,-2 

54. —4,11 55. a) 80 feet b) 4seconds c) 1second d) 144feet 56. a) $20.85 b) 400 c) $4.85 57. 16,18 58. Rosa: 7, Dale: 15 

59. Length: 13 meters; width: 8 meters 60. a) 8seconds_ b) 2 seconds, 3 seconds 


Chapter 6 Review Exercises: Worked-Out Solutions 


3. GCF: 5x3 

5x) 4 15x4 = 2007 = 5x7(x* + 3x = 4) 5. x3 + 6x? + 4x + 24 = x7(x + 6) + 4(x + 6) 10. m:n = —28,m + n = 3 
= (x + 6)( x? + 4) x° + 3x — 28 = (x + 7)(x — 4) 
VW. msn =24,m+n= — 11 15. m:n = 30,m +n =17 17. By grouping: 
x? — 11x + 24 = (x — 3)(x — 8) x? + 17x + 30 = (x + 2)(x + 15) 10x” — 83x + 24 = 10x? — 80x — 3x + 24 
10x(x — 8) — 3(x — 8) 
= (x — 8)(10x — 3) 
21. 3x? — 75 = 3(x? — 25) 23, x3 + 8y? = (x)? + (2y)3 25. x? — 216 = (x)* — (6)° 
= 3(x + 5)(x — 5) (x + 2y)(x? — 2xy + 4y?) (x — 6)(x* + 6x + 36) 

30. x? — 14x +40 =0 41. x(x + 10) = -21 43. {6, 7} 49. f(—8) = (—8)* + 10(—8) + 24 
(x — 4)(x — 10) =0 x? + 10x = —21 x =6 or x=7 = 64 — 80 + 24 
x-4=0 or x-10=0 x? + 10x + 21=0 x-6=0 or x-7=0 =8 
e=4 or x =10 (x + 3)(x +7) = (x — 6)(x — 7) =0 
{4, 10} x+3=0 or x+7=0 x? — 13x + 42 =0 

x=-3 or x=-7 


57. 


f(x) = 0 
x? — 36 =0 
(x + 6)(x — 6) = 0 


x+6=0 or x-6=0 
x= —-6 or x=6 
First: x 


Second: x + 2 
x(x + 2) = 288 
x? + 2x = 288 
x? + 2x — 288 = 0 
(x + 18)(x — 16) =0 
x+18=0 or x-16=0 
x =-18 x= 16 
Omit the negative solution. 
First: x = 16 
Second:x + 2 = 16+ 2 = 18 


or 


The two numbers are 16 and 18. 


AN-21 


Answers to Selected Exercises 


56. a) f(800) = 0.0001(800)* — 0.08(800) + 20.85 
= 0.0001(640,000) — 0.08(800) + 20.85 
= 64 — 64 + 20.85 
= 20.85 
b) The lowest point on the graph occurs when the number of toys is 400. 
ce) f(400) = 0.0001(400)? — 0.08(400) + 20.85 
= 0.0001(160,000) — 0.08(400) + 20.85 
= 16 — 32 + 20.85 
= 4.85 


59. Length: 2x — 3 
Width: x 
x(2x — 3) = 104 
2x? — 3x = 104 
2x* — 3x — 104 = 0 
(2x + 13)(x — 8) =0 
2x+13=0 or x-8=0 
x= -E or x =8 
Omit the negative solution. 
Length: 2x — 3 = 2(8) — 3 = 13 
Width: x = 8 
The length is 13 meters and the width is 8 meters. 


Chapter 6 Test 1. x(x — 25) 2 (x — 3)(x?-5) 3. (x -—4)(x —5) 4 (x — 18)(x + 4) 5. 3(x +1)(x +19) 6 (6x + 5)(x — 1) 


7. (x + 5y)(x — Sy) 8. (x — 6y)(x? + 6xy + 36y”) 9. {-10,10} 10. {4,9} 11. {-12,5} 


12. {-6,13} 13. 2-4=0 


14. 5x? + 21x —-54=0 15.120 16. -18 17. —8,-6 18. a) $2.245 b) 8000 c) $2.11 19. Length: 20 feet; width: 5 feet 


20. a) Sseconds b) 3 seconds 
CHAPTER 7 
- 5 +4 3x +1 
Quick Check 7.1 1.3 2.3 3. -1,9 4, —-2 5. Allreal numbers except 9 and —5:(—00, —5) U(-5,9)U(9, ©) 6. - 7 ~ — 3 — 3 
9. — pier aa} 
ie ae 4 
: : : ; ’ 3 2 26 75 2 
Section 7.1 1. rational expression 3. rational function 5. lowest terms 7. 4 9. 3 11. 7 13. %6 15.5 17. —8,7 19. ir 21. —6,6 
1 8 21 
23. 3 25. “7 27. i6 29, All real numbers except —10 and 0: (—oo, -10) U(—10,0) U(0, co) 31. All real numbers except —3 and 5: 
(—09, —3) U(-3,5) U(5, 00) 33. All real numbers except —6 and 3: (—co, -6) U(—6,3) U(3, 0) 35. Quadratic 37. Rational 39. Linear 
1 1 x+4 x x-9 x+6 3x +5 3(x + 5) 
41. 43. : 49. . . 57. Not ites 59. O it 
3x3 —o- 7= 3 x_ 10 gi Spas ooA ya7 yd ot opposites pposites 
+ 74+2x+4 
61. Opposites 63. i : 65. * i 7. = 5) = 69. a) 4 b) —1 oc) 4 71. Answers will vary. Set denominator equal to 0 and solve. 
x= x- x 


73. Answers will vary. Two differences are written in opposite order. 


Quick Review Exercises 1. 2: = 3. - 4. = 
. (x — 6)(x + 2) 6+x 1 (x — 2)(x + 7) x76 
uC e A. ate 2) x+7 T+x  (x—1(x-8) #49) © aa — 10) — 2) 
r : x+6 (11 + x)(x — 14) (x — 11)(2x + 1) (x — 11)(x + 9) e+taxt+4 
Section 7.2 1. factoring 3. factored 5. a G=DiG=h @=dG42) Gp Ore) ey 
(3 — x)(x + 4) x(2x — 9) 2 (x — 11)(x + 5) (x + 7)(x + 5) (x — 3)(x + 12) 
a (x — 10)(x + 7) Pee (x + 10)(x — 6) ss xt+4 “" (x +12)(x-4) “" (x - 6)(x - 9) (x — 9)(x + 3) 
34 (x — 4)(x + 11) (x — 1)(x — 4) a4 (x + 7)(x — 10) x+4 (x + 7)(x — 3) = 1 
: x(x — 2) "(x + 5)(x + 6) : “(x = 7)(9 + x) “ax +1 x(x — 8) “(x — 5)? 
és x(x — 9) (x — 3)(x + 11) (x — 9)(x + 4) x+1 3x +2 x—- 12 x—-8 (x + 12)(x + 8) 
“(x -1)(x +3) 7" (2-— x)(x + 2) x(x — 12) x-1 "*2x-7 “" x-8 12+x ~* (x -—4)(2x - 1) 
59. a 61. Answers will vary. Invert divisor and rewrite as multiplication. 


Quick Review Exercises 1. 9x +3 2. 2x7 — 6x —29 3. 3x 


42 4. -2x7 — 2x — 29 


AN-22 Answers to Selected Exercises 


s 21 5 x+4 4 x= 3 1 x+9 
Quick Check 7.3 1. ae | 3. 3 4, 30+ 6) 5. eee 6. = ted 
. 13 x + 10 1 Ho 1 +9 a(x — 2 8 +2 
Section 7.3 1. numerators 3. firstterm 5. 7. = 9. u. =~ B. ~ 15. ( ) 17. 19. ~ 
Bee) => x—4 X= 5 x—8 x =36 x a= 9 
_ + + x — 3)\(x -9 x — 7)(x +2 
a, —4 ag, FoF ago 27,1 a9, 2g ZF? gg FHM gg UBM) gg gg TT) 
x+1 x+7 x — 10 x—4 x+8 3x 2 (x — 5)(x + 3) x+8 (x — 2)(x — 9) 
x+3 (x — 7)(x - 1) x — 18 2(x + 4) (11 + x)(x + 3) 3(x — 10) 2(3x + 2) 
41.2 43.x+11 45.4 47. 49. : . . - 5 
oe 2 3(x + 6)(x + 4) x +10 x-9 (x — 4)(x + 8) x+4 ay = 2 
x+9 (x + 10)(x + 3) x-3 . . . 
61. 63. 65. 67. 3x 69. 4x + 7 71. Answers will vary. Multiply one denominator by —1. 
w= 9 KS 2) x+2 
11x + 18 x+5 2(x — 1) 


Quick Check 7.4 1. 36r7s° 2. (x — 8)(x — 5)(x +4) 3. (x + 9)(x -—9) 4 Bere * GH Nee G+on 


: + 13m? 
Section'7A 4, LCD 3, 62-5) G = 9G 45) B42 35G=9e—6) OG S27G 4s) a a DE 
24 20n m'n 
2(4x + 13 6(x — 7 + =e 4 
ge EE. gg 21. ea 23. — 25, = 27. u 
(x + 2)(x + 4) (x + 3)(x — 3) (2) (¥-+ 3) (= :3) (x — 6)(x + 1)(x + 7) (x — 10)(x + 4) (x — 5)(x — 4) 
5 6 a x +6 4a x? - 3x - 12 a6 x? + 11x + 110 yal (x = 5)(« + 8) 
“(x + 2)(x - 4) “(x + 3)(x + 4) “(x — 5)(x + 4)(x - 6) * (x + 10)(x — 5)(x + 5) * x(x + 7) “(x + 7)(x + 4)(x - 8) 
(x +4 — + = 4 
41. = 43. - 45, = ee a eee aT) gg eT 
(x — 2)(x + 6) (x — 6)(x + 7) (x — 7)(x — 3) (x + 2)(x + 5) x-1 (x — 4)(x + 10) x 6-—x 
(3x — 4)(x — 7) x — 10 
57. = 59. 61. Answers will vary. Factor each denominator and list all factors. 
x(x? — 2x + 4) x9 
. 31 ,x+5 , x+8 u (x — 8)(x — 2) 
k Check 7.5 1. 2. . 4. 5. 
ule Cheek 7S 38 x ? 8x x+7 (x + 10)(x + 1) 
: 3 39 | 7(5x +3) | 6 2 3x 6 15 ea 2(x — 2) 
75 1. lex fracti 3. . 7. 9. 11. 13. 15. 17. . 21. 
Senna comple acon Sig ag see) eS eee eR P45." £45 24% 
4 2x —9)\(x +7 = 24 + +2 + 
gg BES gg, ED gg FAN gg, = Rhee (es ah a 
x9 x(2x — 1) x7 (x — 6)(x + 4)(x — 2) (3x — 4)(x + 5) x(x + 7) = 3 
xt ’ 12(x + 5 2 dx + + + > + 10x + 100)(x + 5 
Rag | eee ee fg ENS gg RET gg, BO og te 
x 8+x (x + 3)(x + 4)(x + 6) x+7 x—8 x+1 (x + 11)(3x — 7) 


53. Answers will vary. The numerator and denominator are not polynomials; they contain fractions. 


2yz 3y 
x= 
4y — 3z 4y —5 


Quick Check 7.6 1. {20} 2 {-3,8} 3.0 4. {-3,6} 5. {4} 6x 


Section 7.6 1. rational equation 3. extraneous solution 5. {5} 7. {12} 9. {28} 11. {3,4} 13. {2,6} 15. {2,5} 17. {-5,5} 19 {3} 
21. D 23. {2} 25. {7} 27. {16} 29. {-5,12} 31. {2} 33. @ 35. {-2,5} 37. 3 io} 39. {1} 41. {-1,15} 43. {-7, 6} 


45. {—6,20} 47. {5} 49 {-5 7} 51, {-s +} 53. {4} 55. {-5,-2} 57. {-10} 59. W . 61 y 63. x = a 
: j . . > . G . . ; . . L ee By 1 jo 3y—2 
2x + y y-y + mx, 
65. r 5) 67. x = a 69. a) 116 b) x =—15 71. Answers will vary. The solution causes the denominator to equal 0. 


Quick Check 7.7 1.10 2. 3and12 3. 12;;minutes 4. 24hours 5. 75mph 6. 6mph 7. $360 8. 163} minutes 9. 864 


Section 7.7 1. reciprocal 3. divided 5. varydirectly 7.15 9.20 11.2 13.6,9 15. 10,20 17. 6minutes 19. 103 hours 21. 174 minutes 
23. 28hours 25. 18hours 27. 6hours 29. 6hours 31. 10mph 33. 6mph 35. 40 kilometers/hour 37. 150mph 39. 80 41. 14 43. 294 
45. 108 47. $190 49. 3amperes 51. $15 53. 18 amperes 55. 15 foot-candles 57. Answers will vary. One person takes 8 hours, and another 

person takes 10 hours. How long does it take the two of them together? 


- 1 3 5 3 1 x + 10 6+x x+3 5 17 
Chapter 7 Review 1. 5 2. F 3. 5 4. 5 5. -9 6. -6,9 7. res 8. 225 9. eet 10. ies 11. 9 12. a 
13. All real numbers except —6 and 0; (—00, -6) U (—6,0) U (0,00) 14. All real numbers except 1 and 4; (—00,1) U (1,4) U (4,0) 15. . 5 
x 
x+9 +8 = 4+ Tee 1 +1 +5 BCL =x + Dero +12 
ok. MEE) ge ee a, SE gg Oe og 5 PEE at )(x ) 
(x — 7)(x — 2) x-6 x+6 (x — 1)(x + 3) (x — 6)(x + 3) x—4 (x — 11)(x + 8) 
(x + 1)(x - 1) (3 + x)(x + 2) x(x — 6) (x + 2)(x + 3) 12 x-3 x+9 
5 . a . é e 5 le ok 
a aeeay 4=5 Pee Mesh. eee) EG ee ee. eee 
— ao = 2x +4 + 
aa as : 34, : ne Lae a7, 4) me 


x—5 (x + 4)(x — 3) (x — 2)(x — 7) (x + 5)(x — 4) G@eiGso  @roa-2) Genes 


Answers to Selected Exercises AN-23 


x+3 x x - 11 x+7 (x — 3)(x + 3) {2} 
39. @- Dat) 40. Per ad 42. 75 43. G=f@+6) 44, B 45. {3,4} 46. {16} 47. {-8,5} 48. {2} 
2A Ty 15x — 10y : F 
49. {-3} 50. {-2,5} 51. {-2,-1} 52h b 53. x = 54. r 6 55. 8 56. 5,10 57. 20 minutes 58. 84 minutes 


59. 60 mph 60. 6mph 61. 130 calories 62. 225 feet 63. 675 pounds 64. 80 foot-candles 


Chapter 7 Review Exercises: Worked-Out Solutions 


(-4)? — 5(-4) — 15 16 + 20 — 15 2 x2 + 6x — 40 _ (x + 10)(x — 4) _ (3) +7 
* (-4) + 17(-4) + 66 16 ~ 68 + 66 6& ¢—~3x-64=0 Boisem @-ae-s) re) (3) + 8(3) — 15 
= atl x + 6)(x — 9) = =i” _ 347 
= x=-6 or x= 24 — 15 
=3 =i 
= 
2 = wi+ 14x + 45) x2 + 9x + 8 (x + 5)(a + 9) (x + DG + 8) . x6, + or +5 
13 x + 6x = 16. oe 7 Pa Ge) Geen | f(*)-8(4) = SS 
x(x + 6) = _ (x + x + 8) _ x — 6, (4 + Ir + 5) 
x=0 or =-6 ~@ — 1x — 2) * be re al 
All real numbers except —6 and 0. a yer 
2, Bax = 6 4 +t 10x + 16 (x = 3)(x + 2) (a + 12)(x ~ 8) 28 x? + 10x 5x + 24 x2 + 10x — 5x — 24 
"x? — 19x + 88 © x? + dx — 96 (x — 11)(x — 8) (x + 8)(x + 2) hx? + 15x + 560 x? + 15x + 56 x? + 15x + 56 
_ (x = 3)(e + 12) = + Se 
~ (x = 11)(x + 8) a ae 
~ G+ 7a + 8) 
= BS 
eb 7 
x? — 3x — 12 2x — 18 x? — 3x — 12 , 2x —- 18 5 i 2 5 : 2 
32. xe = 95 OS oe a S95: x? = 25 3. aa s4 Poms GFHG—D  @- jee o 
3 — 3x — 12 + 2x — 18 5 x-34 2 e+ 4 
; e — 25 (e+ 4-1) ¥ 3% (we - 3x -1 x+4 
22 = 5x = 15-4 Qe 8 
_ (= Ox + 5) ake ae ai 
ere =3) (e + A(x — 1)(e — 3) 
~x-5 W(x — 1) 
(x + 4)(x — DO — 3) 
= 7 
~ (x + 4)(x — 3) 
142-8 742-38 3 
x+2 1 x x? ¥ x Xx 12 _. 
39. f(x) — 8(*) = aya 3 ~ Pet soll Tod 1 710" 2 45. x-5+%=2 
= x+2 1 % Te xT * xix —SextBey =2+x 
@+5a-l @+sa+7) dag? ag =e? Pa Be ey 
x+2 x+7 1 =f = 
G+5G-) +7 GFHGFH AI 1-x2 — 2.42 4 We x2 x7 - 7x +12=0 
(x2 + 9x + 14) — (x - 1) 5 2 ll 7 _ = 
(x + 5)(x — I(x + 7) =573-3 (x — 3)(x — 4) = 0 
e+ ox t+ 14—-x4+1 (x + 7)(x — 5) x=3 or x=4 
(+ 5)@— Da +7) =.’ 
x? + 8x + 15 an one 2) {3, 4} 
(x + 5)(x — 1)(x + 7) ener} 
(x + 3)(x + 5) 
(x + 5)(x — 1)(x + 7) 
_ (x + 3) 
~ (x = 1)(x + 7) 
f 6, = 
49. yest a er 35 53 y. eg 
x n 2 _— = 
(x + 5)(x = Tees + (x + 5) — 1) 8g = (et DO ee 
x(x — 7) + 3(x + 5) = 36 yey 
x? — 7x + 3x +15 = 36 : ‘i 
x? — 4x + 15 = 36 X=H-3 


x? — 4x —-21=0 
(x + 3)(x — 7) =0 
x=-3 or x=7 

x = 7is an extraneous solution. 


{—3} 


AN-24 Answers to Selected Exercises 


58. 


Pipe Time alone Work-rate Time Working Portion Completed 
Smaller t + 42 minutes eae 28 minutes 235 
Larger t minutes + 28 minutes a 
28 28 _ 
reat = 


t(t + 42)--285 + t(t + 42)-78 = 1-4(¢ + 42) 
28t + 28(t + 42) = t(t + 42) 
28¢ + 28t + 1176 = t? + 42r 
56t + 1176 = t? + 42 
0 = t* — 14t — 1176 
0 = (t — 42)(t + 28) 
t= 42 or t = —28 (Omit negative solution.) 
It would take the smaller pipe 42 + 42 = 84 minutes. 


60. Rate upstream:r — 2, Rate downstream: r + 2 


OD aa er Das 
10(r — 2) = 5(r + 2) 
10r — 20 = 5r + 10 
Sr = 30 
r=6 
Dominique can paddle 6mph in still water. 
5 a5 f=) (x — 5? 1 
h: TT 1 2. —3,=7 3. 4.-13 5. ° 7.3 8. +8 9. 
Chapten Tet 6 TB = 10 a4 GaGa x . Gta 
= +. = x+5)\(44+9 4 £- 1x +3 
bam i. ie pe a ge eS ag {36} 47. {2:9} 
(%—5)(4=.2) x+7 (x + 9)(x + 11) x(x + 6) x+2 (x — 1)(x + 8)(x + 2) 


10. 


18. y = 19. 90 minutes 20. 20 mph 


TRAD 
* * 7 16,21 625a™'b™* 21 a 1 u 13 
Cumulative Review Chapters 5-7 1. x’ 2. 108m'*n*! 3. —— 4.171 5. 7 6. =: 7.3.3 x 10" 8. 7.14 x 10°% 9. 0.001 second 
Cc ° a 
10. —44 11. 2x7 — 7x — 59 12. —x? — 12x + 22 13. 67 14. 15x° — 24x? + 36x 15. 12x? — 53x +56 16. 5x’ + 12x* — 9x 


3 
17.x +7 ee: 18. (x — 4)(x? + 6) 19. 2(x — 5)(x — 8) 20. (x + 9)(x — 4) 21. (2x — 5)(x + 2) 22. (x — 5)(x? + 5x + 25) 
23. (x + 9)(x — 9) 24. {-7,7} 25. {3,8} 26. {-7} 27. {-10,2} 28. x7 -S5x-14=0 29. -10,10 30. —7,5 31. a) 240 feet 
_ x= 3)(e = 2 
b) 6seconds c) 2seconds d) 256feet 32. 12,14 33. Length: 19 meters; width:7 meters 34. 5,9 35. : : 36. : . “ z: ee r ; 


(x + 10)(x — 2) 3 2(4x — 13) x-2 x+8 x-9 x-4 

(x + 7)(x + 1) rare GG =e Ss se (x — 7)(x + 3) a (x + 6)(x + 5) Be eg ere ei) 
y 

2y=1 


49. 10 50. 12 hours 


46. {0,18} 47. {-3} 48 x= 


CHAPTER 8 


1 


Quick Check 8.1 1. {-3} 2. {3} 3. {et 4.R 5S 6. {-7,7} 7.{-2-1} 8 {33} 9. 10. {-22,-4} 


Section 8.1 1. equation 3. LCM 5. theemptyset 7. X =a,X =—a 9 {-4} 1. {-$} 13. {-4} 15. {-11} 17. {3} 19. {-18} 
au. {4} 23, {-E} 25. {-2} 27. {8} 29. {3} 31. {-2} 33. {12} 35. {?} 37.R 39.0 41. R 43, {-2,2} 45. {-19,7} 
47. {-2,6} 49. @ 51. {-22,14} 53. {-2,8} 55. {0,f} 57. {-5, 4} 59. {-9,3} 61. {-18,4} 63. {-1,21} 65. {-18,-8} 67. 


69. {-3} 71. {—9} 73. {-2} 75. {i uy 77. {-%, -1} 79, {-2} 81. |x| = 2; answers will vary. 83. |x + 1| = 4; answers will vary. 


85. Answers will vary. |2x — 7| cannot equal —2. 


zi 2 F AS 
Quick Review Exercises 1. —32 2. -120 3. 3 4. 10 


Answers to Selected Exercises AN-25 


Quick Check 8.2. 1. x = 2, ett (— 00,2] 2 x = 2, <ai> [-2, co) 
-8 -6 -4 -2 -4 -2 0 


3. X <5, <element tts ,(—00,5) 4. -5 Sx S —2, <+++++ Ome» [—-5, —2] ee | 
=4 9. O° DS A GB -10 -8 -6 -4 -2 0 2 
Jt) Poteet (00,6) UG, 00) 6 Oe e248] 7 2 <5, 
“8.6. 34-2 0 2 4G -6 4-20 2 4 6 
<p ote tt (-2,3) 8 OD 9 x < —Zorx > 6, mmr ppp yt tt cee ,(—00,-2) U (6,00) 10. x < -60rx > —1, 
-6 -4-2 0 2°4 6 4°3°0°2 4°68 
<SEO mpm (— 00, —6) U (—1, 00) LL, R, emanate , (— OO, 00) 
-10 -8 - -4 2 0 2 -6 4-2 0 2 4 6 


Section 8.2. 1. linear inequality 3. interval 5. compound 7. x < 8, Seeneinntnminiintmininint i>» (—o0, 8] 
-10 -8 -6 -4 -2 


a i ar a ca td 1. x > —5, <name> 5 (—5, O°) 13. x > —7, 
-8 -6 -4 -2 0 2 -10 -8 -6 -4 -2 


spt pete (—2 . 15. x = 18, eee ttt > ,[18,00) 17.8 = x = 14, 4444 
-6 -4 -2 0 2 4 6 0 5 10 15 20 -4 0 4 


v 
= 
nee) 
an 
is 
= 


9 
19. -2=x=7, +++++44+44 eminent tt t> [2,7] 21. -7 < x <->, ++ om 
-10 -8 -6 4 2 2 -10 -8 -6 -4 -2 0 2 


32 
fener de) 25. x <2 or x > 8, <demjmmimi+-++-+4++ Omit , (— 00,2) U (8,00) 27. x = —Torx = 9, 
-12-10 -8 -6 -4 -2 0 3 —2 0 2 4 6 8 10 


Sg tt et (00, —7] U [9, 00) 29. < —4 Or x > 6, <email ,(— 00, —4) U (6, 00) 

-8 -6 -4 -2 0 2 4 6 8 10 -10 -8 -6 -4 2 0 2 4 6 8 10 
BU. —S <x <1, pp em tS (—5, 1) 33. -1 Sx <= 11, 44 
-10 -8 -6 -4 2 0 2 4 6 8 10 -15 


10 


E 1] 3 HHH HH 
-10 -8 -6 -4 2 0 2 4 6 8 10 3 -10 ms 6 Ez 2 0 2 4 6 
39. OD, <++ +e 


5 
38, 2 <r <1, ee ome HH 7 -l<x< 4 P+ Omimo- +H 


Nn 
2 =f 
= 


HHH H+ AL. x <3 OF x > 5, <fennjanjfannifaninfn)-|-Ominteentetpe (—00, 3) U (5, 
4 6 8 10 -10-8 -6 -4 2 0 2 4 6 8 10 
43. x S —9 Or X = —3, <u + +++ tomlin » (00, —9] U [=3, 00) 45. RR, <meta > (— 0, 00 ) 
-10-8 -6 -4 2 0 2 4 6 8 10 -10-8 -6 -4 2 0 2 4 6 8 10 
3 3 
41. x < 7 orx > 7, 3) UG) 49. x <-—5orx > 2, 


etter + tonemte 5 ( —20, <~+_—= =O 
-10-8 -6 -4 -2 0 2 4 6 8 10 2 -10 -8 -6 -4 22 0 2 4 6 8 10 


(00, -5) U (2,00) 51. -10 = x = 2, <eqmjeaienianienjienianienimig ty 5 [10,2] 53. x S —Sorx = 7, mmm pee te tt ttt fi 
-10-8 -6 -4 2 0 2 4 6 8 10 -10-8 -6 -4 -2 0 2 4 6 8 10 
(00, —8] U[7, ©) 55. R, <4anjumjanjanjanjnjnfaaiiasienfeaiententeat (00, 00) 57. x = —8, <} | pmjmnlmnfenjaniennfanieaieaianteaienieeteat , [—8, OC ) 
-10 -8 -6 -4 2 0 2 4 6 8 10 -10-8 -6 -4 2 0 2 4 6 8 10 
59. D. <> O6 SD or x = 4, emp mt (00, —9] U [4, 00) 63. 4 = x < 8, 
-10 -8 -6 -4 2 0 2 4 6 8 10 -10-8 6 4-2 0 2 4.6 8 10 
<I  H te> . |x] <2 67. |x — 5| > 4 69. Answers will vary. An absolute value cannot be negative. 
-10-8 -6 -4 -2 0 2 4 6 8 
Quick Check 8.3 1. (—2, 0), (0, —5) y 3. 
» 
of 
ap 
a 


5. Domain: (—09, 00); range: [—4, 00) 


7. f(x) = |x + 6| -3 


AN-26 Answers to Selected Exercises 


Section 8.3 1. absolute value function 3. y-intercept 5. (—6, 0), (0, —8) 7. (5,0), (0, —2) 


9. (9, 0), (0, 6) 


| 
oo 
rt 


33. Domain: (—00, 00); range: [0, 00) 


35. Domain: (—00, 00); range: [3, 00) 


39. Domain: (—©°, 00); range: [3, 00) 41. Domain: (—0°°, ©); range: [—2, ©) y 


43. Domain: (—00, 00); range: [0, 00) 45. Domain: (—00, 00); range: [—5, 0) 


Answers to Selected Exercises AN-27 


47. Domain: (— 0°, co); range: [3, co) 49. Domain: (—00, 00); range: (— 09, 0] 


53. Domain: (—00, 00); range: (—0©9, 9] 


55. (—4,0), (10,0), (0,-4) 57. (—6, 0), (6,0), (0, —6) 59% (0,6) 61. (1,0), (7,0), (0, -1) 63. f(x) = |x + 6| 65. f(x) =|x +1) +3 
67. f(x) = —-|x +2) +5 69. 71. 73. ¥ 75. 


Ts 81. No, explanations will vary. Turning point is not on the graph. 


Quick Check 8.4 1. 12x3(3x7 + 5x7 - 1) 2 (x — 8)(x? + 4) 3. a) (x + 4)(x +7) b) (x — 3)(x — 10) 4 2(x — 9)(x + 2) 
5. (x —7)(x — 10) 6, (2x —5)(3x +4) 7. (3x + 10)(3x — 10) 8. (3x — 4y)(9x? + 12xy + 16y’) 9 {—4,8} 10. {-2,3} 11. {5} 
12. {1,3} 


Section 8.4 1. factored 3. common factors 5. difference of cubes 7. zero-factor 9. 2x7(18x° — 8x + 25) 11. 4a°b(Sa — 7b* — 4a*b) 

13. (n+ 4)(n? +5) 15. (x + 7)(x? — 3) 17. (x — 5)(x — 8) 19. 2(x — 8)(x +4) 21. (a + 4b)(a + 9b) 23. 4(x + 2)(x — 7) 

25. (2x + 9)(x — 4) 27. (2x + 3)(3x + 8) 29. (x + 6)(x — 6) 31. (4b + 3)(4b — 3) 33. Prime;cannot be factored 35. (x — 2)(x? + 2x + 4) 
37. (3x + 5)(9x* — 15x + 25) 39. (x? + 9)(x + 3)(x — 3) 41. (x — 7)(x + 3)(x — 3) 43. (n + 4)(n + 2)(r? — 2n + 4) 45. {-4, 1} 

47. {-9,-8} 49. {-6,8} SL. {2,9} 53. {-2,-3} 55. {-5,5} 57. {-2,2} 59. {0,25} 61. {-7,3} 63. {-6,-1} 65. {-3,-4 

67. {—2,3, 10,15} 69. {-12,-6,-4,2} 71. x2 + 5x —36=0 73. 3x2- 16x +5=0 75. x2-144=0 77. {16} 79. {2,5} 81. 
{-11,4} 83. {-3,2} 85. {-4} 87. {-5,5} 89.@ 91. {-15,3} 93. {-12,-8,4,6} 95. Answers will vary. The solution causes a denomi- 
nator to equal 0. 


Quick Check 8.5 1. (—2,4) 2. (3,2) 3. 80 milliliters of 60% solution and 320 milliliters of 50% solution 4. No 5. (1,2,-3) 6. (Gs —4, 5) 
7. 16 $1’s, 9 $5’s, 5 $10’s 


Section 8.5 1. system of linear equations 3. independent 5. dependent 7. ordered triple 9. (7,—2) U1. (3,-5) 13. (—6,7) 
15. (x,3x +7) 17. (8,2) 19. (5, 3) 21. (—4,-4) 23.0 25. (4,-6) 27. Length: 19 inches; width:8 inches 29. 21 dimes, 44 quarters 


Z 
31. $5400 at 6%, $2100 at3% 33. 20 milliliters 15%, 40 milliliters 30% 35. No 37. Yes 39. (2,6,3) 41. (5,—2,-1) 43. (2. 5, -4) 


3 
45. (—30, 20,5) 47. (-8,-4,2) 49. (3 > 1) 51. (6,-3,1) 53. (-7,4,7) 55. 19 $20 bills 57. 5 bacon-and-egg sandwiches 
59. Abraham: 45; Belen: 37; Celeste:56 61. A: 60°; B: 40°; C: 80° 63. $8000 at 3%, $20,000 at 5%, $12,000 at 6% 65. $5000 at 2%, $2000 at 10%, 
$1000 at 25% 67. $13,000 at 5% profit, $6000 at 7% profit, $6000 at 40% loss 69. 60 milliliters of 10%, 30 milliliters of 15%, 10 milliliters of 30% 


71. Answers will vary; 300 people, $2/child, $5/adult, $3/senior, 20 more seniors than children; total: $1260 


AN-28 Answers to Selected Exercises 


: 5 
Chapter 8 Review 1. {6} 2. {%} 3. {3} 4. {7} 5. {-6,6} 6. @ 7. {-15,1} 8 {-7,-3} 9 {-3,-5} 10. {-6,3} 
11. x < —2, PH .(—00,-2) 12. x S 7, <em> .(—00,7] 13. x 29, +4+++++44 {oe [9, co) 
-10 -8 -6 -4 -2 0 2 —2 0 2 4 6 8 10 0 2 4 6 10 12 
14. Wexrs9 4 tet tt H++emmet> , [17,2] 15. -8<x< 49, 1» , (—8, 9) 
0 5 10 5 20 -10 -8 -6 -4 -2 0 2 4 6 8 10 


16. 


x <2orx = 6, <meta qn , (— 00, 2) U [6, ©) 


—2 0 2 4 6 8 10 -16 -12 -8 -4 
18. $<x<6, 44) +>, (4,6) 19. -8<x<7, .(-8,7) 
—2 0 2 4 6 8 10 ~ -10 -8 -6 -4 -2 0 2 4 6 8 10 
20. x < —Yorx > 9, <—#mo+4 t HH ttt ++i , (— 00, —9) U (9, 20) 
-10 -8 -6 -4 -2 0 2 4 6 8 10 


21. x Ss -60rx = -1, 


<== =9-—| 
-10 -8 -6 -4 -2 


23. (6,0), (0,5) 


17. -10 = x = 10, iw a a a 10, 10] 


27. 


31. Domain: (—©°, 00); range: [3, 00 


. Domain: (—0°, co); range: [—4, 00) 34. Domain: (—00, co); range: (—©o, 2] 


. 2x(3x8 — 2x6 + 5x? — 9x + 1) 
. 3(x — 3)(x — 8) 41. (x + By)(x 


36. 5a°b(a’b* — 2b* — 5a) 
+ 10y) 42. (x + 15)(x — 2) 


37. (x — 8)(x? + 11) 
43. 4(x + 6)(x — 1) 


38. (x + 9)(x + 2)(x — 
44. (x — 9)(x + 6) 


46. (2x + 3)(2x —7) 47. (x + 6)(x — 6) 48. (3x +1)(3x —1) 49. (2x + 7)(2x — 7) 50. (5x + 8y)(5x — 8y) 
52. (x — 9)(x2 + 9x +81) 53. {-2,3} 54. {-6,-4} 55. {-9,2} 56. {-12,12} 57. {13} 58. {-3,8} 59.2 60. {5} 61. (4, 
62. (—5,3) 63. (1,7) 64. (7,8) 65. (5,4,-2) 66. (3,—-8,4) 67. (0,6,-6) 68. (6,-3.3 


Chapter 8 Review Exercises: Worked-Out Solutions 


kt 2B : 
3, a a ea 7.|x+7|—14=-6 11. 3x + 16 < 10 
1 1 Ix+7| =8 3x < -6 
(3s a) ( 2) x+7=8 or x+7=-8 x<-2 
30 = ae 30-4 as oe ooo ee eS 
3 6 age 3 {=15,1} 
(—00, —2) 
10x — 5 =4x + 10 
6x —5 = 10 
6x = 15 
15 
goa 
= 


2) 
45. (2x — 9)(3x — 1) 
51. (x + 3)(x? — 3x + 9) 


39, (x — 7)(x + 2) 


-1) 


) 69. 50 senior citizens 70. A:72°; B: 48°; C: 60° 


15. —14 < 3x + 10 < 37 
—24 < 3x < 27 
-8<x<9 


<1 ee 
-10 -8 -6 -4 -2 0 2 4 6 8 10 


(-8, 9) 


23. x-intercept | y-intercept 


5x + 6(0) = 30 5(0) + 6y = 30 
5x = 30 6y = 30 
x=6 y=5 
(6, 0) (0, 5) 


Answers to Selected Exercises 


18. |3x — 11| <7 20. jx] +4 < 13 
-7<3x-11<7 |x| > 9 
4<3x < 18 x>9 or x<-9 
4 ee 
ge 50 =10 =8 =6 zm! 2 0 2 e 6 8 10 
ee ee (—co, -9)U(9, co) 


25. The line has slope m = —2 and its y-intercept is (0, 9). Plot the y-intercept. 


A second point on the line can be found by moving down 2 units from the 
y-intercept and 1 unit to the right. 


27. Slope: m = —1; y-intercept: (0, 5) 33. Select values of x centered around x = —2. 
x f(x) = |x +2] -4 
—4 f(-4) = |-2| -4=2-4=-2 


36. The GCF is 5a’b. 


5a‘b* — 10a?b* — 25a*b = Sa*b(a’b* — 2b* 


39, Find m andn such that m:n = —14andm + n= —5. 


= 54-14 = (x 


7)(x + 2) 


The domain of this function is (—co, 00). The function’s 
minimum value is —4, so its range is [—4, ©). 


37. Factoring by Grouping 
x? — 8x? + 11x — 88 
x?(x — 8) + 11(x - 8) 
= (x — 8)(x? + 11) 
40. Factor out the GCF 3 first. 
3x? — 33x + 72 
= 3(x? — 11x + 24) 
= 3(x — 3)(x — 8) 


— Sa) 


47. Difference of Squares 53. x*—x-6=0 58. x-5-—=0 
x? — 36 (x + 2)(x — 3) =0 “ 
= (x) — (6) ei2=0 of Xe 3S x(x-5-) = 2-0 
= (x + 6)(x — 6) x=-2 or x =3 ° 
{—2, 3} xexoxSo r= 0 
x? — 5x -24=0 
(x + 3)(x — 8) =0 
x+3=0 or x-8=0 
x=-3 or x=8 
{—3, 8} 
62. Substitution Method 63. Addition Method 
6(7 — 4y) — Sy = —45 2x + 3y = 23 —Multiplyby3._. ¢x + oy = 69 
42 — 24y — Sy = —45 -6x + 2y =8 -6x +2y= 8 
42 — 29y = —45 lly =77 
~29y = -87 ly 77 2x + 3(7) = 23 
y=3 KET 2x + 21 = 23 
x =7- 4(3) y=7 2x =2 
x= 7 = 12 x= 1. 
x= -5 
(5, 3) (1,7) 
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67. xt+ty+z=0 
2x + 3y— z= 24 
3x — 2y + 4z = —36 
Eliminate z using Eq. 1 and Eq. 2, as well as Eq. 2 and Eq. 3. 


xty+z=0 (Eq. 1) 8x + 12y — 4z = 96 4(Eq. 2) 
2x +3y—-—z=24 (Eq.2) 3x — 2y + 4z = —36 (Eq. 3) 
3x + 4y = 24 (Eq. 4) 11x + 10y = 60 (Eq. 5) 
Solve for x using Eq. 4 and Eq. 5. 

3x + dy = 24 Mulipy ay 15x + 20y= 120 
11x + 10y = 60 Multiply by =2. —22x — 20y = -120 

—7x =0 

—7x =0 
x=0 
Back substitute. 
Equation 4 Equation 1 
3(0) + 4y = 24 (0) + (6) +z=0 

0+ 4y = 24 6+z=0 

4y = 24 z= -6 
ye 

(0, 6, —6) 


Chapter 8 Test 1. {—16} 2. {-16,—2} 3. {-3,13} 4. x > —4, <-44+4-commmjmfemjemimmiemjemi , (—4, 00) 
-§ -6 -4-2°0°2 4 


5. —6 Sx <5, <4 omen tt [—6, 5] 6. x < 3 or x > 5, <empmnjemmi|-Onejeatenteaipe, (— 00, 3) U (5, 00) 
-8 -6 -4 -2 0 2 4 6 8 —2 0 2 4 6 8 10 
7.-9=x=1,4 [-9,1] 8. x <Oorx > 5, <<mmmjemj—}+-+ +-omfemimipe, (— 00, 0) U (5, 00) 
-10 -8 -6 -4 -2 0 2 -4 2 0 2 4 6 8 
9. 11. Domain: (—©, co); range: [3, 0) 12. (x + 8)(x — 5) 


>X 


2 Ts 46 8 10 12 


13. 4(x — 2)(x — 5) 14 (2x + 5)(3x +2) 15. (3x + 10)(3x — 10) 16. {-9,3} 17. {—7,1} 18. (—3,4) 19. (8,2,1) 20. A:115°; B:45°; C:20° 


CHAPTER 9 


Quick Check 9.1 1. a) 7 b)2 c)—6 2. a)|a"| b)5|b'| 3. 8x 4.10440 5. a) 3 b)4 c) -7 6 x7 7. —3x7y® Bx +5 9 30b4 
10. 144 11. a) 5 b)3a> 12. 35 13. [-18, 00) 14. (—00, 00) 


. ‘ : : il 5 
Section 9.1 1. square root 3. nthroot 5. radicand 7. radicalfunction 9.6 11.2 13. 9 15. . 17. Notarealnumber 19. —7 21. |a’| 


1 
23. |x!"| 25. 3|x°| 27. ae 29. |ab"| 31. x4ly°z’| 33. 81 35. 9x? 37. 7.416 39. 18.055 41. 0.728 43.5 45. -3 47. x° 49. a’b* 


51. 7m’ 53. 3x°y° 55. x +3 57.9 59.30 61. a? 63. x” 65.6 67.10 69 x° 71. a° 73.6 75.6 77. x° 79. ab’ 81.3 83. x° 
8 13 
85. 336 87. 900 89. 108x 91.5 93. 392 95.4 97.3 99. 12.385 101.5 103. [4,cc) 105. EB ~) 107. (-», 3] 109. (—co, 00) 


111. Real: —V64, -W64, Vv —64; not real: V —64 Explanations will vary. 


Quick Check 9.2. 1. a) V36 = 6 b) W/—32x!5 = —2x3 2, Wx? yte24 = x8yzo 3. al? 4, (W/4096x!8)5 = 1024x155, 12 G x2974 7, HHA 


15 


eo G4 1, Ye 


yi 


Section 9.2. 1. V/a 3. rational 5. x" 7. 7!2 9, 9d" 41.8 13. -7 15. x° 17. 4al'b? 19, —3x"y5z 21. x35 23, y8? 25, (3x7)78 
27. (10x*y°)>8 29. 125 31. 4 33. x8 35. 64a°b'® 37. 625xPy%zt 39. x4 4d xt 43, a2 45. yl? a7, 34 gg, 9 51. X99 
1 1 


1 
"3195 67. 6 69. XY? 11. Wa 73. Wm 75. We 77. Yes; explanations will vary. 


53. x1? 55. x74 57.1 59.5 OL. tf 63. a 65 


The base is positive. 
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Quick Check 9.3. 1. 2 W22 2. ab’ Vocd 3. 3VI0 4. 2/35 5. xyz wiWasyw? 6. I5SVI0 —5V5 7. 114d? — 11Wa4b? 8. 47 
9. 6V2 


Section 9.3 1. like radicals 3. 2V3 5. 3V5_ 7. 12V3 9.4/3 11 6W6 13. 2W75 15. x4Vx 17. m*W/m_— 19. x47 x42. xTyVx 
23. Vxy 25. xy88Vay 27 at Way?z 29. GR? Web ce 31. 3x5 y°V3x 33. 3x°yztW2x3y? 35. 27V5 37. -6W/4 39. 1515 

AL. SV7 — 21V3 43. 2V2 — 13V3 45. -2Vx 47. Wa 49. 22Vx 5 5x — 17Vy 53. 21x — 3Wx 55. 132 57. -31V6 
59. 46V3 61. 35W/2 63. —51V3 — 75V2_ 65. 7V3 — 11V2_ 67. -6V2 + 17V5_ 69. Answers will vary. Factor; then look for squares. 


Quick Check 9.4 1. a) 60 b) xtyzW2 ©) 144V3_ 2.6+6V5 3. x5y° — x8yoVxy 4, a) 57 —2V6, b) 17—2V70 5. a) 9, b) 529 


V210 | V5, 2yVxy | 53 - 3V5 33 — 20V3 
: 7. 8. 9. 10. 
3 5 ag 2 3 


6 


Section 9.4 1. x 3. rationalizing 5.30 7. 216 9. 280V3 1 72V/2 13. x"! 15. 2a°b’V15b 17. xy oW2 19. 4 — 2V3 
2. 42 + 14V5 23. 162V2 — 72V5. 25. nV + mn? 27. adbbcAN/e + a Bc7W/b 29. 2 — V6 + VIO — VI5 31. 58 + 136 
2V3 V3 i 2V6 v2 


33. 154 — 26V21 35. 24 + 10VI5 37. 98 — 24VI0 39. -3 41. 414 43. -178 45. —= 47. 3V2 49. * sl. 53. > 
pi y 
3V33a Wrst V3 4\V/2a eV xy 3VB + 3V7 3 -— V33 3V39 + 9V3 59 — 11V15 
55. 57. 59. 61. 63. 65. 67. 69. 71. 
1a* 2rt 3 3a ys 2 2 2 34 
+ 43V + —17V 
73, 228 = | ae 71. = 79. 573 + 80V35 81. Sabet W522 83. oN 85. 6\/5 
22,4 3 
87. 120 + 135V2 — 56V5 — 63VI0 89. —14x5V2 + 7x! 91. abb8el Wap? 93, TP V3% gs SV gp 9957 99, 9 + 2Vab +b 


6c OX 


101. Answers will vary. One term is the same; the other term is the opposite. 
Quick Review Exercises 1. 24-3? 2. 23-57-73. 2° 4, 2-33-7-11 


Quick Check 9.5 1. a) {47} b) {-73} 2.@ 3.11 4. a) {9} b) {—220} 5. {2,10} 6. {8} 7. {-22} 8. {6} 9. 2.72 seconds 
10. 7.30 feet 11. 70 miles per hour 


Section 9.5 1. radical 3. isolate 5. pendulum 7. {97} 9 {58} 11. @ 13.{20} 15. {10} 17. {-10,5} 19. 45 21.13 23. —2,7 

25. {4} 27. {39} 29. {42} 31. {8} 33. {9} 35. {7} 37.0 39. {3} 41. {2} 43. {26} 45. {9} 47. {5} 49. {-1,3} 51. {-4} 
53. {5} 55. 2.48seconds 57. 1.49seconds 59. 2.6feet 61. 40 mph 63. 73 mph 65. 2.09 square meters 67. 1.45 square meters 69. 68 kilo- 
grams 71. 138.6 gallons/minute 73. 71.4 gallons/minute 75. 2.3 feet 77. 1.7 miles 79. 12.2 miles 81. Answers will vary. The problem needs 
skid distance and drag factor; then solve for speed. 


Quick Check 9.6 1. a) 6i b) 3iV7 c) —3iV6 2. a) —-5 + 271 b) 11 — 28) 3. -60 4. -10V6 5. 48 — 427 6. 26-13% 7. 65 — 72i 


8. 65 9. 137 10. ° i i. + —i 12. i ‘13. =1 


Section 9.6 1. imaginary 3. —-1 5. real 7. 2i 9. 9i I. -13i 13. SiV2 15. -6iV7 17.114 147 19.4 -—17i 21. 43 23. 267 
25. -2-— 241 27.6+9i 29.2+ 9) 31. —98 33.20 35. -56 37. -6V6 39. —30 41. —35 + S6i 43. 24-—S54i 45. 33 + 17i 
15 3 35. 45 14 57 43 36 


47. 62+ 10i 49. -13 + 841 51. —24-—10i 53. 29 55.208 57. 61 59. 3B iB 61. 76 * 26! 63. 33° 53! 65. 35° ast 67. —8i 
7 5 1 3 3 7 1331 4 9 

s j ‘ + =i \. j 5 j 5 + 8i . + 33i ei ae » . 2i . — 9 <a 
69 3 ry 71 ato 73 5 rh 75. 10 10° 77.3 + 8 79. 31+ 331 81. i 83. —-1 85. -1 87. 27 89. 48-91 91 5 5! 


93. 45 — 1087 95. -° a ai 97. 29 99. -18V2 101. -* + a 103. 6iV7 105. 72 — 54i 107. 23 + 10i 109.126 111. -i 


113. —24 + 16i 115. Answers will vary; similar to combining like terms. 


Chapter 9 Review 1.5 2.13 3. -4 4. x9 5. 9x° 6. 3x3y’z5_ 7. 4.123 8. 6.403 9.9 10. 2.828 11. [-3,00) 12. [—%,00) 13. al 
14. 8" 15. x8? 16. 08°17. 2 18. 49x44 19. 98 20. x 2d x4 22,4 23. ag 24 25. 2V7 26. FP Wx 27. x? yz W xy? 
28. 3a°b'c3 W/15ac 29. 6rst>V5rs 30. Sris4t?V7 31. 12V2 32. 6VW/x 33. 25V5 34. S7V3 — 40V2 35. 2x°W9 36. 30V2 — 60 


323 3 

37. 3V2 — V6 + 4V3—4 38. 296 — 43V55 39, 303 — 108V5 40. 648 41. 4x2v7 42, ; =e 43. ah ress ae 45. ee 
GC 

302-V/B 4(V11 + V5 5V5 +3 44 + 13-V14 —53 + 27 V5 
a6, BEV ag M dag, 2N5 49. 50. V5 54, 112} §2, {20} 53. {9} 54. {2} 55. {9} 56. © 
BP 3 116 10 209 
57. 4 58. -2,8 59. 2.48seconds 60. 67mph 61. 7i 62. 2iVI0 63. 6iV7 64. -15iV3 65.11 +51 66. 16-2) 67.1+5i 681+ 7i 
21 9 &. 2 B19 
oe i a A + j . + j fi = j . 5 t j t j 7 t i . j ik 
69. -16 70, —10V3 7. 28 + 217 7. 114 + 1061 73. 72 — SAI 74. 205-78. 5 + Soi 6 + IT et i TB. 169. 


80. —1 
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Chapter 9 Review Exercises: Worked-Out Solutions 


4 Wx = W(x) 9 f(x) = Vx — 10 11. 2x +6 =0 18, (343x2!)23 = (W/343x7!)? 
=e f(91) = V91 — 10 2x = -6 = (7x’)’ 
= V81 <= 33 = 49x" 
=— [-3, 0) 
19, x32. x16 = 32416 27. Wally8z8 = We Myiz5. Ways 33. 5V20 + 3V125 = 5V4-5 + 3V25-5 
= 2/6416 = eyeWxyi = 5:2V5 +3:5V5 
41016 = 10V5 + 15V5 
= 58 = 25V5 


38. (10V5 — 7V11)(9V5 + 2V11) = 10V5+9V5 + 10V5-2V1T — 7V1T-9V5 — 7VI1-2V11 
90-5 + 20V55 — 63V55 — 14-11 
= 450 — 43/55 — 154 


= 296 — 43V55 
45. \ J = V.v2 gg 2~w3 SV + 3V OSV FL =7 
* V8 ~ Vis’ v2 “ 1oVi5 - 3Vi2 10VI5 — 3V12_ 10VI5 + 3VI2 (V4x ¥ 1" = 7 
— V2 — VE + 6V36 _ 
V36 = 100-15 — 9-12 4x +1 = 49 
_ 20°3V5 + 676 = 
= a = "1500 te 4x = 48 
_ 60V5 + 36 x=122 
1392 
_ 5V5 +3 {12} 
116 
54. V17 —4x -—x=1 60. s = V30df 62. V—40 = V-1- V40 
ViT—4e =x+1 s = V30(200)(0.75) = i: V4-10 
(VIT — 4x)? = (x + 1)? s = V4500 = j-2VI0 
17 — 4x = (x + 1)(x +1) s © 67 2iV10 
17 — 4x =x? + 2x41 
0 = x? + 6x — 16 
0 = (x — 2)(x + 8) 
x=2 or x=—8 
x = —8 is an extraneous solution. 
{2} 
65. (4 + 2i) + (7+ 3i) =4 474 2i + 3i 72. (10 + 2i)(13 + 8i) = 130 + 80i + 26: + 16i? 78. 7g = ts 
ce ae = 130 + 106i — 16 =Z+s 
= 114 + 106i = 4 
— 42 + 18i 
a 94 21 
te dees 29 T 39 T 29! 
78. T= Ther 79, p3 = P)B.i 


Chapter 9 Test 1. 5x°y’ 2. 8.718 3. a1? 4.5" 5.5 6. 6V2 7. ab’cWab? 8. 5V2 9. 140V2 — 40V7 10. 226 — 168V3 


xVXx —564 + 167V14 33 4 
11. - 12. 13. {20} 14. {8} 15. 13.0ft 16. 3iV11 17. -18—11i 18.85 19, —— + a 
y 50 34. (34 
CHAPTER 10 


Quick Check 10.1 1. a) {-3,5} b) {-11,11} 2. a) {-2V7,2V7} b) {—4iV2,4iV2} 3. a) {-3} b) ? st 5 a 
4, 12.2inches 5. 2.5centimeters 6. a) {—6,—-2} b) {3-—i,3 +i} 7. {-9,2} 8 {8 —3V2,8+3V2} 9. 3x7°+x-10=0 
10. x? + 100 =0 

Section 10.1 1. extracting square roots 3. completing the square 5. {—2,5} 7. {—7,0} 9 {ia} 11. {—4,6} 13. {—3,3} 
15. {—2,13} 17. {-8,8} 19. {-2V6,2V6} 21. {-6iV2,6iV2} 23. {-2iV5,2iV5} 25. {7 — 3V2,7 + 3V2} 

27. {-6 — 7i,-6 + Ti} 29. {-5 — 3iV2,-5 + 3iV2} 31. {9 —5V2,9+5V2} 33. {-1.2} 35. x7 + 12x + 36 = (x + 6)’ 


25 5\7 ‘ 3 3\" 
37. x? — 5x + ri (« *) 39. x7 — 8x +16=(x-4) 41. x? 4 roe ~, (« 2) 43. 9meters 45. 11.3inches 47. 2.8 inches 


49. 8.9 meters 51. {—7,9} 53. {-3 — 2V5,-3 + 2V5} 55. {2 — 2iV2,2 + 2iV2} 57. {7 — V19,7 + V19} 
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59. {-4 — 2iV7, -4 + 2iV7} 61. {-8,2} 63. {-6,9} 65. {= ais = vel 67. ? a sn 69. {-2 -1} 


1 5-9 341 
TL. {-8, 9} 73. {5-4} 75. { 7: =f 77. x2 +3x—-10=0 7% x2—-14x+48=0 8h. 4x2 +5x—-6=0 83 x2-9=0 


85.x° + 25 =0 87. {-10,-3} 89 {-3 — V26,-3 + V26} 91. {-1,7} 93. {3.5} 95. {4 — 3V3,4 + 3V3} 


97. {2 —2V6,2 + 2V6} 99. {-1,6} 101. {4 —iV3,4 + iV3} 103. {-3 — 27V2, -3 + 2iV2} 105. {= ae = ne) 


107. {—16,0} 109. {—5,7} 111. {-1,5} 113. {-5,1} 115. Answers will vary. Using + prevents losing a solution. 


Quick Check 10.2. 1. a) a = 1,b = 11,andc = -13 b) a=5,b 9,andc = —-11 ec) a=1,b=0,andc 30 2. a) {—10,3} 
b) {= — 3V21 -21 + vat - ie — 31V3 7+ avs a {3 —ivi4 -2+ WEY s s. {-§ 

14 : 14 2 ' 2 3 , 
b) Two nonreal complex solutions ¢) One realsolution 7. a) Not factorable b) Factorable 8. 5seconds 9. 0.32 seconds, 1.93 seconds 
10. No 


3} 6. a) Two real solutions 


Section 10.2 1. quadratic 3. zero 5. two 7. {-4,9} 9 {2-— V2,2+ V2} 11. {4 et + 3ivsh 13. {-2iV3, 2iV3} 
15, {25-74} 17. {-8, 11} 19. {-3,4} 2a. (2 - 27V7,2 + 27V7} 23, R= PS SS) 25, [-h a} 27. {3} 


29. {-2V6,2V6} 31. {-4,5} 33. {a4 = 1 — ivi 1+ iva + pas 35. {3,4} 37. Tworeal 39. Two nonreal complex 41. Two nonreal complex 


43. One real 45. Prime 47. Factorable 49. Factorable 51. Prime 53. p = 3 = 7B} 55; { iss} 57. {=, 2} 59, {25 82, 44} 


61. {—18i, 181} 63. {3,3} 65. {425 YM9 45) 67, PMS MS) oo. Go. {4 82}. (2 - V6.2 + V6} 
7. {(3-i,3+i} 71 {4,2 1, v0) 79. {-4,3} 81. {= 92,2) 83. {-4,1} a {5 — V7,5 + V7} 87. {7,9} 

89. 8seconds 91. 5.4seconds 93. 1 second,4seconds 95. 1.5 seconds, 6.0 seconds 97. No, the discriminant is negative. 99. Yes, 0.9 second 
101. 96 feet per second 103. Answers will vary. The square root of a positive number produces two real solutions; +0 does not change the 
numerator; the square root of a negative number is imaginary. 


Quick Check 10.3. 1. {-2,2, -iV3,iV3} 2. a) u= Vx, b) u=x'9, c) u= x? -— 4x 3. a) {1,25}, b) {1,27} 4. {-5} 5. {0,3} 


6. 71.5 minutes 


Section 10.3 1. u-substitution 3. {-1,1,-2,2} 5. {-V3, V3} 7. {-3i, 3i,-V2, V2} 9 {-2,2,-3,3} 11 {16,81} 13. {36} 15. @ 
17. {1,49} 19. {©} 21. {100} 23. {8,27} 25. {-216,1} 27. {-125,-64} 29. {-1,2} 31. {3,9} 33. {-8,2} 35. {2,5} 37. {1} 
39. {2,10} 41. {-10,4} 43. {-12,5} 45. {1} 47. {-3,5} 49. Small: 120 minutes; large: 60 minutes 51. 6.5 hours 53. 88.2 minutes 
55. {4 — V29,4 + V29} 57. {64} 59, {2=fV2 24 Ava) gy, {5 —AVSI 5+ VST) 63, {-7,13} 65. {-10,-2} 67. {6} 69. {-§,0} 
71. {—8 — 12i,-8 + 12i} 73. {-i,i,-2,2} 75. {-343,-125} 77. {-5} 79. After replacing u with x’, take the square root of each ‘side. 


Quick Review Exercises 1. {—4,10} 2. {-3,12} 3. {3 — V22,3 + V22} 4, {= 58 ats ivan) 


Quick Check 10.4 1. 2: 


6. a) (—2,-8),x = —-2 b) (8,7),x=8 7. 


Section 10.4 1. parabola 3. negative 5. y-intercept 7. (—4,—-38),x = —4 9 (3, -3),x = 11. (6,98),x=6 13. (-2,-27),x =—-2 
3 119 3 
4 a) 4 
27. (—8,0), (5,0), (0, —40) 29. (0.7, 0), (4.3, 0),(0,3) 31. No x-intercepts, (0,15) 33. (—4.6, 0), (1.6, 0), (0,15) 35. (—6,0),(1, 0), (0, 6) 
37. (—2.4, 0), (8.4, 0), (0,20) 39. No x-intercepts,(0,—-15) 41. (4,0), (0,16) 43. (4,0), (10,0), (0,40) 45. No x-intercepts, (0, 29) 


15,.(3,25),% = 3 47; ( 19, (—5,-225),x = —5 21, (7,12),x=7 23. (-1,-5),x=-1 25. (9,-7),x =9 
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47. (—2.5,0),(4.5,0), (0,11) 49. 


55. 


=) 
<< TTTT 


65. 


71. Answers will vary. The parabola opens up and the vertex is above the x-axis, or the parabola opens down and the vertex is below the x-axis. 
Quick Check 10.5 1. Base: 20 inches; height: 6 inches 2. Length: 23.1 inches; width: 15.1 inches 3. 9.80 inches 4. 7.7 feet 5. 250 feet 


Section 10.5 1. A = 5bh 3. legs 5. Length: 11 inches; width:6 inches 7. Length: 15.4 meters; width: 7.7 meters 9. Length: 9.9 feet; width: 

6.8 feet 11. Base: 12 inches; height: 7 inches 13. Base: 3.6 inches; height: 8.2 inches 15. Width: 8 inches; height: 10 inches 17. Length: 61.0 inches; 
width: 35.5 inches 19. Length: 32.6 inches; width: 16.6 inches 21. Height: 40 inches; width: 32 inches 23. Base: 32 inches; height: 16 inches 

25. Base: 6.4 feet; height: 14.4 feet 27. 18.9inches 29. 12 feet 31. 20.8 meters 33. 100 miles 35. 6 feet 37. 30.7 feet 39. 16.4 inches 

41. Length: 5.1 feet; width: 4.1 feet 43. a) Base: 12 feet; height:9 feet b) 15 feet 45. a) 69.3 centimeters b) 2772sqcm 47. Answers will 
vary. The length is 5 feet more than the width; the area is 126 sq.ft. 


Quick Check 10.6 1. [6,8], +44 oo a ee + V69 ioe) 
2 0 


> > ere ee 
2 eee rer 


2 
3. (—00, CO), <meta §— 4 (—7, —2] LJ (6,8), <4 cman ttt tem tyt> 5. (—00, —4) U (-1,0) U (6, 0), 
6 42 0 2 4 6 -8§ 6 4 2 0 2 4 6 8 10 
pO mmm 6. (— 00, — 1) (3,5), <femmiottt-omeot> 7. (—7, —3), <4 Omen} 
-10 -8 +4 + 2 0 2 4 6 8 10 42 0 2 4 6 -10 -8 - -4 2 0 2 


8. From 5 seconds after launch until 12 seconds after launch 


Section 10.6 1. quadratic 3. strict 5. (1,5), <+4+4+cmmmmiott+ t+ = 7. (—00, —3] U6, 00), eam} ttt ttt ta 
2 0 2 4 6 8 10 6 42 0 2 4 6 8 10 
9. (—3,7), <4 4444p > LD. (— 00, 2] U8, 00), <ehmemmejmenafnjmjep |} +} p> 
-10-8 -6 -4 2 0 2 4 6 8 10 -10-8 -6 -4 2 0 2 4 6 8 10 
13. [—5, 5], <-+ ++} omental ttt tt 15, (—00, -3 — V6) U(—-3 + V6, 00), jemi} Ofna 
-10-8 -6 -4 2 0 2 4 6 8 10 -10 -8 64 +4 2 0 2 4 
5 — V37 5+ V37 
17.( oo, Jul 00), etait 19. (—00, 00), <j) 
6 6 32-101 2~3 64-2 02 4 6 
21. D, +++ HHH Ht 23. (—00, -7] U8, 00), <_ejemmi -} $ 
-10 -8 -6 -4 2 0 2 4 6 8 10 -10 -8 -6 -4 2 0 2 4 6 8 10 

25. (5 — 2V5,5 + 2V5), <+-+4Ommmtiiietot tt 27. [—2, 1] U[4, 00), < + gente gett 

2 0 2 4 6 8 10 12 42 0 2 4 6 8 
29. [—9, —S] U {7}, <em>. (—4, 3), <4 off 33. (00, —2] U (—1, 2], <j Colt} > 

-10 -8 -6 +4 2 0 2 4 6 8 6 42 0 2 4 6 -8 -6 +4 2 0 2 4 

35. (—00, —6) U (—3, 4), <pmtmnmtmoH1- Omit +t +> 37. (—00, -5] U (-2, 2) U [4, 0), 

-10-8 -6 -4 2 0 2 4 6 8 10 -10-8 -6 -4 2 0 2 4 6 8 10 
39. (—9, -6] U (—4, 8], <+- cme} Omaha | +> 41. (—8, 1) U (3,4), 

-10 -8 -6 -4 2 0 2 4 6 8 10 -10 -8 -6 4+ 2 0 2 4 6 

43. (—00, —5) U (4, 0), <<ajmjumro ptt tt cmfeiemi §— 45. [—6, —3) U [—1, 00), <4 + omnicef 

-8§ -6 -4 2 0 2 4 6 8 -8 -6 -4 2 0 2 4 


Answers to Selected Exercises AN-35 


47. [-2,2), ashore ana 49. 1 second to3 seconds 51. 0.5 second to 1.5 seconds 53. a) A(t) = —16t? + 125t + 48 
6-42 0 2 4 


b) 1.5 seconds to 6.3 seconds 55. [2,6] 57. (—00,2] U[3,00) 59 [-9,6) 61. (—co, -7) U (-6, -3) U (11,00) 63. x7 — 2x -3 <0 
= De = 
@ 2-420 @ 25 w=] = 2g 
x+4 x? + 10x + 24 

Chapter 10 Review 1. {—7,—4} 2. {-10,3} 3. {-4,0} 4. {3,5} 5. {-5,1} 6 {7,11} 7 {-7,7} 8. {-6V2,6V2} 9. {—2i, 2i} 
10. {6 — 61,6 + 6i} IL. {8 — 31,8 + 37} 12. {-9,2} 13. {-2,4} 14. {3 -— V6,3+ V6} 15. {-7 — V2,-7+ v2} 
{= - iVIS —5 + vs | ig {= - 3.5 -7 + 3vs 18. (-2 — Vé,-2 + VO} 19. (? - 3iV3 3 + shes) 

2 2 2 2 2 2 

5-21 5 +2i 
gee 
29. {-6,-5} 30. {6} 31. {9,10} 32. {-2,2, -3i,3i} 33. {-6 — 2iV2,-6 + 2iV2} 34. {-2 — 2iV3,-2 + 2iV3} 35. {—-10, 0} 
4-10 4+ V10 

3° 3 


16. 


\ 21. {-7,3} 22. {6-16 +i} 23. {-1,1,-2,2} 24 {64} 25. {1} 26. {27,343} 27. {-3,2} 28. {-6} 


36. {3 — V29,3 + V29} 37. {5} 38. {20} 39. {-4,5} 40. { \ 41. {9} 42. {—9 — 8i,-9 + 8i} 43. {-16, -8} 


ae (7 — V129 7 + V129 
2 © 2 

50. x7 + 64=0 SL. (4,-36),x=4 52. (-3,-%),x =} 53. (-1,36),x=—-1 54 (3,-4),x =3 55. Nox-intercepts; y-int.: (0, 11) 

56. x-int.: (2 — V7, 0), (2 + V7, 0); y-int.: (0, -3) 57. x-int.: (5,0); y-int.: (0, -25) 58. x-int.: (—4 — 2V2,0), (—4 + 22, 0); y-int.: (0, 8) 


59. 


\ 45. x7 + 5x -36=0 46. x7 -8x+16=0 47. 6x? — 47x +52=0 48. x°-8=0 49. x7 +25=0 


64. 


67. (—c0, -2 — V15)U(-2 + V15, 0) ett tt ttt omimimintm 68. (00, CO), <em> 
2 ‘O' 2. AR 6: 


=10' 8 =6 “4 -2.".0 ee 
69. (—00, 6JU(7, 9], Dernennenaeesin 70. (—00, —10)U[-2, 2]U(8, 00), ammo} omg} ttm 
6 8 10 12 -12 -10 -8 -6 -4 2 0 2 4 6 8 10 
71. (—00, -10] U[—S, 00), <emjmp-t++unjenjemieaianiomiom- 72. (— 00, —4] U (1, 4] U (9, 00), <j} + mth 1 Ontei 
-12 -10 -8 - -4 -2 0 2 -8§ -6 -4 -2 6 8 10 12 


73. 6;seconds 74, 4.54seconds 75. 9.1 hours 76. 61.1 hours 77. Length: 18 centimeters; width: 16 centimeters 
78. Length: 29.8 feet; width: 16.8 feet 79. 1280.6 miles 80. Length: 9.9 feet; width: 6.9 feet 


Chapter 10 Review Exercises: Worked-Out Solutions 


1, 24+ 11x + 28 =0 LL (x - 8)? + 30 =21 B. x2 —2x -8=0 22S 
(x + 7)(x + 4) =0 (x — 8)? = -9 x? — 2x =8 — 7+ Vi9—4 
x+7=0 or x+4=0 (x — 8)? =+V-9 x-2x+1=84+1 _ 14 VB 

x= 7 or x= 4 x — 8 = +3i (end a9 _ 14 35 
{-7, 4} x=843i V(x - 1)? =+Vv9 {a1 395, =1+ 3v5} 
{8 — 31,8 + 3i} x-1=43 2 2 


AN-36 Answers to Selected Exercises 


23. u= x? 27. Vettx—2=2 29. 1+44+2%=0 
w—5u+4=0 (Vie +x — 2) = 22 e1+ 2+ 8) = 37-0 
(u — 1)(u- 4) =0 etx-2=4 eepe xe ye? Bag 
-— i — xvtx—6=0 + lx + 30=0 
~ ~ (x + 3)(x — 2) =0 ho RN 
x= 1 or wad x+3=0 or x-2=0 Pee 2 Bl 
Ve=tVi or Ve=4V4 x=-3 or x= 2 % = ve * “3 
x=+1 or x= +2 {=3; 2} 6 . ~ vr a 
{-1,1, -2, 2} Eee 
43. f(x) =0 45. x=-9 or x=4 
(x + 12)? - 16 =0 x+9=0 or x—-4=0 
(x + 12)? = 16 (x + 9)(x — 4) =0 
nN /(x 12)? +V16 x? + 5x = 36 =0 
x+12=> 44 
x=-12+4 
x=-12+4 or x=-—12-4 
= —-8 or x=—16 
{-16, -8} 
59. Vertex y-intercept (x = 0) x-intercept (y = 0) 
x= xh = -4 y = 0° + 8(0) + 15 = 15 x + 8x + 15 =0 
y = (-4)? + 8(-4) + 15 1 (0, 15) (x + 5)(x + 3) =0 
x+5=0 or x+3=0 
(—4, -1) x=-5 or x=-3 
(—5, 0), (3, 0) 
63. Vertex (h, k) y-intercept (x = 0) x-intercept (y = 0) 
(-3, 4) y=-(0+ 37 +4 OS —(e +3) +4 
y=-9+4 (x +3) =4 
y=-5 Vix +32 =+V4 
(0, —5) x+3= 42 
XS $322 
y (—S, 0), (~1, 0) 
3,4 of 
(33, yar 
ot 
mia 
(0, —5) 
¥ 
65. x°—-9x+14=0 69. x? — 15x + 54=0 C= P= 0 
(x — 2)(x — 7) =0 (x — 6)(x — 9) =0 x=7 
Critical Values: x = 2,7 x=6 or x=9 
Test Point | x-2 x-7 | (x — 2)(x — 7) Critical Values: x = 6, 7,9 
0 = 2 i Test Point x-6 x-9 La T ce 
0 = 
3 =. = 
6.5 + 7 = + 
8 + + + 
8 + = = 
<4 + ome > [2.7 
ee le 10 + + a 
(— © ,6JU(7, 9] 


Answers to Selected Exercises AN -3 7 


74. —16t? + 66t + 30=0 80. Length: x, Width: x — 3 
2(8 — 33t — 15) = 0 x? + (x — 3) = 12? 
p= (233) 2 V(=33)2 = 4(8)(=15) vr+x?-6x+9= 144 
(8) 


2x? — 6x — 135 = 0 
ye = T(8) + V(=6F = 4(2)(-135) 


33 + VI50 33 — VI569 — 2(2) 
B+ VIS ~ 454,33 — VIS8 ~ 0.41 aac 
4 


_ 33 + V1569 
16 


Omit the negative solution. 
4.54 seconds. 


6+ MIMS ~ 9.9,° = a ~ —6.9 


Omit the negative solution. 
Length: 9.9 feet, Width: 9.9 — 3 = 6.9 feet 


Chapter 10 Test 1. {-6,-3} 2. {0,8} 3. {7 - 2V13,7+ 2Vi3} 4. {3 — iV3,3 + iV3} 5. {-2V3,2V3, 21,21} 6 {1} 
7. {-1,3} 8. {-3,9} 9 {4,10} 10. {4,14} 11. {5 — 31,5 + 3i} 12. 7x? - 39x +20=0 13. x7+16=0 14. (—4, —55) 
15. (7,20) 16. x-int.: (2.8, 0), (7.2, 0); y-int.: (0,20) 17. 


i Mn a -10-8 6 42 0 2 4 6 


21. Length: 97.1 yards; width: 37.1 yards 22. 1700 miles 


CHAPTER 11 
Quick Check 11.1 1. a) Yes b)No 2. No 3. No 4. 20 5. —12m +57 


Section 11.1 1. function 3. evaluating 5. Yes 7. Yes 9. No 11. Function; domain: {1960, 1964, 1968, 1972, 1976, 1980, 1984}; 
range: {Kennedy, Johnson, Nixon, Carter, Reagan} 13. Function; domain: {—5, —3, —1,1,3,5}; range: {—5, —3, -1,1,3,5} 15. Function; 
domain: {—6, —3, 0, 3, 6}; range: {5} 17. Yes 19. No 21. No 23. No 25. —21 27. -5 29.4 31. 7a + 38 33. -—10n — 21 35. 52 
37. 128 39. 118 41. 31 43. Domain: (—09, 00); range:[—1, co), x-intercept: (2, 0), (4,0); y-intercept: (0,8) 45. Domain: [—4, co); 
range: [2, C0), x-intercept: none; y-intercept: (0,4) 47.4 49.8 51.5 53. -1,9 55. 


59. Answers will vary. Two y values are associated with one x value. 61. Answers will vary. Find x-coordinates of all points with a y-coordinate of 2. 


Quick Review Exercises 1. 3. 


Quick Check 11.2 1. 3. f(x) =2x-—6 4. f(x) = 20x + 500 
5. a) C(x) = 50 + 1.25x, R(x) = 9.95x, P(x) = 8.70x — 50 


b) 121. 


AN-38 Answers to Selected Exercises 


Section 11.2 1. linear 3. revenue 5. 11. 


incl 
ail 


10 


poe 


10 


—6F 
13. y 
6 
4b 
ok 
a a : 
-2 
-4 
-§ 
bE 
v 
21. 23. f(x) =3x +7 25. f(x) = —tx +4 27. f(x) =3x 29 f(x) = -6 31. a) f(x) = 0.03x + 0.39 


b) Slope: $0.03/minute; y-intercept: $0.39 connection fee c) $1.71 33. a) f(x) = 0.15x + 20 b) Slope: $0.15/mile; y-intercept: $20 base fee) $59 
35. a) C(x) = 125, R(x) = 4x, P(x) = 4x — 125 b) $175 37. a) C(x) = 0.40x + 12, R(x) = 3x, P(x) = 2.6x — 12 b) $144 

39. a) C(x) = 7.50x + 1200, R(x) = 29.95x, P(x) = 22.45x — 1200 b) Atleast499. 41.m=3 43. m=2 45. Answers will vary. Plot the 
y-intercept; then use the slope. 47. Answers will vary. Fixed cost is $9540 and cost/item is $3; sell the item for $7. 

Quick Check 11.3 1. 


Domain: (—0©0, 00); range:[—-1, 00) 2. Domain: (— 00, 00); range: [4, 00) 


Domain: (—©o, co); range:(—00, 4] 4. a) Rotation about x-axis: no; horizontal: 13 units to the left; vertical: 7 units down 


P< 


4 
2 


ow 
<TTTT 


S 


b) Rotation about x-axis: yes; horizontal: 4 units to the right; vertical: 30 units up 5. a) Maximum: —10  b) Minimum:47 6. 961 
7. 4356 square meters 8. 2x + h+ 3 


Section 11.3. 1. parabola 3. y-intercept 5. horizontal 7. minimum 9. left six units 11. up nine units 13. right five units, down nine units 
15. left 10 units, down 40 units 17. rotate about x-axis, right 2 units, up 13 units 19. Domain: (—00, 00); range: [7, co) 


anal 


Domain: (—00, 00); range:[0, 00) 23. 


Domain: (—©9, 00); range: (—00, 


Domain: (— 0%, 00); range: (—0o, —3] 


Domain: (—©9, 00); range: [ —8, co) 


Answers to Selected Exercises 


y Domain: (—©9, 00); range: [—1, co) 
A» 


Domain: (— 00, co); range: [—5, 00) 


31. Domain: (—00, co); range: [4, 00) 


9] 35. y Domain: (—09, 00); range: (—00, 7] 


AN-39 


39. Minimum,4 41. Maximum,—26 43. Minimum,18 45. Maximum, —33 


47. Minimum, 46 49. Minimum, 733 51. 21 feet 53. 1.725meters 55. 144 57. 75 feet by 75 feet, 5625 square feet 59. 70,000 pans, $3.4375/pan 
61. $3 increase, $37,750 revenue 63. f(x) = (x — 6)* 65. f(x) =(x + 3)?-— 11 67. f(x) = -(x —7/ +13 69 2x +h TL 2x+h-9 
73. 6x + 3h — 11 75. Answers will vary. The parabola opens up and the vertex is above the x-axis, or the parabola opens down and the vertex is below x-axis. 


Quick Check 11.4 1. 


Domain: (—©°, 00); range:[5,00) 2. 


Domain: (—00, co); range:(—co, -3] 4. 


Domain: [2, 00); range: [6, 00) 


Domain: (—©, ©o); range: [—2, co) 


AN-40 Answers to Selected Exercises 


Domain: [—1, co); range:[—2,00) 6. Domain: | —1, 00); range: (—0o, —5] 


y Domain: (—©°, 00); range: (—00, Co) 


i=) 
<TT 


9. y Domain: (—00, 00); range:(—00, 00) 10. a) f(x) = Vx —2+5 b) f(x) =|x+4|-2 
» 
lof 
sE 
6 
at 
2 
64 Ca 

=)5 
al 
i 

a 


Section 11.4 1. radicand 3. Domain: (—00, 00); range: [6, 00) Domain: (—00, 00); range: [—5, 00) 


11. Domain: [—4, co); range: [6, co) 


15. Domain: [2, ©); range: (—©9, 3] 


Answers to Selected Exercises AN-41 


19. Domain: (—00, 3]; range:[1, 00) 21. Domain: (— 09, 00); range: (—90, co) 


Domain: (—0o, co); range:(—00, 00) 25. Domain: (—00, co); range: (—00, 00) 


35. f(x) = x?+5 37. Answers will vary. The graph of a square-root function is half of a parabola opening to the left or right. 


Quick Check 11.5 1. a) x? — 6x — 24 b) x7 — 12x + 64 c) -17 d) 92 2. 12x? —-5x — 28 3. xox # —6,-7 
4. a) 155,889x + 12,119,000; total number of students enrolled in a public or private college x years after 1990 b) 67,943x + 6,937,000; how many 


more students are enrolled at public colleges than at private colleges x years after 1990 5. 8x +19 6. a) x°—3x—25 b) x? + 3x — 28 


2x — 3 P 
7. =-3:; domain: all real numbers except x = —3 


Section 11.5 1. sum 3. (f+g)(x) 5. composition 7. a) 7x —6 b)50 ¢)—27 9. a)x?+4x-—11 b)85 c)—-14 Ih. a)8x-6 b) 42 
c)—46 13. a) —x? + 15x + 49 b)103 c)—51 15. a)2x?+5x—12 b)63 c)—9 17. a) x? — 3x? — 22x +24 b)—-36 c) 36 
3x +1 11 3 4 


= 
Da) b)— c) -1 ara Da 


c) : 23. 64 25.22 27. 1421 29. -* 31. 7x — 26 33. 10x — 103x + 153 


1 
35. —x? + 9x + 10 37. 39. a) (f + g)(x) = 19.5x + 447; this is the total number of doctors, in thousands, in the United States x years 
Xx 


+2 
after 1980. b) 1227; there will be 1,227,000 doctors in the United States in the year 2020. 41. a) (f — g)(x) = 5.8x + 20.9; this tells how many 
more females than males, in thousands, will earn a master’s degree in the United States x years after 1990. b) 194.9; there will be 194,900 more mas- 
ter’s degrees earned by females than by males in the United States in the year 2020. 43.15 45.0 47. a)3x°+ 15x — 16 b) 134 


+ 
49, a) x? + 9x +20 b)90 51. a)6x +17 b)6x +14 53. a)x? + 3x —36 b)x?+11x—12 55. pan al real numbers except —10 
x 
57. V2x + 12,[-6,00) 59. 9x — 40 61. x4 + 12x37 + 66x? + 180x + 228 63.x=-4 65. x = -3 67. f(x) =x—-8 69% f(x) = : z . 


71. Yes, explanations will vary. Addition is commutative. 
Quick Check 11.6 1. Not one-to-one 2. Not one-to-one 3. Inverse functions 4. Inverse functions 5. f~'(x) = 2x — 20 


6. f(x) = ax #5 7. f(x) = x° — 16x + 73; domain: [8, 00) 8. y 


—12-10-8 -6 +4 -2 
=2, 


AN-42 Answers to Selected Exercises 


Section 11.6 1. one-to-one 3. inverse 5. f(x) 7. Yes 9. No 11. No 13. No 15. No; explanations will vary. (Some mothers have more 
than one child.) 17. Yes; explanations will vary. (Each state has a unique governor.) 19. No 21. Yes 23. No 25. Notinverses 27. Inverses 


29. Inverses 31. Notinverses 33. f(x) =x—-9 35. f(x) =3x 37. f(x) = * 5" 39. f(x) = 7 ; : 41. f(x) = ae 
43. f(x) =~ 45. f'(x) = ele 47. f(x) = ie 49. f 1(x) = 51. f ‘(x)= : 53. f (x) =x7,x 20 
, — $3 , x+6 7" 3x -4 7" a 


55. f (x) = x? + 14x + 49,x = -7 57. f(x) =x? -— 6x +17,x =3 59 f(x) = Vx +9,x = -9 O61. f(x) x+1+3,x2-1 


63. {(-17, -5), (—9, -1), (-5, 1), (1,4), (7,7)} 65. Not one-to-one 67. 


71. 75. Answers will vary. It shows one y-value associated with two or more x-values. 


Chapter 11 Review 1. Yes 2. No 3. Yes 4.No 5. —-10 6.5 7. 21b—67 8.32 9.0 10. 47° +40n +50 11. -10 12. 33 
13. Domain: (—©°, co); range:[—7, 00) 14. Domain:[1, 00); range:[5,00) 15. —3 16.2 17. —4,2 18. —2,0 19. 


20. 23. f(x) =2x +6 24. f(x) = —Fx 


25. a) f(x) = 0.05x + 30 b) $33.75 26. a) C(x) = 0.10x +100 b) R(x) =1.50x ©) P(x) =140x — 100 d) $460 


Domain: (—00, co); range:[—9, 00) 28. Domain: (—©o, 00); range: [3, 00) 


29. Domain: (—©9, 00); range:[—7, °°) 30. Domain: (— 09, 00); range: (—00, 4] 31. Minimum, 24 


Answers to Selected Exercises AN-43 


32. Maximum, —6 33. Minimum,—25 34. Maximum, —39 35. 526feet 36. 36 feet by 36 feet, 1296 square feet 37. 2x +h 38. 2x +h-—6 
Domain: (— 09, 00); range:[—4, co) 40. y Domain: (—0°, 00); range: (—co, —2] 


Domain: [2, 00); range:[7,00) 42. Domain: [—5, 00); range: [—3, 00) 


bitiiriiiit va 


43. Domain: [—1, ©); range: (—©°, 2] 


y Domain: (— ©, 2]; range: [5, 00) 
at 
a3 J 
—2- 
ol 
v 
45. y Domain: (—©°, 00); range:(—00, co) +46. y Domain: (—©°, 00); range:(—°0, 00) 47. f(x) = Vx —1+6 


48. f(x) = (x —6)° 49 f(x) =|x +6 +3 50. -36 51. 312 52. 2166 53. -3 54. 10x + 24 55. 16x — 88 56. x7 —5x —36 57, 2*+2 
58. 4 59.35 60. (f ° g)(x) = 18x + 103,(g ° f)(x) = 18x — 31 61. (f ° g)(x) = —8x + 33,(g ° f)(x) = —8x — 51 
62. (f ° g)(x) = x° + 7x — 64, (g © f)(x) = x° — 9x — 48 63. (f © g)(x) = 3x? — 27x + 130, (g © f)(x) = 9x? + 15x + 27 
64. No, two people could have the same favorite. 65. Yes,each player has a unique number. 66. Yes 67. No 68. No 69. Yes 70. No 
~ —x + 
2A (-20, 00) 74, f(x) = =x +19, (—00, 00) 78, f(x) = = *"F (-00, 00) 


2 21 
76. f(x) = rae all real numbers except 3 77. f-'(x) = ar all real numbers except} 78. y 


71. Yes 72. f'(x) =x +10,(—co,00) 73. f(x) = 


etstiiiiiiiiiiit >x 


=2 4 6 8 10 12 
ae 
-4 


79. 


Chapter 11 Review Exercises: Worked-Out Solutions 

8. f(7) = (7)? — 7(7) + 32 14. The domain, read from left to right on the 15. The point on the graph with 
= 49 — 49 + 32 graph, is [1, 00). The range, read from the an x-coordinate of 4 is (4, —3), so 
= 32 bottom of the graph to the top, is [5, 00). f(4) = -3. 


AN-44 | Answers to Selected Exercises 


18. There are two points 
with a y-coordinate of —5: 
(—2, —5) and (0, —5). So 
x = —2and x = Oare 
solution to the equation 


21. Slope: m = 2; y-intercept: (0,—5) 


__6-0 
y m= 7-3) 
= 6 
2 = "3 
pina eg m= 
2 


f(x) = -5. 


29. Vertex (h, k) 


y-intercept (x = 0) 


x-intercept (y = 0) 


f(x) =2x +6 


(3, -7) y=(0-3Y-7 
y=9-7 
y=2 
(0,2) 


31. Since a > 0, the function has a minimum. 


x= fy = 6 
f(6) = 6 — 12(6) + 60 
= 36 — 72 + 60 
= 724 


The minimum value is 24. 


41. Shift the basic graph of f(x) = Vx by 2 units to the 


right and up by 7 units. y 


No A 0 


0=(4= 37 +7 


7 = (x -3/ 
£V7 = V x= 3)? 
tV7 =x-3 

x=34V7 


(0.4, 0), (5.6, 0) 


35. 


—176 
1-= 7-16) = 5.5 


h(5.5) = —16(5.5)* + 176(5.5) + 42 = 526 
The maximum height is 526 feet. 


to the right. 


4 


< 


—2, 


Domain: [2, 00), Range: [7, 00) 


54. (f + g)(x) = 


f(x) + g(x) 


69. (f° g)(x) = 


(g ° f(x) = 


Yes, the functions are inverse functions. 


(6x — 11) + (4x 4 
10x + 24 


f(g(x)) 
fR5*) 

2(% 5") — 10 
x+10-10 
A 


(f(x) 
g(2x — 10) 


2 Ee 46 8 10 12 1 


35) 


(g ° f)(x) 


pete 
Domain: (—0o, co), Range: (— 00, 00) 
58. (8) = (8)? — 14(8) + 48 
= 64 — 112 + 48 
=0 
(f © g)(8) = f(e(8)) 
= 70) 
= (0) +4 
=4 
73. y= 2x -15 
x=2y-15 
x +15 =2y 
x Pa =y 
f(x) 3 + 15 
Domain: (—©o, co) 


23. The points (—3, 0) and (0, 6) are on the line. 


Since the y-intercept is (0, 6),b = 6. 


45. Shift the basic graph of f(x) = x° by 2 units 


62. (f ° g)(x) = f(g(x)) 


f(x? + 7x — 56) 
(x? + 7x — 56) — 8 


=x? + 7x — 64 

= g(f(x) 

= g(x — 8) 

(x — 8)? + 7(x — 8) — 56 
x? — 16x + 64 + 7x — 56 
= x? — 9x — 48 


56 


Answers to Selected Exercises AN-45 


Chapter 11 Test 1. Yes 2. No 3.51 4. 30a—9 5. 270 6. Domain: (—00, 00); range:(—0o,5] 7. 


8. 9. f(x) =7x +35 10. 
(-6.4, 0) 
*0-8 Le 
4X6) ® 
13. Domain: (—00, 00); range:[—5, co) 14. Domain: [—1, co) ; range: | —3, 00) 
15. Domain: (—0°, 00); range:(—90, 00) 16. f(x) = Vx #6 17. -13 18 x°- 216 19.11 20.18 21. —8x + 105 


—x + 20 -9 
et + B ; fx) === 26. f(x) = = 
22. x° + 15x +6 23. No 24. Yes 25. f(x) ri 26. f '(x) a a 
Cumulative Review Chapters 8-11 1. {—9,3} 2. x < 4, <qjamjmjpmjemjemjemjetemtesp jt > (—00,4] 3. 5 = x = 13, <+H1+++Hobceteiminininiininiahep Ht, 
-6 -4 -2 0 2 4 6 -5 0 5 10 15 


[5,13] 4. x < —3 or x > 2, <fembemie—++ + Omnia , (— 00, —3)L(2, 00) 5. —S <x <5, <4-Cmmnjeemajnjejeatemte)—t> , (—5, 5) 
6 -4 -2 0 2 4 6 6 -4 -2 0 2 4 6 


6. (x — 9)(x +6) 7. 4(x —1)(x — 8) 8 (x + 5)(x + 6) 9 (7x + 8)(7x — 8) 10. (6,-2) 11. (3,5,-2) 12. 7.483 13. 64x 14, x°/14 


+ 
15. 5r°stV3t_ 16. 34V3. 17. 20+ 6VI5 18. © - 19, = v10 50. {21} 21. {3} 22.17 23. 6'VIO 24.28 + 411 25. it si 
a 
— 2 +2V 
26. {-2 — 3iV2,-2 + 3iV2} 27. {2 ; at : 2\ 28. {—V2, V2, -3,3} 29. {4} 30. {2} 31. {3,9} 32. y 
a 
2at (4,22) 


(0, 6) 


fr (4 +22, 0) 


t (4-122, 0) 


35. (—00, —6JU(—S, 8], <mmg- Ome} > 36, Length: 33.9 feet; width: 


33. 
-8 -6 -4 2 0 2 4 6 8 28.9 feet 


AN-46 Answers to Selected Exercises 


37. 5.15 seconds 38. 11.7hours 39. 12n — 43 40. 126 41. 42. a) f(x) =0.15x + 20 b) $65 43. Minimum, —96 


44. 374 feet 45. Domain: (—00, co); range:[—4, 00) 46. Domain: (— 00, oo); range: [—5, 00) 


47. y Domain: [—4, 00); range:[—1, 00) 48. Domain: (—0o, 00); range:(—00, 00) +49. 10x — 31 


>X 


+ + 
50. (f ° g)(x) = x? — 2x + 18, (g © f)(x) = x7 + 10x + 36 51. Inverse functions 52. f(x) = cs 53. f-\(x) = 2 ee #0 
x 


CHAPTER 12 


Quick Check 12.1 1. (5) = 1024, f(-3) =2 


Domain: (—©9, 00); range: (0, co) 


Section 12.1 1.exponential 3. increasing 5.r=5 7.16 91 11.4 13. 15.16 17. 710 19. 3525 21. 


15,625 23. 34 


25. Domain: (—00, 00); range: (0, 00) 


a 


27. Domain: (—00, 00); range: (0, 00) 


8 
6 
4 
2 


29. Domain: (—©°, 00); range: (0, 00) y 31. Domain: (—©°, 00); range: (0, 00) 33. 7.389 35. 0.006 


Answers to Selected Exercises AIN-47 


37. 20.086 39. 0.001 41. {4} 43. {3} 45. {-1} 47. {11} 49. {-6} S51. {5} 53. {8} 55. {-2} 57. {4} 59. {—-5,2} 
61. $663,907.76 63. $15,605.09 65. $99.33 67. $47.3 billion 69. 36.8°C 71. $1.78 73. Answers will vary. For b > 1, the function is increasing, 
and for 0 < b < 1, the function is decreasing. 75. Answers will vary.2**' = 32; rewrite 32 as a power of 2. 


Quick Check 12.2. 1. a) 2 b) -3 oc) 1 d)O 2 —4 3. a) 4 b) 1.875 4. a) -3 b) 6405 5. log,20=x 6 3°=x 7. {1024} 
8. {3} 9. a) y Domain: (0, C0); range: (—°0, 00) ~b) Domain: (0, C0); range: (—00, co) 


10. Approximately $46.54 billion 11. 3.4 


Section 12.2. 1. log,x 3. common 5. exponential 7. vertical 9.2 11.3 13.3 15.0 17. —2 19-3 21. a) 2 b) 5 
23. a) 0 b) 7 25.3 27. —2 29. 2.049 31. 0.870 33. 1 35. —6 37. 3.466 39. 2.787 41. log,64=3 43. logs a =-—2 45. log;42 = x 


47. log321 =x 49.27=128 SLO* =) 53. ce =x 55.107 =x 57. {32} 59. {2} GL. {10,000} 63. {7.389} 65. {8} 67. {57.598} 
69. {41} 71. {108} 73. {3} 75. {5} 77. {3} 7. — y Domain: (0, 00); range: (—00, ©) 


Domain: (0, 00); range:(—°0, co) 85. 19,934 


87. 33.8inches 89. 4.2 91. 630,957,345 times larger 93. Answers will vary; exponent to which a base must be raised to produce a given result. 


Quick Review Exercises 1. x'° 2. b? 3. n° 4.1 


Quick Check 12.3 1. log(35x) 2. log,5 + logyb 3.2 4. log,x—1 5.2+2log;x+4log;y 6.4Inx 7. loggx® 8. —4 9. 16 
acd ab Vb 
10. log,(“4) 11. log “pgia) 1 3logsz ~ 9logsx — 4logsy 13, 4.395 
c 

Section 12.3 1. log,(xy) 3. r-log,x 5. log,(3a) 7. log(xy) 9. logy81 =2 11. log;10 + log;x 13. 1In3+1 
15. log,a + log,b + logyc 17. log;7 19. In(3) 21. log,(a) =-—3 23. log, 10 + logga — loggb 
25. log, 6 + logyx + logy y + logyz — logyw 27. logs; x + logs y — 2 — log;z 29. 7log,x 31. 4log;x + 7log;y 33. 5 log; x 
35. 4 + Slog) x + 7log,y 37. logs x® 39 In Vx 41. log, x! 43.12 45.9 47.7 49. b 51. log,(7’) 53. log. 2000 55. In(2) 

xy? Vb 
57. log,(55;) 59. in( = ) 61. log,(x* — 2x — 48) 63. log(3x? + 26x — 40) 65. in( 7 
) : c 


) 67. A+B 69.C+D 71. 3A 73. 3C 


75. log; a + log3;b — log;c — log;d 77. 3logya—3-4log,b 79. 6Ina + 5Inb —7inc 81. -3Ina-—2Ind+iInb+7Inc_ 83. 3.459 
85. 1.256 87. 8.601 89. 0.774 91. —0.981 93. 1.829 95. 1.701 97. Examples will vary. 


ick Check 12.4 1. a) {2} b) {12 2 { ES = re 
ame = . cae) BIAMY 32 log4 | > log 4 log 9 ’ log 9 


4, {In 28 — 2},In28 —2~ 1.332 5. {2} 6 @ 7. {-2,5} 8 {333338} 9 a) {4}, b){3} 10. {11} UL f(x) =In(x - 9) -6 
12. f (x) = e**® — 10 


3 = —1.909 


log 12 log 12 
: \ E + 5 = 6.792 3. { 


Section 12.4 1. extraneous 3. {3} 5. {9} 7. {9} 9 {3} a. {3} 13. {-12} 15. {2.044} 17. {2.411} 19. {9.755} 24. {-1.277} 
23. {1.062} 25. {6.947} 27. {—2.785} 29. {4} 31. {9} 33. @ 35. {-2,7} 37. {4} 39. {243} 41. {:} 43. {407.429} 45. {24} 
47. {-9,4} 49. {4,5} 51. {8} 53. {-4} 55. {36} 57. {2} 59 {8} 61. {3} 63. {13} 65. {9} 67. {-10,7} 69. {2,15} 

71. {-5.267} 73. {5.577} 75. {-5} 77. {347} 79. {-3} 81. {10.069} 83. {3} 85. {4} 87. {37} 89. {111} 91 {-7} 93. {12} 

95. {—2.432} 97. {-6} 99 {41} 101. {4,8} 103. {3,32} 105. {3,9} 107. f(x) =Inx +2 109, f(x) = In(x — 4) — 5 

111. f(x) = log.(x +9) +6 113. f(x) =10°-6 115. f(x) =e? +4 117. f(x) = 3% 8-1 119. Answers will vary. Logarithms have 
restricted domains. 121. Answers will vary. Interchange x and y and solve for y. 


Quick Check 12.5 1. $464.65 2. Approximately 14.0 years 3. Approximately 15.35 years 4. Approximately $1.45 
5. Approximately 117.5 days 6. In2017 7. 2.8,acid 8. 5.01 x 107 moles/liter 9. 60db 10. 10~* watts per square meter 


Section 12.5 1. compound 3. continuously 5. negative 7. $8452.44 9. $27,198.41 11. 4.5 years 13. 23.1 years 15. $2588.68 17. 5.8 
years 19. 12,583 21. 13.7 billion 23. 2016 25. 86.4 minutes 27. 278 29. 22.6 milligrams 31. 167 years 33. 229,919.7 years 35. 2094 


AN-48 Answers to Selected Exercises 


37. 2016 39. 83,652 41. 2020 43. 2047 45. 7 years 47. a) 90.3°F b) 2.Shours 49. 2018 51. 12.6,base 53. 2.3, acid 
55. 1.0 X 10° moles per liter 57. 6.31 X 10°! moles per liter 59. 80db 61. 110db 63. 10°! watts per square meter 

65. 10° watts per square meter 67. 80 69. 2016 71. Answers will vary. $1000 is invested at 4% interest, compounded quarterly. 
When will the balance reach $1967? 73. Answers will vary. It is the time it takes for half of a radioactive substance to decay. 


Quick Check 12.6 1. Domain: (— 00, 00);range:(—9, 00) 2. Domain: (— 00, 00); range: (—6, 00) 


Domain: (—©°, 00); range:(—9, 00) 4, y Domain: (2, ©); range: (— 0°, Co) 


Domain: (—7, 00); range: (—00, 00) Domain: (1, 00); range: (—09, 00) 


Section 12.6 1. horizontal 3. exponential 5. y- 7. x-int:none;y-int: (0,22) 9. x-int:(—0.3, 0); y-int: (0,15) 1. x-int: (—0.7, 0); y-int: 
(0,10.1) 13. x-int:(13,0);y-int:none 15. x-int: (51.6, 0); y-int: (0,-2.9) 17. Asymptote: y = 8; domain: (—0©0, 00); range: (8, 00) 

19. Asymptote: y = —9; domain: (—0o, co); range:(—9, 00) 21. Asymptote: x = 5; domain: (5, 00); range:(—00, 00) 23, Asymptote: x = 4; 
domain: G: oo ); range: (—0o0, co) 25. Domain: (—00, 00); range: (4,00) 27. Domain: (— 09, 00); 
range: (—9, co) 


Domain: (—°o, 00); range: (3,00) 35. in: (—0°, CO); range: (—7, 00) 


Domain: (2, 00); range:(—00, co) +39. Domain: (—8, co); range: (— 00, co) 


Answers to Selected Exercises AN-49 


41. Domain: (3, 00); range: (— 00, 00) 


45. 


47. 


Domain: (—4, ©); range: (— °°, co) 


51. Domain: (—©°, Co); range: (—8, Co) 


55. 61.b 63,h 65. a 
67. f 69. Answers 
will vary. Shift basic 
graph; x-int: set equal 
to 0 and solve; y-int: 
substitute 0 for x 


Chapter 12 Review 1. 1015 2. 7.086 3.-2 4.5 5.0 6.12 7. 23.761 8. —2.756 9. log,1024=x 10.In20=x 11. 10°°=x 
a x29 
12, ec =x 13. log, 104 14 loa() 15. toe 16. logy sts 17. 2 + loggx 18. log;n —3 19. 6log,a + 3 log,c — 2 


20. 3 + 9log, x — log, y — 7log,z 21. 2.322 22. —8.205 23. 10.641 24. 4.340 25. {3} 26. {7} 27. {5} 28. {12} 29. {1.232} 

30. {0.468} 31. {12.127} 32. {5.806} 33. {14} 34. {1} 35. {148.413} 36. {3,10} 37. {2} 38. {10} 39. {4} 40. {2} 41. {3.107} 

42. {54.598} 43. f-'(x) =In(x — 4) 44. f(x) = logo(x+1) +5 45. f(x) =e°-8 46. f (x) = 3-6 47. 13.3 years 48. 334,133 

49. 6.25 grams 50. 167years 51. 2007 52. 78.5°F 53.4.3 54. 3.16 x 10‘ moles/liter 55. y Domain: (—©°, 00); range: 
L (2, 00) 


56. Domain: (— 09, 00); range: (—8, 00) 57. Domain: (—0o, co); range: (—6, 00) 


AN-50 Answers to Selected Exercises 


58. 


60. 


Domain: (5, 00); range:(—00, 00) 59, 


Chapter 12 Review Exercises: Worked-Out Solutions 


2. f(11) =e" 8-13 3. logs = —2 because 6? = X. 15. 4 log, x — 3 log, y + 9 log) z = log, x* — log, y* + log, z? 
=2-13 = log, (“5 
~ 7.086 
19. log,(22) = logya’ + logy c3 — logy b? A. log,25 = 22% 
6 log,a + 3 log,c — 2 log,b 9859 
6 log,a + 3log,c — 2 
26. 85 = 64 28, grt6 = 27 31. e* § = 62 33. logy(x + 3) = log417 39. log3(x + 5) + log3(x — 1) = 3 
gr5 = 8? (32)"*6 = (33)* Ine*8 = In 62 x+3=17 logs((x + 5)(x — 1)) =3 
x-5=2 gerti2 = 33e x — 8 =In62 x=14 log,(x” + 4x — 5) =3 
x=7 2x + 12 = 3x x=n62+8 {14} a oe ee 
{7} 12=x x © 12.127 w+ 4x —5 = 27 
{12} {12.127} x? + 4x — 32 =0 
(x + 8)(x — 4) =0 
x+8=0 or x-4=0 
x=-8 or x=4 
x = —8 is an extraneous solution. 
{4} 
43. yoet+4 48. P = 250,000 50. 0.5 = 1+ e3% 51. 30 = 11.5-1.057* 
x=er+4 P, = 200,000 In 0.5 = Ine 3% = 1.057" 
x—-4=e k: Unknown In 0.5 = 5730k log #4 = log 1.057* 
In(x — 4) = Ine? t = 2002 — 1992 = 10 wh = log 15 = x* log 1.057 
In(x — 4) = y 250,000 = 200,000e* 0 k = —0.000121 log (3% 
f'(x) = In(x — 4) — 250,000 200,000e'* 0.98 = 1+ @.000121¢ jog 1.057” 
200,000 200,000 In 0.98 = In e 0001716 x 2173 
Lea =e In 0.98 = —0.000121¢ It reached 30% in 1990 + 17 = 2007. 
In 1.25 = Ine! ts =t 
In 1.25 = 10k t = 167 
In 1.25 
ig = 
k = 0.022314 
P: Unknown 
P, = 200,000 
k = 0.022314 


t = 2015 — 1992 = 23 
P = 200,000e%2231423) 
P = 200,000e°!? 

P & 334,133 


i 


Domain: (—9, 00); range: (—0o, 00) 


Answers to Selected Exercises AN-51 


55. Shift graph of f(x) = 3* up by 2 units. 58. Shift graph of f(x) = log, x by 5 units to the right. 
y Domain: (—09, 00), y Domain: (5, 00), Range: (— 00, 00) 
a 
c Range: (2, ©) jj A 
: D z=5K 
E STO TAX 10 12 17* 
L =2 6, 0) 
y=2 

L =Ss=P “6 

eis tiiiiii,yy 

oe “2 Bs E28 Vertical Asymptote: x = 5 


x-intercept (y = 0): (6, 0) 


plonzontal eevee: 4 No y-intercepts (0 = 2” + 5 has no solution.) 


No x-intercepts (0 = 3* + 2 has no solution.) 
y-intercept (x = 0): (0, 3) 


25 
Chapter 12 Test 1. —2.611 2.6890 3.2 4.-3 5.3 6. toas( » ) 7.4Ina+6Inb—8Inc—Ind 8. 1.878 9. {-6} 10. {12.124} 
2 
V1. {4.207} 12. {8} 13. {60} 14. {8} 15. f(x) =In(x + 17) —9 16. 6 years 17. $80,946.56 18. 870.7 years 
Domain: (—0©0, 00); range:(—9, 00) 20. y Domain: (—4, 00); range: (—00, 00) 


CHAPTER 13 
Quick Check 13.1 1. 


7. a) y = (x + 2) + 16; vertex: (—2,16) b) x = —(y + 3)* + 26; vertex: (26, —3) 
8 y=x?>-6x+8 


Section 13.1. 1. upward, downward 3. right, left 5. (h,k) 7. 


AN-52 Answers to Selected Exercises 


11. 


ar an eed 4} (2, 2) 


(-5, 5) 
=10-8 —6 4 —2 


19. 


27. 


37. 41. (1,14) 43. (7,125) 45. (—49,-3) 47. (-47,2) 49% y= x? —6x +5 


5l.x=y’-4y-5 53a) y= sx? —5 b) 42feet 55.b 57h 59. g 61. c 63. Answers will vary. A parabola opens left or right if the 
equation contains y’, not x’. 


Quick Check 13.2. 1. a) 10 b) 12.6 2. (3,2) 3. Center: (0,0);r = 2V3 © 3.5 


4. Center: (6,5);r = 3 5. a) Center: (1, -6);r = b) Center: (—2,3);r = 8 


Section 13.2. 1. d = V(x) — x,)° 
2. (7,17) 


(» — y,)? 3. circle 5. radius 7. x7 +y =r? 95 11.89 13.11 15.9.9 17. 11.2 19 (3,2) 
25. Center: (0,0); r = 10 


Answers to Selected Exercises AN-53 


27. Center: (0, 0);r = V6 29. Center: (2,7);r = 4 31. Center: (—5,1);r =5 


33. Center: (—2,1);r = 7 


y 
a 


,-6),9 41. (5,-1),7 43. (-8,0),11 45. (—2,-7),4V5 47. x2 + y? = 36 


49. (x — 4)? + (y — 2)? = 49 SL. (x + 9)? + (y +10 =25 53x? + y= 64 55. (x-1)? +(y—5)=16 57. (x +1)? + (y- 1)? = 49 
59. (x — 5)? + (y-—7)? =16 61. (x — 2)? + (y—7)? =25 63. (x — 8) + (y+1)? =20 65. 


67. r 69. 71. 5 73. 


—20) 


77. a) x° + y? = 725 b) 1277.7 square feet 79. Answers will vary. Only x*: up/down; only y”: left/right; x? + y*: circle 


Quick Check 13.3 1. a) 


AN-54 = Answers to Selected Exercises 


2 2 
Section 13.3 1. ellipse 3. center 5. vertices 7. = + > =1 9. Center: (0,0);a = 2;b = 3 
4 2 


11. Center: (0,0); a = 5;b = 2 13. Center: (0,0); a = 6;b = 2V3 


15. Center: (0,0);a = 2;b =9 17. Center: (0,0); a = 4;b = 3 


19. Center: (6, 8);a = 5;b = 6 y 21. Center: (—3,5);a = 6;b =2 y 


31. Center: (—4, 4);a = 6;b =3 


etriiiiiriis fiii,yy 
2 


—10-8 -6 -4 -2 


Answers to Selected Exercises AN-55 


55. y 57. y 59. a) 100 feet b) 66 feet 61. 471.2 square feet 63. Answers will vary. The graph of 
an ellipse is more oval in shape; 


t 
ris ar ; 
5 reer ers Te they have similar equations. 
~37f0-8 —@ -4 2p 2-* y 4 
2 


(6,41) -4 
-6 


2. Center: (0, 0); vertices: (0, —2), (0,2); asymptotes: y = 4x, y = —3x 


asymptotes: m = 2,m = —2 4. Center: (—3, 2); vertices: (—3, 9), (—3, —5); asymptotes: m = 1,m = —3 


5. Center: (2, —3); vertices: (—1, —3), (5, —3); Asymptotes: y L(x 2) -3,y f(x 2). = 3 y 


<= 


(y= 4? (x +37 
4 25 


6. 


AN-56 Answers to Selected Exercises 


. : xy ae: 
Section 13.4 1. hyperbola 3. center 5. transverse axis 7. ile 1 
a 


a b? b? 


9. Center: (0,0);a = 3;b =2 


13. Center: (0,0);a = 1;b =5 15. Center: (0, 0);a = 2V3;b = 3 


Rao. 
Corre = 


17. Center: (0,0);a = 2;b =7 19. Center: (0, 0);a = 1;b = 3 


ps 


10 


| 
oo 
TT 


-10, 
21. Center: (2,5);a = 3;b = 4 y 23. Center: (—1, —4);a = 3;b = 2 
a 


< 


25. Center: (0,1);a = 2;b = 2 27. Center: (4, —2);a = 7;b = 4 


al 


10 


! 
N 
T 


| I 
DR 
TTT 


| 
oo 
TT 


<r 


Answers to Selected Exercises AN-57 


29. Center: (—2, -3);a = 5;b = 2V7 31. Center: (—1, —3);a = 2;b = 3 


(x+1) (y+5) 


33. Center: (—2,7);a = 4;b = 5 39 35 9 
41. y 43. 49. 

ot 

at 

=a (3,-8) 


55. e 57.c 59. b 61. Answers will vary. Left/right: x7 — y? = positive number; 
up/down: y* — x? = positive number 


51. 53. 


Quick Review Exercises 1. (3,2) 2. (—3,-9) 3. (4,-1) 4. € -2) 


Quick Check 13.5 1. (2,-5),(-#.-#) 2 @ 3 (—V3,3),(V3,3) 4 (3,5), (-3,5), (3, -5),(-3,-5) 5. 3 feet by 12 feet 6. 9 inches 
by 12inches 7. 2 seconds 


Section 13.5 1. nonlinear 3. (8, -6),(—6,-8) 5. (—9, -2),(—4,-2) 7. (0,-4), (2,0) 9 (1,6), (4,12) UL. (3,1) 13. 15. (0,-5), 

(3,4), (3,4) 17. (5, V5), (5, -V5) 19. (0,1) 21. @ 23. (10, V3i), (10, an 6, V5), (—6,-V5) 25. (3,2), (-3,2) 27. © 

29. (2, 1), (2, -1), (—2,1), (—2,-1) 31. (2, V2), (2, -V2), (—2, V2), (-2, -V2) 33. (V2, 2V2), (V2, -2V2), (-V2, 22), (-V2, -2V2) 
6 6 6 6 

a (3 “8 (3, we). 3, “),( 3, we) om im (915,39), (V5 3) (153), (Vs 8), Be (8 ), 

(-V3, V3), (—V3, -V3) 41. (3,3), (3, -3), (-3, 3), (-3, -3) 43. (1,3), (1, -3), (-1,3), (-1, -3) 45. 7 feet by 15 feet 47. 16 feet by 25 feet 

49. 8 feet by 24 feet 51. 45 feet by 60 feet 53. 40 feet by 20 feet 55. 4.5seconds 57. a) 3seconds b) 36feet 59. Answers will vary. The area 

of a rectangle is 1500 square feet; its perimeter is 160 feet. Find the dimensions of the rectangle. 


AN-58 Answers to Selected Exercises 


Chapter 13 Review 1. 2. 


(3-6, 0). 
“2 


6. y 
» 
6 
(-28, 0) (0, 4) 
<< ee 
(-30.25, -1.5) {0, 7) 
-8 
v 
10. P 
>x 
uw _ 
(10, -1) 
0,-1- yI0) 
13.17 14.95 15.r=6 ss 16. r = 
n 
BE 


tS 
LS 


wie g 
i 
rh 


% 6 


7.4=1,5=4 ‘ 28. a =3,b=4 ‘ 29.a=5,b=2 
A» 


Answers to Selected Exercises AN-59 


30. a= 3,b=6 31.a=4,b=3 


32. (6,1),a=7,b=2 33. (-2,-4),a=4,b=9 


sb 
6F 
“oat 4 of 
t 2b 06 
al mr TL 60, 0) 
‘et (0,0) Serr 4 
ii Pei herr ia yy [ 
-8 - 24% 214 6 8 L 
eal 
6b 


38. a =2,b =3 . 39. a=5,b=6 . 40. a =9,b=2 
ry A 


i a a 
*. 
*, 


* 


Lptex 


Q 
41.a=5,b=2 y 42. Center: (5,7); transverse axis:2b = 6; conjugate axis:2a = 4 43. Center: (—8,4); transverse 
axis: 2a = 12; conjugate axis: 
2b = 14 
as (y— 2)? (x +1) 
44. 2-521 45. Te EG (5,5). (1,7) 47, (3,2), (0-4) 48, (6,11), (4,7) 49, (10,7), (-2,5) 50, (154), (1,4) 


x 
4 
51. (Ae 8). ( *). (3,3), (-3,3) 52. (V10, 9), (—V10, 9), (1,0), (-1,0) 53. (3,9), (—2,4) 


54. (V19, 9), (—V19, 9), (V19, —9), (-V19, -9) 55. (3,1), (-3, 1), (3, -1),(—3,-1) 56. (2,2), (—2, 2), (2, -2), (—2, -2) 
57. (5,3), (—5,3), (5, -3),(-5, -3) 58. 15 feet by 20 feet 59. 9 inches by 12 inches 60. a) 4seconds b) 48 feet 


Chapter 13 Review Exercises: Worked-Out Solutions 


6. Vertex x-intercept (y = 0) y-intercept (x = 0) y 
» 
6b 
y=ay = 715 x = 0? + 3(0) — 28 = -28 y? + 3y —28=0 [ 
x = (-1.5)? + 3(-1.5) — 28 30.25 (—28, 0) (y +7)(y - 4) =0 (-28, 0) t 0, 4) 
(—30.25, -1.5) y+7=0 or y-4=0 = 353f25a0550-5 Ps 
_ y=-7 or y=4 q 
ee) (30.25, -1.5) Lo) 
sb 
y 


AN-60 Answers to Selected Exercises 


10. Shift the graph of x = —y? by 10 units to the right and down by 1 unit. 


Vertex (h, k) x-intercept (y = 0) y-intercept (x = 0) 
(10, —1) = -(0+ 1)? + 10 0=-(y + 1)? + 10 
=-1+10 (y +1)? = 10 
=9 Vy + 1? = +V10 
(9, 0) yt1l= +V10 
y=-1+t V10 
(0, -1 + V/10) 

13. d= V(1 —- (-7) + (7- (-8)¥ 17. (x — (-3))? + (y - 4)? = 2? 21. 
d= V8 + 157 Center: (—3, 4), Radius: 2 
d = V289 
d=17 


25. The center is (—2, 4) and the 
radius is 5. 
G=(C2)eiyoay as 
(x + 2)? + (y — 4)? = 25 


x+y? + 12x —-2y -12 =0 

x? + 12x + 36+ y?-—2y+1=12 + 36 
(x + 6)’ + (y—1P = 49 
(sal =o) oy ly a7 


Center: (—6, 1), Radius: 7 


2g, SOE be at 31. 9x? + 16y? + 90x — 64y + 145 =0 
Center: (—3, 4),a = 3,b = 4 9(x? + 10x) + 16(y? — 4y) 145 
9(x? + 10x + 25) + 16(y* — 4y + 4) 145 + 9-25 + 16°4 
9(x + 5)? + 16(y — 2)? = 144 
2 , 16(y — 2)? _ 144 
mn ma = 144 
, Y= 2)? 
+ <3 
35. The center is (—1, 4),a = 8, and b = 3. 36. Center: (0,0),a = 3,b =5 40. yy ae . ae 1 
(x - uy ; (y = 4y . Center: (—2, —3),a = 9,b =2 
8 3" * 
(x+1P 4 w-4P Ly 10F 
of 9 st 
ot 
it 
VoL (0, 0) 
Kee Oe 
ms 244 6 8 
HL 


| 
es 
™— 


Answers to Selected Exercises AN-61 


43. 49x? — 36y? + 784x + 288y + 796 = 0 46. x =15—-2y 
49(x? + 16x) — 36(y? — 8y) 796 (15 — 2y)? + y? = 50 
49(x? + 16x + 64) — 36(y? — 8y + 16) 796 + 49-64 — 36-16 225 — 60y + 4y? + y? = 50 
49(x + 8)? — 36(y — 4)* = 1764 5y — 60y + 175 = 0 
49(x_+ 8)? _ 36(y — 4)? _ 1764 5(y? — 12y + 35) =0 
1764 1764 1764 
(= ar _ y-  _y 5(y — 5)(y — 7) = 0 
6 T y-—5=0 or y-7=0 
Center: (—8, 4),a = 6, Transverse Axis: 2a = 12,b = 7, Conjugate Axis: 2b = 14 y=5 or y=7 
x = 15 — 2(5) x = 15 — 2(7) 
x=5 x=1 
(5,5) (1,7) 
50. x? + (x? + 3) =17 55. 3x? + 4y? = 31 : 3x? + 4y? = 31 
xe txt t 6x? +9=17 w= 2y2=7 Multiply by2 . 2,2 4y? = 14 
xi + 7x? -8=0 3x? + 4y? = 31 
(x? + 8)(x? - 1) =0 2x? — 4y? = 14 
x7>+8=0 or x?-1=0 5x2 = 45 
x?=-8 or x? = 5x2 = 45 
O x= +1 x2 =9 
y=P+3 y=(-1)? +3 x= 43 
ve a 3(3)? + 4y2=31 3(-3)? + 4y? = 31 
(1,4) (-1,4) 4y? = 4y? = 
y? =1 y? =| 
y ee. } aoe 


59. 2x + 2y = 42 
2x = 42 —-2y 
x=21-y 


(21 — y)? + y? = 15? 

441 — 42y + y? + y? = 225 
2y? — 42y + 216 =0 
2(y? — 21y + 108) =0 
2(y — 9)(y — 12) = 0 


y-9=0 or y-12=0 
y=9 or y=12 
x=21-9 x=21-12 
x=12 x=9 
(12, 9) (9, 12) 


The dimensions are 9 inches by 12 inches. 


Chapter 13 Test 1. 


y 
4 (0, -1 + 2V2) 


AN-62 Answers to Selected Exercises 


10. (8,-2),a=5,b=2 MWea=4,b=1 y 12 (x -— 3) +(y-2)?=25 13. | 


14, (10,0),(—8,6) 15. (5,2),(-2 -2) 16. (V39,7), (—V39,7), (V26, —6), (—V26,-6) 17, (7,3), (-7,3), (7, -3), (-7, -3) 18. 50 feet 
by 120 feet 


CHAPTER 14 

7 1st, A ill 1 11 
Quick Check 14.1 1. Pigivis 2 2 ae 
8. $6400, $5120, $4096, $3276.80 


3. —37, 43, —49; a, = (-1)"*"(6n + 1) 4. 2,5, 26,677, 458330 5.60 6.112 7. 60 


Section 14.1 1. sequence 3. general 5. series 7. finite 9.11 11. 2187 13. 4,8,12,16,20 15. 11,13,15,17,19 17. —5,7, —9, 11, —13 
1 141 (-))" 
" = i = gn-l e 
19. 12, 48, 192, 768, 3072 21. 30,35,40;a, = Sn 23, 243,729, 2187; a, = 3") 28. =, 22,7 a, = 
29. 6,9,12,15,18 31. —5,—7, —-13,—-31,-85 33. 16, —48, 144, —432,1296 35. 300 37. —399 39. 441 41. -—45 43.95 45. —147 47. 55 


15 4 6 : 7 
49.25 51.117 53. —212 55. 25,263 57.120 59. 64 61. 385 63. va 65. S7i 67. S(-1)"*'5i 69. SP 
i=1 i=1 i=1 


27. 216, 343, 512;a, = n° 


71. $24,000, $19,200, $15,360, $12,288 73. a) $50,000, $52,000, $54,080, $56,243.20, $58,492.93 b) $270,816.13 75. Answers will vary; decreasing the 


value of a car by year 
Quick Check 14.2. 1. —8, —5,—2,1,4,7  2.4,=12n —10 3.177 4. 396 5. 12,870 6. 3906 


A . : ‘ : : 4 
Section 14.2 1. arithmetic 3. a, =a,_,; +d 5. arithmeticseries 7.4 9. 3 11.3 13.8 15. 1,6,11,16,21 17. —9, 3, 15, 27,39 


19. —10, —31, —52,-73,-94 21a,=1In+7 23. a,=—2n+5 25. a,=20n-27 27. a, =4n—- 5 29. 106 31. 62nd 33. 123rd 


35. 161 37. 1065 39. —2700 41. 52,592 43. 910 45. 1887 47. —5690 49. 500,500 51. 4489 53. 40,200 55. a) $10, $11, $12, $13, $14 
b) a, =n +9 57. a) $38,500, $39,250, $40,000, $40,750, $41,500, $42,250 b) a, = 750n + 37,750 c) $656,250 59. Answers will vary. A gym 
membership starts at $300/year and increases $25 each year. 


: 1 
Quick Check 14.3 1.5 2. 5 3S, BS 1 @ 4a,=9-2"! 5. a, =11-(-5)"! 6. 39,360 7. —14,762 8. Yes,9 9. No 


10. a) $17,500, $12,250, $8575, $6002.50, $4201.75, $2941.23 b) $706.19 


n 


F : i= 4 
Section 14.3. 1. geometricsequence 3. a, =r-a,-; 5. 5, = 4° ta 78 9.— 11. -7 13. -3 15. 1,10, 100, 1000, 10000 
9 27 81 245 1715 — 12,005 2\"1 
17. 4, -8, 16, -32,64 19. 8,6,—,—,—— 21. —20,35, Pet 23. a, = 25. a, = —1-(-4)""! 27. a, = 2-7"! 
2 8 32 4 16 64 3 


n-1 
= 16-(-3} 31. 27,305 33. —16,777,200 35. 511 37. —29,127 39. 4372 41. 3,528,889 43. Yes,45 45. Yes, > 47. No limit 


1 3 
49. Yes, 3 51. Yes,30 53. Yey 7 55. No limit 57. a) $6400,$5120,$4096 b) $1342.18 59. a, = 20,000(0.5)""! or 40,000(0.5)” 


61. $159,374,246 63. Answers will vary. A copy machine purchased for $4000 maintains 90% of its value each year. 65. Answers will vary. The differ- 
ence between terms in arithmetic sequence is constant. For geometric sequence, each term is a multiple of previous term. 


Quick Review Exercises 1. x? + 10x + 25 2. x7 —2xy + y? 3. 4x? + 36xy + 81y? 4. 25a° — 40a°b* + 16b8 


Quick Check 14.4 1. 362,880 2.15 3.1 4. 1,9,84,126,36,9,1 5. x° + 3x’y + 3xy?+ y> 6. x* — 16x? + 96x” — 256x + 256 
7. x’ + 7x®y + 21x5y?4+35x4y3 + 35x3y4 + 21x?y> + Txy® + y? 


Section 14.4 1. 7 factorial,n! 3. binomial 5. 720 7. 40,320 9.6 11.1 13.17! 15. 33! 17. 1,663,200 19. 84 21. 45,360 23. 21 
25. 56 27.12 29.715 31.1 33.1,11,55,330, 462,165, 11,1 35. x9 + 3x2y + 3xy? + y> 37%. x3 + 6x? + 12x + 8 

39. x* + 24x73 + 216x7 + 864x + 1296 41. x° — 5x*y + 10x3y? — 10x?y? + Sxyt — yp? 43. x4 — 12x37 + 54x? — 108x + 81 

45. x? + 9x°y + 27xy? + 27y? 47. 64x° — 48x?y + 12xy? — y? 49. 1,10, 45, 120,210, 252, 210, 120,45, 10,1 51. 2,4,8, 16,32, 64 

53. 0° + Sxty + 10x7y? + 10x?y3 + Sxyt + y? 55. x7 + 14x° + 84x° + 280x4 + 560x737 + 672x7 + 448x + 128 57. x9 — 3x°y + 3xy? — y3 
59. x4 — 28x39 + 294x? — 1372x + 2401 61. Answers will vary. Both denominators are a! b!. 


Chapter 14 Review 1. 8,9,10,11,12 2. -14,-9,-4,1,6 3. 78,91,104:a, =13n 4. 47,54,6l:a,=7n +5 5. —9,8,25, 42,59 
6. —4, -31, -85, -193, -409 7.4, =a,;+14 8. a,=—2a,; 9.174 10. 4,031,078 11. 21 12. 228 13. 182 14. 7380 15. 78 16. 396 
1 


17. 24 18. —6 19. 16,7,—2,-11,-20 20. -18,-7,4,15,26 21. a,=7n—-3 22.a,=—7n+15 23. a,=2n—17 24a, = “n tag 


Answers to Selected Exercises AN-63 


25. 823 26. —607 27. 236th 28. 495th 29. 276 30. 360 31. —444 32. 2745 33. 57,970 34. a) $20,000,000, $22,000,000, $24,000,000, 


n-1 
$26,000,000, $28,000,000 b) a, = 2,000,000n + 18,000,000 ¢) $290,000,000 35.10 36.6 37. a, = 1-12"! 38 a, = s(3) 
1 n-1 
39. a, = —4:3"' 40. a, = -24( -1) 41. 1152 42. 9841 43. 6830 44. 55,987 45. 3,595,117.5 46. 639.375 47. 1,835,015 


3 2 
48. No limit 49. Yes, or 50. Yes, 295 51. Yes,24 52. $1,715,383.22 53. 362,880 54. 5040 55. 56 56. 165 


57. x° + 6x°y + 15xty? + 20x3y3 + 15x’y4 + 6xy? + y® 58. x4 + 24x37 + 216x? + 864x + 1296 59. x3 — 27x? + 243x — 729 
60. x° + 9x8y + 36x7y? + 84x°y3 + 126x°yt + 126x4y> + 84x3y° + 36x7y? + Oxy8 + y? 


Chapter 14 Review Exercises: Worked-Out Solutions 


2. a, = 5(1) —19 = -14 5. a, = —9 9. 55= 44144244344 44454 = 174 
a ie) TS 2 BENS 8 64g, (B+ (1) 4 1 5 4 7 SOT Me Ga =| 
a, = 5(3) — 19 = -4 a, =8+17=25 5 a,=4+(n-1)7 
a, = 5(4) — 19 = m=25+17=42 45 Si=14+24-+4+12=78 a,=4+ 72-7 
as = 5(5) — 19 = ds = 42 +17 = 59 i=l dy = In —3 
25. a, = 25 + (n —1)21 = 21n + 4 29. a, = 10+ (n-1)7 =7n +3 36. r=2=6 
dy) = 21(39) + 4 = 823 a, = 10,as = 7(8) + 3 = 59 i pu has 
ss = (10 + 59) = 4(69) = 276 32 4 
n 4 
La=2)" 2049 6 7) 7 
43, sy = 10->—ay = 10-*F* = 6830 44. r= 7=6 O07 = 36) 3 
1-6 | = 279,935 7 
8 = epg = 1s Sane! Since |r| < 1, the series has a limit. 
3636 
7 7 
5 5 ; #3 108 153 
Loe OF 
53, 9! = 1-2+... +9 = 362,880 58. (x + 6)* = Cy*x*+ (6)? + Cy x3+ (6)! + Co x7 (6)? + gCz*x?+ (6)? + Cys x (6)! 


1x*+1 + 4x3-6 + 6x7+36 + 4x-216 + 1-1296 


55. C3 = qty = BSB = 56 
poe SE Set x4 + 24x3 + 216x? + 864x + 1296 


Chapter 14 Test 1. 86,101,116;a4, = 15n —4 2.279 3. 9,17,25,33,41 4. a, = —7n + 27 5. 577.5 6. 40,200 7. 5, 40,320, 2560, 20480 
1 
8. a, = 4-7"! 9. 7,324,218 10. Yes, | 11. a) $2500, $3000, $3500, $4000, $4500, $5000 b) a, = 500n + 2000 ec) $121,500 


12. a) $13,500, $10,125, $7593.75, $5695.31 b) a, = 18,000(0.75)"! 13. 792 14. x4 + 4x9 + 6x7 + 4x +1 
15. 16,384x’ + 28,672x°y + 21,504x°y* + 8960x*y? + 2240x3y* + 336x7y? + 28xy° + y’ 


25 
Cumulative Review Chapters 12-14 1. 127.413 2. 35.466 3.4 4.8 5. n( =) 6. 4logb + 5logc — loga 7. 2.066 8. 3.677 
y 


9. {8} 10. {2.769} 11. {1.733} 12. {4} 13. {90} 14. {-1} 15. f(x) =In(x-— 3) +2 16. f(x) =e*'—9 17. 27 years 
18. Approximately 234,373 19. Domain: (—©°, ©); range: (—1, 00) 


21. : 22. 
(-3-I7, 0) 4 


AN-64 Answers to Selected Exercises 


x (y—1/ 


Sesh eG Fay ab shot, 1 33, (2,6),(6,—2) 34, (0, —3), (4,1) 


35. (8, 6), (—8, 6), (8, -6), (-8, -6) 36, (3,2), (-3, 2), (3, -2),(-3, -2) 37. 30 feet by 20 feet 38. 61,74,87; a, = 13n — 17 


n-1 
39. 13, 31,67, 139,283 40. a4, =9n-—6 41. 258 42. 20,100 43. a, = 2-(3) 44. 21,845 45. 274,514 46. Yes, 92 47. 210 


48. x4 + 4x3y + 6x°y? + 4xy? + yt 49. x — 6x°y + 15x4y? — 20x3y3 + 15x?y4 — Oxy? + y® 
50. x° + 8x7y + 28x°y? + 56x°y? + 7Oxty* + S6x3y> + 28x7y° + 8xy? + y8 


, 38 308 i 2 8 
Appendix A-l 1.x-—11 3.x+16 5. 7x 2 era 7. 12x — 11 Poe 9. x? + 5x eee 
4575 
U1. x? — 8x2 + Tx — 596 + 
pa ato) 


Appendix A-2 1. (2,3) 3. (-3,7) 5. (0,6) 7. (3,2,1) 9. (-1,-2,6) 11. (0,4, —4) 


INDEX OF APPLICATIONS 


Agriculture 


Corral, 581, 633, 677 

Feeds, 232, 233, 246 

Flowers, 404 

Gardening, 81-82, 231-232, 248, 344, 345, 
628, 633, 822, 833 

Goat pen, 345 

Lawn mowing, 404, 414 

Pasture, 232 

Peaches, 337 

Pig Pen, 628-629 

Temperature tolerance, 110 

Tractor depreciation, 856 

Weeds, 26, 116, 404 


Automotive/Transportation 


Airplane motion, 89, 230, 233, 400, 405 

Auto production, 99 

Auto sales, 110, 117, 171 

Boats, 230, 233, 405 

Bus motion, 89 

Car depreciation, 152, 734, 735, 854, 868 

Car motion, 84-85, 89, 115, 229, 233, 269, 
399-400, 403, 405, 415, 515-516, 517 

Drivers’ license number, 665 

Motorboats, 230 

Motor home depreciation, 856 

Moving vans/trucks, 61, 154, 683 

Race cars, 233 

Rental cars, 107, 110, 621, 676 

Skid marks, 515-516, 517, 534 

Speeding fine, 621 

Train motion, 89, 402 

Trucks, 233 


Business 


Amazon.com revenues, 694-695 
Amusement park, 274-275 
Auto production, 99 

Auto sales, 110, 117, 171 

Band show, 70, 115 

Banquet hall, 174 

Baseball card convention, 53 
Baseball tickets, 249, 250, 466-467, 633, 848 
Basketball tickets, 213-214 
Birthday parties, 680 

Bowling alley, 617 

Box office receipts, 734 
Brochures/newsletters, 397, 564 
Budget, 99 

Burgers, 268, 617-618 
Calendars, 618 

Car wash, 621 

Cattle feeds, 232 

Ceramics shop, 680 

Chairs, 337 

Churros, 79 

Coffee, 61, 227, 232 

Coffee mugs, 337 

Computer sale/repair, 174, 231 
Copy machine depreciation, 139, 735, 841, 856 
Copy machine’s work-rate, 404 
Craft fair, 79 

Day care center, 100 
Decorative glass blocks, 618 
Delivery van depreciation, 842 


Employees, 70, 842 
Envelope stuffing, 404 
Frying pans, 633 

Granolas, 232 

Hockey tickets, 246 

Home Depot, 733 

Kites, 79 

Lawn chairs, 337 

Losses, 14 

Lowe’s, 733 

Mail-order, 154 
McDonald’s, 692, 734 
Movie theater, 90, 181-182, 223, 231, 246, 633 
Moving vans, 683 
Newspaper subscriptions, 160, 174 
Nursery, 223 

Nuts, 227, 232 

Pizzeria, 223 

Printers, 231 

Private investigator, 53 
Profits, 136, 617-618, 703 
Radios, 633 

Rental cars, 621, 676 

Rent party, 70 

Research and Development, 840 
Revenues, combined, 268 
Sales, annual, 703 

Sales commission, 117, 231 
Sales quota, 110, 116 
Shirts, 275 

Snow cones, 676 
Starbucks, 734 

Startup costs, 61 

Stock offering, 116 
Subway restaurants, 730 
Sushi parties, 174 

Tours, 70 

Toys, 352 

Tractor depreciation, 856 
Tree trimming, 602 
Wedding receptions, 174, 617 
Winery tour, 70 


Construction 


Barbecue area, 341, 783 

Beams, 403, 406, 415 

Board cut into pieces, 25, 26 

Borders, 340 

Buffing floor, 405 

Cleaning building, 404 

Cleaning gymnasium floor, 562 

Concrete slab, 225, 341 

Construction zone, 229 

Doors, 246 

Drainpipes, 398, 404, 405, 414-415, 416, 418, 
561-562, 564 

Electrical work, 231, 404 

Fencing, 81-82, 89, 232, 246, 250, 628-629, 633, 
677, 822 

Footbridge, 770 

Goat pen, 345 

Guy wire, 581 

Landscaping, 62, 174 

Overpass, 770 

Painting, 397, 398, 563, 822 

Park, 797 

Picture frame, 26 


Ramp to doorway, 581 
Remodeling, 822 

Road slope, 153 

Roof pitch, 152-153 

Spa, 340-341 

Staining fence, 564 

Swimming pool, 232, 397, 404, 797 
Tunnel, 796 

Wallpapering, 405 

Water tanks, 518, 561, 563, 564, 602, 683 
Weather stripping, 246 
Workbench dimensions, 602 


Consumer Applications 


Bread, 695 

Car depreciation, 152, 734, 735, 854, 868 
Cell phones, 160, 733, 735-736 

Coffee, 153 

Diamond ring value appreciation, 856 
Dinner bill, 14, 47 

Favorite fast-food restaurant, 679 
Flowers, 223, 468 

Food price, 69, 70 

Gifts, 31 

Goods and property valuations, 92-93 
Hot dogs, 32, 159 

Motor home depreciation, 856 
Moving vans/trucks, 61, 154 
Newspapers, 734 

Painting value appreciation, 756 
Paper cases, 32 

Pizza, 231 

Price discounts, 93, 115 

Price increases, 99 

Price markups, 93, 99 

Rental cars, 107, 110 
Shipping-and-handling charges, 98 
Shirts/Ties, 231 

Stamps, 223, 729 

Telephone plan, 621 

Wine-tasting festival, 110 


Economics 


Budget increases, 867 

Cash, 13, 32, 61, 86-87, 116, 214, 224, 249, 466, 
467, 469 

Certificates of deposit, 98, 99, 225-226, 232, 
246, 250, 733 

Charity, 110, 214, 470 

Checking accounts, 3, 13, 32, 61, 62 

Coins, 70, 86-87, 90, 115, 221, 223, 231, 468 

Contributions toward gift, 406 

Fundraisers, 90, 110, 211, 214, 469, 621, 676 

Hourly pay, 401, 402, 405, 848 

House value, 249 

Income, 110, 730, 734, 735 

Interest earned, 93-94, 98, 99, 115, 225-226, 
232, 246, 250, 468, 470, 694, 725-727, 733, 
754, 756, 869 

Loans, 94, 135-136 

Millionaires, 171 

Mutual funds, 93, 99, 117, 225, 232, 246, 248, 
468, 470 

Retirement funds/plan, 99, 849 

Salary, 735, 840-841, 842, 843, 846-847, 848, 
854, 856, 857, 866 


l-1 


I-2 Index of Applications 


Sales taxes, 110 

Saving for guitar, 250 

Savings accounts, 13-14, 99, 115, 725 
Stocks, 14, 32, 98, 99, 116, 470 

Trust fund, 854 

Vacation fund, 194 


Education 


Advanced college degree holders, 735 

Bachelor’s degree holders, 730 

Book pages, 231 

Class size, 231 

College attendance, 268 

College fund, 868 

Community colleges, 99, 110, 115, 139, 224, 
249, 621 

Expenditure per pupil, 735 

Financial aid, 268, 736 

Graduate students, 650 

High school diploma, lack of, 734 

Master’s degrees, 171, 275, 655-656 

State funding, 110 

Student loans, 135 

Students’ favorite math teacher, 665 

Teachers, number of, 224, 736 

Teacher salary, 735, 857 

Teachers’ state of birth, 675 

Test scores, 70, 107, 110, 116, 231, 470 

Tuition/Fees, 53, 139, 402, 604-605, 621, 728, 
730, 734 

Undergraduate students, 650 


Entertainment/Sports 


Amusement parks, 53, 248 
Bands, 70, 115 

Baseball contract, 856 

Baseball field, 88, 581 

Baseball players, 159, 231, 247 
Baseball tickets, 249, 250, 466-467, 633, 848 
Basketball game, 186, 213-214 
Basketball players, 61, 679 
Biking, 229, 405, 416 

Blackjack, 214 

Bowling, 617 

Canoeing, 401, 404 

College football, 633 

College play, 211-212 

County fair, 68 

Dartboard, 345 

Drive-in theaters, 734 

DVD collection, 224 

Football, 231, 336-337, 633 

Golf club membership, 139 
Golfing, 3, 13, 479 

Hang gliding, 580 

Height requirement on rides, 107 
Hockey, 246 

Kayaking, 233, 246, 400-401, 405, 415 
Major league wins, 36 

Marathon, 403, 405 

Movies, 13, 68, 90, 223, 231, 246, 633, 694, 734 
Pai-Gow poker, 231 
Racquetball, 174 

Rowboating, 233 

Running, 229, 403, 405 

Sailboat, 580 

Scoring record, 110 

Skydiving, 259 

Soccer, 345, 605-606, 822 


Softball, 231 

Swimming, 89, 405 

Track, elliptical, 796 
Triathlon, 229, 405 
Wine-tasting festival, 110 
World Series winners, 611 


Environment 


Distance to horizon, 518 
Earthquake, 703, 706, 755 
Elevation, 3, 13 

Temperature, 3, 13, 70,78, 159 
Tsunamis, 515 


General Interest 


Age calculations, 231, 344, 352, 470 
Birthdays, 154, 159 

Births, 275 

Community service hours, 139 
Elevator capacity, 186 

IQ requirement, 107 

Parents and children, 159, 665 

Zoo animals, 405 


Geometry 


Angles, 88, 470, 479, 480 

Circles, area of, 260, 539-540 

Circles, dimensions of, 88, 540, 545 

Circles, equation of, 783-784 

Computer monitor dimensions, 818-819 

Corral dimensions, 581 

Court dimensions, 822 

Dartboard dimensions, 345 

Distances between places, 345, 579, 581, 
602, 603 

Doorway dimensions, 344 

Ellipses, dimensions of, 796-797 

Field dimensions, 603 

Garden dimensions, 81-82, 88, 344, 345, 
822, 833 

Goat pen dimensions, 345 

Guy wire, 581 

Hang glider dimensions, 580 

Hose in backyard, 579 

Kite dimensions, 580 

Ladder leaning on wall, 578, 581 

Lawn dimensions, 345, 580, 683, 822, 871 

London Eye dimensions, 784 

Pasture dimensions, 822 

Patio dimensions, 88, 580 

Photo dimensions, 345, 580, 602, 818 

Picture frame dimensions, 344 

Pool dimensions, 580, 602, 822 

Quilt dimensions, 345, 580, 581 

Ramp to doorway, 581 

Rectangles, area of, 88, 628-629, 633, 677 

Rectangles, dimensions of, 81-82, 87, 88, 89, 
115, 116, 225, 231-232, 246, 248, 249, 
340-341, 344-345, 352, 418, 468, 577, 579, 
579-580, 602, 628-629, 633, 677, 683, 
818-819, 822, 833, 871 

Rectangles, perimeter of, 76, 87, 90 

Road sign dimensions, 581 

Room dimensions, 344, 345, 580, 818, 822 

Rug dimensions, 344, 580 

Sail dimensions, 345, 580 

Shadow on ground, 581 

Sheet of paper dimensions, 88 


Soccer field dimensions, 345, 822 

Squares, area of, 259, 539-540 

Squares, dimensions of, 88, 345, 540, 545 

Squares, perimeter of, 89, 154-155 

Table dimensions, 580, 581 

Triangles, area of, 77 

Triangles, dimensions of, 83, 88, 345, 576-577, 
580, 581, 602, 603 

TV screen dimensions, 818 

Workbench dimensions, 602 


Government 


Governors, 665, 675 
Registered voters, 98, 100 
Signatures on petitions, 110 
Social Security numbers, 159 
State capitals, 680 

US. Presidents’ ages, 35-36 


Health Care 


Bariatric (weight-loss) surgeries, 127 
Births, 275 

Blood pressure, 39, 61 

Body Surface Area (BSA), 518 
Body temperature, 31, 78, 695, 735,755 
Calories, 39, 40, 415 

Cholesterol levels, 34, 115 

Costs, 656 

Dentists recommending sugarless gum, 97 
Doctors, 655 

Glucose levels, 39, 41 

Height, 34, 35, 61, 703, 705 
HIV-positive inmates, 655 
Insurance, 656 

Life expectancy, 735 

Obesity, 755 

Pregnancy duration, 39 

Pulses, 61 

Treadmill slope, 153 

Twin deliveries, 98 

Weight, 26, 35, 39, 706 


Hobbies 


Baseball cards, 53, 246, 694, 733 
Food preparation, 26, 61, 182, 249 
Guitar, 250 

Kites, 79, 580 

Quilting, 232, 345, 580, 581 


Real Estate 


California home prices, 126 
Homeowner’s insurance, 734 
Home value appreciation, 249 
Real estate exam, 110 


Science/Technology 


Acid solutions, 99-100, 228, 233, 462, 469 

Alcohol solutions, 95, 98, 100, 115, 228, 231, 
233, 470 

Alloys, 233 

Antifreeze solutions, 99, 233 

Bacteria growth, 733, 734 

Boyle’s law, 406 

Byte calculations, 47 

Celsius-Fahrenheit conversion, 617 

Chemistry, 26 

Computer calculations, 268, 292 


Dropped/falling objects, 259, 336, 346, 405, 
819, 822 

Electric current, 405, 406 

Forensics, 735, 755 

Gas volume, 406 

Hooke’s law, 405-406 

Hydrogen atoms, 292 

Illumination, 406, 415 

Light, speed of, 266, 268 

Milk butterfat, 99 

Ohm’s law, 405 

Pendulums, 514-515, 517, 534, 535 

PH of liquids, 731, 735, 755 

Planets’ distances from sun, 266, 268 

Powdered plant food, 100 

Projectiles, 334-337, 342, 345-346, 351-352, 
417, 553-555, 557, 589-590, 592, 602, 
633, 677, 680, 683, 684, 819, 822, 833 

Radioactive decay, 729-730, 734, 754, 756 

Rum and cola, 100 

Saline solutions, 99, 100, 117 

Sodium solutions, 461-462 

Sound volume, 731-732, 735 

Stars’ masses, 268 

Water temperature, 617, 695 

Weed spray, 116 


Statistics 


Ages, 34, 35-37, 214, 605, 606 
Airports, 705 

Bariatric (weight-loss) surgeries, 127 
Beer calories, 39 

Births, 275 


Blood pressure, 39, 61 

Box office receipts, 734 

Bruce Springsteen’s songs, 39 
Calories, 39, 40 

Cell phones, 39, 126, 147, 733, 735-736 
College students, 39, 41, 42 
Dentists recommending sugarless gum, 97 
Doctors, 655 

Drive-in theaters, 734 

Expenditure per pupil, 735 
Facebook friends, 39 

Financial aid recipients, 736 
Glucose levels, 39, 41 

GPA’s, 33 

Graduation rates, 40 

Groceries, 33 

Heads in coin flips, 41 

Health care costs, 656 

Heights, 34, 35, 61,703, 705 

High school graduates, 268 
HIV-positive inmates, 655 
Homeowner’s insurance, 734 
Home prices, 126 

Household income, 122 

Identity theft complaints, 126 
Income, 730, 734, 735 

1Qs, 39, 41, 42 

Joe Montana’s touchdown passes, 39 
Left-handed people, 96-97, 100 
Life expectancy, 735 

M&Ms in bowl, 98 

Major league wins, 36 

Master’s degrees, 171, 275, 655-656 
Mileage, 33 
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Netflix subscribers, 122 

Newspapers, 734 

Nursing students, 152 

Obesity, 755 

Online retail sales, 127 

Parking spots, 99 

Population, 692, 728, 733, 754, 869 

Pregnancy duration, 39 

Presidents, 611 

Pulses, 61 

Red Sox home runs, 39 

Restaurants/Stores, 730, 733, 734 

Right-handed people, 100 

Room rates, 39 

Schools, 650-651 

Starbucks stores, 126 

Starting salaries, 39, 41 

Student population, 92, 96, 100, 115, 147, 152, 
181, 268, 650, 651 

Teacher salary, 735 

Teachers/professors, 100, 117, 214, 736 

Test scores, 33, 35, 39, 40, 42, 61, 99, 
107, 110, 116 

Tuition, 147, 728-729, 734 

Twin deliveries, 98 

Unemployment rates, 153 

Voters, 98, 100 

Wal-Mart stores, 695 

Weights, 35, 39, 706 

Wineries, 695 

Women in medical school, 147 

Workers who drive to work, 705 

World Cup winners, 605-606 

World Series winners, 611 


INDEX 


A 


Absolute value equations, 422-424 
Absolute value functions 
finding, given graph, 443 
finding domain and range of, 440-442 
graphing 
by plotting points, 439-442 
by shifting, 634-637 
Absolute value inequalities, 429-433 
Absolute values 
of integers, 4-5 
radical expressions and, 482-483 
solving systems of linear equations using, 
214-221 
Adding 
complex numbers, 520 
decimals, 27 
first n natural numbers, 343 
fractions and mixed numbers, 22, 23-24 
integers, 6-8, 9 
polynomials, 271 
radical expressions, 497-498 
rational expressions. see under Rational 
expressions 
Addition method 
solving nonlinear systems using, 817 
solving systems of linear equations using, 
214-221, 460 
substitution method vs., 220 
Addition property of equality, solving linear 
equations using, 67-68, 71-72 
Algebraic expressions. See Variable 
expressions 
Algebraic fractions. See Rational expressions 
Alternating sequences, defined, 837 
Angles, 88 
Applied problems. See also Problem solving 
arithmetic sequences, 846-847 
difference function, 651 
exponential equations, 725-730 
exponential functions, 692, 730 
geometric sequences, 854 
inequalities, 589-590 
linear equations, 135-136, 171 
linear functions, 617-618 
linear inequalities in two variables, 181-182 
logarithmic equations, 725-730 
logarithmic functions, 703, 731-732 
nonlinear systems of equations, 817-819 
quadratic equations, 338-341, 539-540, 
553-555, 575-579 
quadratic functions, 333-335, 342-343, 
628-629 
quadratic in form, 561-562 
radical equations, 514-516 
rational equations, 395-403, 561-562 
scientific notation, 266 
sequences, 840-841 
sum function, 650-651 
systems of linear equations in three 
variables, 466-467 


systems of linear equations in two variables, 


211-212, 220-221, 224-230, 461-462 
Area 
of circles, 83, 539-540 
of rectangles, 82,576, 577 
of squares, 82, 539-540 
of triangles, 77, 82, 576-577 
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Argument (logarithm), defined, 696 
Arithmetic sequences, 843-847 
Arithmetic series, 844-846 
Associative property, 50 
Asymptotes 

horizontal, 688 

of hyperbola, 798 

vertical, 700 
Augmented matrices, A-4-A-7 
Axes 

on coordinate plane, 120 

of ellipse, 785, 788-789 

of hyperbola, 803-804 

of symmetry, 565 


Base, defined, 43 
Basic percent equation, 90-92 
Binomial coefficients, 858-859 
Binomials 
defined, 269 
difference of cubes, 315-316, 453 
difference of two squares, 313-315, 453 
factoring out of polynomials, 297-298 
factoring strategies summary, 317 
multiplying, 277-278 
raised to a power, expanding, 859-861 
square of, 279 
sum of cubes, 317, 453 
sum of two squares, 315, 453 
Binomial Theorem, 859-861 
Boyle’s law, 406 
Branches of hyperbola, defined, 797 


C 


Calculator usage 
binomial coefficients, 858 
change-of-base formula, 713 
common logarithms, 697,727 
decimals as fractions, 29 
equation solutions, 74 
exponential expressions, 687 
exponents, 43 
factorials, 858 
graphs 
exponential functions, 739 
lines, 132, 136 
logarithmic functions, 741 
parabolas, 567 
square-root functions, 638 
multiplication, 11 
natural exponents, 690-691 
natural logarithms, 698 
negative key, 10 
nth roots, 485 
parentheses, 45 
scientific notation, 265 
square roots, 483-484, 549 
substraction, 10 
systems of linear equations, 201 
Cartesian plane, plotting ordered pairs on, 
119-122 
Celsius-Fahrenheit conversion, 159 
Center 
of circle, 773, 776-777 
of ellipse, 784, 788-789 
of hyperbola, 798, 803-804 


Change-of-base formula, 712-713 
Circles 
area of, 83, 539-540 
circumference of, 83 
defined, 773 
finding center and radius of, 776-777 
finding equation of, 778-779 
graphing 
when centered at origin, 773-775 
when not centered at origin, 775-776 
Circumference, 83 
Classes (statistics), 35-37 
Coefficients 
defined, 270 
fractions as, 67 
identifying, 51 
leading, 270 
Common logarithms, 697 
Common ratio, 849-850 
Commutative property, 49-50 
Complementary angles, defined, 88 
Completing the square 
finding center and lengths of axes of ellipse 
by, 788-789 
finding center and lengths of axes of hyper- 
bola by, 803-804 
finding center and radius of circle by, 
776-777 
finding vertex by, 764-765 
solving quadratic equations by, 540-543 
Complex fractions, 382-385 
Complex numbers 
adding and subtracting, 520 
definitions, 519-520 
dividing, 523-524 
multiplying, 521-522 
powers of i, 524-525 
Composite functions, 651-654 
Composite numbers, defined, 15-16 
Compound inequalities, 105-106, 428-429 
Compound interest, 725-727 
Conic sections, defined, 757. See also Circles; 
Ellipses; Hyperbolas; Parabolas 
Conjugate axis, defined, 799 
Conjugates 
complex numbers, 522-523 
multiplying, 503 
radical expressions, 503 
Consecutive integers, 84, 338-339 
Constant functions, 156, 615 
Constant of variation, defined, 401 
Constant terms, defined, 269 
Continous compounding, 727 
Contradictions, 75, 421 
Coordinates, defined, 119 
Cost function, 617 
Co-vertices of ellipse, defined, 785 
Cross-canceling, defined, 20 
Cross multiplying, 96 
Cross products, defined, 95 
Cube roots, defined, 484 
Cubic functions, graphing, 641-643 


D 


Decimals 
arithmetic operations with, 27-28 
converting between fractions and, 28-29 
converting between percents and, 29-30 


notation, 27 
repeating, 28 
systems of linear equations with, 218-220 
Degree of polynomial, 270, 272 
Degree of term, 269, 272 
Denominators. See also Fractions 
adding/subtracting fractions with different, 
23-24 
defined, 16 
rationalizing, in radical expressions, 504-506 
Dependent systems 
defined, 202, 459, 463 
using addition method to identify, 217-218 
using substitution method to identify, 209 
Dependent variables, 608 
Descartes, René, 119, 197 
Diameter, defined, 778 
Difference function, 648-649, 650-651 
Difference of cubes, factoring, 315-316, 453 
Difference of two squares, factoring, 
313-315, 453 
Difference quotients, 629-630 
Dimensional analysis, 97 
Direct variation, 401-402 
Discriminant, 552-553 
Distance formula, 84-85, 399, 771-772 
Distributive property, 50-51, 501-502 
Dividends, defined, 12 
Dividing 
complex numbers, 523-524 
decimals, 28 
fractions and mixed numbers, 21-22 
by imaginary numbers, 524 
integers, 12 
monomials by monomials, 281-282 
polynomials by monomials, 282-283 
polynomials by polynomials, 283-286 
radical expressions, 486-487 
rational expressions, 365-366 
rational functions, 366 
Division, synthetic, A-1-A-2 
Divisors, defined, 12 
Domain 
of absolute value functions, 440-442 
of composite functions, 653-654 
defined, 154, 605 
determining, 158 
of radical functions, 487-488 
of rational functions, 356-357 
Doubling time, defined, 727 


E 


Einstein, Albert, 756 
Elements in matrix, A-4 
Elements in set, 1 
Elimination method. See Addition 
method 
Ellipses 
definitions, 784-785 
finding center and lengths of axes of, 
788-789 
finding equation of, 790 
graphing 
when centered at origin, 785-787 
when not centered at origin, 
787-788 
hyperbolas vs., 798, 801 
Empty sets, defined, 1,75 
Endpoints, defined, 102 


English-metric conversions, 97 
Equations. See also Linear equations; Lines; 
Literal equations; Logarithmic equations; 
Quadratic equations; Radical equations; 
Rational equations 
defined, 63 
exponential, 691-692 
involving quadratic functions, 332-333 
Equilateral triangles, defined, 83 
Equivalent fractions, 22—23 
Euler, Leonhard, 681, 690 
Even integers, consecutive, 84 
Exponential decay, 729-730 
Exponential equations 
applied problems, 725-730 
solving 
using one-to-one property of exponential 
functions, 691-692, 715-716 
using one-to-one property of logarithmic 
functions, 716-718 
Exponential form 
conversion between logarithmic form and, 
698-699 
solving logarithmic equations by converting 
to, 719-720 
Exponential functions 
applied problems, 692, 730 
defined, 685-686 
evaluating, 686-687 
graphing, 687-690, 736-739 
inverse of, 722 
natural, 690-691 
one-to-one property of, 691 
Exponential growth, 728-729 
Exponential notation, 43 
Exponents. See also Rational exponents 
negative, 260-263 
properties of, 254-258 
simplifying, 43 
zero, 256 
Expressions. See also Radical expressions; 
Rational expressions; Variable expressions 
logarithmic, 710-712 
numerical, 9 
quadratic, 553 
simplifying using order of operations, 44-45 
Extraneous solutions 
of logarithmic equations, 718 
of radical equations, 510 
of rational equations, 388-391 


F 


Factorials, 857-858 
Factoring. See also Greatest Common Factor 
(GCF) 
binomials, strategies summary, 317 
common binomial factors out of 
polynomials, 297-298 
difference of cubes, 315-316, 453 
difference of two squares, 313-315, 453 
polynomials, general strategy for, 319-322, 
450-451 
polynomials by grouping, 298-300, 451 
solving quadratic equations by, 326-327, 537 
sum of cubes, 317, 453 
trinomials. see under Trinomials 
Factorization, prime, 16 
Factors, defined, 10 
Factor sets of natural numbers, 15 
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Factor trees, 16 
Fahrenheit-Celsius conversion, 159 
Fermat, Pierre de, 480 
Fibonacci, 868 
Finite sequences, defined, 837 
Finite series, defined, 839 
First-degree polynomial functions, defined, 271 
Foci of ellipse, defined, 784 
Foci of hyperbola, defined, 797 
“FOIL,” 277-278 
Fractions. See also Rational exponents 
adding and subtracting, 22, 23-24 
as coefficients, 67, 218-220 
complex, 382-385 
converting between decimals and, 28-29 
converting between percents and, 29-30 
dividing, 21-22 
equivalent, 22—23 
linear equations with, 72-73 
mixed numbers and improper, 17-18 
multiplying, 20-21 
simplifying to lowest terms, 16-17 
systems of linear equations with, 218-220 
Frequency distribution, 35-37 
Function notation, 154-155, 608 
Functions. See also Exponential functions; In- 
verse functions; Linear functions; Logarith- 
mic functions; One-to-one functions; 
Quadratic functions; Rational functions 
composite, 651-654 
constant, 156, 615 
cubic, graphing, 641-643 
determining from graph, 643-644 
evaluating, 155, 608-609 
with exponents, evaluating, 257-258 
finding sum, difference, product, and 
quotient functions, 648-651 
increasing, 688 
interpreting graphs of, 609-610 
ordered-pair representation of, 606 
overview, 153-154, 604-606 
radical, 487-488, 511 
solving inequalities involving, 588-589 
square-root, graphing, 637-641 
vertical-line test for, 606-607 


G 


Galois, Evariste, 603 
Gauss, Carl Friedrich, 294, 343 
GCE. See Greatest Common Factor (GCF) 
General term 

of arithmetic sequences, 843-844 

of geometric sequences, 850-851 

of sequences in general, 838-839 
Geometric formulas, applied problems, 81-83 
Geometric sequences 

applied problems, 854 

defined, 849 

finding common ratio of, 849-850 

finding general term of, 850-851 

finding partial sums of, 851-852 

finding sum of infinite series, 853-854 
Geometric series, 851-854 
Geometry problems 

quadratic equations, 340-341 

systems of linear equations, 225 
Graphing 

absolute value functions 

on calculator, 440 
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Graphing (Continued) 
by plotting points, 439-442 
by shifting, 634-637 
circles 
when centered at origin, 773-775 
when not centered at origin, 775-776 
cubic functions, 641-643 
ellipses 
when centered at origin, 785-787 
when not centered at origin, 787-788 
exponential functions, 687-690, 736-739 
horizontal lines, 134-135 
hyperbolas 
when centered at origin, 798-801 
when not centered at origin, 801-803 
inequality solutions, 101-102 
linear equations 
on calculator, 132, 136 
by plotting points, 124 
that pass through origin, 132-133 
using intercepts, 130-132, 436-437 
using slope and y-intercept, 146-147, 437-438 
linear functions, 156, 438, 614-615 
linear inequalities 
involving horizontal or vertical line, 180 
on number line, 426-427 
in two variables, 177-180, 181-182 
logarithmic functions, 700-703, 740-742 
on number line, 2-3, 101-102, 426-427 
parabolas 
of form x = ay” + by + c, 761-762 
of form x = a(y — k)* + h, 763-764 
of form y = ax? + bx + c, 758-759 
of form y = a(x — h)* + k, 759-760 
quadratic equations 
of form y = ax” + bx + c, 565-571 
of form y = a(x — h)? + k, 571-572, 
622-626 
quadratic functions of form 
f(x) = a(x — h)* + k, 622-626 
square-root functions, 637-641 
systems of linear equations, 200-202 
systems of linear inequalities, 234-237 
vertical lines, 134-135 
Graphs 
of applied linear equations, interpreting, 
135-136 
determining functions from, 643-644 
determining linear functions from, 615-616 
determining one-to-one functions from, 658 
finding absolute value functions for, 443 
finding inverse of functions from, 663-664 
finding slope from, 141-142 
finding x- and y-intercepts from, 129 
of functions, interpreting, 609-610 
identifying solution of systems of linear 
equations from, 199-200 
of linear functions, interpreting, 157 
vertical-line test for, 606-607 
Greatest Common Factor (GCF) 
factoring out of each term of polynomials, 
297, 450 
of two or more integers, 296 
of two or more variable terms, 296 
Grouping symbols, 44-45 


H 


Half-life, defined, 729 
Histograms, 35-37 


Hooke’s law, 405-406 
Horizontal asymptotes, 688 
Horizontal axis, defined, 120 
Horizontal lines 
graphing, 134-135 
graphing linear inequalities involving, 180 
slope of, 144-145 
Horizontal-line test, 658 
Horizontal translations. See Shifting 
How to Solve It, 80,117 
Hypatia of Alexandria, 248 
Hyperbolas 
definitions, 797-798 
ellipses vs., 798, 801 
finding center and lengths of axes of, 
803-804 
finding equation of, 805 
graphing 
when centered at origin, 798-801 
when not centered at origin, 801-803 


Identities, 75-76, 421 
Imaginary numbers 
defined, 519 
dividing by, 524 
multiplying, 521 
Imaginary part of complex numbers, 
defined, 520 
Imaginary unit, defined, 519 
Improper fractions, converting between mixed 
numbers and, 17-18 
Inconsistent systems 
defined, 202, 459, 463 
using addition method to identify, 217-218 
using substitution method to identify, 209 
Increasing functions, defined, 688 
Independent systems, 202, 458 
Independent variables, 608 
Index of radical, defined, 484 
Index of summation, defined, 840 
Inequalities. See also Linear inequalities 
applied problems, 589-590 
compound, 105-106 
defined, 101 
integers, 4 
involving functions, solving, 588-589 
presenting solutions 
on number line, 101-102 
using interval notation, 102-103 
quadratic, 582-585 
rational, 585-588 
solutions of, 101-102 
whole numbers, 2-3 
Infinite geometric series, 853-854 
Infinite sequences, defined, 837 
Infinite series, defined, 839 
Infinity (°°) 
approaching, 2, 3 
in interval notation, 102-103 
Integers 
absolute values of, 4—5 
adding, 6-8, 9 
consecutive, 84 
defined, 3 
dividing, 12 
GCF of two or more, 296 
graphing on number lines, 3 
inequalities, 4 


multiplying, 10-12 

opposites of, 3-4 

subtracting, 8-10 
Intercepts. See x-intercepts; y-intercepts 
Interest 

applied problems, 93-94, 225-226 

compound, 725-727 

formula for, 93 
Intersections of linear inequalities, 106 
Interval notation, 102-103, 426-427 
Inverse functions 

defined, 659 

determining whether two functions are, 

659-660 

exponential and logarithmic, 722 

finding from graph, 663-664 

of one-to-one functions, 660-663 
Inverse variation, 402-403 
Irrational numbers, defined, 2 
Isosceles triangles, 83 


J 


Joint variation, 403 


K 


Kanigel, Robert, 62 
Kovalevskaya, Sofia, 835 
Kronecker, Leopold, 294 


L 


Leading coefficient, defined, 270 
Leading term, defined, 270 
Least common denominator (LCD) of 
rational expressions, 375-376, 455-456 
Least common multiple (LCM), 22-23 
Like radicals, defined, 497 
Like terms 
combining, 51-52 
in polynomials, 271, 272 
Limit of infinite geometric series, 853-854 
Linear equations. See also Linear equations 
in two variables; Lines; Slope; Systems of 
linear equations in three variables; Systems 
of linear equations in two variables 
with absolute values, 422-424 
contradictions, 75, 421 
defined, 63-64 
for describing real data, 171 
determining if value is solution for, 64 
identities, 75—76, 421 
solving 
general strategy for, 73-75 
review, 419-421 
using addition property of equality, 67-68, 
71-72 
using multiplication property of equality, 
64-67, 68, 71-72 
when fractions are present, 72—73 
Linear equations in two variables. See also 
Slope 
completing ordered pairs for, 123-124 
determining if ordered pair is solution of, 
118-119 
finding x- and y-intercepts from, 130 
graphing 
on calculator, 132, 136 
by plotting points, 124 
using intercepts, 130-132, 436-437 


using slope and y-intercept, 146-147, 
437-438 
when they pass through origin, 132-133 
standard form of, 123 
Linear functions 
applied problems, 617-618 
defined, 156, 614 
determining domain and range of, 158 
determining from data, 617 
determining from graph, 615-616 
graphing, 156, 438, 614-615 
interpreting graphs of, 157 
Linear inequalities. See also Inequalities; 
Linear inequalities in two variables 
with absolute values, 429-433 
compound, 428-429 
defined, 101 
graphing 
on number line, 426-427 
when involving horizontal or vertical 
line, 180 
intersection of, 106 
solving, 103-105, 427-428 
solving applied problems using, 106-107 
systems of, 234-238 
union of, 105 
Linear inequalities in two variables 
applied problems, 181-182 


determining whether ordered pair is solution 


of, 176-177 
graphing, 177-180, 181-182 


Lines. See also Linear equations; Parallel lines; 


Perpendicular lines; Slope 
finding equation of 
given two points, 170 
using point-slope form, 168-169 
finding x- and y-intercepts of 
from equation, 130 
from graph, 129 
graphing horizontal and vertical, 134-135 
Literal equations 
with rational expressions, 391-392 
solving for specified variable, 76-77 
Logarithmic equations 
applied problems, 725-730 
solving 


by converting to exponential form, 719-720 


by rewriting in exponential form, 699 


using one-to-one property of logarithmic 


functions, 718-719 
using properties of logarithms, 720-721 


Logarithmic expressions, rewriting, 710-712 
Logarithmic form, conversion between expo- 


nential form and, 698-699 
Logarithmic functions 
applied problems, 703, 731-732 
defined, 695-696 
evaluating, 696-697 
graphing, 700-703, 740-742 
inverse of, 722 
solving exponential equations using 
one-to-one property of, 716-718 
Logarithms 
common, 697 
defined, 695-696 
evaluating, 696-697 
natural, 698 
properties 
change-of-base formula, 712-713 
other, 696, 710 


power rule, 709-710 

product rule, 707-708 

quotient rule, 708 

solving equations using, 720-721 
Lower limit of notation, defined, 840 
Lowest terms, simplifying fractions to, 

16-17 


M 


Major axis, defined, 785 
Manipulatives, 7 
The Man Who Knew Infinity: A Life of the 
Genius Ramanujan, 62 
Mathematicians in History 
Descartes, René, 119, 197 
Einstein, Albert, 756 
Euler, Leonhard, 681, 690 
Fermat, Pierre de, 480 
Fibonacci, 868 
Galois, Evariste, 603 
Gauss, Carl Friedrich, 294, 343 
Hypatia of Alexandria, 248 
Kovalevskaya, Sofia, 835 
Kronecker, Leopold, 294 
Nash, John, 416 
Newton, Sir Isaac, 353 
Polya, George, 117 
Pythagoras of Samos, 535 
Ramanujan, Srinivasa, 62 
Matrices, A-4—A-7 
Mean, 33 
Measures of center, 33-34 
Measures of spread, 33, 34-35 
Median, 33-34 
Metric-English conversions, 97 
Midpoint formula, 773 
Midrange, 34 
Minor axis, defined, 785 
Mixed numbers 
adding and subtracting, 22, 24 


converting between improper fractions and, 


17-18 
dividing, 21-22 
multiplying, 21 
Mixture problems, 94-95, 227-228 
Modes, 34 
Monomials 
defined, 269 
dividing by monomials, 281-282 
dividing polynomials by, 282-283 
multiplying by polynomials, 276 
multiplying two, 275-276 
Motion problems, 84-85, 229-230 
Multiplication property of equality, solving 
linear equations using, 64-67, 68, 71-72 
Multiplying 
binomials, 277-278 
complex numbers, 521-522 
decimals, 27 
fractions and mixed numbers, 20-21 
imaginary numbers, 521 
integers, 10-12 
monomials, 275-276 
monomials by polynomials, 276 
polynomials, 277-278 
radical expressions, 486, 500-503 
rational expressions, 363-364 
rational functions, 364 
MyMathLab, 182 


Index 


N 


Nash, John, 416 
Natural exponential functions, 690-691 
Natural logarithms, 698 
Natural numbers 
defined, 2 
determining if prime, 15-16 
factor set of, 15 
finding LCM of, 22-23 
prime factorization of, 16 
sum of first n, 343 
Negative numbers. See also Integers 
common factors in polynomials, 299 
defined, 3 
even roots and, 511 
exponents, 260-263, 493 
inequalities and, 103 
rational exponents, 493 
square root of, 519 
Negative reciprocals, defined, 164 
Nesting grouping symbols, 45 
Newton, Sir Isaac, 353 
Nonlinear systems of equations 
applied problems, 817-819 
overview, 813-814 
solving 
using addition method, 817 
using substitution method, 814-816 


1-7 


Mth partial sum of arithmetic sequence, find- 


ing, 844-846 


Mth partial sum of geometric sequence, find- 


ing, 851-852 
Nth partial sum of sequence, defined, 839 
Nth roots, finding, 484-485 
Null (empty) sets, defined, 1,75 
Number lines 


graphing inequality solutions on, 101-102 


graphing integers on, 3 
graphing whole numbers on, 2 
Numbers. See also Complex numbers; 


Decimals; Fractions; Integers; Mixed num- 
bers; Natural numbers; Negative numbers; 


Percents; Real numbers; Zero(s) 

composite, 15-16 

imaginary, 519, 521,524 

irrational, 2 

prime, 15-16 

rational, 2 

whole, 2-3 

Numerators, defined, 16. See also 

Fractions 


O 


Odd integers, consecutive, 84 

Ohm’s law, 405 

One-to-one functions 
defined, 657 


determining whether functions are, 657-658 


finding inverse of, 660-663 
horizontal-line test for, 658 
One-to-one property 
of exponential functions, 691 
of logarithmic functions, 716 
Opposites 
of integers, 3-4 
in rational expressions, 359-360 
sum of two, 7 
Ordered pairs. See also Points 
completing, 123-124 
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Ordered pairs (Continued) 
defined, 119 
determining whether solution of linear 
inequalities, 176-177 
determining whether solution of systems of 
linear equations, 199 
plotting, 119-122 
representing functions as set of, 606 
Ordered triples, determining whether solution 
of systems of linear equations, 462 
Order of operations, simplifying expressions 
using, 44-45 
Origin 
circles centered at, 773-775 
defined, 120 
ellipses centered at, 785-787 
hyperbolas centered at, 798-801 
linear equations that pass through, 132-133 


P 


Parabolas. See also Quadratic equations; 
Quadratic functions 
applied problems, 333-335 
definitions, 565 
finding equation of, 765-766 


graphing 
x = ay’ + by + c, 761-762 
x =a(y — k)* + h, 763-764 
y = ax? + bx + c, 758-759 
y = a(x — h)? + k, 759-760 


Parallel lines 
determining whether lines are, 162-163, 
165-166 
finding equation of, 171-172 
inconsistent systems and, 202-203 
Partial sums 
of arithmetic sequences, 844-846 
of geometric sequences, 851-852 
of sequences in general, 839-840 
Pascal’s triangle, 860-861 
Pendulums, 514-515 
Percents 
basic percent equation, 90-92 
converting between fractions/decimals and, 
29-30 
increases and decreases, 92—93 
Perfect square trinomials, factoring, 304 
Perimeter 
of rectangles, 76, 81-82 
of squares, 82, 154-155 
of triangles, 82 
Period of pendulums, 514-515 
Perpendicular lines 
determining whether lines are, 163-166 
finding equation of, 171-172 
PH of liquids, 731 
pi (7), 2,77 
Placeholders in polynomials, 285-286 
Planes. See Systems of linear equations in 
three variables 
Points. See also Ordered pairs 
defined, 120 
finding equation of line given two, 170 
finding slope using two, 142-143 
graphing absolute value functions by 
plotting, 439-442 
graphing linear equations by plotting, 124 
Point-slope form, 168-170 
Polya, George, 80, 117 


Polynomial functions, defined, 271 
Polynomials 
adding and subtracting, 271-272 
definitions, 269-270 
dividing by monomials, 282-283 
dividing by polynomials, 283-286 
evaluating, 270-271 
factoring, general strategy for, 319-322, 
450-451 
factoring by grouping, 298-300, 451 
factoring common binomial factors out of, 
297-298 
factoring GCF out of each term of, 297, 450 
multiplying monomials by, 276 
multiplying two, 277-278 
in several variables, 272-273 
special products, 278-279 
using placeholders when dividing, 285-286 
writing, 270 
Pope, Alexander, 353 
Power of a product rule, for exponents, 254 
Power of a quotient rule, for exponents, 
256-257 
Power rule 
for exponents, 253 
for logarithms, 709-710 
Prime factorization of natural numbers, 16 
Prime numbers, determining if natural 
numbers are, 15-16 
Prime trinomials, 305 
Principal, defined, 93, 725 
Principal nth roots, defined, 484 
Principal square roots, defined, 482 
Problem solving. See also Applied problems 
consecutive integers, 84 
geometric formulas, 81-83 
interest earned/owed, 93-94 
introduction, 79-80 
linear inequalities, 106-107 
mixtures, 94-95 
money, 86-87 
motion, 84—85 
one unknown number, 81 
percents, 92-93 
proportions, 96-97 
six steps in, 80 
two unknown numbers, 86 
Product function, 649-650 
Product of sum and difference of two terms, 
278-279 
Product property, simplifying radical expres- 
sions using, 495-497 
Product rule 
for exponents, 252-253 
for logarithms, 707-708 
for radicals, 486 
Products of integers, 10-12 
Profit function, 617 
Projectile problems, 342, 553-555, 589-590 
Proportions, 95-97 
Pythagoras of Samos, 535 
Pythagorean Theorem, 578-579, 772 


Q 


Quadrants, defined, 120 


Quadratic equations. See also Quadratic in form 


applied problems, 338-341, 539-540, 
553-555, 575-579 
defined, 295, 325, 536 


determining number and type of solutions 
of, 552 
finding, given the solutions, 329, 543-544 
graphing. see also under Parabolas 
y = ax? + bx + c, 565-571 
y = a(x — h)’ + k, 571-572, 622-626 
with linear expression that is squared, 
538-539 
solving 
by completing the square, 540-543 
by extracting square roots, 537-540 
by factoring, 326-327, 537 
general strategy for, 551 
using quadratic formula, 548-551 
using zero-factor property of real numbers, 
325-326, 454 
when fractions are present, 328-329 
when not in standard form, 327-328 
standard form of, 325 
Quadratic expressions, determining whether 
factorable, 553 
Quadratic formula 
deriving, 547-548 
discriminant, 552-553 
identifying coefficients for, 548 
solving quadratic equations using, 548-551 
Quadratic functions 
applied problems, 333-335, 342-343, 628-629 
defined, 332 
evaluating, 332 
graphing form f(x) = a(x — h)? + k, 
622-626 
maximum and minimum values of, 627-629 
simplifying difference quotients for, 629-630 
solving equations involving, 332-333 
Quadratic inequalities, 582-585 
Quadratic in form 
applied problems, 561-562 
defined, 557 
solving radical equations by making, 560 
solving rational equations by making, 560-561 
solving using u-substitution, 558-560 
Quotient function, 649-650 
Quotient rule 
for exponents, 254-255 
for logarithms, 708 
for radicals, 486 
Quotients of integers, 12 


R 


Radical equations 
applied problems, 514-516 
defined, 509 
solving, 509-514 
solving by making quadratic, 560 
Radical expressions. See also Rational exponents 
adding and subtracting, 497-498 
conjugates, 503 
defined, 482 
dividing, 486-487 
multiplying, 486, 500-503 
rationalizing the denominator, 504-506 
simplifying 
before adding or subtracting, 498 
defined, 495, 504 
using product property, 495-497 
using rational exponents, 493 
with two or more terms, 502-503, 505-506 
Radical functions, 487-488, 511 


Radical sign, defined, 482 
Radicand, defined, 482 
Radius, 773, 776-777 
Ramanujan, Srinivasa, 62 
Range (functions) 
of absolute value functions, 440-442 
defined, 154, 605 
determining, 158 
Range (statistics), 34-35 
Rational equations 
applied problems, 395-403, 561-562 
solving, 388-391, 455-456, 560-561 
Rational exponents 
of form 1/n, 490-491 
of form m/n, 491 
negative, 493 
simplifying expressions containing, 492-493 
simplifying radical expressions using, 493 
solving equations containing, 511-512 
Rational expressions 
adding/subtracting 
with different denominators, 376-379 
with opposite denominators, 372-373 
with same denominator, 369-372 
complex fractions, 382-385 
defined, 354 
dividing, 365-366 
evaluating, 355 
finding LCD of, 375-376 
finding values for which they are undefined, 
355-356 
identifying opposite factors, 359-360 
literal equations with, 391-392 
multiplying, 363-364 
simplifying to lowest terms, 357-359 
Rational functions 
defined, 356 
dividing, 366 
evaluating, 356 
finding domain of, 356-357 
multiplying, 364 
Rational inequalities, 585-588 
Rationalizing the denominator, 504-506 
Rational numbers, defined, 2. See also 
Decimals; Fractions 
Ratios, defined, 95 
Real numbers. See also Integers; Natural 
numbers 
irrational, 2 
properties of, 49-51 
rational, 2 
subtracting, 8-9 
whole, 2-3 
zero-factor property of, 325-326 
Real part of complex numbers, defined, 520 
Reciprocal property, 21 
Reciprocals 
applied problems, 395-396 
defined, 21 
negative, 164 
Rectangles 
area of, 82,576,577 
perimeter of, 76, 81-82 
Rectangular coordinate plane, plotting 
ordered pairs on, 119-122 
Recursive definition of general term, 839 
Relations, overview, 153-154 
Remainder, when dividing polynomials, 285 
Repeating decimals, 28 
Revenue function, 617 


Richter scale, 703, 706 
Right triangles, 578-579 
Row operations on matrices, A-5 


S 


Scientific notation 
applied problems, 266 
arithmetic operations with numbers in, 
265-266 
converting between standard notation and, 
263-265 
Sequences. See also Geometric sequences 
applied problems, 840-841 
arithmetic, 843-847 
definitions, 836-837 
finding general term of, 838-839 
finding partial sums of, 839-840 
finding terms of, given general term, 837-838 
Series 
arithmetic, 844-846 
definitions, 836, 839 
evaluating using summation notation, 840 
geometric, 851-854 
Sets, defined, 1 
Shifting 
graphing absolute value functions by, 634-637 
graphing cubic functions by, 641-643 
graphing exponential functions by, 736-739 
graphing logarithmic functions by, 740-742 
graphing parabolas by, 759-760, 763-764 
graphing quadratic functions by, 622-626 
graphing square-root functions by, 637-641 
Sigma notation, defined, 840 
Sign chart, defined, 583 
Simplifying 
complex fractions, 382-385 
exponents, 43 
expressions containing powers of i, 524-525 
expressions containing rational exponents, 
492-493 
expressions using order of operations, 44-45 
fractions to lowest terms, 16-17 
numerical expressions, 9 
radical expressions. see under Radical 
expressions 
rational expressions to lowest terms, 357-359 
square root of variable expressions, 482-483 
variable expressions, 51-52 
Slope 
finding 
from equation, 145-146 
from graph, 141-142 
using slope formula, 142-143 
graphing lines using y-intercept and, 
146-147, 437-438 
of horizontal and vertical lines, 144-145 
overview, 140-141 
in real-world applications, 147 
Slope-intercept form, 145-146, 437-438 
Solution sets, defined, 64 
Solving the equation, defined, 64 
Sound volume, 731-732 
Special products, 278-279 
Square of a binomial, 279 
Square-root functions, graphing, 637-641 
Square roots 
approximating using calculator, 483-484 
defined, 481-482 
multiplying by themselves, 501 
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of negative numbers, 519 
of numbers, 482, 519 
solving quadratic equations by extracting, 
537-540 
of variable expressions, 482-483 
Squares 
area of, 82, 539-540 
perimeter of, 82, 154-155 
Standard notation, converting between scien- 
tific notation and, 263-265 
Statistics, calculating basic, 33-35 
Strict inequalities, defined, 101 
Strict linear inequalities, defined, 178 
Study strategies 
cumulative exams, 354, 412 
applied problems, 393 
cumulative review exercises, 385 
homework and notes, 373 
instructor-provided problems, 379 
old quizzes and tests, 366 
study groups, 403 
study plan, 360 
environment, 604, 674 
being comfortable, 654 
distractions, 664 
lighting, 644 
location, 610 
noise, 619 
work space, 630 
final exam, preparing for, 757, 828, 
836, 865 
availability of resources, 779 
practice quizzes, 841 
schedule and study plan, 766 
study environment, 805 
study groups, 847 
taking the test and anxiety, 855 
taking the test and pacing, 861 
time management, 791 
what to review, 820 
homework, 198, 244 
being neat and complete, 212 
diary, 230 
difficult problems, 222 
going over, 24 
reviewing first, 204 
schedule, 238 
math anxiety, 295, 350 
mathematical autobiography, 306 
positive attitude, 335 
procrastination, 343 
relaxation, 330 
study skills, 322 
taking the right course, 318 
test anxiety, 312 
understanding, 300 
note taking, 481, 532 
being an active learner, 507 
choosing seat, 488 
formatting, 516 
rewriting, 525 
speed, 493 
things to include, 499 
practice quizzes, 685, 753 
assessing your knowledge, 693 
creating own chapter quiz, 743 
making your own, 713 
outline, 704 
study groups, 732 
trading with classmate, 723 
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Study strategies (Continued) 
resources, 118, 192 
classmates, 166 
instructor, 124 
Internet, 172 
MyMathLab, 182 
student’s solutions manual, 158 
study skills courses, 148 
tutors, 136 
study groups, 1,59 
going over homework, 24 
keeping in touch, 38 
productive group members, 45 
three questions, 31 
unproductive group members, 52 
when to meet, 13 
where to meet, 18 
with whom to work, 5 
summary of previous, 419, 476 
homework, 444 
math anxiety, 467 
study groups, 424 
test-taking strategies: preparation, 456 
using textbook and other resources, 433 
test taking, 251, 291 
preparing completely, 258 
reading the test, 273 
reviewing your test, 286 
solving easier problems first, 279 
writing down information, 266 
textbook usage, 63, 114 
creating note cards, 98 
quick check exercises, 77 
reading ahead, 68 
supplementing notes and using 
examples, 87 
word of caution/using your 
calculator, 108 
time management, 536, 599 
keeping track, 544 
setting goals, 572 
studying after class, 555 
studying difficult subjects first and taking 
brief breaks, 579 
when to study, 562 
Subsets, defined, 1 
Substitution method 
addition method vs., 220 
identifying inconsistent systems using, 209 
solving nonlinear systems using, 814-816 
solving systems of linear equations using, 
207-212, 220, 459-460 
Subtracting 
complex numbers, 520 
decimals, 27 
fractions and mixed numbers, 22, 23-24 
integers, 8-10 
polynomials, 271-272 
radical expressions, 497-498 
rational expressions. see under Rational ex- 
pressions 
real numbers, 8-9 
Sum function, 648-649, 650-651 
Summation notation, 840 
Sum of cubes, factoring, 317, 453 
Sum of two opposites, 7 
Sum of two squares, 315, 453 
Supplementary angles, defined, 88 
Symmetric graphs, defined, 565 


Synthetic division, A-1-A-2 
Systems of equations 
nonlinear. see Nonlinear systems of equations 
solving using matrices, A-4—A-7 
Systems of linear equations in three variables 
applied problems, 466-467 
determining whether ordered triple is solu- 
tion of, 462 
solving, 462-466 
types of, 463 
Systems of linear equations in two variables 
applied problems 
general, 211-212, 220-221, 224 
geometry, 225 
interest, 225-226 
mixtures, 227-228, 461-462 
motion, 229-230 
definitions and types, 198, 458-459 
determining whether ordered pair is solution 
of, 199 
with fractional or decimal coefficients, 
218-220 
identifying solution from graph, 199-200 
with no or infinitely many solutions, 
202-204, 209, 217-218, 459 
solving 
graphically, 200-202 
using addition method, 214-221, 460 
using substitution method, 207-212, 220, 
459-460 
without 1 or —1 coefficients, 210 
Systems of linear inequalities, 234-238 


T 


Terms 
combining like, 51-52 
GCF of two or more variable, 296 
identifying, 51 
radical expressions with two or more, 
502-503, 505-506 
of sequences, 837-839, 843-844 
Test point, defined, 177, 583 
Time traveled, formula for, 399 
Translations. See Shifting 
Transverse axis of hyperbola, defined, 798 
Triangles 
area of, 77, 82, 576-577 
perimeter of, 82 
Pythagorean Theorem, 578-579, 772 
types of, 83 
Trinomials 
defined, 269 
factoring 
form ax* + bx + c, 308-312, 452-453 
form x? + bx + c, 302-304, 451-452 
perfect square, 304 
in several variables, 306 
when terms contain common factors, 
305-306 
prime, 305 


U 


Undefined, 12 
Uniform motion problems, 399-401 
Unions of linear inequalities, 105 
Unit conversions, 97 
Unknowns 

applied problems, 81, 86, 339 


in basic percent equation, 90-92 
product of two, 339 
in proportions, 95-97 
Upper limit of notation, defined, 840 
U-substitutions, 558-560 


Vv 


Variable expressions 

building, 47-48 

evaluating, 49 

simplifying, 51-52 

solving equations with radicals equal to, 

512-513 

square root of, 482-483 
Variables, defined, 47 
Variation problems, 401-403 
Vertical asymptotes, 700 
Vertical axis, defined, 120 
Vertical lines 

graphing, 134-135 

graphing linear inequalities involving, 180 

slope of, 144-145 
Vertical-line test, 606-607 
Vertical translations. See Shifting 
Vertices 

of ellipses, 785 

of hyperbolas, 798 

of parabolas, 565, 764-765 
Volume of sound, 731-732 


Ww 


Weak inequalities, defined, 101 

Weak linear inequalities, defined, 178 
Whole numbers, 2-3 

Work-rate problems, 396-398, 561-562 


X 


x-axis, defined, 120 
x-intercepts 
finding from equation, 130 
finding from graph, 129 
graphing lines using y- and, 130-132, 436-437 


Y 


y-axis, defined, 120 

y-intercepts 
finding from equation, 130, 145-146 
finding from graph, 129 
graphing lines using slope and, 146-147 
graphing lines using x- and, 130-132, 

436-437 

in real-world applications, 147 
slope-intercept form and, 145-146 


Z 


Zero exponent rule, 256 
Zero-factor property of real numbers, 
325-326, 454 
Zero(s) 
absolute values and, 4—5 
division by, 12 
exponents and, 255-257 
of inequalities, 582 
multiplication property of, 11-12 
multiplication property of equality 
and, 65 
opposites and, 4,7 
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Index of Study Strategies 


Chapter 
1. Review of Real Numbers 


2. Linear Equations 


3. Graphing Linear 
Equations 


4. Systems of Equations 


5. Exponents and 
Polynomials 


6. Factoring and Quadratic 
Equations 


7. Rational Expressions and 
Equations 


8. A Transition 
9. Radical Expressions and 
Equations 


10. Quadratic Equations 
11. Functions 
12. Logarithmic and 


Exponential Functions 


13. Conic Sections 


14. Sequences, Series, and the 
Binomial Theorem 


Study Strategy Topic 
Study Groups 


Using Your Textbook 


Making the Best Use of 
Your Resources 


Doing Your Homework 


Test Taking 
Overcoming Math Anxiety 
Preparing for a 


Cumulative Exam 


Summary of Previous 
Study Strategies 


Note Taking 


Time Management 


Study Environment 


Practice Quizzes 


Using the Previous Study 
Strategies to Prepare for a 
Final Exam (Part 1) 


Using the Previous Study 
Strategies to Prepare for a 
Final Exam (Part 2) 
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Formulas and Equations 


Distance Formula (see page 84) d=r-t 
Basic Percent Equation (see page 90) 
Amount = Percent: Base 
Simple Interest (see page 93) J = p:r-t 
Horizontal Line (see page 134) y = b 
Vertical Line (see page 134) x =a 
Slope Formula (see page 142) m = pena) 
x2 ~ X41 
Slope-Intercept Form of a Line (see page 145) 
y=mx+b 
Point-Slope Form of a Line (see page 168) 
y- y= mx — x) 
Rules for Exponents (see pages 251-254, 256, 260) 


Mey? = ymin 
(Com = oe 
(xy)” = Pan 
ree 
= m-n x 0) 

oe =" (x # 0) 
ele) 

x n at 

a aan 
( 
x"*=— (x #0) 


Special Products (see page 278) 
(a+ b\(a-b)=a-P 
(a+ b)? =a? + 2ab+ Bb’ 
(a — b)? =a — 2ab+ BD 
Factoring Formulas 
Difference of Squares: 
a’ — b’ = (a + b)(a — b) (see page 313) 
Difference of Cubes: 
a’ — b® = (a — b)(a’ + ab + Db’) (see page 315) 
Sum of Cubes: 
a’ + b? = (a + b)(a’ — ab + b’) (see page 317) 
Height, in feet, of a projectile after ¢ seconds 
(see page 342) 
h(t) = —16¢? + vot + 8 
Direct Variation (see page 401) y = kx 


k 
Inverse Variation (see page 402) y = os 


Properties of Radicals (see page 486) 


Yao = ab, 8 = 8 
vp Vb 


Fractional Exponents (see page 491) a” = (Wa) 
[L 
Period of a Pendulum (see page 514) T = 27 30 


Imaginary Numbers (see page 519) i = V—1,i? = -1 
—b + Vb* — 4ac 
2a 

Pythagorean Theorem (see page 578) a? + b* = c? 


Quadratic Formula (see page 547) x = 


Properties of Logarithms (see pages 707, 708, 709) 
log, x + log, y = log,(xy) (x > 0,y > 0,b >0,b #1) 


log, x — log, y = toas(~) (x >0,y > 0,b > 0,b # 1) 
ay 


log, x’ = r:log,x (x > 0,b > 0,6 #1) 
Change-of-Base Formula (see page 712) 
log, x 
log, b 
Compound Interest Formula (see page 725) 


nt 
Ae P(1 i “) 
n 


Continuous Compound Interest (see page 727) A = Pe 


log, x = (x >0,a>0,b>0,a41,b #1) 


rt 


Exponential Growth and Decay (see pages 728, 729) 

P= Pre 
pH of a Liquid (see page 731) pH = —log[H*] 

I 

Volume of a Sound (see page 732) L = 10 toa( <3) 
Distance Formula (see page 772) 

d = V(x, — 14) + (» — i)? 
General Term of an Arithmetic Sequence (see page 844) 

a, = a, + (n—- 1)d 
nth Partial Sum of an Arithmetic Sequence (see page 845) 


n 
Sp = Pac ar An) 


General Term of a Geometric Sequence (see page 850) 
H=aor 
nth Partial Sum of a Geometric Sequence (see page 852) 
Iles 
7 
Limit of an Infinite Geometric Series (If It Exists) 
(see page 853) 
ay 
“1-7 


Binomial Theorem (see page 859) 


Ey = Silene 
r=0 


Sy = ay 


Ss 


Functions, Equations, and Their Graphs 


Linear Equations and Functions (see pages 123, 157) 
Ax + By =C,y = mx + b, f(x) =mx +b 


Absolute Value Functions (see pages 422, 439) 
f(x) =a\x —hl +k 


Quadratic Equations and Functions (see pages 325, 332) 
y=ax*+bx+c, y=a(x—h) +k, 
f(x) = ax? + bxt+c, f(x) =a(x-—h?P +k 


Square Root Functions (see page 637) 
PGs) = CNG = Th ae Ik 
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=) (=6n) =e oe on no 
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Cubic Functions (see page 641) 
iQ) =a =hy ek 


Exponential Functions (see pages 686, 736) 
{QP Peek 


Logarithmic Functions (see page 740) 
G8) = yes — 1a) ar Ne 


Se eae 


Parabolas Opening to the Left or Right 
(see pages 761, 763) 


x=ay’+by+cex=aly—kyYt+h 


Circles (see page 775) 
(x— AP + (y- KP =P 


Center 


Ellipses (see page 787) 
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Hyperbolas (see pages 800, 801) 
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Geometry Formulas and Definitions 


e Perimeter of a triangle e Perimeter of a square e Perimeter of a rectangle 
with sides sj, 52, and s3: with side s: P = 4s with length L and width W: 
IP = Gar Oh ar Os P P=2L + 2W 

| | m7 
S 
L 
53 
e Circumference (distance e Area of a triangle with e Area of a square with 
around the outside) of a base b and height h: sides: A = s* 
: : oer an 1 
circle with radius r:C = 27r ea z 
z 
= | _ | 
Ss 
b 
e Area of a rectangle with length L and e Area of a circle with radius r: 
width W: A = LW A= ar’ 
i | | 
L 
e An equilateral triangle is a triangle e An isosceles triangle is a triangle 
that has three equal sides. that has at least two equal sides. 
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